
J. Nonlinear Funct. Anal. 2022 (2022) 25 https://doi.org/10.23952/jnfa.2022.25

NEW MODIFIED HYBRID ALGORITHM FOR PSEUDO-CONTRACTIVE
MAPPINGS IN HILBERT SPACES
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Department of Mathematics, School of Science, University of Phayao, Phayao, Thailand

Abstract. In this study, we construct a modified hybrid algorithm and prove a convergence theorem for pseudo-
contractive mappings in Hilbert spaces. Our results improve and generalize some recent related results in the
literature.
Keywords. Algorithm performance; Fixed point; Hybrid algorithm; Pseudo-contractive mapping; Strong conver-
gence.

1. INTRODUCTION

Let C be a closed, convex, and nonempty subset of a Hilbert space H, and let F : C×C→ R
be bi-function. Recall that the equilibrium problem is to

find x∗ ∈C such that F(x∗,y)≥ 0, ∀y ∈C. (1.1)

The set of solutions of (1.1) is denoted by EP(F), that is,

EP(F) = {x ∈C : F(x,y)≥ 0,∀y ∈C}.
The equilibrium problem, which includes variational inequality problems, saddle problems,

and complementarity problems, is an important nonlinear problem and finds numerous applica-
tions in the real world. In the past decade, various solution methods were investigated for the
solutions of the equilibrium problem; see, e.g., [5, 9, 10, 18, 19] and the references therein.

Let T be a self-mapping on C, and let F(T ) denote the fixed point set of T , that is, F(T ) :=
{x ∈ C : T x = x}. Recall that a mapping T : C→ C is said to be a L-Lipschitzian mapping if
there exists a positive constant L such that ‖T x− Ty‖ ≤ L‖x− y‖ for all x,y ∈ C. If L = 1,
then T : C→ C is said to be nonexpansive. Iterative methods for finding the fixed points of
nonexpansive mappings are an important topic in the theory of nonexpansive mappings and
have wide applications in a number of applied areas, such as the convex feasibility problem
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[1, 3, 14], the split feasibility problem [4, 6] and image recovery and signal processing [7, 8, 24]
and so on.

In 2009, Lewicki and Marino [12] investigated a new hybrid method for the families of non-
expansive mappings in Hilbert spaces. Subsequently, various hybrid methods were introduced
and studied; see, e.g., [15, 23, 25, 26] and the references therein.

Recall that a mapping T : C→C is said to be a strict pseudo-contraction [2] if there exists a
constant 0≤ k < 1 such that

‖T x−Ty‖2 ≤ ‖x− y‖2 + k‖(I−T )x− (I−T )y‖2, ∀x,y ∈C.

If k = 1, then T is said to be a pseudo-contraction, i.e,

‖T x−Ty‖2 ≤ ‖x− y‖2 +‖(I−T )x− (I−T )y‖2, ∀x,y ∈C,

which is equivalent to 〈T x−Ty,x− y〉 ≤ ‖x− y‖2, ∀x,y ∈C.
The class of strict pseudo-contractions extend the class of nonexpansive mappings. Note

that, T is nonexpansive if and only if T is a 0-strict pseudo-contraction. The pseudo-contractive
mapping includes the strict pseudo-contractive mapping. Recently, iterative methods for nonex-
pansive mappings have been extensively investigated; see, e.g., [16, 20, 21]. However iterative
methods for the class of strictly pseudo-contractive mappings are far less developed than those
for the class of nonexpansive mappings since Browder and Petryshyn introduced it in 1967.
On the other hand, strictly pseudo-contractive mappings have more powerful applications than
nonexpansive mappings do in solving inverse problems; see Scherzer [22]. Therefore it is in-
teresting to develop iterative methods for strictly pseudo-contractive mappings.

In 2009, Yao, Liou and Marino [25] introduced the following hybrid iterative algorithm for
pseudo-contractive mapping in Hilbert spaces as follows:

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let T : C→C be a
L-Lipschitz pseudo-contractive mapping. Assume that {αn} is a sequence in (0,1). Let x0 ∈H.
For C1 =C and x1 = PC1x0, define a sequence {xn} of C as follow:

〈1〉


yn = (1−αn)xn +αnT xn,

Cn+1 = {z ∈Cn : ‖αn(I−T )yn‖2 ≤ 2αn〈xn− z,(I−T )yn〉},
xn+1 = PCn+1x0,n≥ 1.

(1.2)

They proved that the sequence generated above converges strongly to PF(T )x0 provided that
F(T ) 6= /0 and {αn} lies in [a,b] for some a,b ∈ (0, 1

1+L).
In 2011, Tang et al. [23] generalized the hybrid algorithm above to the Ishikawa iterative

process as the following.
Let C be closed and convex subset of a real Hilbert space H. Let T : C→C be a L-Lipschitz

pseudo-contractive mapping. Assume that {αn} and {βn} are sequences in [0,1]. Let x0 ∈ H.
For C1 =C and x1 = PC1x0, define a sequence {xn} of C as follow:

〈2〉



yn = (1−αn)xn +αnT zn,

zn = (1−βn)xn +βnT xn,

Cn+1 = {z ∈Cn : ‖αn(I−T )yn‖2 ≤ 2αn〈xn− z,(I−T )yn〉
+2αnβnL‖xn−T xn‖‖yn− xn +αn(I−T )yn‖},

xn+1 = PCn+1x0,n≥ 1.

(1.3)
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They proved that the sequence generated above converges strongly to PF(T )x0 provided that
F(T ) 6= /0, {αn} and {βn} are sequence in (0,1) such that (i) b ≤ αn < αn(L+ 1)(1+βnL) <
a < 1 for some a,b ∈ (0,1) and (ii) limn→∞ βn = 0.

In 2000, Noor [17] introduced the following three-step iteration (known as the Noor iteration)
zn = (1− γn)xn + γnT xn,

yn = (1−βn)xn +βnT zn,

xn+1 = (1−αn)xn +αnTyn, n≥ 1,

where {αn},{βn}, and {γn} are sequence in [0,1]. If γn = 0 for all n, then the Noor iteration
reduce to the Ishikawa Iteration [11]{

yn = (1−βn)xn +βnT xn

xn+1 = (1−αn)xn +αnTyn, n≥ 1,

where {αn} and {βn} are sequence in [0,1]. If γn = βn = 0 for all n, then the Noor iteration
reduce to Mann Iteration [13]

xn+1 = (1−αn)xn +αnT xn, n≥ 1,

where {αn} is a sequence in [0,1].
In this paper, we generalize the hybrid algorithm (1.3) to the modified Noor iterative process,

which is defined as following.
Let C be a nonempty, close, and d convex subset of a real Hilbert space H. Let T : C→C be

a pseudo-contractive mapping. Assume that {αn},{βn}, and {γn} are sequences in [0,1]. Let
x0 ∈ H. For C1 =C and x1 = PC1x0 define a sequence {xn} of C by

zn = (1− γn)xn + γnT xn,

yn = (1−βn)xn +βnT zn,

wn = (1−αn)xn +αnTyn,

Cn+1 = {z ∈Cn : ‖αn(I−T )wn‖2 ≤ 2αn〈xn− z,(I−T )wn〉
+(2αnβnL)(1+ γnL)‖xn−T xn‖‖wn− xn‖+αn(I−T )wn‖,

xn+1 = PCn+1x0,n≥ 1.

(1.4)

We prove the strong convergence of the hybrid algorithm in Hilbert spaces.

2. PRELIMINARIES

In this section, we collect some useful results, which are used in the following section. Let H
be a real Hilbert space with inner product 〈 ., .〉 and norm ||.||, and let C be a closed and convex
subset of H. Recall that the nearest point projection PC from H onto C assigns each x ∈H to its
nearest point in C, denoted by PCx, that is, ‖x−PCx‖ ≤ ‖x− y‖ for all y ∈C.

The following notations are used in this paper.
(i) ⇀ for weak convergence and→ for strong convergence;
(ii) ωω(xn) = {x : ∃xn j ⇀ x} denotes the weak ω− limit set of {xn}.
The following Lemmas are well known.

Lemma 2.1. Let C be a closed and convex subset of a real Hilbert space H. Given x ∈ H and
z ∈C, z = PCx if and only if there hold the relation 〈x− z,y− z〉 ≤ 0 for all y ∈C.
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Lemma 2.2. Let H be a real Hilbert space. Then, for all x,y ∈ H, ‖x− y‖2 = ‖x‖2−‖y‖2−
2〈x− y,y〉.

Lemma 2.3. [26] Let H be a real Hilbert space, C a closed and convex subset of H, and
T : C→ C a continuous pseudo-contractive mapping. Then (i) F(T ) closed convex subset of
C, and (ii) I− T is demiclosed at zero, i.e., if {xn} is a sequence in C such that xn ⇀ z and
(I−T )xn→ 0, then (I−T )z = 0.

Lemma 2.4. [15] Let C be a closed and convex subset of a real Hilbert space H. Let {xn} be
a sequence in H and u ∈ H. Let q = PCu. If {xn} is such that ωω(xn) ⊆ C and satisfies the
condition: ‖xn−u‖ ≤ ‖u−q‖ for all n≥ 1, then {xn} converges strongly to q.

3. MAIN RESULTS

We prove the following strong convergence theorem for modified hybrid algorithms (1.4) for
pseudo-contractive mappings in Hilbert spaces.

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
T : C→C be a L-Lipschitz pseudo-contractive mapping with F(T ) 6= /0. Assume that {αn},{βn}
,and {γn} are sequences in (0,1) satisfying:
(i) b≤ αn ≤ αn(1+L)(1+βnL+βnγnL2)< a < 1 for some a,b ∈ (0,1);
(ii) lim

n→∞
βn = 0.

Then the sequence {xn} generated by (1.4) converges strongly to PF(T )x0.

Proof. By Lemma 2.3 (i), we have that F(T ) is closed and convex. Then PF(T ) is well defined.
It is easy to see that Cn is closed and convex.

Next, we show that F(T ) ⊆Cn for all n. Let p ∈ F(T ). From Lemma 2.2 and 〈(I−T )x−
(I−T )y,x− y〉 ≥ 0 for all x,y ∈C, we obtain that

‖xn− p−αn(I−T )wn‖2

= ‖xn− p‖2−‖αn(I−T )wn‖2−2αn〈(I−T )wn,xn−wn−αn(I−T )wn〉
−2αn〈(I−T )wn− (I−T )p,wn− p〉

≤ ‖xn− p‖2−‖αn(I−T )wn‖2−2αn〈(I−T )wn,xn−wn−αn(I−T )wn〉

= ‖xn− p‖2−‖xn−wn‖2−‖wn− xn +αn(I−T )wn‖2

−2〈xn−wn,wn− xn +αn(I−T )wn〉
+2αn〈(I−T )wn,wn− xn +αn(I−T )wn〉

≤ ‖xn− p‖2−‖xn−wn‖2−‖wn− xn +αn(I−T )wn‖2

+2|〈xn−wn−αn(I−T )wn,wn− xn +α(I−T )wn〉|.

(3.1)

Considering the last item of (3.1) yields that
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|〈xn−wn−αn(I−T )wn,wn− xn +αn(I−T )wn〉|
≤ αn|〈(I−T )xn− (I−T )wn,wn− xn +αn(I−T )wn〉|
+αn|〈T xn−Tyn,wn− xn +αn(I−T )wn〉|
≤ αn‖(I−T )xn− (I−T )wn‖‖wn− xn +αn(I−T )wn‖
+αn‖T xn−Tyn‖‖wn− xn +αn(I−T )wn‖
≤ αn(L+1)‖xn−wn‖‖wn− xn +αn(I−T )wn‖
+αnL‖xn− yn‖‖wn− xn +αn(I−T )wn‖
≤ αn(L+1)‖xn−wn‖‖wn− xn +αn(I−T )wn‖
+αnβnL[‖xn−T xn‖+‖T xn−T zn‖]‖wn− xn +αn(I−T )wn‖
≤ αn(L+1)‖xn−wn‖‖wn− xn +αn(I−T )wn‖
+αnβnL‖xn−T xn‖‖wn− xn +αn(I−T )wn‖

+αnβnL2‖xn− zn‖‖wn− xn +αn(I−T )wn‖

≤ αn(L+1)
2

(‖xn−wn‖2 +‖wn− xn +αn(I−T )wn‖2)

+(αnβnL)(1+ γnL)‖xn−T xn‖‖wn− xn +αn(I−T )wn‖.

(3.2)

Substituting (3.2) into (3.1), we obtain

‖xn− p−αn(I−T )wn‖2 ≤ ‖xn− p‖2−‖xn−wn‖2−‖wn− xn +αn(I−T )wn‖2

+αn(L+1)(‖xn−wn‖2 +‖wn− xn +αn(I−T )wn‖2)

+(2αnβnL)(1+ γnL)‖xn−T xn‖‖wn− xn +αn(I−T )wn‖.
(3.3)

In view of ‖xn− p−αn(I−T )wn‖2 = ‖xn− p‖2− 2αn〈xn− p,(I−T )wn〉+ ‖αn(I−T )wn‖2,
we find from (3.3) that

‖αn(I−T )wn‖2 ≤ 2αn〈xn− p,(I−T )wn〉+2αnβnL‖xn−T xn‖‖wn− xn +αn(I−T )wn‖

+2αnβnγnL2‖xn−T xn‖‖wn− xn +αn(I−T )wn‖,

i.e., p ∈Cn+1 if p ∈Cn. By induction, we have s that F(T ) ⊆Cn for all n. From the definition
of {xn}, xn = PCnx0. This implies that ‖xn− x0‖ ≤ ‖z− x0‖ for all z ∈Cn. Since F(T )⊆Cn, we
have ‖xn− x0‖ ≤ ‖p− x0‖ for any p ∈ F(T ). In particular,

‖xn− x0‖ ≤ ‖q− x0‖, (3.4)

where q = PF(T )x0. Hence {xn} is bounded. Since T is L-Lipschitz continuous, then {wn},
{T xn}, {Twn}, {zn}, and {T zn} are all bounded. From xn = PCnx0 and xn+1 = PCn+1x0 ∈Cn+1 ⊆
Cn, we have 〈xn− x0,xn+1− xn〉 ≥ 0. Lemma 2.2 implies that

‖xn+1− xn‖2 = ‖xn+1− x0− (xn− x0)‖2

= ‖xn+1− x0‖2−‖xn− x0‖2−2〈xn+1− xn,xn− x0〉

≤ ‖xn+1− x0‖2−‖xn− x0‖2,

(3.5)

which yields that ‖xn− x0‖ ≤ ‖xn+1− x0‖ for all n. Then {‖xn− x0‖} is a nondecreasing se-
quence, and hence {‖xn− x0‖} is also bounded. Thus limn→∞ ‖xn− x0‖ exists. At the same
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time, letting n→ ∞ in the right side of inequality (3.5), we have lim
n→∞
‖xn+1− xn‖ = 0. Since

xn+1 ∈Cn+1 ⊆Cn, we have

‖αn(I−T )wn‖2 ≤ 2αn〈xn− xn+1,(I−T )wn〉
+(2αnβnL)(1+ γnL)‖xn−T xn‖‖wn− xn +αn(I−T )wn‖
≤ 2αn‖xn− xn+1‖‖(I−T )wn‖
+(2αnβnL)(1+ γnL)‖xn−T xn‖‖wn− xn +αn(I−T )wn‖→ 0

as n→ ∞, and

‖xn−T xn‖
≤ ‖xn−wn‖+‖wn−Twn‖+‖Twn−T xn‖
= αn(L+1)‖xn−Tyn‖+‖wn−Twn‖
≤ αn(L+1)[‖xn−T xn‖+‖T xn−Tyn‖]+‖wn−Twn‖
≤ αn(L+1)‖xn−T xn‖+αn(L+1)L‖xn− yn‖+‖wn−Twn‖
= αn(L+1)‖xn−T xn‖+αn(L+1)Lβn‖xn−T zn‖+‖wn−Twn‖
≤ αn(L+1)‖xn−T xn‖+αn(L+1)Lβn[‖xn−T xn‖+‖T xn−T zn‖]+‖wn−Twn‖

≤ αn(L+1)(1+βnL+βnγnL2)‖xn−T xn‖+‖wn−Twn‖.

Since 0< b≤αn(1+L)(1+βnL+βnγnL2)< a< 1, we have ‖xn−T xn‖≤ 1
1−a‖wn−Twn‖→ 0

as n→ ∞. By Lemma 2.3 (ii), I−T is demiclosed at zero. Since {xn} is bounded, we see that
every weak limit point of {xn} is a fixed point of T . That is, ωn(xn) ⊆ F(T ). Therefore, by
inequality (3.4) and Lemma 2.4, we know that {xn} converges strongly to q = PF(T )x0. This
completes the proof. �

If γn = 0 for all n in (1.4), then hybrid algorithm (1.4) reduces to hybrid algorithm (1.3).
Moreover, if γn = 0 and βn = 0 for all n in (1.4), then hybrid algorithm (1.4) reduces to hybrid
algorithm (1.2). Thus [25, Theorem 3.1] and [23, Theorem 3.1] are a spacial case of Theorem
3.1.

As direct consequence of Theorem 3.1, we obtain the following.

Corollary 3.2. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
T : C→C be a nonexpansive mapping such that F(T ) 6= /0. Assume that {αn},{βn}, and {γn}
are sequences in (0,1) satisfying:
(i) b≤ αn ≤ 2αn(1+βn +βnγn)< a < 1 for some a,b ∈ (0,1);
(ii) limn→∞ βn = 0.

Let x0 ∈ H. For C1 =C and x1 = PC1x0. Then the sequence {xn} generated by

wn = (1−αn)xn +αnTyn,
yn = (1−βn)xn +βnT zn,
zn = (1− γn)xn + γnT xn,
Cn+1 = {z ∈Cn : ‖αn(I−T )wn‖2 ≤ 2αn〈xn− z,(I−T )wn〉

+(2αnβn)(1+ γn)‖xn−T xn‖‖wn− xn +αn(I−T )wn‖,
xn+1 = PCn+1x0,n≥ 1,

converges strongly to PF(T )x0.



NEW MODIFIED HYBRID ALGORITHM 7

Recall that a mapping A is said to be monotone if 〈Ax−Ay,x− y〉 ≥ 0 for all x,y ∈ H. The
pseudo-contractive mapping is related to the monotone mapping. It is well known that A is
monotone mapping if and only if (I−A) is pseudo-contractive mapping. Hence, the fixed points
of pseudo-contractive mapping actually is the zero of monotone e mapping. Due to Theorem
3.1, we have the following corollaries which generalize the corresponding results of Tang et al.
[23].

Corollary 3.3. Let A : H → H be a L-Lipschitz monotone mapping with A−1(0) 6= /0. Assume
that {αn},{βn}, and {γn} are sequences in (0,1) satisfying:
(i) b≤ αn ≤ αn(1+L)(1+βnL+βnγnL2)< a < 1 for some a,b ∈ (0,1);
(ii) limn→∞ βn = 0.

Let x0 ∈ H. For C1 =C and x1 = PC1x0. Then the sequence {xn} generated by

wn = xn +αnAyn,
yn = xn +βnAzn,
zn = xn + γnAxn,
Cn+1 = {z ∈Cn : ‖αnAwn‖2 ≤ 2αn〈xn− z,Awn〉

+(2αnβnL)(1+ γnL)‖Axn‖‖wn− xn +αnAwn‖
xn+1 = PCn+1x0,n≥ 1,

converges strongly to PA−1(0)x0.

4. NUMERICAL EXAMPLES

In this section, we give the following example which verifies theorem 3.1.

Example 4.1. Let H = (R2,〈 ., .〉), where R is the set of real numbers and 〈 ., .〉 is defined by
the dot product on H. Let x = (x1,x2) ∈ H, and define x⊥ = (x2,−x1). Let C = {x ∈ H : ‖x‖=√

x12 + x22 ≤ 5}, and let T : C→C be defined by T x = x+ x⊥. Then C is a nonempty, closed,
and convex subset of a real Hilbert H, and T is a Lipschitz (with L =

√
2) pseudo-contractive

and F(T ) = {(0,0)}.

Find some control condition on {αn},{βn}, and {γn} such that {αn} ⊆ (0, 1
1+L) = (0, 1

1+
√

2
)

(see [25]), βn → 0 as n→ ∞ (see [23] and our results), γn ∈ [0,1] and given an initial point
x0 = (0,6). We numerically demonstrate the convergence of our algorithm and compare its
behaviour with the hybrid algorithms in the sense of Ishikawa and Mann iterations. We present
the numerical examples into two cases as following.

Case I: The comparative behaviour of our algorithm and algorithm (1.3) under some control
condition as αn = 0.25, βn =

1
n+85 , and γn = 0.99 for all n.

A Python program leads to the evaluation illustrated in Figure 1 and Table 1.
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We see that our algorithm performs better than the hybrid algorithm in the sense of Ishikawa.
Case II: The comparative behaviour of our algorithm and algorithm (1.2) under some control

condition as αn = 0.4, βn =
1

n+14 , and γn = 0.01 for all n.
A Python program leads to the evaluation illustrated in Figure 2 and Table 2.
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From the tables and figures, it can be seen that the sequence {xn} defined by our algorithm
converges faster than the sequence generated by the hybrid algorithm in the sense of Ishikawa
and Mann iterations.
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