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PARABOLIC OPTIMAL CONTROL PROBLEMS
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Abstract. In this paper, we consider a fully discrete finite element approximation of bilinear parabolic
optimal control problems with an integral constraint. First, we give an approximation scheme of the
model problem, where triangular finite element and backward Euler methods are used. Second, we
introduce some useful intermediate variables, interpolation operators and related error estimates. Third,
we derive a new superconvergence between the numerical solutions and projection functions of exact
solutions. Last, a numerical example is provided to verify our results.
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1. INTRODUCTION

There are a variety of research on finite element methods (FEMs) for optimal control prob-
lems (OCPs), and most of them focused on elliptic problems [15]. The superconvergence prop-
erties of FEMs for linear and semi-linear elliptic OCPs were obtained in [17] and [2], respec-
tively, and for FEMs of bilinear elliptic OCPs [25]. Some superconvergence results of mixed
FEMs for elliptic OCPs can be found in [3, 4]. In recent years, there has been considerable
related research for FEMs of parabolic OCPs; see, e.g., [5, 21]. For linear and semi-linear par-
abolic OCPs, a priori error estimate of space-time finite element discretization was derived in
[18, 19], and the superconvergence properties of semi-discrete and fully discrete FEMs were
obtained in [8, 10], and [22, 23], respectively. For bilinear parabolic OCPs, some convergence
and superconvergence results of FEMs and mixed FEMs can be found in [6, 16, 20, 24].

To the best of our knowledge if the control u is approximated by piecewise constant functions
while the state y and co-state p are approximated by piecewise linear functions in [2, 22], then
the superconvergence result between the numerical solution u; and projection function Qpu
of exact solution u is ||Quu — uy|| = ﬁ’(h%). It have been improved to ||u; — uy|| = €'(h?) by
introducing the element centroid interpolation function u; in [17] or ||u — uy|| = €' (h?*) by using
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variational discretization conception in [9]. In this paper, we investigate a fully discrete FEMs
for bilinear parabolic OCPs and improve the superconvergence to |||Quu — up||| = O (h? +k).
We focus on the following bilinear parabolic OCPs:

1 rT
mins [ (100 =30+ e, 0P dr, (L.
ye(t,x) —div(A(x)Vy(t,x)) +u(t,x)y(t,x) = f(t,x), telJ,xeQ, (1.2)
y(t,x) =0, teJ,xe€dQ, (1.3)
¥(0,x) =y(x),  xeQ, (1.4)

where Q € R? is a bounded convex polygon domain with the boundary 0Q, J = [0, T](T > 0).
The coefficient A(x) = (a;j(x))ax2 € (WH(Q))>*? is a symmetric positive definite matrix.
Moreover, we suppose that f(¢,x),y4(t,x) € C(J;L*(Q)), yo(x) € H} (Q), and the set K is de-
fined by
K= { v(t,x) € L”(J;L*(Q)) : / v(t,x)dx >0,YteJ }
Q
In this paper, we adopt the standard notation W-4(Q) for Sobolev spaces on Q with norm
|- ) and semi-norm | - [ymq(q). We set H}(Q) = {ve H'(Q) : v|yq =0} and denote
w 2(Q) by H™(Q). We denote by L*(J; W4 (Q)) the Banach space of all L* integrable func-
tions from J into W4(Q) with norm ||v|| s (.wma(q) =(f) HvHqu )i fors € [1,e0) and the

standard modification for s = co. Similarly, we can deﬁne H'(J; W’"’q(Q)) and CK(J; W™4(Q))
(see e.g., [13]). In addition, ¢ or C denotes a generic positive constant.

The organization of this article is as follows. In Section 2, we construct a fully discrete finite
element approximation for (1.1)-(1.4), and introduce some useful intermediate variables and
related error estimates in Section 3. In Section 4, we derive a new superconvergence of the fully
discrete finite element approximation for bilinear parabolic OCPs, and a numerical example is
provided in Section 5, which is also the last section.

2. FULLY DISCRETE FINITE ELEMENT APPROXIMATION

A fully discrete finite element approximation for problem (1.1)-(1.4) is presented in this sec-
tion. First of all, we denote LP (J;W™9(Q)) and | - [|1p(s.wma(q)) by LF(W™4) and || - || 1o (wm.a),
respectively. Let W = H} (Q) and U = L*(Q). Moreover, we denote || || (@) and || -[[2(q by
|| || and || - ||, respectively. Let

a(v,w) :/Q(AVV)-VW, Yv,weW,
(flafZ):/Qfl'fL Vi, eU.

Since matrix A is symmetric and positive definite,

a(vy) > c|vli,  la@ow)| <Cvlilwl,  Yvwew.
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We recast (1.1)-(1.4) as the following weak formulation:

1y =mint [ (Iy—yalP + ) d @
uek 2 Jo ’ ’

(e, w) +a(y,w) + (uy,w) = (f,w), YweW,tel, (2.2)

y(x,0) = yo(x), Vxe Q. (2.3)

It follows from (see e.g., [14]) that problem (2.1)-(2.3) has at least one solution (y,u), and that
if the pair (y,u) € (H*(L*)NL*(H')) x K is a solution to (2.1)-(2.3), then there is a co-state
p € H*(L*)NL*(H") such that the triplet (y, p,u) satisfies the following conditions:

(ye,w) +a(y,w) + (uy,w) = (f,w), YweW,teld, (2.4)
v(0,x) = yo(x), VxeQ, (2.5)
—(p.9) +alg,p)+wp.q) = (y—ya:9),  VgeW,tel, (2.6)
p(T,x) =0, VxeQ, (2.7)
(u—yp,v—u) >0, VveK,tel. (2.8)

As in [16], it is easy to prove the following result.
Lemma 2.1. Let (y, p,u) be the solution to (2.4)-(2.8). Then

u=yp—min(0,yp), Vteld, (2.9)
where yp = [qypdx/ [o 1dx denotes the integral average on Q of yp.

Remark 2.2. It follows from the standard regularity argument of second order parabolic equa-
tions that y, p € L*(H?) N L (H}). Thus, according to (2.9), we have u € L*(H?) NL>(L?).

Let 7" be regular triangulations of Q such that Q = |J Tand h = max {h:}, where h is
e Th €T

the diameter of the element 7. Furthermore, we set
U, = { v € L*(Q) : vy|¢ = constant, VT € T } ,
W), = { v €EC(Q) 1wyl €Py, VT E fh,whbg =0 },

where P; denotes the space of polynomials up to order 1, and

KhZ{vaUhZ/VthEO}.
Q

LetNeZt,k=T/N,andt, =nk,n=0,1,--- |N. Set ¢" = ¢(x,1,) and

n (Pn_(Pn—l

Moreover, we define the discrete time-dependent norms when 1 < p < oo,

N—I
1@l wma() = (k Zl‘, lllran‘v’Vm,q(Q)) :
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where [ = 0 for the control u and the state y and [/ = 1 for the adjoint state p, with the standard
modification for p = c. For convenience, we denote ||| - |[|s(s.wma(q)) bY [[| - [|]ss(wma), and let

ip(IHY Q) = { felllflllwsy <o}, 1< p<eo

Then a possible fully discrete finite element approximation of (1.1)-(1.4) is as follows:

Sin) = min 3 Zk 2=+ 1), .10
h n=1

(dlyhawh>+a(yhvwh)+(uhyhvwh):(f vwh>a vthWhvn:1727”'7Na (211)

W) =ypx),  VxeQ, 2.12)

where y(x) = Rj, (yo(x)) and R, will be specified later.

Bilinear parabolic OCPs (2.10)-(2.12) again has a solution (YZ7 uZ), n=1,2,---, N, and that
if (yZ,uZ) eW,xKp, n=1,2,--- N, is a solution of (2.10)-(2.12), then there is a co-state
Pt €Wy, n=1,2,--- N, such that the triplet (y}, p} ', u}) € Wj, x Wy x K, n=1,2,--- ,N,
satisfies the following optimality conditions:

(diypswn) +a (3, wr) + Wy, wa) = (" wn) Vwy, € Wy, (2.13)
W) =yx),  VreQ (2.14)
—(diphan) +a(an Py ")+ hph " an) = Gh—ian),  Van € Wi, (2.15)
pi(x)=0, VxeQ, (2.16)
(wh—yipy v —up) 20, Vv, €K 2.17)

We introduce an element integral averaging operator 7, from U onto Uj, such that
(V)| =7 /vdx Vre Tt (2.18)

where | 7| is the measure of 7. Thus inequality (2.17) is equivalent to

u = mf (Yipit) — m1n<0 Yipi 1), n=1,2--- N, (2.19)

1 _

where ypy~ fgyhp ldx. The proof of (2.19) is just as in [7].

3. ERROR ESTIMATES OF INTERMEDIATE VARIABLES

In this section, we introduce some useful intermediate variables and related error estimates.
For any v € K, let y(v), p(v) € H'(L*) N L?(H?) be the solution of the following equations:

(y:(v),w)+a(y(v),w)+ (vy(v),w) = (f,w), VweW,teld, (3.1)
()(0,x) =yo(x),  VxeQ, (3.2)

—(pi(v),9)+alq.p(v))+ (vp(v),q) = 3(v) =ya,q),  VgeEW,tel,  (33)
p(v)(T,x) =0, Vx e Q, (3.4)
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and y;(v),pj(v) € W forn =1,2--- N satisfy the following system:

(diyy(v),wn) +a(yp(v),wn) + 0y (v)wn) = (f"wn), Ywp €Wy, (3.5)
M) =y,  VxeQ, (3.6)
— (dipp(v),qn) +a(qn, Pl ) + (P (V) qn) = GR(v) — ¥l an) Van €Wy, (3.7)
PN =0, VxeQ (3.8)

Let u and uy, be the solutions of (2.4)-(2.8) and (2.13)-(2.17), respectively. It is clear that (y, p) =

(y(u), p(w)) and (yu, pn) = (ya(un), pn(un))-
We introduce the standard L>-orthogonal projection operator Qy, : U — Uy, which satisfies,

forany w € U, (Qpy — y,vy,) =0, Vv, € Uy, and the elliptic projection operator R, : W — W,
which satisfies, for any ¢ € W, a(R,¢ — ¢, wy) =0, Yw;, € Wj,. Qp, and R;, have the following
properties (see e.g., [2]):
10wy — s <Ch'™|yl1,  VYyeH (Q)s=0,1, (3.9)
IRn9 = 0lls <CH*7*|I¢ll. Vo € H(Q),5=0,1. (3.10)

As in [17], we define the interpolation function u;(¢,x) € Uj, for any ¢ € J such that u;(z,x) =
u(t,S;), vx,8; € 1,1, € h, where §; is the centroid of the triangle 7;. The following lemmas
are very important for our superconvergence analysis.

Lemma 3.1. [17] If f € H*>(Q), then

[ )= st ] < Tl e

and
1
2

), / (f(x) = f(S))dx| < CI? ( ) \fr,i,zw) :
T,eTh Ti r,eTh
Lemma 3.2. Let (y,(u), pp(u)) and (y,(Qnut), pr(Qnut)) be the discrete solutions of (3.5)-(3.8)
with v = u and v = Quu, respectively. If the exact control u € 112) (H"), then
[11yn(Qne) = yu (@)1 21y + 1 Pr (@) — pn ()| 21y < CH? (1]l |2 a1y -

Proof. Setv = Quu and v =u in (3.5), respectively. Forn =1,2,--- | N, we obtain

(diy(Onie) — dryy (), wn) +a (v (Qnie) =y (), wn) + (" (v, (Qne) — vy (w)), wn)

= (Vu(Onu) (" — Q" ), wp),  Ywp €W
Observe that

(szZ(Qhu) —dyy (), y,(Onut) — yj, (1))

3.11
> e (193w =53 P = 5 (@) @) o

and

N
(0 (Ontt) =y (), ¥, (Qnut) — ¥ (u Z / YHOpu) — Y1 (u))? u'dx > 0. (3.12)

i Mz
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By choosing wy, = y}(Qpu) — y7(u) in (3.12), (3.9) and Young’s inequality with &, then multi-
plying both sides of (3.11) by 2k and summing n from 1 to N, we obtain

N
Iy (Qnte) = iy (W) |> +¢ Y, Kl[yh(Qnue) — i ()7
n=1

< Clen LM f-+e X ki) il
n= n=
Letting € be small enough, we derive
1y(Qnt) =y gy < CH |l 2 (3.13)
On setting v = Qju and v = u in (3.7) respectively, we obtain
(P} (Qnu) (" — Quu™), qn) + (Vi (Qnut) — Yy (1), qn)
= — (diPy(Qnuu) — di Py (), 1) +a (qn: P~ (Que) — Py~ (u)
+ (u"(p’;l_l(Qhu) —pZ_l(u)),qh) , Vg, eWy,n=1,2--- N.
Similarly, we derive
11P(nte) = P2y < Clllyn(Qne) =y (@)l |2y + CH2|llul |21 (3.14)

From (3.13) and (3.14), we conclude the desired conclusion immediately. [

Lemma 3.3. For any v € KNH'(L?), let (y(v),p(v)) and (y,(v), pr(v)) be the solutions to
(3.1)-(3.4) and (3.5)-(3.8), respectively. Assume that y(v),p(v) € llz)(HZ) NH'(H?)NH*(L?)
and yq € H'(L?). Then

1Ry (V) = a0l 21y + [11Rap (V) = PO 21y < C (B +k) . (3.15)
Proof. From (3.1) and (3.5), for any w, € Wy andn=1,2--- | N, we obtain
07 (V) =y (v), wa) +a (5" (v) =y, (), w) + (V' (0 (v) = 34 (v)), wa) = 0.
According to the definition of Rj, we have
(dtRyy" (v) = iy (v),wn) +a(Rpy" (v) =y (v), wn) + (V' (Rny" (v) = y4(v)), W)
= (diRpy" (v) = diy" (v) +diy" (v) =y (v), wn) + (V' (Rpy" (v) =" (v)), wi) -
Note that

(3.16)

(diRpY" (v) —diy" (v), Rpy" (v) — ¥, (v))
< |ldiRpy" (v) = dry" (W) [ | RwY" (v) =y, W)l
< CR? ||dy" (v)]I, [Ry™ (v) = Y3 (V)|

n
SChzkl/t 1y: W) llpd [|Rpy" (v) =y, (V)]
n—1

_1
< CR, 2|y (W12, itz IRWY' () = Y20l
and

(V' (RY"(v) =yp(v), Ry (v) =y (v)) = /Q (RY"(v) —yZ(v))zv"dx > 0. (3.17)
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We also have
(dy"(v) =y (v), Rny" (v) = ¥ (v))

=k (3" () =y (V) — Ry (v), Ry (v) = yi(v)
<E Y ) =" ) = b )| IRy (v) = ¥ ()]

/t” (the1—=5) e (v))(s)ds

Ih—1

— k!

1
< CR2 [y )| 221,y 2 () 1RRY" (V) =y (W)l -
Similar to Lemma 3.2, from (3.16), (3.17) and Young’s inequality, we have

N
R @) =3 ) +¢ Y kIR () = Y )11}
n=1
< () (M1 0 ey + Rl 0] By + YO 1)) (3.18)

N
+e Y kIR (v) =30

n=1

Let € be small enough. Then

1R () = 30 gaary < € (B3O g2gazy + Kl ) llzizy + B0 gy ) -
From (3.3) and (3.7), we obtain, for any ¢, € Wh n=N,--- 2,1,
— (P ) =dip(v),qn) +a (g p" ) = W)+ (P ) = (V) )
= (") =) =y yan) + (P ) =V ) -
By using the definition of Rj, we derive
— (dRyp" (v) = de Pl (v),qn) +a (g, Rap" ' (v) = i ) + (" (P ) = i () )

= (=diRpp" () + P 0) + " ) = ) + 35 =5 Lgn) + (P )0 = .qn) -
(3.19)

Similarly, we can prove that
11Rnp(v) = P ety < C2 (1Lt 02y + O ey ) +CHIRRE) =300 zgen
o+ Ck (11pa )22y + e O llzgez) + 1 Gdellizz) + vl ) ) -

(3.20)
From (3.18) and (3.19), we obtain (3.15) immediately. 0

4. SUPERCONVERGENCE PROPERTIES

In this section, we derive the superconvergence properties between the approximation solu-
tions and the projections of the exact solutions. We assume that there exist a neighborhood of u
in K and a constant ¢ > 0 such that, for any v in this neighborhood, the objective functional J(-)
satisfies the convexity condition:

cf[lu=vlIE 2y < () =T (v) su—=v) . (4.1)

It was assumed in many studies on numerical methods of the problem; see, e.g., [1].
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Theorem 4.1. Let (y,p,u) and (y, pp,up) be the solutions to (2.4)-(2.8) and (2.13)-(2.17),
respectively. Assume that all the conditions in lemmas 3.2-3.3 are valid. If the exact control

u € I3(H?), then
11Qn = up|||1212) < C (W + k).
Proof. 1t follows from (2.8) that

(" —y'p"u} —u") >0, n=1,2,---,N.

By choosing v, = Qpu in (2.17), we derive (u) — yip;~ L opu" — up) >0,n=1,2,---

(O™ — up, Q" — upy) =(ut" — upy, Qput" — uy)

<(u" = Yy () py~ " (un), Qn” — ).

Moreover, from (4.1) and (4.3)-(4.4), we obtain

C’HQh”—”hH\zzz(Lz)
< (J;zk(Qh”n) — T (), Op™ — ufy)

= Z Q" — Yy (Onie) ply " (Qniu) — iy + Vi (wn) pjy " (n), Q" — u)

(u" =y (Quu) P}~ (Qpu), Qpu — u})

| /\

HM2 ||M2 |

N
(" —y"p", Quit" — u" Z Y'p" =y () pj ! (w), Q™ — )

+kZ V() it () = Vi (Qnu) pli~ ' (Qne), Qput” — )

=1 +12 + 1.

4.2)

(4.3)

,N. Thus

(4.4)

(4.5)

Note that uj € Uy, n=1,2,---,N. By using embedding theorem [|v||;4(q) < C|[v||1(q) and

Young’s inequality with &, we have

N
L=k ("—y'p", Q" —u")
n=1
N N
=k Y (" —uf,Quu" —u") +k Y (Vip] —Y"p", Q" —u")
n=1 n=1

<Ce)* (1l g2y + 1912y + 11 g ) + 311 Qe = il B g2

(4.6)
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Similarly, we have

N
12 =k Z (ynpn _yz(u)pz—l (I/t), Qhun o UZ)

n=1

N
=k} ('p" — Ry Rap" " + Ry Rp" ™" — i (u) i~ (), Q™ — u}) @7

n=1
<@ (1118 gy + 111 + 1Ry = 0@ B + 1Rwp = Pl B )
+4¢€|||Qpu — uy| |122(L2)a

and
N
I3 =k Z (yZ(u)pZ_l(u) _yZ(QhU)pZ_l (Qput), Qpu" — uZ)
n=1

<C (&) (1y(u) = (@)1 s g + 1n ) = Q)| B ) + 26111Qnie — | 2
(4.8)
From Lemmas 3.1-3.3 and (4.5)-(4.8), we obtain (4.2) immediately. [

Theorem 4.2. Let (y,p,u) and (y, pn,up) be the solutions to (2.4)-(2.8) and (2.13)-(2.17),
respectively. Assume that all the conditions in Theorem 4.1 are valid. Then

1Ry = yilll 2 (ry + [1[Rap — pilll gy < C (R +k) . (4.9)
Proof. From (2.4) and (2.13), for any wy, € Whandn=1,2,---,N, we have
07 = diypwn) +a (3" =y, wn) + @ (" = i) wa) = (7 (e — "), wp) - (4.10)

According to the definition of Rj, we have

(diRpY" —dryy, wn) +a (Rpy" = yp, wa) + (" (Rny" = y,), wn)

(R — iy + diy =+ 1 (R — ")+ (1l — Qi + Qi — ") ). (4.11)
Note that
(uy — Quu" Ry" — yp) <C | Quu” — ]| [ Rny" — Y|
<C(e)||Qnu" — |I* + & |Rpy" — Vi1, 4.12)
and
(Qut" =" Ryy" =) <C|Quat" ="l _y IRy =3l
) (4.13)

<C(e) ||u” — Q" [|*  +€|Ruy" = Y317 -
Similar to Lemma 3.3, according to (4.10)-(4.13), Lemma 3.1 and Theorem 4.1, we derive
1Ry = yilllzeny < € (W (1 gy + ey +13el 2y ) + Klillizgez) ) - 414)
From (2.6) and (2.15), for any ¢, € Whandn=N,---,2,1, we obtain

— (P =diphan) +algnp" =P )+ (@ =l an)
= (" =y =y ) -
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By using the definition of Rj,, we have
— (diRp" = dipjyyqn) +a (qn, Rip™ " =P + (W (0" =) San)
= (—=diRpp" +pi 4P (g — ")y =y =y an) -

Similarly, we can prove that
|||RhP—Ph|H122(H1)
< C(&) (1R = yalllB sy + 111 g2 + B el 17 4.1
> hy —Yh 2(H") y 12(H?) Dt L2(J;H2(Q)) (4.15)

+ MR (N1l + 112l Bogrzy + Ml Bz + 110l ) -
From (4.14) and (4.15), we derive (4.9) immediately. O

5. NUMERICAL EXPERIMENTS

For a constrained optimization problem: min,cg J(#), where J(u) is a convex functional on
U, and K is a close convex subset of U, the iterative scheme reads (n =0,1,2,---):
b(unJr%,vl)):b(un,v)—pn(J’(un),v), VveU, G5.0)
Upt1 = PK(”;H_%)a
where p, is a step size of iteration, b(-,-) = fOT(-, -) is a symmetric positive definite bilinear
form, and the projection operator P}é can be obtained like in [12].
By applying (5.1) to fully discretized problem (2.10)-(2.12), for an acceptable error Tol, we
present the following algorithm in which we omitted the subscript / just for ease of exposition.

Algorithm 5.1. Projection Gradient Algorithm
Step 1. Initialize ug.
Step 2. Solve the following equations:

(

b(un_i_%,\/) = b(un,v) — Pn fOT (un _ynpnav) ’ Mn+l Uy € Uhavv € Uh7

j7

(B0 )+ (o) + (sl w) = (F0), Vil € Wi € Wi,

(P ?hq) +aa, i) + (il ) = 0= via), uplypi ' € Wi ¥g € Wi,

| Up+1 = PI?(”yH_%)‘

(5.2)

Step 3. Calculate the iterative error: Ey+1 = ||[un+1 — nl|[212)-
Step 4. If E,, 1 < Tol, stop; else go to Step 2.

The following numerical example was dealt numerically with AFEPack. It is freely available.
The details can be found at [11]. Let Q = [0, 1] x [0,1], T = 1, and A(x) be the identity matrix.
We solve the following bilinear parabolic OCPs:

(1T 2 2
min > [ (I(0.5) = vae.3) P+ e, )P

v (t,x) —div(A(x)Vy(t,x)) +u(t,x)y(t,x) = f(t,x), inQx (0,T], (5.3)
y(t,x) =0, ondQx (0,T],

(y(0,x) =yo(x), inQ.
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The discretization of control variable u(t,x), state variable y(z,x), and co-state variable p(t,x)
was described in Section 2. We denote ||| - [[|2¢g1y and [[-[|[,2(z2) by ||| -[|[x and [[[ - |[|, respec-
tively. The convergence order rate:

log(ei+1) —log(ei)
log(hiy1) —log(h;)’
where e; and ¢, denote errors when mesh size h = h; and h = h;, 1, respectively.

Rate =

Example 5.1. The data are as follows:
y(t,x) = sin(mt) sin(27x; ) sin(27x;),
p(t,x) = (1—1)xp(x; — Dxa(x2 — 1),
u(t,x) = y(1,x)p(t,x) —min(0,y(,x)p(t,x)),
f(t,x) = yi(2,x) — div(A(x) Vy(2,x)) +u(t,x)y (1, %),
ya(t,x) = y(t,x) + pi(t,x) + div(A* (x) Vp(r,x)) — u(t,x) p(,x).

The errors |||Qnu — up||, |||Rry — yull|l1, and |||Rxp — palll1 on a sequence of uniformly
meshes are shown in Table 1. When ¢t = 0.5, we plot the profile of exact solution # and nu-
merical solution uj, with h = % and k = ﬁ in Figure 1.

TABLE 1. Numerical results, Example 1.

k| [l|Qnu—upll| | Rate | [[|[Rny —ynll[1 | Rate | [|[Rnp — palll1 | Rate
& 16.20655e-03 | — | 4.07151e-02 | — | 4.07573e-03 | —
1.61526e-03 | 1.94 | 1.05228e-02 | 1.95 | 1.031750e-03 | 1.98
o5 | 4.10932e-04 | 1.97 | 2.64138e-03 | 1.99 | 2.581838e-04 | 2.00
oo | 1.04025e-04 | 1.98 | 6.56049¢-04 | 2.01 | 6.431860e-05 | 2.01

&-5-8 - =
Sl

FIGURE 1. Exact solution u (left) and numerical solution u;, (right).
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From the numerical results in Example 5.1, we see that |||Qnu — up|||, |||Rny — yull|1, and

|||[Rnp — pnl||1 are the second order convergent. Our numerical results and theoretical results
are consistent.
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