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1. INTRODUCTION

In coarse geometry, asymptotic dimension of a metric space is an important concept [5],
which can be considered as an asymptotic analogue of the Lebesgue covering dimension. As a
large scale analogue of Haver’s property C, Dranishnikov introduced the notion of asymptotic
property C in [3]. It is well known that every metric space with finite asymptotic dimension has
asymptotic property C.

As another generalization of asymptotic dimension, Radul defined the transfinite asymptotic
dimension (trasdim) and proved that, for a metric space X, X has asymptotic property C if and
only if trasdim(X) < a for some ordinal number « in [8].

Guentner, Tessera, and Yu introduced the notion of finite decomposition complexity to study
topological rigidity of manifolds in [6]. They proved that every metric space with finite asymp-
totic dimension has finite decomposition complexity in [7].

The relation between asymptotic property C and finite decomposition complexity was stud-
ied by Dranishnikov and Zarichnyi in [4]. Till now, there is no example of a metric space
known which makes a difference between asymptotic property C and finite decomposition com-
plexity. In [9], for every countable ordinal number &, we constructed a metric space Xe with
trasdim(Xé) = &, which implies that X¢ has asymptotic property C. In this paper, we prove that
Xe has finite decomposition complexity.
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The paper is organized as follows: In Section 2, we recall some definitions and properties. In
Section 3, which is also the last section, we prove the metric space X¢ has finite decomposition
complexity.

2. PRELIMINARIES
2.1. Asymptotic dimension. Let (X,d) be a metric space and U,V C X, let
diam U = sup{d(x,y) | x,y €U} and d(U,V) = inf{d(x,y) | x€ U,y e V}.
Let R > 0 and % be a family of subsets of X. recall that % is said to be R-bounded if
diam % = sup{diam U |U € Z } <R.

In this case, % is said to be uniformly bounded. Let r > 0. A family % is said to be r-disjoint
if

d(U,V) > rforevery U,V € % withU # V.

In this paper, we denote the union J{U | U € % } by |J% , and denote the family {U | U €
U or U € U} by % U%. Let A be asubset of X and € > 0. We denote {x € X | d(x,A) < €}
by Ng(A). Let N be the set of all non-negative integers, and let Z" be the set of all positive
integers.

Definition 2.1. [5] A metric space X is said to have finite asymptotic dimension if there ex-
ists n € N such that, for every r > 0, there exists a sequence of uniformly bounded families
{«;}!_, of subsets of X such that the family |Ji_(% covers X, and each %; is r-disjoint for
i €{0,1,---,n}. In this case, we say that the asymptotic dimension of X less than or equal to n,
which is denoted by asdim(X) < n.

Lemma 2.2. [1] Let X be a metric space with X1,X, C X. Then
asdim(X, UXp) < max{asdim(Xl),asdim(Xz) }

2.2. Transfinite asymptotic dimension. In 2010, Radul generalized asymptotic dimension of
a metric space X to transfinite asymptotic dimension which is denoted by trasdim(X); see [8].

Definition 2.3. [2] Let FinN denote the collection of all finite, nonempty subsets of N, and let
M C FinN. For ¢ € {@} UFinN, let

M® ={te€FinN|tUceMandTNo =0}
Let M abbreviate M@ for a € N. Define the ordinal number OrdM inductively as follows:

OrdM =0 & M=,
OrdM <a < VaeN, OrdM* < B for some 8 < a,
OrdM = o < OrdM < o and for any ¥ < a,0OrdM < ¥ is not true,
OrdM = <& for any ordinal number ¢, OrdM < o is not true.
Lemma 2.4. [2] Let L and L' be sets. Let FinL and Finl! denote collections of all finite,

nonempty subsets of L and L', respectively. Let M C Finl, M’ C Finl' and ¢ : L — L' be a
function such that, for every 6 € M, ¢(0) € M’ and |¢(0)| = |6|. Then OrdM <Ord M.
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Let M C FinN and K be a infinite subset of N. Then there is a standard bijection ¢ from N to
K, which keeps the order. We define M[K| = {{(p(kl), O(k2)y e, @ (ki) } | {k1, k2o } € M}.
By Lemma 2.4, we obtain the following result.

Corollary 2.5. Let M C FinN and K be a infinite subset of N. Then OrdM =OrdM K]|.

Definition 2.6. [8] Given a metric space X, define the following collection
A(X,d) = {0 € FinN | there are no uniformly bounded families %; for i € &
such that each %; is i-disjoint and U U; covers X }

ico
The transfinite asymptotic dimension of X is defined as trasdimX = Ord A(X,d) .
2.3. Finite decomposition complexity.

Definition 2.7. ([6, 7]) Let 2" and % be metric families. A metric family 2" is r-decomposable
over a metric family % if every X € 2" admits a decomposition

X:XOUXIJXi: |_| Xij7
r-disjoint
where each X;; € . It is denoted by 2 LS.
Definition 2.8. ([6, 7])

(1) Let & be the collection of uniformly bounded families, i.e.,
Po={Z | Z is uniformly bounded }.

(2) Let o be an ordinal number greater than 0, and let Z, be the collection of metric families
decomposable over U .@ﬁ, ie.,

B<a
.@a:{%|‘v’r>0,3ﬁ<a,3@€.@ﬁ7 suchthat%#@}.

Remark 2.9. e We view a metric space X as a singleton family {X }.
® 95 C YDy forevery f < a.
e It is known that X has finite asymptotic dimension if and only if X belongs to &, for
some n € N. Moreover, asdim(X) < n implies X € %, 1([6, 7]).

Lemma 2.10. Let a and 3 be ordinal numbers and o0 < 3. Let X and Y be metric spaces such
that X € Do andY € Pg. Then XUY € D 4.

Proof. Note that, for every » >0, XUY = {X,Y} and {X,Y} € Pp. Thus XUY € Zp . This
completes the proof. 0

Definition 2.11. ([6, 7]) A metric family 2" has finite decomposition complexity if there exists
a countable ordinal number o such that 2~ € %,,.

A map of families F : 2" — % from 2" to ¢ is a collection of functions F = {f}, each
mapping some X € 2 tosome Y € ¢ and such that every X € 2" is the domain of at least one
fEF.
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Definition 2.12. A map of metric space families F' : 2~ — % is uniformly expansive if there
exists a non-decreasing function 0 : [0,e0) — [0,0) such that, for every f € F and every x,y €
Xr,d(f(x), f(y)) < 0(d(x,y)). A map of metric space families F : 2" — % is effectively proper
if there exists a proper non-decreasing function 8 : [0,00) — [0,00) such that, for every f € F
and every x,y € Xr, d(f(x), f(y)) > 6(d(x,y)). A map of metric space families F : 2~ — ¥ is
a coarse embedding if it is both uniformly expansive and effectively proper.

Lemma 2.13. (Coarse invariance, [7]) Let 2 and % be two metric families such that there
is a coarse embedding ¢ : X — Y. If W € Dy for some countable ordinal number «, then
X € YDy.

2.4. The metric space X¢. Foreach 7= {ko,k1,...,ks} € FinN, we choose an indexation such
that ko < k1 < --- < k,;. For every n € N, let

K(’L‘,n) — {kn+1,kn+2...7ks} %fn <s,
9 ifn>s,
and let

() max{ko,ky....kn} =k, ifn<s,
i(t,n) = ]
kg if n > s.

For each limit ordinal @, we fix an increasing sequence {{;(a) -+ i} of ordinals such that each
i(a) is a limit ordinal or 0, and

a = sup;{&i(a)+i}.
For each countable ordinal number &, we write & = y(&) +n(&), where y(&) is a limit ordinal
or 0, and n(§) € N. We define a family Sé C FinN by induction.

Definition 2.14. [9] Let n € N and let £ be a countable infinite ordinal number. Define
o S, ={0€FinN||o|<n}.

([ ]
Se = Sye)n(@)
= {G € FinN ‘ K(o,n(8)) € S¢,(yg)) 41 WD forsomel € {1,2,-- ,i(G,n(é))}}.

Let L= {n+2|neN}and S¢[L] = {{k0+2,k1 42, k4 2) | {kosky, o ks) € 55}.
Definition 2.15. [9] For 7 = {ko +2,k; +2,...,k;, +2} € Se [L], we define
X, = {(xi);-io e (2kozym+! ‘ 1{j | xj & 2%Z}| < pforevery p € {0,1,--- ,m}}.
We consider X; with sup-metric.

Definition 2.16. [9] Let
D Z = {(xi) | xi € Z and there exists k € N such that x; = 0 for each j > k}

with the sup-metric p. For every T = {ko+2,k; +2,...,kn +2} € Sg[L], we define an isometric
embedding

ir: X: > Pz
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by for every x = (x, X1, " ,Xm) € Xz,
l(x)_ Xj VjE{O,l,-u,m},
t\X)j = .
0 \V/]¢{O,1,,I7’Z}7

where iz (x); is the j-th coordinate of iz (x).
For every countable ordinal number &, we define X as the disjoint union of X7 with 7 € S¢ [L],

1.e.,
Xe = | ] X
TES@ [L]

with the metric dg which is defined as
d (X y) _ p<lf(x)7l7<y)) ifxﬂyEX‘h
’ max {s(71),5(72),p iz, (x),ir,(v))} ifx € X,y € Xy, and 7 # D,
where s(7) = 27 for every T € S¢[L].
Lemma 2.17. [9] Let & = y(&) +n(&) be a countable infinite ordinal number and T = {ky, ..., ks } €
Se. Then T € S¢,(y(&))i4n(&)+1for some 1 € {1,2,---,i(T,n(&))}.
Lemma 2.18. [9] Sy, C Sy, where v is a limit ordinal or 0 and m,n € N such that n < m.

Lemma 2.19. asdim(X,) < n for every n € N.
Proof. For every r € N, let

Yor= || Xe. ip= || Xe
TES,[L] TES,[L]
s(t)<r s(t)>r

Note that X; C R” for every T € Sy,[L]. Since asdim(R") < n, there are r-disjoint, B(r)-bounded
families % (1), 7% (%), -, %, () such that ', %(t) covers X;. Fori € {0,1,2,--- ,n}, let
U; = {U | U € %) for some 7 € S,[L] and 5(7) > r}.
Then %, 74, - - - , %, are r-disjoint, B(r)-bounded families such that (JI_, %; covers Y ,.
Note that {7 | T € S,[L],s(t) < r} is a finite set. By Lemma 2.2,
asdim(Yp ) < max {asdim(Xz) | T € S,[L],s(7) < r} <asdim(R") <n.

There are r-disjoint, uniformly bounded families ¥g, #1,--- , %, such that [J/_, 7; covers Yp ,.
Forie {0,1,2,--- ,n}, let #; = 2% U ¥;. Since d(Yo . Y1) > 1, Wo, "1, , Wy are r-disjoint,
uniformly bounded families such that | Ji_, #; covers X,,, i.e., asdim(X,,) < n. O

3. MAIN RESULTS

Now we prove that the metric space X¢ has finite decomposition complexity. More specifi-
cally, Xy(e)4n(e) € Dy(e)+n(e) for any countable infinite ordinal § with § = y(&) +n(&), where
y(&) is a limit ordinal and n(&) € N.

Lemma 3.1.
Xo= || Xc€Zns1.
TES,[L]
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Proof. By Lemma 2.19, we have asdim (X,) < n, which implies that X, € &, . O
For every n,i € Z™, let
Ving ={ Crpeom) € 27| [ |3y £ 22} < 1},
which is considered as a subspace of the metric space (PZ,p).

Lemma 3.2. For every r € N with r > 4, there exist n = r € N and r-disjoint, 2"-bounded
families Y, 24 such that 2y \J % covers Y, , 1.

Proof. For every r € Nand r > 4, choose n =r € N. Let
i

Uy = {(H(ntzn — r,nt2"—|-r)) NYin1 ’ n € Z},

t=1

1 i
(2" —rn2" +r) x [n;2" +r,(nj+1)2" —r| x H (n 2" — r,n,2" +r)) N Yin ‘
1=j+1

J

% ={(

N
I
—_

ntGZ,j€{1,2,~--,i}}

It is easy to see that 24 and %/ are r-disjoint and 2"-bounded families.
Now for every x = (x1,...,%;) € Yin1\ (U%), there exists unique j € {1,2,---,i} such that

xj€n2"+rnj+1)2" —rl.
It follows that x € |J% . Therefore, %) U % covers Y 1. O

Lemma 3.3.

T€Sp+1[L]

Moreover, Xy € Dy.
Proof. For every r € N, let

Yoo= || Xen,= || X
T€Sw+1[L] T€Sw+1[L]
i(t,1)<r+42 i(t,1)>r+2

For t = {ko+2,k1 +2, - ,km+2} € Sp+1[L] and i(7,1) < r+2, let T = {ko,k1,- -,k }. Then
TESp+1 andi(T,1) <r.
Note that §;(@) = 0. By Lemma 2.17, one has
T€ S, forsomel € {1,2,---,i(T,1)} € {1,2,---,r}.
Then

TE U Si+2,
I=1
which implies that

TE U S[+2[L].
=1
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It follows that
-
YO,r - U Xi+o.
=1

By Lemma 2.10 and Lemma 3.1, ¥y, € Z,44. Note that, for every T € Sp41[L] and i(7,1) >
r+2,X; CYj, for some j € N. By Lemma 3.2, there exist r-disjoint and 2"-bounded families
Uy (t),%4(7) such that 24 (t) U () covers X. Let

U = {U | U € % () for some T € Sy [L] and i(7,1) > r+2} U{Yo,}

and
U = {U | U € 2 () for some T € Sp1[L] and i(7,1) > r+2}.
Then %, %, are r-disjoint families such that 2 € P14, % € Yo and % U %) covers Xg 1.

Let % = %% . Then X1 — % and % € D,,4. Thus Xy, | € . By Lemma 2.18, we
have

Xo = |_| X C |_| Xr:Xa)—He-@w-
T€Sw[L] TE€Sp+1[L]

O

Definition 3.4. Let & = y(£) +n(&) be a countable infinite ordinal number with n(&) > 1 and
let 7= {ko+2,k1 +2, -,k +2} € Sg[L] such that m > n(&). Fori € {1,2,--- ,n(§)}, let

Xei={ ()io € @OZY™ ! | () |x; ¢ 2402} <iand

1% ¢ 222} < p, W pe {1, mb\ {n(€)} ],
and let

Xé = || X
1655 [L]
|T|>n(&)+1

Remark 3.5. Note that
Xe1 © X2 C© - C X8 :X’DX&. C X and X¢ =Xg(§) U ( |_| Xr).

TGS& [L}
|7[<n(E)

Lemma 3.6. For every countable infinite ordinal number & = y(&)+n(§) withn(&) > 1,
1
Xe= [ Xere e

TGS‘S [L]
|t|>n(&)+1

Proof. We prove it by induction on &.

e LetE = w+ 1. By Lemma 3.3 and Xc{)+1 C Xp+1s X(})H € Y. 1.e., the result is true for
E=w+1.
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e Assume that the result is true for every countable infinite ordinal number o = (o) +
n(a) such that ¢ < & and n(a) > 1. For every r € N, let

Yoo= |] XY= || Xui,

TeSe[L] TESe[L]

|t|>n(€)+1 |7|>n(&)+1

i(T,n(E))<r+2 i(T,n(&))>r+2
then Xél =Yo,UY1 .

For 7 € S¢[L] withi(t,n(§)) <r+2,by Lemma2.17, T € Ur+25g HE)) +Hi4n(E)+11L]-
Then )
r+

1
Yo, H X (&) +n(E)+1-

By inductive assumption,
1
Xe e +ien@+1 € Zame) € Zgve))+ foreach L e {1,2,---,r 42}
Then by Lemma 2.10,

Yor € Z¢, (@) +re3:
Note that for every T € S¢[L] and i(7,n(§)) > r+2, X;1 C Y, for some j € N. By
Lemma 3.2, there exist r-disjoint, 2"-bounded families % (), % () such that % (7) U
2 (7) covers X¢ 1. Let

U = {U | U € (%) for some T € S¢ [L], || > n(E)+ 1 and i(7,n(E)) > r+2} U{Yo,}
and
U = {U | U € % () for some T € S¢[L],|t] > n(§)+ 1 and i(T,n(§)) > r—|—2},
then % € @C,+z(y(€))+r+3 and 21 € 9. Let % = 2\J %, then
Xgl LW and ¥ € D, > (1(E))+r+3-
Therefore, X 51 € .@y(g).
U

Lemma 3.7. Let & = y(&) 4+ n(&) be a countable infinite ordinal number with n(&) > 1 and let
T={ko+2,ki +2,-- ki +2} € S¢[L] with m > n(§). Then, for eachi € {1,2,--- ,n(§)} and
for everyr >0,

Xei NN (Xeio1) = { (v)ig € QRZ)™ 1 | [{j | x; ¢ N(259Z)} < i— 1} N Xey:
Proof. e First we prove that
Xea VN, (Xei1) € { ()0 € QOZ)™! | [{j | £ NP9 Z)} < i =1} N X

For every x = (x;)", € X¢,; N N-(Xz,i—1), there exists y = (y,) "o € Xri—1 C X¢;i such
that d(x,y) < r, which implies that d(x;,y;) < r fori € {0,1,--- ,m}. Note that
1{jly;¢2©2Z} <i—1andy; € 2"©7Z implies x; € N,(2 7).
Then
[{j %) & N25OZ)Y| < |{j |y ¢ 2902} <i—1,
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and then
xe {)o € @z | {712 ¢ N2MOZY < i— 1) NXey
e Now we prove that
{ea)re € @zt | 7] 2 & N@WOZ)}] < i =1} N Xey © Xeg N, (Xei).

Assume that x = (x;)", such that x € X¢; and |[{j | x; ¢ N,(2©7Z)}| <i—1. Let
I,={j|x; €N, (2%2Z)} for p € {0,...,m} and I, | = 0.

Since kg <k;j < <kp, L, Cl,_1C---C14 gl().XEXTJ' and |{] |Xj ¢Nr<2k"(§>Z)}’ <
i—Limply that |[I,| >m+1—p,V p€{0,1,--- ;m}\{n(§)} and |L,¢)| >m~+1—(i—1).
In particular, I,, # 0@ and Iy = {0, 1,--- ,m}. Note that

m

L= (Ip\1p+1)-

p=0
If I, \ I+1 # 0, then
Vje (Ip\IpH), there exists y; € 2M7Z such that d(x;,y;) < r.

Lety = (yi)",- Note that

¥pe {01, mp\{n(&)} [ |y; €292} = |p| > m+1—p
and

(i 1y € 29OZY = [lg)| = m+1—(i-1).
Then
Vpe {01 mp\{n(&)},1{j |y ¢ 2%Z} < pand |{j | y; ¢ 22} <i—1.

It follows that y € Xr,ifl' Sox e Nr(XT./,;l).
[

Corollary 3.8. Let & = y(§) +n(&) be a countable infinite ordinal number withn(&) > 1 and let
T={ko+2,k1 +2,-+ ky+2} € S¢[L] such that m > n(§). Then, for eachi € {1,2,---,n(§)}
and for every r > 0,

Xey © N (X 1) U{ (g € (2)™ 1 | ) |3 ¢ N 2400z)} = i},

Proof. For every x = (x;)", € X¢; \ N-(Xz,i—1), x € X¢; implies x € (2koz)ym+1 and

{2 ¢ N,(2YOZ)} < [{) | x; ¢ 2992} <.

Suppose that {; | x; ¢ N,(2"©Z)}| <i—1. By Lemma 3.7, we have x € N,(X;,_1), which is
a contradiction. Then |{; | x; ¢ N,(2*©Z)}| = i. It follows that

Xei\Nr(Xei1) € { )ity € (2)™ 1 | 1) | x; & N0 )} = i},

Xei © N (Xei) U{ (5o € (2Z)" | () | x; ¢ N2 Z)} | = i},
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Proposition 3.9. For every countable infinite ordinal number & = y(&)+n(&) such that n(§) >
1, and for each i € {1,2,--- ,n(&)},

Xe= || Xei€ Py
TES& [L]
[7[=n()+1
In particular, Xg(é) € .@571.
Proof. By Lemma 3.3, X411 € Y. It follows that X | w1 € Y. By Lemma 3.6, Xg € Dy

Assume that Xg(é) € ‘95—1 for every countable infinite ordinal number 5 such that 5 <é,
n(é) > 1, and Xé_l € Dy (&)+i—2- Now we show that Xé € Dy&)+i—1- Forevery r € N, let

Yoo= | XeoVie= || Xei
TESE (L] TESe [L]
|T|>n(8)+1 IT|>n(8)+1
i(t,n(&))<r+2 i(t,n(&))>r+2

Then Xé =Y,,UY1,,. For T € S¢[L] with i(7,n(§)) < r+2, by Lemma 2.17,

r+2
€ | Sene)) i) IL)-
=1

Then
r+2

Yo, & H Xt &) +in(E) 41

Note that, for each [ € {1,2,--- ,r+2},

i I+n(€)+1
Xe @) +ien@) 1 S Ko € ian@)+1 € 2L +4n(E)

by inductive assumption. It follows from Lemma 2.10 that

Yor € D, (&) +r+n(E)+3-

Observe that T = {ko + 2,k +2,--- ,ku +2} € Sg[L] such that m > n(&). By Corollary 3.8, for
eachie {1,2,---,n(&)},

Xti C©Ny(Xzi-1)U {(xj)TZO e (2hozym+1 ‘ 1{j | x; ¢ N.(2"©17Z)}| = i}.

{(x g € (2oz)ymt! ‘ 17| x; & N, (25 7Z)}| = i} implies that 256 > 2r. Let

U (1) = {({x,}t o X [, 25 + 1, (nj, +1)25) — ] x ()1
[”1'22]{"(5) 1, (njy +1)2%€) — ] fx 200

o QD X [0, 25€) 41 (1256 — ]

<{x L 1) N (25Z)"

% €207 n; €7, et ke 1,2, ,i}}.
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It is easy to see that % (7) is r-disjoint and

{oe @ozyt| 1 15 ¢ Moz =i} < (U2 (2)

Therefore,
Xei CN:(Xei 1)U {(x»'?;o € @ozy™ | |[{j]x ¢ M25OD)Y = i
C Ny (Xeim)U((J#7 (1)
Note that
Ni(Xei-1) C Nr( U XT,i—l) C Ny (Xé_l> € Dye)+i-2

’EES& [L} TES& [L]

|t|>n(€)+1 |t|>n(&)+1

i(T,n(€))>r+2 i(Tn(&))>r+2

and there is a natural coarse embedding
F {U | U € % (1) for some T € S¢[L], || > n(E) + 1 and i(t,n(E)) > r+2} — {Z'}

such that, for every f € F and every x,y € Xy, d(f(x),f(y)) = d(x,y). By Lemma 2.13 and
{7} € 9, {U | U € % (7) for some T € S¢[L], || >n(§)+1and i(t,n(§)) > r+2} € Z;. Let

%0 = { U Nr(XT,ifl)} and

TGS& [L]
|T|>n(&)+1
i(t,n(€))>r+2

U = {U | U € % () for some T € S¢[L],|t| > n(€§)+1and i(t,n(§)) > r+2} U{Yy,}.
Let % = % \J%,. Then Xé 5 % and ¥ € Dyg)4i—o- Therefore, Xé € Dye)4i-1- O

Corollary 3.10. X¢ € ¢ for every countable infinite ordinal number E.

Proof. e If n(§) > 1, then we let
] Xeonn= || X
TGS&[L} ’CES& L]
IT|<n(§) 17[>n(&)
By Lemma 3.1, we have
He [ X=X € Zueyn
TES (&)L

Note that

= U X= | Xue=xez,
TESg [L] TES& [L}
|T|>n(&)+1 |T|>n(€)+1

by Proposition 3.9. Thus Xe =Yy UY; € Z¢.
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e If n(&) =0, then, for every r € N, we let

Yor= || XY= || Xu
TESE[L] TESE[L]
|t|>n(&)+1 |t|>n(&)+1
i(7,0)<r42 i(7,0)>r+2

Thus Xz = Yo, UY;,. For T € Sg[L] with i(7,0) < r+2, by Lemma 2.17, we have
TE U;;r]z SC,(y(é))+l+1 [L] Then Yo,r C U;ilzXCI(y(é))HH- Note that

Xawep+1 € Zar&)+i+1
for each [ € {1,2, ---,r+2}. It follows from Lemma 2.10 that Yo, € D¢, (y(&))+r+4-
Let = {{x} | x €Yy ,}. Then % is a r-disjoint and uniformly bounded family. Let

Y =Y U {YO,r}~ Thus Xg 5 % and % € @Cr+2(7(5))+r+4' Therefore, X& € @}/(5) = @5
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