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Abstract. This study analyzes a repairable system with two dissimilar units, one of which has non-
preemptive priority. We transform the model to an abstract Cauchy problem and study the well-posedness
via the Cy— semigroup theory of linear operators. By using spectral properties of the corresponding op-
erators, we derive the exponential convergence of the time-dependent solution to its steady-state solution.
We also present the asymptotic behavior of several time-dependent reliability indices and numerical ex-
amples.
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1. INTRODUCTION

We consider the system consisting of two dissimilar unit with non-preemptive priority with
two types of components, Type I and Type 11, in the system. The Type I unit has priority with
non-preemptive repair disciplines, that is, the Type II unit’s repair is continued and the repair
of the Type I unit is entertained only when the Type II unit’s repair is done. The system runs
in a degraded state but does not fail if the Type II unit fails, while the system can collapse fully
if the Type I component fails. The system, According to Govil [5], can be characterized by the
partial differential equations below
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2 E. KASIM
with the boundary conditions
Po(0.1) = MaRo(0).P,(0.1) = Mo (1) + | )Ry (v)de P, (0.0) =0, (12)
and initial conditions
P(0) =1, P,(x,0)=0, P.(x,0) =0, P,(x,0) =0, (1.3)

where (x,1) € [0,00) X [0,00), Py(t) is the probability that the system is working at normal effi-
ciency at time 7, P, (x,t) dx is the probability that the system is degraded at time 7 owing to a Type
IT component failure, and the elapsed repair time is in (x,x 4 Ax), Pr(x,t) dx is the probability
that the system is failed at time ¢ owing to a Type I component failure, and the elapsed repair
time is in (x,x+ Ax), Ps(x,t) dx is the probability that the system is still failed at time t owing to
a Type I component failure, and the elapsed repair time of Type II lies in the interval (x,x+ Ax),
whereas Type I is awaiting repair. The failure rates of Type I and Type II units are denoted by
A and A, respectively. The repair rates of Type I and Type II units are denoted by 1 (x) and
M2(x), respectively, and satisfies 17;(x) > 0, [5” Ni(x)dx =0, i =1,2. A system composed of two
dissimilar units and a repairman is a common system in real life. Therefore, many researchers
studied different types of such systems; see, e.g. [1, 6, 7, 8, 10, 11, 12, 14, 15, 16, 17] and
the references therein. In 1972, Govil [5] used the supplementary variable method, which was
first applied in a reliability model by Gaver [4], to establish a repairable system consisting of
two different components with three different priority repair disciplines, i.e., Non preemptive,
Preemptive Resume, and Preemptive Repeat, and the Laplace transforms of state probabilities
were derived. The effects of varying repair priorities on the system’s pointwise availability was
explored using numerical examples for a special case. Kasim and Gupur [10] used the Cp-
semigroup theory to perform dynamic analysis on a system composed of two-dissimilar units
under preemptive repeat repair discipline and proved that the time-dependent solution converges
exponentially to its steady-state solution. Furthermore, the time-dependent reliability indices
were theoretically and numerically investigated.

In this paper, we investigate the system consisting of two-different units under non preemp-
tive repair discipline. The remainder of the paper is organized as follows. Section 2 begins
by converting the preceding system into an abstract Cauchy problem and proving the well-
posedness. In Section 3, we obtain that the time-dependent solution converges exponentially to
its steady-state solution. Section 4 discusses the asymptotic behavior of instantaneous reliabil-
ity indices. In Section 5, we use numerical examples to demonstrate the effect of changes in
system parameters on reliability indices such as instantaneous availability, instantaneous failure
frequency, and instantaneous renewal frequency, in a specific case.

2. WELL-POSEDNESS OF THE SYSTEM

Based on the Cy-semigroup theory, we demonstrate the well-posedness in this section. To
this end, we first transform the model into an abstract Cauchy problem.
For simplicity, we use the notation:

e 00 0
b [Rer 00 0
0= 7L]e 0 0 T'[z(x)
0 00 0



THE EXPONENTIAL STABILITY OF A TWO-UNIT SYSTEM 3

Choose the following Banach space

" P=(Py,P,,P,,P,) € Rx (L'[0,00))°
AP IR =R+ X 1Pl < o=

J=D.fs

as the state space. Define /P = (A+U + E)P, and

D()=APec 2 dP() € L'[0,0), Pj(x)(j = D, f,sf) are absolutely ’
continuous and P(0) = [;"I'p P(x)dx
where
(M1 +42) 0 0 0
A 0 & (h+m) 0
' 0 0 —Z _n(x) 0 ’
0 0 0 ——m(x)
00 00 Jo m(x) B, (x)dx + [5" 11 (x) P, (x)dx
|0 0 O . 0
U= 0 0 00}’ Ei= 0
0 A4 00 0

Then the original equations (1.1)-(1.3) can be written as the following abstract Cauchy problem
on &

(2P0 — P(1), 1€(0,00),

P(0) = (2.1)

S O o =

Now we proceed to show that operator .o/ generates a positive contraction Co— semigroup

T (t)on Z .
Theorem 2.1. If n;(x) and M (x) satisfy N = sup Mi(x) < oo and M = sup MNa(x) < oo,

x€[0,00) x€[0,00)
then o/ generates a positive contraction Co— semigroup 7 (t).

Proof. First of all, we estimate ||(y/ —A)~!||. Taking (yI —A)P =Y, VY € 2, we have

(Y+ 241+ A2)R = Yy, (2.2)
o) | (g4 1y + )Py 3) =Y, ), 23
dP;(x) _
— T mE)P () =Y, (x), (2.4)
dP,,(x) B

g T m@))E ) =Y, (x), (2.5)

P,(0) = LR, P,(0) = L1 Ry +/()wﬂf~(x>n2(x)dX,Psf(0) =0. (2.6)
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Solving (2.2)-(2.5) yields
1

Ph=——""7T—"7YX 2.7
Py () = ape IS g im0 [y, (lrm el miokogy 8
0
P (x) = afefyxffé‘m (D)dt 4 p=rx=Jgm (T)df/o Yf(f)eVHforTh (0)do gz (2.9)
P, (x) = eYXfSan(T)dT/O st(f)eYH.fOT Mm(0)do gz (2.10)
Applying (2.6) in (2.7)-(2.10), we have
A

a, =P,(0) = LPy = (2.11)

—Y
Y+A+ A 0
a, =P, (0):11P0+/ P,

7'+/1 +7L /nz x)e ¥ lom(e dfdx/Y )eYTHo m(0)d0 gy, (2.12)
1 2

Using the Fubini theorem and combining (2.11)-(2.12) with (2.7)-(2.10), we can now estimate
(assume y > 1m2)

[Pl =[Po] + 1125 [l 1{0,0- +HP-HL1[0 1P 2170,00)

1
< —(r+A1)x / Y (v+A1) Td dx
el e °’+y+z ool ], e ¥y (1)lelr i de

LI / e / ¥, (1) e drdx+ / e / Y, (7)) ddx
Y 0 0 0 0 ’

1 A 1
< )7 Y
_?’+/11+7Lz| °|+(Y+7n)(y+7u+/l )| °|+y+z I¥ollzijoe)
A 1
+Y(7+7L + )‘ Yol + 2” HLI[O#”)+;,HYf”L1[O7°°)+;/HstHL1[O7oo)
< Il (2.13)
YH 1

which yields that, for y > 7, (yI —A)~! exist, and
_ _ 1
(1—A)"": 2 = D@A), |(1—A)7"| < 2

Following that, we should demonstrate that D(A) is dense in 2. This is done in the same way
as Gupur [9, P.76]. Therefore, we omit the detailed proof. As a result, we deduce that operator
A generates a Co—-semigroup according to the Hille-Yosida Theorem (see Nagel citeNagel).
An easy computation shows that |[UP|| < A||P||, ||[EP|| < max{@,n}|/P||, which implies that
both U and E are bounded linear operators. Hence, </ generates a Cy— semigroup .7 (¢) [9,
Theorem 1.80]. The left is to show that <7 is a dispersive operator.
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Choosing v, for P € D(7),
i) = ( B B PO R, <x>]+> |

BB RN R

where

. fo if m<o0 . fo if Pw<0
[PO] _{PO if P()>07 [Pl(x)] _{PI(X) if P[()C)>0’ l—R,f,Sf.

From the boundary condition, we have

[P, (0)]" < Aa[Ro] ", [P, (0)] " < Aa[R]" + / ()P, (W] [P, 0] =0, (214)

Now, we define #( = {x € [0,0)|y(x) <0} and #; = {x € [0,e0)|y(x) > 0}. By replacing y(x)
in %o, #o with P, (x), P,(x ) ( ), we obtain
= dP, ) [R()]" |y P [ 4R BT dF, (x)
o dx PDx ZW PD(x)dx_% & Bm STy a
/ — —[B,(0)]", (2.15)
= dP,(x) [P, (x)] =dP,(x) [P, (x)]"
A T X I CACJIRY M oy p S AU (2.16)

Using (2.14)-(2.16), we deduce

+/0m{‘dpéix> —m(x)Pf(X)} [2<21+dx

I~ x+
+/O {—dpg)f)—n() ()+7LIP()}[P;§;(£ dx

<-Gurnr +{ [Cmwr e [Tnwe o e

+2alBo) = [+ ) P, 0] de AR+ [ ma() [P, () e

- [ e ) /O WP W] de A [ R (0] ds

~ (1) wtmearraes (G 1) [ meosineor)

<0,

[Po]*
P

which shows the dispersivity of the operator o7
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Finally, we can deduce from the preceding results and the Fillips theorem (see Nagel [13])
that .o/ generates a positive contraction Cy—semigroup 7 (1). UJ

It is clear that 2", 2 ’s dual space, is as follows
* * Yk * * oo 3
7" = (04,0 (),0;(x), € (x)) € R x (L7[0,1<)
11211 = sup {131,123 -f0.) 122l -f0.0- 123 o) } <
Clearly, Z* is a Banach space. Set

- {Pe,%]P — (P, P, (x), P, (x), P, (x)), Py > 0, P,(x),P,(x), P, (x) >0, vxe[o,oo)}c,%

* *

Then Theorem 2.1 guarantees that 7 (t)% C % . For P € D(A)N%, choose 22*(x) = ||P||(1,1,1,1).
Thus &7* € Z* and

(/.2%) =PI { =+ )+ / Tma(p, ek [m(or, a

1P [ {2 ap, ) - maor ) s

el {2

wiel [ {- <x>Pvf<x>+AIPD<x>}dx

el { =+ 2+ [ [mGor, a )
P {AzPo—zl [ - /0 nz<x>PD<x>dx}

+ [Pl {MP0+ /0 ) M2 (x) P, (x)dx — /0 ) nl(x)Pf(x)dx}
IR~ [ r Wt 41 [ B, warf <o

This implies that .27 is conservative with respect to the set

={Z e |2 =PI’ =|2|I’}.
Because P(0) € D(A?) N %, the Fattorini theorem [3, P.155] leads to the following.
(O)PO)[| = [IPO)][, vz € [0,00).

We obtain the system’s well-posedness by combining Theorem 2.1 and 2.2.

—m(x)Pf(x)}dx

Theorem 2.2. .7 (t) is isometric for P(0),

Theorem 2.3. Under the condition of Theorem 2.1, system (2.1) has a unique positive time-
dependent solution P(x,t) satisfying |P(-,1)|| = 1, V¢ € [0,).

Proof. Since P(0) € D(A?) "%, then, by Theorem 2.1 and [9, Theorem 1.81], the unique posi-
tive time-dependent solution P(x, ) to system (2.1) is obtained by P(x,7) = .7 (¢)P(0), ¢ € [0,0).
It follows that ||[P(-,7)|| = |7 (1)P(0)]| = 1, Vt € [0, ). O
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3. EXPONENTIAL STABILITY OF THE TIME-DEPENDENT SOLUTION TO SYSTEM (2.1)

In this section, we study the asymptotic behavior. First, we provide the following useful
lemma.

Lemma 3.1. Under the same condition of Theorem 2.1, operator A+ U generates a positive
contraction Cy-semigroup V (t).

Lemma 3.2. If P(x,t) = (¥ (¢t) ¢)(x) is a solution of to

dP
E = (A_I_U)P(t)v re [O’oo)’ (31)
P(0) = ¢ € D(4),
then
( (P()e 3.1—0—12
PD(07t_ x)e —Ax—Jym(7)dt
P,(0,1 —x)e fim(®dz > r=h
P, (0,1 —x)e~ Jom(¥)dT(] _ g=Ax)
P(x,t) = (¥ (1)9) (x) =
¢O€ (M+2A)t
¢, (x—1)e =L ma(e
0, (x—1)e fxfm() , X=>1
|\ xm e B 0 029, (e ) (1 —
where P;(0,t —x) (j =R, f) is given by (1.2).
Proof. Obviously, P(x,?) satisfies
dPF,
% = —(h + )P (1), 3.2)
oP, oP,
t) | OB (4 ma(0)y 1), 33)
dP,(x,t) IP,(x,1)
% T ox =—M(x)P(x,1), (3.4)
oP . (x,t) dP.,(x,
Sg(; ), g(; J = —M(X)P, (x,t) + M Py (x,1), (3.5)
P, (0) = MaPo(1), P,(0,1) = AiPo(t) +/ (x,) M2 (x)dx, P, (0,1) = 0, (3.6)
( )_¢07 Pl(xao)_(bl( )7 I[=D,f,sf.
Let v =x—¢and Fj(t) = B (v+t,t), [ =R, f,sf, From (3.3)-(3.5), we have
dF,
Wolt) (2 + g0 4y 1), 6)
4E, 1) _ F 3.8
dt ——W(U‘H) f(t)5 ( . )
dF, (1) _
—@(V+1)F, (1) + M F,(1). (3.9)

dt
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If v <0 (i.e., x <1), then by integrating (3.7)-(3.9) from —v to ¢ separately and using F;(—v) =
Pl(()? —U) = Pl(07t —X) (l = D?fusf>7 we have

PD (x,t) _ FD (l‘) _ FD(—D)e_M(D_H)_ﬁ” M (v+7)dt S=0+T PD (O,l _x)e—llx—fgng(s) ds

b

(3.10)
P.(x,1) = F,(t) = F,(~v)e om0 7 22 p (0 1 — )~ fam(s)ds, (3.11)
P, (x,1) =F(t) = st(—v)e’fiv MO+ ATy 3 o= [Ly (047 d7 /t FD(G)effv m(v+1)d7 g5
SZUET p (0,1 —x)e S0 ds g0 imals / Fy (s ds g
22040 ) e Joma(s)ds /XFD (z—v)eimb) dsgy
0
— P (0,1 —x)e” fim()ds (1 . e*“) . (3.12)
Combining (3.2) with (3.6) gives
Py(t) = gpe~ M)t (3.13)
If v >0 (i.e., x > t), by integrating (3.7)-(3.9) from O to ¢, we deduce
P, (x7t) =F, (t) =F, (0)€_Ml_fé m(v+) d7
_O=V+7T ¢D( ) 77L]tff5+l nz(c) do — (pD (.X . t)eflltffjft 1'[2(17) d’L’7 (314)
P, (x.1) = F,(t) = F,(0)e m o)t
_O=V+T_ (Pf( fe 3 mi(o)do _ (pf(x_t)e—f;‘_tnl(r) dr’ (3.15)
1 t 1 o
P, (x,t)=F,(t) = va(o)e_fo (0FD) AT 4 3 e~ JoMa(0+7) dT/O FD<G)€f° L+ 4746
== ¢sf(X—t)e_j:+t Ms)ds | o= " Mls) ds /t Fy(o)els "m0 dsge
0
o x x v+t Z
=04v 9, (x— e Jm)ds 3 o= i mals) ds : F (z—v)elo ™) dsg,

B (Psf(x_t)e_ﬁ_l P A O /x P,(z,z— v)efé Ma(s) ds g,
x—t
- ‘Psf(x_t)e_f;c”nz(s) W M el dsg () (1) /X e My
x—t
= sf(x—t)e*fffzﬂz(S) ds o= Kam®)dsg () (1— ). (3.16)

By using (3.10)-(3.16), we conclude the desired conclusion immediately. [

The following result is based on [9, Th. 1.35].

Corollary 3.3. A bounded subset G C X is relatively compact if and only if the following
conditions hold limy, Y>3 _, [o7 |gn(x+h) — g,(x)| dx = 0, uniformly for g = (g0, 81,82,83) € G
and limy, . Y3_, [ |gn(x)| dx = 0, uniformly for g = (g0,81,82,83) € G.
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Now, we need to prove that #'(¢) is a quasi compact on 2. Define, for P € 27,

<%<r>P><x>={§{””P)("> e <%<f>P><X>={<7/<t>p><x> x e [1,09),

Obviously, (¥ (1)P) (x) = (V1 (0)P) (x) + (¥ (1)P) (x), VP € 2.

Theorem 3.4. Assume that 1(x) and M (x) are Lipschitz continuous and satisfy 0 < n; <
N1(x) <M <ooand 0 < 1y < Ma(x) <My < oo. Then ¥1(t) is a compact on 2.

Proof. We only need to show that the condition (1) hold in Corollary 3.3. Set P(x,#) = (S(#)¢) (x),
x €[0,1), for ¢ € 27, then P(x,¢) is a solution of the system (4.1). So, by Lemma 3.2 we get,
forx € [0,7),0 € (0,t],x+ 0 €[0,1)

Y /\P,x+cr — Py(x,1)|dx

I=D.fsf

< / By (0,1 == o) [Pl e hafimle) | g

dx

! X
+/ [Py (0, —x—0) — P, (0,1 — )| ‘efflefo Ma(s) ds
0

— o tOms) ds _ = i mals) ds| gy

+/t’P (O,I—x—G)‘ e

+/ P, (0 P,(0,r— )|‘e—f3"1<5>d5dx

4 /0 P,(0,i —x— )| \effo”"w ds(1 = e~he+0)) _p= [ m(s)ds (] _ p=hux)| gy
t
+/0 P, (0,t —x—G) — P, (0,1 —x)|[e = 0 ) ds (1 _ g=21¥) gy, (3.17)
Now, we proceed to estimate each term in (3.17). Observe that
P, (0, —x— )| < Az‘gboe*@l”z)(f*)‘*@ < 9], (3.18)

£, 0.1y 0)] < max (i, ) { Ao~y 0|+ [P, (- o) s

< max{A;, M}H|P(,t —x—0)|| 2 = max{A;, M}V (i —x—0)9 ()] 2
< max{A1,m}¢], (3.19)
|Psf(0,t—x—6)| =0. (3.20)
Hence, the first, third and fifth term of (3.17) vanish as || approaches 0,

1
[ B0 -x-0)lfe
0

! xX+0 "
S )’2||¢||/ ‘e—/h(x—i-c)_jOJr Mo(s)ds e—llx—fo T]z(S) ds

M+ 0) =[5 mals) ds _ p—Aux— [ a(s) ds| g

dx — 0 as |o| — 0 uniformly for ¢,

/;p (0,1 —x— G|] FImGs) ds = Jm () ds| g

- x+6 1(s)ds _ e Jom(s)ds

< max{A;,M
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an

d
t xX+0 $) ds " s )
/0 |ID(0,I—)C—O')|‘3 0 Mis)d (1 2—ll(x+0)) e—jo M(s) d (1 A )

4 X+O0 ¥
< AZH(Z)H/O ’e,f0+ m2(s) ds(l —eill(’&(’)) — e Jom(s) ds(l _e—/llx) dx — 0

as || — 0 uniformly for ¢. By the condtion of this theorem, we know that 1, (x) are Lips-
chitz continuous (Assume that the Lipschitz constant is equal to one without losing generality.).
Using the boundary condition, we obtain

|PD(OJ —X— G) —PD(O,I —)C)| <A ‘(poe—(h-‘rlz)(t—x—c) . (poe_(ll_,_b)(t_x) 50
as |o| — 0 uniformly for ¢,
£, 0.4—5—0) -, (0.
<A ’¢0‘ ‘e*(ll+lz)(tfx70') . e*(/llﬂL/lz)(lfx)

{—x—G
+ /() Psf(f—x—G—Z,t—x—c)nz(t_x_c_z)dz

1—x
_/0 Psf<t_-x_z,t—.X)le(t—x_z)dz

+ / q)sf(g —t+x+ G)nz(g)e 'f§*t+x+arl2( )d dé
—x—0

_/io 9.,( _f—|—x)1‘l2(€)e_fg_,ﬂnz(S)dsdé‘

” :
+ / (pR(é —t+x+ G)T]z(é)e_'fé—z+x+c nZ(S)ds(l _ e*ll (tfx—c))dg
t—x—0

R (&) B O (1 i) g '

—X



THE EXPONENTIAL STABILITY OF A TWO-UNIT SYSTEM 11
Letting E —t+x+ 0 =zand § —t 4+ x = z yields that
‘Pf(O,t —x—0)—P(0,¢ —x)|
< 1 |90l ‘e—ulmxz—x—o) _ o~ R =)

"f—X—0—2Z

t—x—0O
+ / n2<t —XxX—0 —Z)PR(O,Z)e_ 0 772(5)d5<1 _e—MU—x—G))dZ
0

t—Xx

- Mot —x—2)P,(0,2)e 0 MW (] _g=hil=9) g,
0

+ ‘ /0 (psf (z)M2(z+t—x—0)e” Jirme nz(S)dst

_/O (p‘vf (Z)Hz(z+t —x)e_f;ﬂix T]z(s)dst
+ ‘ /Oo 0. ()M (z+1—x— G)e_szthfxfa M (s)ds (1—eh (t_x_"))dz
0

B /oo 0. ()M (z+1t—x)e” fz.z+l7x7?2(5)ds(1 _ e—?tl(t—x))dz
0

e~ Mth)(—x—0) _ ,—(hi+Ah)(—x)

< A1 [¢ol

f=x —X—0—2
+ Mt —x—0—2z)|P.(0,z)]e 10 nz(s)ds(l _eh (z—xfcr))dZ

{—x—C
1—x e

+/ |P.(0,2)||m(t—x—0—2) —Mm(t—x—2z)|e T 772(5)‘“(1_6*/11(1*)6))6&
0

[—X—0—2

—x
+/ nz(t —X—Z> ‘PR(O’Z)l ‘ei 0 n2(s)d5(1 _e*l| (fofo'))
0

—e (;7X7Z772(S)ds(1 _e—ﬂ,l(t—x)> |dZ
“|
0
- /0 M(z+1—x)
i /0 0@ Ma(et1—x—0) =Mzt —x)[e = MO (1 _hl==0)) g

- Malett =) gy )| e KT mEE(1 - im0
0

B e_fzzﬂfx N2 (1)dt (1 N e—l] (I—X)> |dZ

¢sf (Z)| |n2(z +t—x— G) — n2(Z+l —_x) | e fzz+tix*o. nZ(S)dst

Z+H—Xx—0 _rzt—x
eifz 772(S)d5 —e -]‘Z nQ(S)dS dZ

9,(2) }

< 1| ol ‘e—(xlmz)(z—x—a) )=

"—X—0—7 t—Xx Gz
+11\I¢II{WO’\ sup e~ Io nz(s)d5+|o]/ ¢TI () ghili—a—0)) g
0

2€[0,00)
f—x
* m/ dz}
0

+H¢H{\GI sup e m()ds Ly sup (e—J;”’*"*"nz(s)ds_e—J';*’**nz(sws
2€[0,00) 2€[0,00)

o 67,\77672 nZ(S)ds(l _ efll ([7)&?70)) _ eff(§7X7z n2(s)ds(1 . e*ll (Z*X))

_ fZth —X—0
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Zt+Ht—x—0
—|—|G| sup e—fz N2(s)ds

2€[0,00)

+7 sup

z€[0,00)

e ST m(s)ds (1- oM (z—x—a)) o [T m(s)ds (1- oM (I—X)) ‘} 0

as |6| — 0 uniformly for ¢. Thus we derive the remaining term of (3.17) vanish as |c| — 0. For
x €[0,7),0 € (0,t],x+ 0 € [0,1), we have

/ |P(x+0,t) — P(x,t)|dx as|o|— 0 uniformly for ¢. (3.21)

1=D.f,sf "9
The same conclusion as (3.21) can be drawn for x+ o € [0,7) ,0 € [—1,0),, and the proof is
complete. UJ

Theorem 3.5. If the conditions of Theorem 3.4 hold, then ¥5(t) satisfies
175(6) 9 o < e~ minthithommlt g 5 o € 2.
From Theorems 3.4 and 3.5, we have that
17() =9 Va(@)l| = [[#5(0)|| < e ™Rl 0, f — co,
Theorem 3.6. 7 (t) is a quasi-compact operator on Z .

Because E is a compact operator on .2, we can derive the following result from Theorem
3.6 and Proposition 2.9 in Nagel [13, P.215].

Corollary 3.7. .7 (¢t) is a quasi-compact operator on 2.
Lemma 3.8. 0 € 0,,(«/), and geometric multiplicity of 0 is one.
Proof. Take &/P =0, i.e.,

(A +20) Py = / ()P, (x)dx+ / T m@)P, (v, (3.22)
0 0
dP
o) (3 4 o) ), 6.23)
dP,(x)
T = m)P ), (3.24)
dP,,(x)
e —M2(x) P, (x) + A1 Py (x), (3.25)
P,(0) = 2P, (3.26)
P,(0 )=11Po+/ > ()2 (x)dx, (3.27)
P3(0) = (3.28)
Solving (3.23)-(3.25), we have
P(x)=a e*/'hxffécle(T)d‘F7 (3.29)
P(x)=a,e” Jo m(v)dz (3.30)

P (x) = Ao lim(® /P Yels M0t g (331)

sf
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From (3.26) and (3.27), we deduce
o, = )QP(), (3.32)

o, =P.(0) =P+ /mnz(x)e_jgm(f)df/ P, (E)els M7 e gy
0 0

= A (1 Ty /0 " e "2<f>dfdx> P (3.33)

Combining (3.29)-(3.31) with (3.32)-(3.33) yields
|P[l = [Pol + [Pyl £110,.00) + 1Ps | 170,00) + [ Pos |1 0.00)

< |Po| + ot | /wellegm(r)drdx—l— ]af| /wefécm(f)dfdx
0 0
+/0 }Lle—fgnz(f)df/o |PD(§)|€'f§n2(T)de§dx
= |P0| +),2/()ooe_f(§n2(1)d7dx |P0|
+7L] (1 + A,z /oo e)ble(/)an(T)dex) /‘X’ e*fécn](f)d‘l:dx ‘PO|
0 0

+ha (1 - e—m—mﬂdfdx) By| < .
0

This demonstrates that 0 is an eigenvalue of .<7. Furthermore, it is obvious that the geometric
multiplicity of O is one by (3.32) and (3.33). L]

Lemma 3.9. &/* is given by
Q" =(9+F)Q", Q' eD(F")=D(9),

where
—(M+212) 0 0 0 (0
9Q" = 0 &— M +m) 0 0 0, (x)
B 0 0 4 (x) 0 Q;(x) |
0 0 0 —m(x)/ \Q; (x)
000 0 0 X A4 O 0
70— |00 0 A mx 0 0 o]0
T=1000 o0 mE) 0 0 o] Q0
000 0 0 0 Mm@ 0/ \g0)

(
(
D(¥) = {Q* e %

in D(¥), and § is a constant.

exists and Qj (o) = C(l:D,f,sf)},

Lemma 3.10. 0 € 0,(&/*), and geometric multiplicity of 0 is one.

Proof. Consider «7*Q* = 0, that is,
— (M A2)Qp + 220}, (0) + AQ7(0) =0, (3.34)
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dQcic(X) — (M +m2(x)) Q5 (%) +M2(x) Q5 + 41 Q7 (x) = 0, (3.35)
dQ*(x

%,fx( )—m(X)Q.’;(X)er(x)Qz;:O, (3.36)
d X

Q;;( >—n1( x)Q.,(x) + M (x)Q7(0) =0, (3.37)
Q) (o0) = Q7 () = Q7 (o) = C. (3.38)

Solving (3.35)-(3.37), we have
QF (x) = B, el Aro(@NdT _ i (itma(m)de /x [nz (€)05+ 10" ()] e Js atm(e)dz 4 £
0 s

(3.39)
0' (x) = B,eli m(T _ glgm (e / “m @Q*e—ﬁf MmOt e (3.40)
Qz‘f(x) — Bsfef())rm(f)df — ef(;r"’h / 772 fo (T dfdg (3.41)

Multiplying e~ /o (M H+m(2)d7 o= Jym(0)d7 gpq e*fo M(7)d7 4 the both side of (3.39), (3.40) and
(3.41) separately, we have

Bo= [ [0(&)05+ M@y (&)] e hm(izge, (3.42)
A |

B = /O M(E)Qpe i ma, (3.43)

B, = [ m(E)Q;)e b msag. (.44

Substituting (3.43) into (3.40), we have
Q ( ) Q*e]o (T / rll jbém(r)drdé
=0 oo m(z)dr (—eij() n(r)dt

x) — 0. (3.45)
Combining (3.45), (3.44), and (3.41) yields

07, (x) = 0 (0) el O [y (&)e 0 aE = 07(0) = 0, (3.46)

X

Substituting (3.46) and (3.42) into (3.39), we deduce
0; (x) = el / [m)05+ g ()] e it

:Qgejé‘(lwnz(f))df/mml+n2(5)] — J5 Ga+m(v) )dt g€

X

:Qsej‘g‘(/ll—f—nz(r))dr( o= J§ (o) ) 05, (3.47)

Thus we have the following estimation

11Q°11 = 599 {10112} 0.0+ 12] 0.0+ 12, =10y } = 1251 < =
Hence, 0 € 0,(/*), and the geometric multiplicity of 0 is one from (3.45)-(3.47). O
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We conclude from Lemmas 3.8 and 3.10 with Theorem 2.3 that the algebraic multiplicity of
0 is one and s(.27) = 0. Therefore, According to [9, Theorem 1.90], we obtain the following
theorem.

Theorem 3.11. If 11 (x) and Ny (x) are Lipschitz continuous and satisfy 17 < 11(x) <1y < oo
and 0 < 1y < Mp(x) < T2 < oo, then there exist 6 >0, M >0, and a posTtive projection Pr of
rank one such that || 7 (1) —Pr ||< Me~%" | where Pr = = ff(zl — @)~ Ydz, and T is a circle
with a zero-centered and a sufficiently small radius.

In the following, we give the expression of the Pr.

Al Yo

Lemma 3.12. For y€ p(«), (yI — /)" ZD = ?D , VYze X,
f f
Zsf ysf

where

Yo =

/oo nz(x)e—(wzh)x—ﬁnz(r)df /)‘ZD(T)e(yml)rﬂgnz(g)dgdfdx
0 0

+ /°° - (x)e_Yx—fg m(t)dt /x " (s)e(?’-Hq)s—O—f(f M (E)déE (e—/lls
0 0
_ e_llx)ds dx/°° ) e Jom(t)dr g,
0

+ /oo nz(x)e—?’x—ﬁ'f M (7)dt /XZ f(T)eYTJrfof nz(é)didfdx/oo M (x) ol m(T)dT g
0 o ° 0

+/Om771(x)eafxf6“m(f)d7/0 Zf(f)ey”fornl(é)dédfdﬁrZO

—A /m n2 (x)e—Yx—fé Ma(7)dt (1 — e—klx)dx/w M (x) e lom (T)drdx] 7
’ 0

Y+h+—A /m Ma(x) e~ HAlimDdTgy 3, /w M (x) e Pl mDdTgy
0 0

v, (x) =Age” A= lom(e)de oy o= (A )x—fy ma(T)d /Ox 2, ()T S 47

v, () = (zl o [ male)e (1 exvgdx) o T i@

4 e rlim(vde / i (x)e i m()ds /xZD(s)e<y+ms+ﬁn2<é>da (¢7M15 — M%) dy dx
0

0
§ e Plim(e)dT /0 1 (x)e Pl () /O 2,,(7)e?™ I (€48 gy

4ol mi()de /"Zf(f)ewaofnl(é)dédn
0
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and
v, (%) = dpe o MADT (] — =41 g + e P Jom(v)de /x Zsf(f)eﬂﬂif M2(8)dE 41
0
+ e~ PJom(e)dr /Ox ZD(s)e(HM)sH& M2(5)ds (e*lls _ e*’“x)ds.

Proof. Let (yI — o/ )y = u, for z € 2, then,
Y+ M+ Ao)yo = /O (), (x)dx + /0 m (), (¥)dx+ 2, (3.48)
d
yde(X) = —(Y+ A +n2(x))y, (x) + 2, (%), (3.49)
dy ,(x)
- —(r+m©)y,x) +z,(x), (3.50)
— = —(Y+ M)y, (x) + A1y, (x) +7,,(x), (3.51)
v, (0) = A2vo, (3.52)
¥,(0) = Aayo+ /0 M)y, (x)dx, (3.53)
v,,(0) = 0. (3.54)

Solving (3.49)-(3.51), we have

v, (x) =y, (0) e~ (rHAx=[om(n)dr o ,—(r+An)x—fg ma(r)de /x 7, (T)e(YJrM)TJrfoT m(8)dé dr,
0
(3.55)

v, (x) =y,(0) e~ Jom()dr _|_e—7x—f<§c771(f)df/o Zf(f)e”*‘form(é)d@df, (3.56)

¥y (%) e P lom(ede /X.YD(T)eYHfOTnZ(é)dédT-I—e_yx_jgm(f)df /XZ f(f)enyOT m(8)ds gg
K 0 0 K ?
(3.57)

Using (3.55)-(3.57) in (3.52)-(3.54), we calculate

vp(0) =420, (3.58)

¥,(0) =Aiyo+ A /0 (e Pl /0 i [yD (0) ¢~ (rHM) TS ma(2)de
L+ o ()T miE)dg / " (5)eTHMIH maE)E ds] ST M(E)E g g
0
n /0 " (x)e Pl meT /O’“Zsf(f)emf&nz(é)dédwx
Mo+ s [ Mol PO (| A deyg
n /0 " i (x)e Pl Mm@z /0 1y (5) TR (EE ((~has _ g=hax) g 4

+/() nz(x>e—7x—]§nz(f)df/o zsf(T)e”fﬂgn?(é)dédrdx. (3.59)
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Combining (3.58), (3.59), (3.55)-(3.57), and (3.48), we derive

(Y+A+A2)yo = /w M2 (x)y, (x)dx + /Ooo M (x)y , (x)dx + 2z
— 1 / Ma(x) e~ M= E ma(DdT g oo

+/O Mo (x)e~ VHAx=Jg m(2)dT /Ox 2 (1) THMTHTE)E g

s /0 " () el m gy

A /Ooo M (x)e Pl nz(r)dr(l _ e‘ll")dx/owm (x) e Pl m@dTgy oo

+ /0 ” nz(x)e—%c—fbx M (7)dt /Ox 2 (5) oA+ [ M2 (8)dE ( oM _ e"llx) ds dx

X / wm(x) e~ Jo m()dT gy

0
+ /0 i (x)e Pl (0T /Ostf (7)™ I8 () oy /0 ” 1 (x) e 7l mDdrg,

_|_/O m(x)erfécﬂl(f)dT/O Zf(T)eVT+f0Tn1(§)dédex+ZO

/ T (x)e~ (FHAx—Ji Ma(0)dT /0 2, (T)eTHMTHI 18048 oy

Yo =

—|—/ nz(x)e—%c—fgnz(f)d’c /XZD (s>e(y+7t1)s+f(§n2(§)d§ (e—/lls . e—Mx)ds dx
0 0
. / M) e Mg

0

+ /Do nz(x)e—}’x—]gnz(f)dr /xZ f(T)eYT-Fﬂ)T nz(é)dédfdx/m m (x) ol m(T)dT g
0 0o = 0

+/mn](x)67x.f§ﬂ1(f)d7 /XZf(f)eYTﬂLform(é)didex_,_ZO
0 0

/

R / T ma(x)e P MO (1 g gy / Tni(x) e Pl <T>dfdx] . (3.60)
0 0

Y+ + -2 /M Mo (x) e~ PRl mDdTgy 3 /oo M (x) e Pl miDdTgy
0 0

We can easily find the remaining results of this Lemma by substituting (3.58) - (3.60) into
(3.55)-(3.57), separately. [

Theorem 3.13. If ny(x) and ny(x) are Lipschitz continuous and satisfy
0<m <mx) <M < oo, M < Max) < < oo
then ||P(-,t) —P(-)|| < Me~ 1 > 0.
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Proof. From Theorem 3.5 and 3.7, we have

17(0) = H ()l = 1 %5(0)| < e~ mnthrtiahemme

—

In||7(t) = 71(t)|| < —min{A; + A2, A1 + 12, N1}

-

tli_{l’l 1n||7/(t)t—7/1(t)|| < _min{ll+127ll+m7m}t-

We can deduce from this and Proposition 2.10 in Engel and Nagel [2, P.258] that @, (7 (¢))
satisfies Wess( 7' (1)) < —min{A; + A3, A + 12,11 }. By Proposition 2.12 in [2, P.258] and com-
pactness of E, we have ®,(/) = a)m(ﬂ_(t))_: Wess (V' (1)) < —min{A; + A2, A1 + M2, M1 }-
Hence, 0 is a pole of (yI —.<7)~! of order 1 by Corollary 2.11 in Engel and Nagel [2, P.258]
and Theorem 3.7. As a result of the residue theorem, Theorem 3.13, and Lemma 3.12, it follows

that

lim YYo
70 %o y—0
7 2, (X) 113(1) Yy ()
Pr| P [ =tlimy(yl—a) ' | P = {
Z; =0 Z; (x) yl_l;r(l) yyf (X)
Zsf Zsf (X) lim st (x)
7—0

Using L’Hospital rule we, calculate

1.
)

A O T (B Ry A e eyxfa‘mmdfdx]
0 0

=lim1 /
7—0

_ {)«2 /mx nz(x)efyxffgnz(f)dr(l . eklx)dx/wm (x) efyxffgnl(r)drdx
0 0

Y+ + A — Ao /m Mo (x) e~ A x—lom(D)degy ) /w M (x) e ¥ Jom(Ddrgy
0 0

14+ 4 /wxnz(x) e~ (rAx=fgm(e)dry, o A /wxnl (x) e Jo m(n)dT g,
B 0

+ / T (e R MDdT (] — =h¥)dx / Temx) el m(f)dfdx}]
0 0

Y

+ A /w e—/hx—foxnz(r)drdx/wx Tll(x) e fé‘m(r)drdx]
0 0

1+ /ooxnl(x) 6_13”‘(T)dfdx+/lz /oox nz(x)e—f(j‘nz(r)dfdx
0 0

1
T
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Applying Fubini theorem, we have
/ " i (x)e i m(@)ar / " (0)eld (&4 gy
0 0
/ fo n2(& d@/ d{—e —Jo ma(z dT}d’L’
_/ o i )5(_e—f0nz(€)€ )drz/sz(x)dx,
xX=T 0
/ m(x)e ~fim (e / Zf(f)e_form(é)dédfdx: /mzf(x)dx,
0 0 0
/ nz(x)e—fécnz(f)df/ Zsf(f)efornz(if)dédfdx:/ 7 (x)dx.
0 0 0
Hence
71/1_r>1%)yy0— /oonz(x)e—hx—fgnz(f)df /0 2, (7)eM T (O gy
_|_/ na(x e Jom(t /XZD(S)e?nsHo“nz(é)dé (e*lls_e*llx)dsdx
0
+ / M (x)e~ f6 () /"Zsf(f)ef;nz«:)dédwx
0 0
+ / (e im (@ /xzf(f)eﬂn1<é>dédrdx 20 / M
0 0
— | [ max)e fim(ma /XZD(S)efénz(é)dédsdx
0 0
+/wnz(x)e_fgnm)dr/stf(T)eform(é)dgd‘cdx
0 0
_|_/wm(x)e—ﬁfm(f)df/fo(f)efornl(é)dédex_*_Zo /M
0 0
_ 1., (3.61)
= M O’ .
—Aix—f§ ma(7)dT
lim 7y, (x) =Ape 4~ JEm@AT Jim o — Ae 0 “p (), (3.62)
r—0 y—0 M
lim yy  (x) = (M-i—lz/w nz(x)e_fMZ(T)dT(l—e_llx)dx> —lom@4T im v
r=0 0 y—0
(1430 7 e B O ) el
= o =P (), (3.63)
Are— Jom(ndr (| _ ,~Aix
hmyysf( x) = : ( ) =P, (x). (3.64)

M
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Combining (3.61)-(3.64) with Theorem 3.13, we obtain PrP(0) = P(x). Furthermore, by The-
orem 2.3 and 3.13, we find that
IP(-,t) =P()| < IT (1) = Pe|[[|P(0)]| < M™% [P(0)|| = Me™®, 1 >0,

which shows that the time-dependent solution exponentially converges to its steady-state solu-
tion. 0

4. ASYMPTOTIC BEHAVIOR OF SOME RELIABILITY INDICES

Based on the results in Section 3, we conclude that
lim Py(1) = Py, lim/ |P/(x,t) — P(x)|dx=0, [=D,f,sf, 4.1)
t—oo t—o Jp

which implies, for i = 1,2, limy e [ [0:(x)P;(x,) — Ni(x)P(x)|dx =0, [ = D, f,sf. The time-
dependent availability, failure frequency, and renewal frequency are given by

A(t) =Ry (1) + /O " Po(x,£)dx,
my(t) =AaPo(t) + M /O " Po(x, )dx,

() = /O 2 (0)P, (x,1)dx + /O M (¥)P, (x,1)dx.
which, together with (3.29)-(3.33) and (4.1), yields

A=TmA(r) =P+ / P, (x)dx = {1 + / e} ’hmdfdx} Py,
° 0 0

t—o0

my=limmp(t) = A Po+ Ay /OwPD(x)dx — LA,

t—o0

my = im m, (1) = /0 M (x)P, (x)dx+ /0 TP, (x)dy = (41 + ) Ro.

Since the system’s time-dependent reliability is similar to that of [10], it is omitted.

5. NUMERICAL RESULTS

In this section, we present some numerical examples to investigate how each system param-
eters affects the time-dependent reliability indices. First of all, we assume that the system’s
repair time is Gamma distributed: taking the constant repair rates as 1 (x) = 11, N2(x) = 1y,
and choose 11 =0.004, 11, =0.006, A; = 0.0004, A, = 0.0006. In Fig.1, we show how 3 (B is
another parameter) affects the system reliability indices. According to Fig.1, A(¢) (Fig.1a) and
my(t) (Fig.1b) decrease rapidly as time increases in each case and approach constant value after
a long run. m,(¢) (Fig.1c) increase rapidly in the early stage and approach constant value after
a long run. Furthermore, we see that the parameter 8 has considerable effects on the reliability
indices such that they decrease as 3 increases.

We assume 8 = 1 in the following, (i.e., the system’s repair time is exponentially distributed)
and the effect of system reliability indices with different values of parameters 1y,12,A1, A3 is
depicted in Figs.2-4. Fig.2 demonstrates the behavior of the system’s time-dependent availabil-
ity A(r). As expected, A(z) decrease as A;,A, increase and A(¢) increases as 1,1 increase.
The change of time-dependent failure frequency are plotted in Fig.3. m () decreases initially
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FIGURE 1. Time-dependent reliability indices for Gamma distributed repair time

and reaches constant value as time increase. Fig.3 also demonstrates that m(t) increases with
increase of the parameters. Fig.4 demonstrates that time-dependent renewal frequency increase
inially and the attain constant number for large number of 7. In addition, m,(¢) increases when
M1,M2, A1, and A, increase.

6. CONCLUSION

We performed a dynamic analysis for the two-unit priority system with non preemptive re-
pair disciplines in this papaer. The model is described by a partial differential equations with
integral boundary conditions, which are then transformed into an abstract Cauchy problem. We
obtained that the system is well-posed, and that the model’s time-dependent solution converges
exponentially to its steady-state solution. In addition, we gave the concrete expression of the
corresponding projection operator, in which the repair time follows the general distribution.
Furthermore, we investigated the asymptotic behavior of the system’s time-dependent reliabil-
ity indices and discussed the influence of each parameter on the reliability indices by numerical
examples.
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FIGURE 2. Effect of parameters on the time-dependent availability for Expo-
nential distributed repair time
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FIGURE 3. Effect of parameters on the time-dependent failure frequency for
Exponential distributed repair time
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FIGURE 4. Effect of parameters on the time-dependent failure frequency for
Exponential distributed repair time
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