
J. Nonlinear Funct. Anal. 2022 (2022), Article ID 28 https://doi.org/10.23952/jnfa.2022.28

THE EXPONENTIAL STABILITY OF A TWO-UNIT SYSTEM WITH
NON-PREEMPTIVE PRIORITY

EHMET KASIM

College of Mathematics and System Sciences, Xinjiang University, Urumqi 830046, China

Abstract. This study analyzes a repairable system with two dissimilar units, one of which has non-
preemptive priority. We transform the model to an abstract Cauchy problem and study the well-posedness
via the C0− semigroup theory of linear operators. By using spectral properties of the corresponding op-
erators, we derive the exponential convergence of the time-dependent solution to its steady-state solution.
We also present the asymptotic behavior of several time-dependent reliability indices and numerical ex-
amples.
Keywords. Availability; C0-semigroup; Exponential Stability; Priority system; Reliability.

1. INTRODUCTION

We consider the system consisting of two dissimilar unit with non-preemptive priority with
two types of components, Type I and Type II, in the system. The Type I unit has priority with
non-preemptive repair disciplines, that is, the Type II unit’s repair is continued and the repair
of the Type I unit is entertained only when the Type II unit’s repair is done. The system runs
in a degraded state but does not fail if the Type II unit fails, while the system can collapse fully
if the Type I component fails. The system, According to Govil [5], can be characterized by the
partial differential equations below

dP0(t)
dt

=−(λ1 +λ2)P0(t)+
∫

∞

0
η1(x)Pf (x, t)dx+

∫
∞

0
η2(x)PD(x, t)dx,

∂PD(x, t)
∂ t

+
∂PD(x, t)

∂x
=−(λ1 +η2(x))PD(x, t),

∂Pf (x, t)
∂ t

+
∂Pf (x, t)

∂x
=−η1(x)Pf (x, t),

∂Ps f (x, t)
∂ t

+
∂Ps f (x, t)

∂x
=−η2(x)Ps f (x, t)+λ1PD(x, t)

(1.1)
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2 E. KASIM

with the boundary conditions

PD(0, t) = λ2P0(t),Pf (0, t) = λ1P0(t)+
∫

∞

0
η2(x)Ps f (x, t)dx,Ps f (0, t) = 0, (1.2)

and initial conditions

P0(0) = 1, PD(x,0) = 0, Pf (x,0) = 0, Ps f (x,0) = 0, (1.3)

where (x, t) ∈ [0,∞)× [0,∞), P0(t) is the probability that the system is working at normal effi-
ciency at time t, PD(x, t) dx is the probability that the system is degraded at time t owing to a Type
II component failure, and the elapsed repair time is in (x,x+∆x), Pf (x, t) dx is the probability
that the system is failed at time t owing to a Type I component failure, and the elapsed repair
time is in (x,x+∆x), Ps f (x, t) dx is the probability that the system is still failed at time t owing to
a Type I component failure, and the elapsed repair time of Type II lies in the interval (x,x+∆x),
whereas Type I is awaiting repair. The failure rates of Type I and Type II units are denoted by
λ and λ2, respectively. The repair rates of Type I and Type II units are denoted by η1(x) and
η2(x), respectively, and satisfies ηi(x)≥ 0,

∫
∞

0 ηi(x)dx=∞, i= 1,2. A system composed of two
dissimilar units and a repairman is a common system in real life. Therefore, many researchers
studied different types of such systems; see, e.g. [1, 6, 7, 8, 10, 11, 12, 14, 15, 16, 17] and
the references therein. In 1972, Govil [5] used the supplementary variable method, which was
first applied in a reliability model by Gaver [4], to establish a repairable system consisting of
two different components with three different priority repair disciplines, i.e., Non preemptive,
Preemptive Resume, and Preemptive Repeat, and the Laplace transforms of state probabilities
were derived. The effects of varying repair priorities on the system’s pointwise availability was
explored using numerical examples for a special case. Kasim and Gupur [10] used the C0-
semigroup theory to perform dynamic analysis on a system composed of two-dissimilar units
under preemptive repeat repair discipline and proved that the time-dependent solution converges
exponentially to its steady-state solution. Furthermore, the time-dependent reliability indices
were theoretically and numerically investigated.

In this paper, we investigate the system consisting of two-different units under non preemp-
tive repair discipline. The remainder of the paper is organized as follows. Section 2 begins
by converting the preceding system into an abstract Cauchy problem and proving the well-
posedness. In Section 3, we obtain that the time-dependent solution converges exponentially to
its steady-state solution. Section 4 discusses the asymptotic behavior of instantaneous reliabil-
ity indices. In Section 5, we use numerical examples to demonstrate the effect of changes in
system parameters on reliability indices such as instantaneous availability, instantaneous failure
frequency, and instantaneous renewal frequency, in a specific case.

2. WELL-POSEDNESS OF THE SYSTEM

Based on the C0-semigroup theory, we demonstrate the well-posedness in this section. To
this end, we first transform the model into an abstract Cauchy problem.

For simplicity, we use the notation:

Γ0 =


e−x 0 0 0

λ2e−x 0 0 0
λ1e−x 0 0 η2(x)

0 0 0 0

 .
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Choose the following Banach space

X =

P

∣∣∣∣∣∣ P = (P0,PD,Pf ,Ps f ) ∈ R×
(
L1[0,∞)

)3

‖P‖= |P0|+ ∑
j=D, f ,s f

‖Pj‖L1[0,∞) < ∞.


as the state space. Define A P = (A+U +E)P, and

D(A ) =

{
P ∈X

∣∣∣∣∣
dPj(x)

dx ∈ L1[0,∞),Pj(x)( j = D, f ,s f ) are absolutely

continuous and P(0) =
∫

∞

0 Γ0 P(x)dx

}
,

where

A :=


(λ1 +λ2) 0 0 0

0 − d
dx − (λ1 +η2(x)) 0

0 0 − d
dx −η1(x) 0

0 0 0 − d
dx −η2(x)

 ,

U :=


0 0 0 0
0 0 0
0 0 0 0
0 λ1 0 0

 , E :=


∫

∞

0 η2(x)PD(x)dx+
∫

∞

0 η1(x)Pf (x)dx
0
0
0

 .

Then the original equations (1.1)-(1.3) can be written as the following abstract Cauchy problem
on X 

d P(t)
dt = A P(t), t ∈ (0,∞),

P(0) =


1
0
0
0

 .
(2.1)

Now we proceed to show that operator A generates a positive contraction C0− semigroup
T (t) on X .

Theorem 2.1. If η1(x) and η2(x) satisfy η1 = sup
x∈[0,∞)

η1(x) < ∞ and η2 = sup
x∈[0,∞)

η2(x) < ∞,

then A generates a positive contraction C0− semigroup T (t).

Proof. First of all, we estimate ‖(γI−A)−1‖. Taking (γI−A)P = Y, ∀Y ∈X , we have

(γ +λ1 +λ2)P0 = Y0, (2.2)

dPD(x)
dx

+(γ +λ1 +η2(x))PD(x) = YD(x), (2.3)

dPf (x)
dx

+(γ +η1(x))Pf (x) = Yf (x), (2.4)

dPs f (x)
dx

+(γ +η2(x))Ps f (x) = Ys f (x), (2.5)

PD(0) = λ2P0,Pf (0) = λ1P0 +
∫

∞

0
Ps f (x)η2(x)dx,Ps f (0) = 0. (2.6)
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Solving (2.2)-(2.5) yields

P0 =
1

γ +λ1 +λ2
Y0, (2.7)

PD(x) = aDe−(γ+λ1)x−
∫ x

0 η2(τ)dτ + e−(γ+λ1)x−
∫ x

0 η2(τ)dτ

∫ x

0
YD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(σ)dσ dτ, (2.8)

Pf (x) = a f e
−γx−

∫ x
0 η1(τ)dτ + e−γx−

∫ x
0 η1(τ)dτ

∫ x

0
Yf (τ)e

γτ+
∫

τ

0 η1(σ)dσ dτ, (2.9)

Ps f (x) = e−γx−
∫ x

0 η2(τ)dτ

∫ x

0
Ys f (τ)e

γτ+
∫

τ

0 η2(σ)dσ dτ. (2.10)

Applying (2.6) in (2.7)-(2.10), we have

aD =PD(0) = λ2P0 =
λ2

γ +λ1 +λ2
Y0, (2.11)

a f =Pf (0) = λ1P0 +
∫

∞

0
Ps f (x)η2(x)dx

=
λ1

γ +λ1 +λ2
Y0 +

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτdx

∫ x

0
Ys f (τ)e

γτ+
∫

τ

0 η2(σ)dσ dτdx. (2.12)

Using the Fubini theorem and combining (2.11)-(2.12) with (2.7)-(2.10), we can now estimate
(assume γ > η2)

‖P‖=|P0|+‖PD‖L1[0,∞)+‖Pf ‖L1[0,∞)+‖Ps f ‖L1[0,∞)

≤ 1
γ +λ1 +λ2

|Y0|+
1

γ +λ1
|aD |+

∫
∞

0
e−(γ+λ1)x

∫ x

0
|YD(τ)|e

(γ+λ1)τdτdx

+
1
γ
|a f |+

∫
∞

0
e−γx

∫ x

0
|Yf (τ)|e

γτdτdx+
∫

∞

0
e−γx

∫ x

0
|Ys f (τ)|e

γτdτdx

≤ 1
γ +λ1 +λ2

|Y0|+
λ2

(γ +λ1)(γ +λ1 +λ2)
|Y0|+

1
γ +λ1

‖YD‖L1[0,∞)

+
λ1

γ(γ +λ1 +λ2)
|Y0|+

ϕ

γ2‖Ys f ‖L1[0,∞)+
1
γ
‖Yf ‖L1[0,∞)+

1
γ
‖Ys f ‖L1[0,∞)

≤ 1
γ
‖Y‖, (2.13)

which yields that, for γ > η2, (γI−A)−1 exist, and

(γI−A)−1 : X → D(A), ‖(γI−A)−1‖ ≤ 1
γ
.

Following that, we should demonstrate that D(A) is dense in X . This is done in the same way
as Gupur [9, P.76]. Therefore, we omit the detailed proof. As a result, we deduce that operator
A generates a C0−-semigroup according to the Hille-Yosida Theorem (see Nagel citeNagel).
An easy computation shows that ‖UP‖ ≤ λ‖P‖, ‖EP‖ ≤ max{ϕ,η}‖P‖, which implies that
both U and E are bounded linear operators. Hence, A generates a C0− semigroup T (t) [9,
Theorem 1.80]. The left is to show that A is a dispersive operator.
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Choosing ψ, for P ∈ D(A ),

ψ(x) =

(
[P0]

+

P0
,
[PD(x)]

+

PD(x)
,
[Pf (x)]

+

Pf (x)
,
[Ps f (x)]

+

Ps f (x)

)
,

where

[P0]
+ =

{
0 if P0 ≤ 0
P0 if P0 > 0

, [Pl(x)]+ =

{
0 if Pl(x)≤ 0
Pl(x) if Pl(x)> 0

, l = R, f ,s f .

From the boundary condition, we have

[PD(0)]
+ ≤ λ2[P0]

+, [Pf (0)]
+ ≤ λ1[P0]

++
∫

∞

0
η2(x)[Ps f (x)]

+dx, [Ps f (0)]
+ = 0. (2.14)

Now, we define W0 = {x ∈ [0,∞)
∣∣y(x)≤ 0} and W1 = {x ∈ [0,∞)

∣∣y(x)> 0}. By replacing y(x)
in W0, W0 with PD(x),Pf (x),Ps f (x), we obtain∫

∞

0

dPD(x)
dx

[PD(x)]
+

PD(x)
dx =

2

∑
i=1

∫
Wi

dPD(x)
dx

[PD(x)]
+

PD(x)
dx =

∫
W1

dPD(x)
dx

[PD(x)]
+

PD(x)
dx =

∫
W1

dPD(x)
dx

dx

=
∫
W1

d[PD(x)]
+

dx
dx =−[PD(0)]

+, (2.15)∫
∞

0

dPf (x)
dx

[Pf (x)]
+

Pf (x)
dx =− [Pf (0)]

+,
∫

∞

0

dPs f (x)
dx

[Ps f (x)]
+

Ps f (x)
dx =−[Ps f (0)]

+. (2.16)

Using (2.14)-(2.16), we deduce

〈A P,ψ〉=
{
− (λ1 +λ2)P0 +

∫
∞

0
η2(x)PD(x)dy+

∫
∞

0
η1(x)Pf (x)dx

}
[P0]

+

P0

+
∫

∞

0

{
− dPD(x)

dx
− (λ1 +η2(x))PD(x)

}
[PD(x)]

+

PD(x)
dx

+
∫

∞

0

{
−

dPf (x)
dx

−η1(x)Pf (x)
}
[Pf (x)]

+

Pf (x)
dx

+
∫

∞

0

{
−

dPs f (x)
dx

−η2(x)Ps f (x)+λ1Ps f (x)
}
[Ps f (x)]

+

Ps f (x)
dx

≤−(λ1 +λ2)[P0]
++

{∫
∞

0
η2(x)[PD(x)]

+dx+
∫

∞

0
η1(x)[Pf (x)]

+dx
}
[P0]

+

P0

+λ2[P0]
+−

∫
∞

0
(λ1 +η2(x))[PD(x)]

+dx+λ1[P0]
++

∫
∞

0
η2(x)[Ps f (x)]

+dx

−
∫

∞

0
η1(x)[Pf (x)]

+dx−
∫

∞

0
η2(x)[Ps f (x)]

+dx+λ1

∫
∞

0
[PD(x)]

+dx

=

(
[P0,0]

+

P0,0
−1
)∫

∞

0
η2(x)[PR(x)]

+dx+
(
[P0,0]

+

P0,0
−1
)∫

∞

0
η1(x)dx[Pf (x)]

+

}
≤ 0,

which shows the dispersivity of the operator A .
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Finally, we can deduce from the preceding results and the Fillips theorem (see Nagel [13])
that A generates a positive contraction C0−semigroup T (t). �

It is clear that X ∗, X ’s dual space, is as follows

X ∗ =

P∗

∣∣∣∣∣∣ P∗ =
(

Q∗0,Q
∗
D
(x),Q∗

f
(x),Q∗

s f
(x)
)
∈ R× (L∞[0,∞))3

9P∗9 = sup
{
|Q∗0|,‖Q∗D‖L∞[0,∞),‖Q∗f ‖L∞[0,∞),‖Q∗s f

‖L∞[0,∞)

}
< ∞

 .

Clearly, X ∗ is a Banach space. Set

Y =
{

P ∈X
∣∣∣P(x) = (P0,PD(x),Pf (x),Ps f (x)), P0 ≥ 0, PD(x),Pf (x),Ps f (x)≥ 0, ∀x ∈ [0,∞)

}
⊂X .

Then Theorem 2.1 guarantees that T (t)Y ⊂Y . For P∈D(A)∩Y , choose P∗(x)= ‖P‖(1,1,1,1)T .
Thus P∗ ∈X ∗ and

〈A P,P∗〉=‖P‖
{
−(λ1 +λ2)P0 +

∫
∞

0
η2(x)PD(x)dx+

∫
∞

0
η1(x)Pf (x)dx

}
+‖P‖

∫
∞

0

{
−dPD(x)

dx
−λ1PD(x)−η2(x)PD(x)

}
dx

+‖P‖
∫

∞

0

{
−

dPf (x)
dx

−η1(x)Pf (x)
}

dx

+‖P‖
∫

∞

0

{
−

dPs f (x)
dx

−η2(x)Ps f (x)+λ1PD(x)
}

dx

=‖P‖
{
−(λ1 +λ2)P0 +

∫
∞

0
η2(x)PD(x)dx+

∫
∞

0
η1(x)Pf (x)dx

}
+‖P‖

{
λ2P0−λ1

∫
∞

0
PD(x)dx−

∫
∞

0
η2(x)PD(x)dx

}
+‖P‖

{
λ1P0 +

∫
∞

0
η2(x)Ps f (x)dx−

∫
∞

0
η1(x)Pf (x)dx

}
+‖P‖

{
−
∫

∞

0
η2(x)Ps f (x)dx+λ1

∫
∞

0
PD(x)dx

}
= 0.

This implies that A is conservative with respect to the set

Θ(P) =
{
P∗ ∈X ∗ | 〈P,P∗〉= ‖P‖2 = ‖|P∗‖|2

}
.

Because P(0) ∈ D(A2)∩Y , the Fattorini theorem [3, P.155] leads to the following.

Theorem 2.2. T (t) is isometric for P(0), that is, ‖T (t)P(0)‖= ‖P(0)‖, ∀t ∈ [0,∞).

We obtain the system’s well-posedness by combining Theorem 2.1 and 2.2.

Theorem 2.3. Under the condition of Theorem 2.1, system (2.1) has a unique positive time-
dependent solution P(x, t) satisfying ‖P(·, t)‖= 1, ∀t ∈ [0,∞).

Proof. Since P(0) ∈D(A2)∩Y , then, by Theorem 2.1 and [9, Theorem 1.81], the unique posi-
tive time-dependent solution P(x, t) to system (2.1) is obtained by P(x, t)=T (t)P(0), t ∈ [0,∞).
It follows that ‖P(·, t)‖= ‖T (t)P(0)‖= 1, ∀t ∈ [0,∞). �
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3. EXPONENTIAL STABILITY OF THE TIME-DEPENDENT SOLUTION TO SYSTEM (2.1)

In this section, we study the asymptotic behavior. First, we provide the following useful
lemma.

Lemma 3.1. Under the same condition of Theorem 2.1, operator A+U generates a positive
contraction C0-semigroup V (t).

Lemma 3.2. If P(x, t) = (V (t)φ)(x) is a solution of to
d P
dt

= (A+U)P(t), t ∈ [0,∞),

P(0) = φ ∈ D(A),
(3.1)

then

P(x, t)= (V (t)φ)(x)=




φ0e−(λ1+λ2)t

PD(0, t− x)e−λx−
∫ x

0 η2(τ) dτ

Pf (0, t− x)e−
∫ x

0 η1(τ) dτ

PD(0, t− x)e−
∫ x

0 η2(τ) dτ(1− e−λx)

 , x < t,


φ0e−(λ1+λ2)t

φD(x− t)e−λ1t−
∫ x

x−t η2(τ) dτ

φ f (x− t)e−
∫ x

x−t η1(τ) dτ

φs f (x− t)e−
∫ x

x−t η2(τ) dτ + e−
∫ x

x−t η2(τ) dτ
φD(x− t)

(
1− e−λ1t)

 , x > t.

where Pj(0, t− x) ( j = R, f ) is given by (1.2).

Proof. Obviously, P(x, t) satisfies

dP0(t)
dt

=−(λ1 +λ2)P0(t), (3.2)

∂PR(x, t)
∂ t

+
∂PD(x, t)

∂x
=−(λ1 +η2(x))PD(x, t), (3.3)

∂Pf (x, t)
∂ t

+
∂Pf (x, t)

∂x
=−η1(x)Pf (x, t), (3.4)

∂Ps f (x, t)
∂ t

+
∂Ps f (x, t)

∂x
=−η2(x)Ps f (x, t)+λ1PD(x, t), (3.5)

PD(0) = λ2P0(t),Pf (0, t) = λ1P0(t)+
∫

∞

0
Ps f (x, t)η2(x)dx,Ps f (0, t) = 0, (3.6)

P0(0) = φ0, Pl(x,0) = φl(x), l = D, f ,s f .

Let υ = x− t and Fl(t) = Pl(υ + t, t), l = R, f ,s f , From (3.3)-(3.5), we have

dFD(t)
dt

=− (λ1 +ϕ(υ + t))FD(t), (3.7)

dFf (t)
dt

=−η(υ + t)Ff (t), (3.8)

dFs f (t)
dt

=−ϕ(υ + t)Fs f (t)+λ1FD(t). (3.9)
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If υ < 0 (i.e., x< t), then by integrating (3.7)-(3.9) from−υ to t separately and using Fl(−υ) =
Pl(0,−υ) = Pl(0, t− x) (l = D, f ,s f ), we have

PD(x, t) = FD(t) = FD(−υ)e−λ1(υ+t)−
∫ t
−υ

η2(υ+τ) dτ s=υ+τ
====== PD(0, t− x)e−λ1x−

∫ x
0 η2(s) ds,

(3.10)

Pf (x, t) = Ff (t) = Ff (−υ)e−
∫ t
−υ

η1(υ+τ) dτ s=υ+τ
====== Pf (0, t− x)e−

∫ x
0 η1(s) ds, (3.11)

Ps f (x, t) = Fs f (t) = Fs f (−υ)e−
∫ t
−υ

η2(υ+τ) dτ +λe−
∫ t
−υ

η2(υ+τ) dτ

∫ t

−υ

FD(σ)e
∫

σ

−υ
η2(υ+τ) dτdσ

s=υ+τ
====== Ps f (0, t− x)e−

∫ x
0 ϕ(s) ds +λ1e−

∫ x
0 η2(s) ds

∫ t

−υ

FD(σ)e
∫

σ+υ

0 η2(s) dsdσ

z=σ+υ
====== λ1e−

∫ x
0 η2(s) ds

∫ x

0
FD(z−υ)e

∫ z
0 η2(s) dsdz

= P
R
(0, t− x)e−

∫ x
0 η2(s) ds

(
1− e−λ1x

)
. (3.12)

Combining (3.2) with (3.6) gives

P0(t) = φ0e−(λ1+λ2)t . (3.13)

If υ > 0 (i.e., x > t), by integrating (3.7)-(3.9) from 0 to t, we deduce

PD(x, t) = FD(t) = FD(0)e
−λ1t−

∫ t
0 η2(υ+τ) dτ

σ=υ+τ
====== φD(x− t)e−λ1t−

∫
υ+t
υ

η2(σ) dσ = φD(x− t)e−λ1t−
∫ x

x−t η2(τ) dτ , (3.14)

Pf (x, t) = Ff (t) = Ff (0)e
−
∫ t

0 η1(υ+τ) dτ

σ=υ+τ
====== φ f (x− t)e−

∫
υ+t
υ

η1(σ) dσ = φ f (x− t)e−
∫ x

x−t η1(τ) dτ , (3.15)

Ps f (x, t) = Fs f (t) = Fs f (0)e
−
∫ t

0 η2(υ+τ) dτ +λ1e−
∫ t

0 η2(υ+τ) dτ

∫ t

0
FD(σ)e

∫
σ

0 η2(υ+τ) dτdσ

s=υ+τ
====== φs f (x− t)e−

∫
υ+t
υ

η2(s) ds +λe−
∫

υ+t
υ

η2(s) ds
∫ t

0
FD(σ)e

∫
υ+σ

υ
η2(s) dsdσ

z=σ+υ
====== φs f (x− t)e−

∫ x
x−t η2(s) ds +λ1e−

∫ x
x−t η2(s) ds

∫
υ+t

υ

FD(z−υ)e
∫ z

υ
η2(s) dsdz

= φs f (x− t)e−
∫ x

x−t η2(s) ds +λe−
∫ x

x−t η2(s) ds
∫ x

x−t
PD(z,z−υ)e

∫ z
υ

η2(s) dsdz

= φs f (x− t)e−
∫ x

x−t η2(s) ds +λ1e−
∫ x

x−t η2(s) ds
φD(x− t)eλ1(x−t)

∫ x

x−t
e−λ1zdz

= φs f (x− t)e−
∫ x

x−t η2(s) ds + e−
∫ x

x−t η2(s) ds
φD(x− t)

(
1− e−λ1t). (3.16)

By using (3.10)-(3.16), we conclude the desired conclusion immediately. �

The following result is based on [9, Th. 1.35].

Corollary 3.3. A bounded subset G ⊂ X is relatively compact if and only if the following
conditions hold limh→0 ∑

3
n=1

∫
∞

0 |gn(x+h)−gn(x)| dx = 0, uniformly for g = (g0,g1,g2,g3)∈G
and limh→∞ ∑

3
n=1

∫
∞

h |gn(x)| dx = 0, uniformly for g = (g0,g1,g2,g3) ∈ G.



THE EXPONENTIAL STABILITY OF A TWO-UNIT SYSTEM 9

Now, we need to prove that V (t) is a quasi compact on X . Define, for P ∈X ,

(V1(t)P)(x)=
{

(V (t)P)(x) x ∈ [0, t),
0 x ∈ [ t,∞),

(V2(t)P)(x)=
{

0 x ∈ [0, t),
(V (t)P)(x) x ∈ [ t,∞),

Obviously, (V (t)P)(x) = (V1(t)P)(x)+(V2(t)P)(x), ∀P ∈X .

Theorem 3.4. Assume that η1(x) and η2(x) are Lipschitz continuous and satisfy 0 < η1 ≤
η1(x)≤ η1 < ∞ and 0 < η2 ≤ η2(x)≤ η2 < ∞. Then V1(t) is a compact on X .

Proof. We only need to show that the condition (1) hold in Corollary 3.3. Set P(x, t)= (S(t)φ)(x),
x ∈ [0, t), for φ ∈X , then P(x, t) is a solution of the system (4.1). So, by Lemma 3.2 we get,
for x ∈ [0, t),σ ∈ (0, t],x+σ ∈ [0, t)

∑
l=D, f ,s f

∫ t

0
|Pl(x+σ , t)−Pl(x, t)|dx

≤
∫ t

0
|PD(0, t− x−σ)|

∣∣∣e−λ1(x+σ)−
∫ x+σ

0 η2(s) ds− e−λx−
∫ x

0 η2(s) ds
∣∣∣dx

+
∫ t

0
|PD(0, t− x−σ)−PD(0, t− x)|

∣∣∣e−λx−
∫ x

0 η2(s) ds
∣∣∣dx

+
∫ t

0

∣∣Pf (0, t− x−σ)
∣∣ ∣∣∣e−∫ x+σ

0 η1(s) ds− e−
∫ x

0 η2(s) ds
∣∣∣dx

+
∫ t

0

∣∣Pf (0, t− x−σ)−Pf (0, t− x)
∣∣ ∣∣∣e−∫ x

0 η1(s) ds
∣∣∣dx

+
∫ t

0
|PD(0, t− x−σ)|

∣∣∣e−∫ x+σ

0 η2(s) ds(1− e−λ1(x+σ)
)
− e−

∫ x
0 η2(s) ds(1− e−λ1x)∣∣∣dx

+
∫ t

0
|PD(0, t− x−σ)−PD(0, t− x)|

∣∣∣e−∫ x
0 η2(s) ds(1− e−λ1x)∣∣∣dx. (3.17)

Now, we proceed to estimate each term in (3.17). Observe that

|PD(0, t− x−σ)| ≤ λ2

∣∣∣φ0 e−(λ1+λ2)(t−x−σ)
∣∣∣≤ λ1

∥∥φ
∥∥, (3.18)

|Pf (0, t− y−σ)| ≤max{λ1,η2}
{
|P0(t− y−σ)|+

∫
∞

0

∣∣Ps f (s, t− x−σ)
∣∣ds
}

≤max{λ1,η2}‖P(·, t− x−σ)‖X = max{λ1,η2}‖V (t− x−σ)φ(·)‖X
≤max{λ1,η2}‖φ‖, (3.19)

|Ps f (0, t− x−σ)|= 0. (3.20)

Hence, the first, third and fifth term of (3.17) vanish as |σ | approaches 0,∫ t

0
|PD(0, t− x−σ)|

∣∣∣e−λ1(x+σ)−
∫ x+σ

0 η2(s) ds− e−λ1x−
∫ x

0 η2(s) ds
∣∣∣dx

≤ λ2‖φ‖
∫ t

0

∣∣∣e−λ1(x+σ)−
∫ x+σ

0 η2(s) ds− e−λ1x−
∫ x

0 η2(s) ds
∣∣∣dx→ 0 as |σ | → 0 uniformly for φ ,∫ t

0

∣∣Pf (0, t− x−σ)
∣∣ ∣∣∣e−∫ x+σ

0 η1(s) ds− e−
∫ x

0 η1(s) ds
∣∣∣dx

≤max{λ1,η1}‖φ‖
∫ t

0

∣∣∣e−∫ x+σ

0 η1(s) ds− e−
∫ x

0 η1(s) ds
∣∣∣dx→ 0 as |σ | → 0 uniformly for φ
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and ∫ t

0
|PD(0, t− x−σ)|

∣∣∣e−∫ x+σ

0 η2(s) ds(1− e−λ1(x+σ)
)
− e−

∫ x
0 η2(s) ds(1− e−λ1x)∣∣∣dx

≤ λ2‖φ‖
∫ t

0

∣∣∣e−∫ x+σ

0 η2(s) ds(1− e−λ1(x+σ)
)
− e−

∫ x
0 η2(s) ds(1− e−λ1x)∣∣∣dx→ 0

as |σ | → 0 uniformly for φ . By the condtion of this theorem, we know that η2(x) are Lips-
chitz continuous (Assume that the Lipschitz constant is equal to one without losing generality.).
Using the boundary condition, we obtain

|PD(0, t− x−σ)−PD(0, t− x)| ≤ λ2

∣∣∣φ0e−(λ1+λ2)(t−x−σ)−φ0e−(λ1+λ2)(t−x)
∣∣∣→ 0

as |σ | → 0 uniformly for φ ,∣∣Pf (0, t− x−σ)−Pf (0, t− x)
∣∣

≤ λ1 |φ0|
∣∣∣e−(λ1+λ2)(t−x−σ)− e−(λ1+λ2)(t−x)

∣∣∣
+

∣∣∣∣∫ t−x−σ

0
Ps f (t− x−σ − z, t− x−σ)η2(t− x−σ − z)dz

−
∫ t−x

0
Ps f (t− x− z, t− x)η2(t− x− z)dz

∣∣∣∣
+

∣∣∣∣∫ ∞

t−x−σ

φs f (ξ − t + x+σ)η2(ξ )e
−
∫ ξ

ξ−t+x+σ
η2(s)dsdξ

−
∫

∞

t−x
φs f (ξ − t + x)η2(ξ )e

−
∫ ξ

ξ−t+x η2(s)dsdξ

∣∣∣∣
+

∣∣∣∣∫ ∞

t−x−σ

φR(ξ − t + x+σ)η2(ξ )e
−
∫ ξ

ξ−t+x+σ
η2(s)ds(1− e−λ1(t−x−σ)

)
dξ

−
∫

∞

t−x
φR(ξ − t + x)η2(ξ )e

−
∫ ξ

ξ−t+x η2(s)ds(1− e−λ1(t−x))dξ

∣∣∣∣.
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Letting ξ − t + x+σ = z and ξ − t + x = z yields that∣∣Pf (0, t− x−σ)−Pf (0, t− x)
∣∣

≤ λ1 |φ0|
∣∣∣e−(λ1+λ2)(t−x−σ)− e−(λ1+λ2)(t−x)

∣∣∣
+

∣∣∣∣∫ t−x−σ

0
η2(t− x−σ − z)PR(0,z)e

−
∫ t−x−σ−z

0 η2(s)ds(1− e−λ1(t−x−σ)
)
dz

−
∫ t−x

0
η2(t− x− z)PD(0,z)e

−
∫ t−x−z

0 η2(s)ds(1− e−λ1(t−x))dz
∣∣∣∣

+

∣∣∣∣∫ ∞

0
φs f (z)η2(z+ t− x−σ)e−

∫ z+t−x−σ

z η2(s)dsdz

−
∫

∞

0
φs f (z)η2(z+ t− x)e−

∫ z+t−x
z η2(s)dsdz

∣∣∣∣
+

∣∣∣∣∫ ∞

0
φR(z)η2(z+ t− x−σ)e−

∫ z+t−x−σ

z η2(s)ds(1− e−λ1(t−x−σ)
)
dz

−
∫

∞

0
φR(z)η2(z+ t− x)e−

∫ z+t−x
z η2(s)ds(1− e−λ1(t−x))dz

∣∣∣∣
≤ λ1 |φ0|

∣∣∣e−(λ1+λ2)(t−x−σ)− e−(λ1+λ2)(t−x)
∣∣∣

+
∫ t−x

t−x−σ

η2(t− x−σ − z) |PR(0,z)|e
−
∫ t−x−σ−z

0 η2(s)ds(1− e−λ1(t−x−σ)
)
dz

+
∫ t−x

0
|PR(0,z)| |η2(t− x−σ − z)−η2(t− x− z)|e−

∫ t−x−z
0 η2(s)ds(1− e−λ1(t−x))dz

+
∫ t−x

0
η2(t− x− z) |PR(0,z)|

∣∣e−∫ t−x−σ−z
0 η2(s)ds(1− e−λ1(t−x−σ)

)
− e−

∫ t−x−z
0 η2(s)ds(1− e−λ1(t−x))∣∣dz

+

∣∣∣∣∫ ∞

0

∣∣φs f (z)
∣∣ |η2(z+ t− x−σ)−η2(z+ t− x)|e−

∫ z+t−x−σ

z η2(s)dsdz

−
∫

∞

0
η2(z+ t− x)

∣∣φs f (z)
∣∣ ∣∣∣e−∫ z+t−x−σ

z η2(s)ds− e−
∫ z+t−x

z η2(s)ds
∣∣∣dz

+

∣∣∣∣∫ ∞

0
|φR(z)| |η2(z+ t− x−σ)−η2(z+ t− x)|e−

∫ z+t−x−σ

z η2(s)ds(1− e−λ1(t−x−σ)
)
dz

−
∫

∞

0
η2(z+ t− x) |φR(z)|

∣∣e−∫ z+t−x−σ

z η2(τ)dτ
(
1− e−λ1(t−x−σ)

)
− e−

∫ z+t−x
z η2(τ)dτ

(
1− e−λ1(t−x))∣∣dz

≤ λ1 |φ0|
∣∣∣e−(λ1+λ2)(t−x−σ)− e−(λ1+λ2)(t−x)

∣∣∣
+λ1‖φ‖

{
η2|σ | sup

z∈[0,∞)

e−
∫ t−x−σ−z

0 η2(s)ds + |σ |
∫ t−x

0
e−

∫ t−x−σ−z
0 η2(s)ds(1− e−λ1(t−x−σ)

)
dz

+η2

∫ t−x

0

∣∣∣e−∫ t−x−σ−z
0 η2(s)ds(1− e−λ1(t−x−σ)

)
− e−

∫ t−x−z
0 η2(s)ds(1− e−λ1(t−x))∣∣∣dz

}
+‖φ‖

{
|σ | sup

z∈[0,∞)

e−
∫ z+t−x−σ

z η2(s)ds +η2 sup
z∈[0,∞)

∣∣∣e−∫ z+t−x−σ

z η2(s)ds− e−
∫ z+t−x

z η2(s)ds
∣∣∣
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+ |σ | sup
z∈[0,∞)

e−
∫ z+t−x−σ

z η2(s)ds

+η2 sup
z∈[0,∞)

∣∣∣e−∫ z+t−x−σ

z η2(s)ds(1− e−λ1(t−x−σ)
)
− e−

∫ z+t−x
z η2(s)ds(1− e−λ1(t−x))∣∣∣}→ 0

as |σ | → 0 uniformly for φ . Thus we derive the remaining term of (3.17) vanish as |σ | → 0. For
x ∈ [0, t),σ ∈ (0, t],x+σ ∈ [0, t), we have

∑
l=D, f ,s f

∫ t

0
|Pl(x+σ , t)−Pl(x, t)|dx as |σ | → 0 uniformly for φ . (3.21)

The same conclusion as (3.21) can be drawn for x+σ ∈ [0, t) ,σ ∈ [−t,0),, and the proof is
complete. �

Theorem 3.5. If the conditions of Theorem 3.4 hold, then V2(t) satisfies

‖V2(t)φ‖X ≤ e−min{λ1+λ2,η1,η2}t‖φ‖X , ∀φ ∈X .

From Theorems 3.4 and 3.5, we have that

‖V (t)−V V1(t)‖= ‖V2(t)‖6 e−min{λ1+λ2,η1,η2}t → 0, t→ ∞.

Theorem 3.6. V (t) is a quasi-compact operator on X .

Because E is a compact operator on X , we can derive the following result from Theorem
3.6 and Proposition 2.9 in Nagel [13, P.215].

Corollary 3.7. T (t) is a quasi-compact operator on X .

Lemma 3.8. 0 ∈ σp(A ), and geometric multiplicity of 0 is one.

Proof. Take A P = 0, i.e.,

(λ1 +λ2)P0 =
∫

∞

0
η2(x)PD(x)dx+

∫
∞

0
η1(x)Pf (x)dx, (3.22)

dPD(x)
dx

=−(λ1 +η2(x))PD(x), (3.23)

dPf (x)
dx

=−η1(x)Pf (x), (3.24)

dPs f (x)
dx

=−η2(x)Ps f (x)+λ1PD(x), (3.25)

PD(0) = λ2P0, (3.26)

Pf (0) = λ1P0 +
∫

∞

0
Ps f (x)η2(x)dx, (3.27)

P3(0) = 0. (3.28)

Solving (3.23)-(3.25), we have

PD(x) = αDe−λ1x−
∫ x

0 η2(τ)dτ , (3.29)

Pf (x) = α f e
−
∫ x

0 η1(τ)dτ , (3.30)

Ps f (x) = λ1e−
∫ x

0 η2(τ)dτ

∫ x

0
PD(ξ )e

∫ ξ

0 η2(τ)dτdξ . (3.31)
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From (3.26) and (3.27), we deduce

αD = λ2P0, (3.32)

α f = Pf (0) = λ1P0 +λ1

∫
∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
PD(ξ )e

∫ ξ

0 η2(τ)dτdξ dx

= λ1

(
1+λ2

∫
∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx

)
P0. (3.33)

Combining (3.29)-(3.31) with (3.32)-(3.33) yields

‖P‖= |P0|+‖PD‖L1[0,∞)+‖Pf ‖L1[0,∞)+‖Ps f ‖L1[0,∞)

≤ |P0|+ |αD |
∫

∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx+ |α f |

∫
∞

0
e−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
λ1e−

∫ x
0 η2(τ)dτ

∫ x

0
|PD(ξ )|e

∫ ξ

0 η2(τ)dτdξ dx

= |P0|+λ2

∫
∞

0
e−

∫ x
0 η2(τ)dτdx |P0|

+λ1

(
1+λ2

∫
∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx

)∫
∞

0
e−

∫ x
0 η1(τ)dτdx |P0|

+λ2

(
1−

∫
∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx

)
|P0|< ∞.

This demonstrates that 0 is an eigenvalue of A . Furthermore, it is obvious that the geometric
multiplicity of 0 is one by (3.32) and (3.33). �

Lemma 3.9. A ∗ is given by

A ∗Q∗ = (G +F )Q∗, Q∗ ∈ D(A ∗) = D(G ),

where

G Q∗ =



−(λ1 +λ2) 0 0 0

0 d
dx − (λ1 +η2(x)) 0 0

0 0 d
dx −η1(x) 0

0 0 0 d
dx −η2(x)




Q∗0
Q∗

D
(x)

Q∗
f
(x)

Q∗
s f
(x)

 ,

FQ∗ =


0 0 0 0
0 0 0 λ1
0 0 0 0
0 0 0 0




Q∗0
Q∗

D
(x)

Q∗
f
(x)

Q∗
s f
(x)

+


0 λ2 λ1 0

η2(x) 0 0 0
η1(x) 0 0 0

0 0 η2(x) 0




Q∗0
Q∗

D
(0)

Q∗
f
(0)

Q∗
s f
(0)


D(G ) =

{
Q∗ ∈X ∗

∣∣∣∣dQ∗l (x)
dx

exists and Q∗l (∞) = ζ (l = D, f ,s f )
}
,

in D(G ), and ζ is a constant.

Lemma 3.10. 0 ∈ σp(A ∗), and geometric multiplicity of 0 is one.

Proof. Consider A ∗Q∗ = 0, that is,

− (λ1 +λ2)Q∗0 +λ2Q∗
D
(0)+λQ∗

f
(0) = 0, (3.34)
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dQ∗
D
(x)

dx
− (λ1 +η2(x))Q∗D(x)+η2(x)Q∗0 +λ1Q∗

s f
(x) = 0, (3.35)

dQ∗
f
(x)

dx
−η1(x)Q∗f (x)+η1(x)Q∗0 = 0, (3.36)

dQ∗
s f
(x)

dx
−η1(x)Q∗s f

(x)+η2(x)Q∗f (0) = 0, (3.37)

Q∗
D
(∞) = Q∗

f
(∞) = Q∗

s f
(∞) = ζ . (3.38)

Solving (3.35)-(3.37), we have

Q∗
D
(x) = βDe

∫ x
0 (λ+ϕ(τ))dτ − e

∫ x
0 (λ1+η2(τ))dτ

∫ x

0

[
η2(ξ )Q∗0 +λ1Q∗

s f
(ξ )
]

e−
∫ ξ

0 (λ1+η2(τ))dτdξ ,

(3.39)

Q∗
f
(x) = β f e

∫ x
0 η1(τ)dτ − e

∫ x
0 η1(τ)dτ

∫ x

0
η1(ξ )Q∗0e−

∫ ξ

0 η1(τ)dτdξ , (3.40)

Q∗
s f
(x) = βs f e

∫ x
0 η2(τ)dτ − e

∫ x
0 η2(τ)dτ

∫ x

0
η2(ξ )Q∗f (0)e

−
∫ ξ

0 η2(τ)dτdξ . (3.41)

Multiplying e−
∫ y

0 (λ1+η2(τ))dτ , e−
∫ x

0 η1(τ)dτ and e−
∫ x

0 η2(τ)dτ to the both side of (3.39), (3.40) and
(3.41) separately, we have

βD =
∫

∞

0

[
ϕ(ξ )Q∗0 +λ1Q∗

s f
(ξ )
]

e−
∫ ξ

0 (λ1+η2(τ))dτdξ , (3.42)

β f =
∫

∞

0
η1(ξ )Q∗0e−

∫ ξ

0 η1(τ)dτdξ , (3.43)

βs f =
∫

∞

0
η2(ξ )Q∗f (0)e

−
∫ ξ

0 η2(τ)dτdξ . (3.44)

Substituting (3.43) into (3.40), we have

Q∗
f
(x) = Q∗0 e

∫ x
0 η1(τ)dτ

∫
∞

x
η1(ξ )e−

∫ ξ

0 η1(τ)dτdξ

= Q∗0 e
∫ x

0 η1(τ)dτ

(
−e−

∫ ξ

0 η1(τ)dτ

∣∣∣∞
x

)
= Q∗0. (3.45)

Combining (3.45), (3.44), and (3.41) yields

Q∗
s f
(x) = Q∗

f
(0)e

∫ x
0 η2(τ)dτ

∫
∞

x
η2(ξ )e−

∫ ξ

0 ϕ(τ)dτdξ = Q∗
f
(0) = Q∗0. (3.46)

Substituting (3.46) and (3.42) into (3.39), we deduce

Q∗
D
(x) = e

∫ x
0 (λ1+η2(τ))dτ

∫
∞

x

[
η2(ξ )Q∗0 +λ1Q∗

s f
(ξ )
]

e−
∫ ξ

0 (λ1+η2(τ))dτdξ

= Q∗0e
∫ x

0 (λ1+η2(τ))dτ

∫
∞

x
[λ1 +η2(ξ )]e−

∫ ξ

0 (λ1+η2(τ))dτdξ

= Q∗0e
∫ x

0 (λ1+η2(τ))dτ

(
−e−

∫ ξ

0 (λ1+η2(τ))dτ

∣∣∣∞
x

)
= Q∗0, (3.47)

Thus we have the following estimation

9Q∗9 = sup
{
|Q∗0|,‖Q∗D‖L∞[0,∞),‖Q∗f ‖L∞[0,∞),‖Q∗s f

‖L∞[0,∞)

}
= |Q∗0|< ∞.

Hence, 0 ∈ σp(A ∗), and the geometric multiplicity of 0 is one from (3.45)-(3.47). �
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We conclude from Lemmas 3.8 and 3.10 with Theorem 2.3 that the algebraic multiplicity of
0 is one and s(A ) = 0. Therefore, According to [9, Theorem 1.90], we obtain the following
theorem.

Theorem 3.11. If η1(x) and η2(x) are Lipschitz continuous and satisfy η1 ≤ η1(x) ≤ η1 < ∞

and 0 < η2 ≤ η2(x) ≤ η2 < ∞, then there exist δ > 0, M ≥ 0, and a positive projection Pr of
rank one such that ‖ T (t)−Pr ‖≤Me−δ t , where Pr = 1

2πi
∫

Γ

(zI−A )−1dz, and Γ is a circle
with a zero-centered and a sufficiently small radius.

In the following, we give the expression of the Pr.

Lemma 3.12. For γ ∈ ρ(A ), (γI−A )−1


z0
zD

z f

zs f

=


y0
yD

y f

ys f

 , ∀z ∈X ,

where

y0 =

[∫
∞

0
η2(x)e−(γ+λ1)x−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s

− e−λ1x)ds dx
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η1(x)e−γx−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

γτ+
∫

τ

0 η1(ξ )dξ dτdx+z0

]
/[

γ +λ1 +λ2−λ2

∫
∞

0
η2(x) e−(γ+λ1)x−

∫ x
0 η2(τ)dτdx−λ1

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

−λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

]
,

yD(x) =λ2e−(γ+λ1)x−
∫ x

0 η2(τ)dτ
y0 + e−(γ+λ1)x−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(ξ )dξ dτ,

y f (x) =
(

λ1 +λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

)
e−γx−

∫ x
0 η1(τ)dτ

y0

+ e−γx−
∫ x

0 η1(τ)dτ

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds dx

+ e−γx−
∫ x

0 η1(τ)dτ

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx

+ e−γx−
∫ x

0 η1(τ)dτ

∫ x

0
z f (τ)e

γτ+
∫

τ

0 η1(ξ )dξ dτ,
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and

ys f (x) = λ2e−γx−
∫ x

0 η2(τ)dτ
(
1− e−λ1x)

y0 + e−γx−
∫ x

0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτ

+ e−γx−
∫ x

0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds.

Proof. Let (γI−A )y = z, for z ∈X , then,

(γ +λ1 +λ2)y0 =
∫

∞

0
η2(x)yD(x)dx+

∫
∞

0
η1(x)y f (x)dx+z0, (3.48)

dyD(x)
dx

=−(γ +λ1 +η2(x))yD(x)+zD(x), (3.49)

dy f (x)
dx

=−(γ +η1(x))y f (x)+z f (x), (3.50)

dys f (x)
dx

=−(γ +η2(x))ys f (x)+λ1yD(x)+zs f (x), (3.51)

yD(0) = λ2y0, (3.52)

y f (0) = λ1y0 +
∫

∞

0
η2(x)ys f (x)dx, (3.53)

ys f (0) = 0. (3.54)

Solving (3.49)-(3.51), we have

yD(x) =yD(0) e−(γ+λ1)x−
∫ x

0 η2(τ)dτ + e−(γ+λ1)x−
∫ x

0 η2(τ)dτ

∫ x

0
zD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(ξ )dξ dτ,

(3.55)

y f (x) =y f (0) e−γx−
∫ x

0 η1(τ)dτ + e−γx−
∫ x

0 η1(τ)dτ

∫ x

0
z f (τ)e

γτ+
∫

τ

0 η1(ξ )dξ dτ, (3.56)

ys f (x) =λ1e−γx−
∫ x

0 η2(τ)dτ

∫ x

0
yD(τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτ + e−γx−
∫ x

0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτ,

(3.57)

Using (3.55)-(3.57) in (3.52)-(3.54), we calculate

yD(0) =λ2y0, (3.58)

y f (0) =λ1y0 +λ1

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0

[
yD(0) e−(γ+λ1)τ−

∫
τ

0 η2(ξ )dξ

+ e−(γ+λ1)τ−
∫

τ

0 η2(ξ )dξ

∫
τ

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ ds
]

eγτ+
∫

τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx

=λ1y0 +λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx y0

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds dx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx. (3.59)
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Combining (3.58), (3.59), (3.55)-(3.57), and (3.48), we derive

(γ +λ1 +λ2)y0 =
∫

∞

0
η2(x)yD(x)dx+

∫
∞

0
η1(x)y f (x)dx+z0

= λ2

∫
∞

0
η2(x) e−(γ+λ1)x−

∫ x
0 η2(τ)dτdx y0

+
∫

∞

0
η2(x)e−(γ+λ1)x−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(ξ )dξ dτdx

+λ1

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx y0

+λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx y0

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds dx

×
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η1(x)e−γx−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

γτ+
∫

τ

0 η1(ξ )dξ dτdx+z0

=⇒

y0 =

[∫
∞

0
η2(x)e−(γ+λ1)x−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

(γ+λ1)τ+
∫

τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

(γ+λ1)s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds dx

×
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

γτ+
∫

τ

0 η2(ξ )dξ dτdx
∫

∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+
∫

∞

0
η1(x)e−γx−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

γτ+
∫

τ

0 η1(ξ )dξ dτdx+z0

]
/[

γ +λ1 +λ2−λ2

∫
∞

0
η2(x) e−(γ+λ1)x−

∫ x
0 η2(τ)dτdx−λ1

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

−λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

]
. (3.60)

We can easily find the remaining results of this Lemma by substituting (3.58) - (3.60) into
(3.55)-(3.57), separately. �

Theorem 3.13. If η1(x) and η2(x) are Lipschitz continuous and satisfy

0 < η1 ≤ η1(x)≤ η1 < ∞, η2 ≤ η2(x)≤ η2 < ∞,

then ‖P(·, t)−P(·)‖ ≤Me−δ t , t > 0.
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Proof. From Theorem 3.5 and 3.7, we have

‖V (t)−V1(t)‖= ‖V2(t)‖ ≤ e−min{λ1+λ2,λ1+η2,η1}t

=⇒
ln‖V (t)−V1(t)‖ ≤ −min{λ1 +λ2,λ1 +η2,η1}t
=⇒

lim
t→∞

ln‖V (t)−V1(t)‖
t

≤−min{λ1 +λ2,λ1 +η2,η1}t.

We can deduce from this and Proposition 2.10 in Engel and Nagel [2, P.258] that ωess(V (t))
satisfies ωess(V (t))≤−min{λ1 +λ2,λ1 +η2,η1}. By Proposition 2.12 in [2, P.258] and com-
pactness of E, we have ωess(A ) = ωess(T (t)) = ωess(V (t)) ≤ −min{λ1 + λ2,λ1 +η2,η1}.
Hence, 0 is a pole of (γI−A )−1 of order 1 by Corollary 2.11 in Engel and Nagel [2, P.258]
and Theorem 3.7. As a result of the residue theorem, Theorem 3.13, and Lemma 3.12, it follows
that

Pr


z0
zD

z f

zs f

= lim
γ→0

γ(γI−A )−1


z0

zD(x)
z f (x)
zs f (x)

=


lim
γ→0

γy0

lim
γ→0

γyD(x)

lim
γ→0

γy f (x)

lim
γ→0

γys f (x)

 .

Using L’Hospital rule we, calculate

lim
γ→0

γ

/[
γ +λ1 +λ2−λ2

∫
∞

0
η2(x) e−(γ+λ1)x−

∫ x
0 η2(τ)dτdx−λ1

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

−λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

]

= lim
γ→0

1

/[
1+λ2

∫
∞

0
xη2(x) e−(γ+λ1)x−

∫ x
0 η2(τ)dτdx+λ1

∫
∞

0
xη1(x) e−γx−

∫ x
0 η1(τ)dτdx

−
{

λ2

∫
∞

0
x η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
η1(x) e−γx−

∫ x
0 η1(τ)dτdx

+λ2

∫
∞

0
η2(x)e−γx−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

∫
∞

0
x η1(x) e−γx−

∫ x
0 η1(τ)dτdx

}]

= 1

/[
1+λ1

∫
∞

0
xη1(x) e−

∫ x
0 η1(τ)dτdx+λ2

∫
∞

0
x η2(x)e−

∫ x
0 η2(τ)dτdx

+λ2λ1

∫
∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx

∫
∞

0
x η1(x) e−

∫ x
0 η1(τ)dτdx

]
.
=

1
M
.
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Applying Fubini theorem, we have∫
∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

∫
τ

0 η2(ξ )dξ dτdx

=
∫

∞

0
zD(τ)e

−
∫

τ

0 η2(ξ )dξ

∫
∞

τ

d{−e−
∫ x

0 η2(τ)dτ}dτ

=
∫

∞

0
zD(τ)e

−
∫

τ

0 η2(ξ )dξ

(
− e−

∫ x
0 η2(ξ )dξ

∣∣∣x=∞

x=τ

)
dτ =

∫
∞

0
zD(x)dx,∫

∞

0
η1(x)e−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

−
∫

τ

0 η1(ξ )dξ dτdx =
∫

∞

0
z f (x)dx,∫

∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

∫
τ

0 η2(ξ )dξ dτdx =
∫

∞

0
zs f (x)dx.

Hence

lim
γ→0

γy0 =

[∫
∞

0
η2(x)e−λ1x−

∫ x
0 η2(τ)dτ

∫ x

0
zD(τ)e

λ1τ+
∫

τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

λ1s+
∫ s

0 η2(ξ )dξ
(
e−λ1s− e−λ1x)ds dx

+
∫

∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

∫
τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η1(x)e−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

∫
τ

0 η1(ξ )dξ dτdx+z0

]/
M

=

[∫
∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zD(s)e

∫ s
0 η2(ξ )dξ ds dx

+
∫

∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

∫ x

0
zs f (τ)e

∫
τ

0 η2(ξ )dξ dτdx

+
∫

∞

0
η1(x)e−

∫ x
0 η1(τ)dτ

∫ x

0
z f (τ)e

∫
τ

0 η1(ξ )dξ dτdx+z0

]/
M

=
1
M

.
= P0, (3.61)

lim
γ→0

γyD(x) =λ2e−λ1x−
∫ x

0 η2(τ)dτ lim
γ→0

γy0 =
λ2e−λ1x−

∫ x
0 η2(τ)dτ

M
.
= PD(x), (3.62)

lim
γ→0

γy f (x) =
(

λ1 +λ2

∫
∞

0
η2(x)e−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)dx

)
e−

∫ x
0 η1(τ)dτ lim

γ→0
γy0

=

λ1

(
1+λ2

∫
∞

0 e−λ1x−
∫ x

0 η2(τ)dτdx
)

e−
∫ x

0 η1(τ)dτ

M
.
= Pf (x), (3.63)

lim
γ→0

γ ys f (x) =
λ2e−

∫ x
0 η2(τ)dτ

(
1− e−λ1x)

M
.
= Ps f (x). (3.64)
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Combining (3.61)-(3.64) with Theorem 3.13, we obtain PrP(0) = P(x). Furthermore, by The-
orem 2.3 and 3.13, we find that

‖P(·, t)−P(·)‖ ≤ ‖T (t)−Pr‖‖P(0)‖ ≤Me−δ t‖P(0)‖= Me−δ t , t ≥ 0,

which shows that the time-dependent solution exponentially converges to its steady-state solu-
tion. �

4. ASYMPTOTIC BEHAVIOR OF SOME RELIABILITY INDICES

Based on the results in Section 3, we conclude that

lim
t→∞

P0(t) = P0, lim
t→∞

∫
∞

0
|Pl(x, t)−Pl(x)|dx = 0, l = D, f ,s f , (4.1)

which implies, for i = 1,2, limt→∞

∫
∞

0 |ηi(x)Pl(x, t)−ηi(x)Pl(x)|dx = 0, l = D, f ,s f . The time-
dependent availability, failure frequency, and renewal frequency are given by

A(t) =P0(t)+
∫

∞

0
PD(x, t)dx,

m f (t) =λ1P0(t)+λ1

∫
∞

0
PD(x, t)dx,

mr(t) =
∫

∞

0
η2(x)PD(x, t)dx+

∫
∞

0
η1(x)Pf (x, t)dx.

which, together with (3.29)-(3.33) and (4.1), yields

A = lim
t→∞

A(t) = P0 +
∫

∞

0
PD(x)dx =

{
1+λ2

∫
∞

0
e−λ1x−

∫ x
0 η2(τ)dτdx

}
P0,

m f = lim
t→∞

m f (t) = λ1P0 +λ1

∫
∞

0
PD(x)dx = λ1 A,

mr = lim
t→∞

mr(t) =
∫

∞

0
η2(x)PD(x)dx+

∫
∞

0
η1(x)Pf (x)dx = (λ1 +λ2)P0.

Since the system’s time-dependent reliability is similar to that of [10], it is omitted.

5. NUMERICAL RESULTS

In this section, we present some numerical examples to investigate how each system param-
eters affects the time-dependent reliability indices. First of all, we assume that the system’s
repair time is Gamma distributed: taking the constant repair rates as η1(x) = η1, η2(x) = η2,
and choose η1 = 0.004, η2 = 0.006, λ1 = 0.0004, λ2 = 0.0006. In Fig.1, we show how β (β is
another parameter) affects the system reliability indices. According to Fig.1, A(t) (Fig.1a) and
m f (t) (Fig.1b) decrease rapidly as time increases in each case and approach constant value after
a long run. mr(t) (Fig.1c) increase rapidly in the early stage and approach constant value after
a long run. Furthermore, we see that the parameter β has considerable effects on the reliability
indices such that they decrease as β increases.

We assume β = 1 in the following, (i.e., the system’s repair time is exponentially distributed)
and the effect of system reliability indices with different values of parameters η1,η2,λ1,λ2 is
depicted in Figs.2-4. Fig.2 demonstrates the behavior of the system’s time-dependent availabil-
ity A(t). As expected, A(t) decrease as λ1,λ2 increase and A(t) increases as η1,η2 increase.
The change of time-dependent failure frequency are plotted in Fig.3. m f (t) decreases initially
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(a) (b)

(c)

FIGURE 1. Time-dependent reliability indices for Gamma distributed repair time

and reaches constant value as time increase. Fig.3 also demonstrates that m f (t) increases with
increase of the parameters. Fig.4 demonstrates that time-dependent renewal frequency increase
inially and the attain constant number for large number of t. In addition, mr(t) increases when
η1,η2,λ1, and λ2 increase.

6. CONCLUSION

We performed a dynamic analysis for the two-unit priority system with non preemptive re-
pair disciplines in this papaer. The model is described by a partial differential equations with
integral boundary conditions, which are then transformed into an abstract Cauchy problem. We
obtained that the system is well-posed, and that the model’s time-dependent solution converges
exponentially to its steady-state solution. In addition, we gave the concrete expression of the
corresponding projection operator, in which the repair time follows the general distribution.
Furthermore, we investigated the asymptotic behavior of the system’s time-dependent reliabil-
ity indices and discussed the influence of each parameter on the reliability indices by numerical
examples.
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(a) (b)

(c) (d)

FIGURE 2. Effect of parameters on the time-dependent availability for Expo-
nential distributed repair time

(a) (b)

(c) (d)

FIGURE 3. Effect of parameters on the time-dependent failure frequency for
Exponential distributed repair time
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(a) (b)

(c) (d)

FIGURE 4. Effect of parameters on the time-dependent failure frequency for
Exponential distributed repair time

Funding
This research work was supported by the National Natural Science Foundation of China (No.
11801485) and by the Natural Science Foundation of Xinjiang Uygur Autonomous Region (No.
2022D01C46).

Acknowledgements
The author would like to express their sincere thanks to the anonymous referees and associated
editor for his/her careful reading of the manuscript.

REFERENCES

[1] M. Aili, G. Gupur, Further result on a repairable, standby, human and machine system, Int. J. Pure Appl.
Math. 101 (2015) 571-594.

[2] K.J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer, New York, 2000.
[3] H.O. Fattorini, The Cauchy Problem, Addison-Wesley, Massachusetts, 1983.
[4] D.P. Gaver, Time to failure and availability of parallel redundant systems with repair, IEEE Trans. Reliab.

R-12 (1963) 30-38.
[5] A.K. Govil, Priority effect on pointwise availability of the system, RAIRO-Oper. Res. 6 (1972), 47-56.
[6] G. Gupur, Well-posedness of the system consisting of two repairable units, Acta Anal. Funct. Appl. 3 (2001)

188-192.
[7] G. Gupur, Asymptotic property of the solution of a repairable, standby, human and machine system, Int. J.

Pure App. Math. 28 (2006) 35-54.
[8] G. Gupur, On asymptotic behavior of the time-dependent solution of a reliability model, Int. Front. Sci. Lett.

1 (2014) 1-11.



24 E. KASIM

[9] G. Gupur, Functional Analysis Methods for Reliability Models, Springer, Basel, 2011.
[10] E. Kasim, G. Gupur, Dynamic analysis of a complex system under preemptive repeat repair discipline, Bound.

Value Probl. 2020 (2020) 71.
[11] Y. Lam, A maintenance model for two-unit redundant system, Microelectro. Reliab. 37 (1997) 497-504.
[12] D.G. Linton, Some advancements in the analysis of two-unit parallel redundant systems, Microelectro. Reliab.

15 (1976) 39-46.
[13] R. Nagel, One-parameter Semigroups of Positive Operators( LNM 1184), Springer, Berlin, 1986.
[14] M. Ram, S.B. Singh, V.V. Singh, Stochastic analysis of a standby system with waiting repair strategy, IEEE

Trans. Syst. Man. Cybern. Syst. 43 (2013) 698-707.
[15] J. Wang, N. Xie, N. Yang, Reliability analysis of a two-dissimilar-unit warm standby repairable system with

priority in use, Commun. Stat-Theor M 50 (2021) 792-814.
[16] H. Wang, G. Xu, A cold system with two different components and a single vacation of the repairman, Appl.

Math. Comput. 219 (2012) 2634-2657.
[17] Y. Zhang, G. Wang, A deteriorating cold standby repairable system with priority in use, Eur. J Oper. Res. 183

(2007) 278-295.


	1. Introduction
	2. Well-posedness of the System
	3. Exponential Stability of the Time-dependent Solution to System (2.1)
	4. Asymptotic Behavior of Some Reliability Indices
	5. Numerical Results
	6. Conclusion
	References

