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Abstract. In a real uniformly convex and g-uniformly smooth Banach space, a new iterative algorithm
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1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space with E* being its dual space. The value of g € E* at x € E
is denoted by (x,g), and “—” denotes strong convergence in E. A Banach space E is said to
be uniformly convex [3, 18] if any two sequences {x,} and {y,} in E with ||x,| = ||ys]| =1
and 1im,,—se ||X, + yn|| = 2 imply lim,, e ||x,, — yn|| = 0. The function 9§ : [0, 4o0) — [0, +o0) is
called the modulus of smoothness of E [3, 18] if it is defined as follows: () = sup{%(||x +
v+ lx=yl)=1:x,y€E, |x|| =1, ||y|| <t}. A Banach space E is said to be uniformly
smooth [3, 18] if lim,_,q @ = 0. Let g > 1 be a real number. A Banach space E is said to be
g-uniformly smooth with constant K, if K, > 0 and 6(r) < K, for t > 0. It is well-known that
every g-uniformly smooth Banach space is uniformly smooth. For ¢ > 1, the generalized duality
mapping J, : E — 2F" is defined by (see, e.g., [3, 18]) J,(x) = {g € E* : (x,g) = ||x[|9, |[x]|9" =
|gll}, ¥x € E. In particular, J := J; is called the normalized duality mapping. The single-valued
generalized duality mapping and the single-valued normalized duality mapping are denoted by
Jjq or j, respectively. Let T : D(T) C E — E be a nonlinear mapping. We use T-10 to denote
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the set of zero points of 7. Thatis, 77'0 = {x € D(T) : Tx = 0}. We use F(T) to denote the
set of fixed points of T. Thatis, F(T) = {x € D(T) : Tx = x}. Recall that

(1) T is said to be accretive if, for all x,y € D(T), (Tx—Ty, j(x—y)) > 0, where j(x—y) €
J(x=y);

(2) T is said to be m-accretive if T is accretive and R(I+AT) = E, for VA > 0;

(3) T is said to be 8-inversely-strongly accretive if, for all x,y € D(T'), (Tx—Ty, ju(x—y)) >
0||Tx—Ty||?, where j,(x—y) € J,(x—y), for some 6 > 0;

(4) T is said to be ¥-strongly accretive if, for all x,y € D(T), (Tx—Ty, j(x—y)) > &|x—y|?,
where j(x—y) € J(x—y), for some ¥ > 0;

(5) T is said to be a contraction with coefficient k if k € (0, 1) such that, for all x,y € D(T),
ITx =Tyl < kllx—yl;

(6) T is said to be nonexpansive if, for all x,y € D(T), || Tx—Ty|| < ||lx—y||;

(7) T is said to be a strongly positive mapping with coefficient & if & > 0 such that (T'x, j(x)) >
& ||x||* for x € D(T), where j(x) € J(x). In this case, |lal —bT || = sup <1 [{(al =BT )x, j(x))],
where j(x) € J(x), I is the identity mapping, a € [0,1], and b € [—1,1];

(8) T is said to be u-strictly pseudo-contractive if, for all x,y € D(T), there exists j(x—y) €
J(x—y) such that (Tx—Ty, j(x—y)) < ||x—v||*> = u|jx —y — (Tx — Ty)||?, for some u € (0,1).

The Lyapunov functional @ : E x E — R is defined by w(x,y) = ||x||*> — 2(x, j(y)) + ||y]I?,
Vx,y €E, j(y) € J(y).

If E is a real uniformly smooth and uniformly convex Banach space, and C is a nonempty,
closed, and convex subset of E, then [4, 11, 16] (1) for each x € E | there exists a unique element
v € C such that ||x — v|| = inf{||x — y|| : y € C}. Such an element v is denoted by Pcx, and it
is called the metric projection of E onto C; (2) Vx € E, there exists a unique element xy €
C satisfying ®(xo,x) = inf{@(z,x) : z € C}. In this case, for any x € E, define [Ic : E — C
by Ilcx = xp, and then Ilc is called the generalized projection from E onto C. If E is a real
uniformly smooth Banach space, and K is a nonempty closed subset of E, then 7 : K — K is
said to be generalized nonexpansive [17]if F(T) # 0 and @(Tx,y) < o(x,y) for eachx € D(T)
and y € F(T). Let Q be a mapping of E onto K, where K is a nonempty closed subset of E.
Then Q is said to be sunny [4, 11, 16] if Q(Q(x) +1(x— Q(x))) = Q(x), forallx € E and r > 0.
A mapping Q : E — K is said to be a retraction [4, 11, 16] if Q> = Q. If E is a uniformly smooth
and uniformly convex Banach space, then the sunny generalized nonexpansive retraction of E
onto K is uniquely decided, which is denoted by Rg.

Recently, a hot topic to find zero points of the sum of two accretive-type mappings, namely,
a solution of the following inclusion problem: 0 € Au + Bu, where A : E — 2F is m-accretive
and B : E — E is O-inversely-strongly accretive. A number of problems, which are related to
evolution equations, convex programming, variational inequalities, split feasibility problems,
minimization problems, inverse problems, and image processing, can be modeled via the inclu-
sion problem. Many efforts have been devoted to constructing iterative algorithms for the solu-
tions of the inclusion problem. The forward-backward splitting method is a popular one among
the recent iterative algorithms. Forward-backward splitting method means an iteration involves
only A as the forward step and B as the backward step, not the sum A + B. The classical forward-
backward splitting iterative method is stated as follows: x; € H, x,, 11 = (I+7,A) ™' (X, — rBxy),
Vn € N. Some of the related work can be found in [10, 12, 14, 15, 19, 20, 21, 22, 23] and the
references therein.
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In 2012, Ceng et al. [7] proposed the following iterative algorithm with a perturbed operator
for approximating a zero point of the m-accretive mapping A in a real Hilbert space H:

x1 €H,
yn—anxn+(1—ocn)(l+rnA) Xn, (1.1)
Xnt1 = Buf (n) + (1= Ba) [(I+1n ) - ;thnW((I‘i"'nA)_lyn)]a VneN,

where W : H — H is a ¥-strongly accretive and p-strictly pseudo-contractive mapping with
U+4+u>1, f:H— Hisacontraction, and A : H — H is m-accretive. Under some assumptions,
{x,} was proved to be strongly convergent to the unique element py € A~'0, which solves the
following variational inequality: (po — f(po), po — u) <0, Vu € A~'0. Notice that the mapping
W, which is called a perturbed operator, only plays a role in the construction of the iterative
algorithm for selecting a particular zero point of A, but not involved in the variational inequality.

In [20], the study of the inclusion problem 0 € Au 4 Bu was extended to the system of inclu-
sion problems 0 € A;ju+ B;ju, where A; : H — H is m-accretive, and B; : H — H is 0;-inversely-
strongly accretive for each i € N. The algorithmm in [20] reads

x1 €C,

un = Qc(0pXy + Buan),

Vo = Tty + o T2y O (141 iAD) (I = 1 iBi) (“52) + €,y

Xn+1 = 5nf(xn)

(1= 8) (1= X 0 W) £y 0 (14 riA)) ™ (I — rnBy) (“4), Ve N.

(1.2)
where )7, a)i(l)W,- is called a superposition perturbation, W; : H — H is a perturbed operator
in the sense of (1.1), that is, W; : H — H is a ¥;-strongly accretive and ;-strictly pseudo-
contractive mapping with ¥; 4+ u; > 1, for each i € N. The iterative sequence {x,} was proved
to be strongly convergent to py € N, (A; + B;)~'0, which solves the variational inequality:
(po—f(po),j(po—u)) <0,VueNZ(Ai+B;) 0.

In 2019, Wei et al. [21] injected some new ideas by proposing the following inertial forward-
backward iterative algorithm for approximating the solution of the inclusion problems, consid-
ered in [20]

(xo,xl,el €EH,

Yn = Xn +kn(Xn —Xn-1),

Wi = QX + Bn X0y Oni(1+ 1 iA)) " (L — 10 iBi)yn + Yuen,
Ci=H=0,

Cor1 ={p € Gyt [lwu—pII* < (1= 1) |n — pII* +Wallen — pI?
+k%Hxn_xn—1H2_2ﬁn kn(Xn — Py Xn—1—%n) },

Oni1 ={p € G : lx1 = pI> < |lx1 = Pe,,, (x1) >+ G}

\(Xn+1 € Qn+17 neN.

The result that x, — Pry_ ¢, (x1) € iz (A +B;)~10, as n — oo, was proved under some con-
ditions. To set up the relationship between the limit of {x,}, Pn=_, ¢, (x1), and the solution of
variational inequalities, a mid-point inertial forward-backward iterative algorithm was presented
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as follows:
.
20 = Xo,X1,e1 € H,
Zn = A f(xn) + (I — 8,F ) xy,

Vn = Zn +kn(zn _Zn—1)7
Wyp = Oy "‘ﬁn Z;x’:] a)n,i(l'i‘rn,iAi)il(I Tn, iBi )(vn—i-wn) + Ynén,

C1=H =0,

2 n n 2 n
Cut1 = {p €t [lwn — pl> < 225 ||2, — p|2 + 2 |les — pl?
+‘2gi_gnﬁ_nkn||zn_1n71|’2_ zg"_gf"kﬂn Psin—1— Zn>}:

On+1=1{p € Coy1 1 |11 — pII* < |1 = Pe,,, (x1) |2+ Our 3,
L Xn+1 S Q}’H-l; n €N7

where f is a contraction, and F' is a strongly positive linear bounded mapping. The result that
Xn = Prz_ c,(%1) = Pz (a+8,)-10(%1), as n —> oo, was proved under some conditions. Un-
der the additional assumptions that x = Pr= (4.4.8,)-10(*1) and X = Fn= (4,4 )-10(x1)[AS(X) —
F(x) +X], it was proved that X solves the variational inequality

(FX—Af(x),x—2) <0, Vze [(A;i+B;) 0. (1.3)
i=1

Very recently, a new forward-backward multi-choice iterative algorithm with superposition
perturbations in a real Hilbert space was constructed in [22]. Some strong convergence theorems
of common solutions of inclusion problems and variational inequalities were proved

(

x1,y1,€1,€ € H,
Ci=H=0Q,
Up = WpXp + &y,
Vn = ﬂnun + (1 —ﬁn)Z}; ai(l‘l'rn,iAi)_l(l_ rnJBi)Vn;
in = 5nf(xn) + (1 - 6n)(1_ CnZ;ozl CivVi)Z;ozl ai(1+rn,iAi)_l(1_ rn,iBi)Vm
Wi = Oy + (1 — 04) X5y ai(1 4 10iA) " (I = 1By 20, (1.4)
Xnt1 = AN f () + (I = AuF )Wy + en,
Cpy1 = {pGC 2<anxn+(1_an)zn_wmp>
< Ol [* 4+ (1 = 04) [z |> — (1w}
Ont1 ={p € Coy1 : |x1 — plI* < ||Pe,,, (x1) = x1[|* + Ops1}, nEN,
\ Ynt+1 € Qnr1, NEN,

It was shown that x, — qo € Ni=;(A; +B;) !0, as n — oo, where g satisfies the following
variational inequalities:

(Fao—n£(q0).q0—y) <0, Yy € N (A +B;) 0, (1.5)
and
(g0— f(q0),q0—y) <0, ¥y € "=, (Ai+B:) 0. (1.6)
In addition, y, — Pr=_ ¢, (x1) € iz (A +B;)710, as n — oo
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Motivated by the above results, in particular, those in [11, 21, 22], a new iterative algorithm
is constructed, which extends the corresponding results from a real Hilbert space to a real uni-
formly convex and g-uniformly smooth Banach space in this paper. The superposition pertur-
bation is considered. Moreover, the strong convergent limit of the iterative sequence is proved
to solve not only the inclusion problems but also two different types of generalized variational
inequalities. Also, the application to capillarity systems is demonstrated.

To begin our study, the following tools are needed.

Lemma 1.1. [3, 18] Let E is a real uniformly smooth and uniformly convex Banach space. Then
the normalized duality mapping J : E — 2E" is single-valued and J(—x) = —Jx, forx € E.

Lemma 1.2. [23] Let C be a nonempty, closed, and convex subset of a real Banach space E.
Let A : C — E be a single-valued mapping, and let B : E — 2F be m-accretive. Then F((I +
rB)~'(I—rA)) = (A+B)~'0, where r is any positive real number.

Lemma 1.3. [5] Let E is a real uniformly convex Banach space, and let C be a nonempty,
closed, and convex subset of E. Let T; : C — C be a nonexpansive mapping for each i € N and
Y= ai=1for {a;} C (0,1). Then, Y72, a;T; is nonexpansive with F (Y. | a;T;) = i F(T;)
under the assumption that (i, F(T;) # 0.

Lemma 1.4. [1] Let E be a real uniformly convex and uniformly smooth Banach space with
K being its nonempty, closed, and convex subset. Let Rk : E — K be the sunny generalized
nonexpansive retraction. Then ®(x,Rgx) + o(Rgx,u) < o(x,u) for x € E and u € K.

Lemma 1.5. [2] Let E be a real uniformly convex and uniformly smooth Banach space, and let
C be a nonempty closed and convex subset of E. Then, for any x € E and y € C, o(y,II¢cx) +
o(TIex,x) < o(y,x).

Lemma 1.6. [13] Let E be a real uniformly smooth and uniformly convex Banach space. Let
{xn} and {y,} be two sequences in E. If either {x,} or {y,} is bounded and ®(x,,y,) — 0 as
n — oo, then x, — y, — 0 as n — oo.

Lemma 1.7. [8, 12] Let E be a real g-uniformly smooth Banach space, where g > 1 is a real
number, then the following inequality is true ||x+y||? < ||x||?+q(y, jo(x+y)), where x,y € E
and j,(x+y) € J,(x+Y). Further, if E is smooth, then ||x+y||* < ||x||* +2(y, j(x+)).

Lemma 1.8. [4] Let E be a real uniformly smooth and uniformly convex Banach space. Let
f 1 E — E be a contraction with coefficient k € (0,1). Let F : E — E be a strongly positive
linear bounded mapping with coefficient & > 0, and let U : E — E be a nonexpansive mapping.
Suppose 0 <1 < &/2k and F(U) # 0. If, for eacht € (0,1), T, : E — E is defined by T;x :=
N f(x)+ (I —tF)Ux, then T; has a fixed point x; for each t € (0, ||F||~']. Moreover, x; — qq, as
t — 0, where qo € F(U), which satisfies the variational inequality: (Fqo—1nf(qo),j(qo—2z)) <
0,Vze F(U).

Lemma 1.9. [6] Let E be a Banach space. Let F : E — E be a strongly positive linear bounded
mapping with coefficient & >0 and 0 < p < ||F||~!. Then ||I - pF| <1-pé&.

Lemma 1.10. [26] Let {x, } and {b,} be two sequences of nonnegative real number sequences
satisfying x,+1 < (1 —t,)x, + by, Yn € N, where {t,} C (0,1) with };”_t, = +o0 and t, — 0,
as n — oo, If limsup,,_,, lt’—: <0, then lim, . x, = 0.
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Lemma 1.11. [11] Let E be a real uniformly convex and g-uniformly smooth Banach space
with constant Ky, where q € (1,2], and let f : E — E be a contraction with coefficient k €
(0,1). Let A; : E — E be a m-accretive mapping, and let B; : E — E be a 6;-inversely-strongly
accretive mapping. Let W; : E — E be Ui-strongly accretive and ;-strictly pseudo-contractive

1
with ¥+ W; > 1, for i € N. Suppose 0 < r,; < (%)FforiENandnEN, k; € (0,1) for

€ (0,1),X  cn|[Wo|| < +o0, Y2 ai = 1 = Y2 ¢; and N7y (A; + B;) 10 # 0. If, for each
€ (0,1), define Z' : E — E by

Z?u = tf(u) + (1 - t)([— k; i C,‘VV,‘) i ai(l — rnyiAl')il(I — rnJ-Bi)u.
i=1

i=1

Then Z' has a fixed point uy, that is,

uf:tf(uf)—f—(l—t)(l—k,ZciW Z — IniA I(I—rn’iBi)u;’.
i=1

Moreover, if l% — 0, then ui' — po, ast — 0, where py is the solution of variational inequality:
(Po— f(P0),j(po—2)) <0, ¥z € N1 (Ai +B;)~'0.

Lemma 1.12. [9] Let E be a real uniformly convex Banach space, and let W : E — E be ¥-
strongly accretive and LL-strictly pseudo-contractive with O + L > 1. Then, for any fixed number

0 €(0,1), I — O0W is a contraction with coefficient [1 —§(1 — 4/ %)]

Lemma 1.13. [12] Let E be a real uniformly convex and g-uniformly smooth Banach space
with constant K,, where q € (1,2]. Let A : E — E be an m-accretive mapping, and let B: E — E
be a 8-inversely-strongly accretive mapping. Then (I+rA)~ (I —rB) is nonexpansive for 0 <

1
r< (g

2. NEW ITERATIVE ALGORITHMS AND STRONG CONVERGENCE THEOREMS

In this section, unless otherwise stated, we always assume that:

(1) E is a real uniformly convex and g-uniformly smooth Banach space with constant K,
where g € (1,2];

(2) A;: E — E is m-accretive and B; : E — E is 6;-inversely-strongly accretive, for each i € N;

(3) f: E — E is a contraction with coefficient k € (0, %] If (f(x)—x,j(y—x)) =0, then
x=0ory=ux,forx,yckE;

(4) F : E — E is a strongly positive linear bounded mapping with coefficient & > 0 and
(F(x) = () + £(3) =3, j(x—¥)) > 0, for x,y € E:

(5) W E — E is ;- strongly accretive and ;-strictly pseudo-contractive, for i € N;

(6) {en,} C H and {g,} C E are the computational errors;

(7) {ai} and {c;} are two real sequences in (0,1) with Y~ ,a; =Y 7 ¢ci=1;

(8) {an}, {Bn}, {60}, {Gn}, {on}, {Tn}, {xn}, and {4, } are real sequences in (0, 1);

(9) {rs,:} is a real number sequence in (0, +o0);

(10) ap+ T+ xn = 1.
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Theorem 2.1. Let {x,} be a sequence generated by the following iterative algorithm:

(xl,yl,el,el cE K =E,

Up = WpXp + &y,

Vi = Battn + (1= B) Ly @i (1 + 1 iAi) = (I = 1, iBi) Vs

Zn = Ouf (xn) + (1= 8) (I — & X2 W) X2y ai(1 + 1 iA)) (I — 1 iBi) Vi,
Wi = Oy X + Tp iy @i (I + 1 iA) " (I = 10, iBi)2n + XnYn,

Xn+1 = nnf(xn) (I_A'nF)Wn‘i‘ena

Kni1 ={p € Kn: |wa = plI* < ollxn = plI* + Tallza — pII* + Xallyn — 1%},

(Vn+1 =Rk, (x1), nEN,

2.1)

where Rk, | stands for the sunny generalized nonexpansive retraction from E onto K, 1. If (i)
0e ﬂ;il (Al' —f—B,')*lO;

(if) ui+ 9 > 1, w; € (0,1) and ¥; € (0,1), for i € N;

(iii) 0 < 1y < (Q—(Z’)ﬁ fori,n € N;

(iv) a, — 0,8, — 0,8, — 0, and &, — 0, as n — oo;

(v) 0 < n < ‘5

(W)
+

(vu) g — 0, He”“ — 0, HE”” — 0,1 =2 =0, C” — 0 and a”x" — 0, as n — oo;

(viii) Yo ln = oo andl 0, asn— oo,

then y, — qo € = (A; +B;)710, as n — oo, where qq satisfies the following variational
inequalities:

Yo llen]| < oo, Yoo [|€nl] < oo, Z:zozl(l — ) < tooand )y xn <

(Fao—nf(q0),j(qo—y)) <0, Yyen:,(A;+B;) 0, (2.2)
and
(90— f(q0),j(qo—Y)) <0, Vyenz (Ai+B;)'0. (2.3)

Proof. We split the proof into eight steps.

Step 1. {v,} is well-defined.

For s € (0,1), defined Us : E — E by Usx := su+ (1 —s)Tx, Vx € E, where u is a fixed vector
inE,and T : E — E is a fixed nonexpansive mapping. It is easy to check that ||Usx — Usy|| = (1 —
SITx—Ty|| < (1 —s)|lx—yl||. Thus Uy is a contraction, which ensures that there exists x; € E
such that Usx; = xg, that is, x; = su+ (1 — s)Tx. It follows from Lemma 1.13 and assumption
(iii) that (1 + r,Z?,-A,-)*l(I — rn,iBi) : E — E is nonexpansive for i,n € N. Since }° | a; = 1, then
from Lemmas 1.2 and 1.3, one has that }">> , a;(I + rn’,-A,-)*1 (I —ryBi) : E — E is nonexpansive
for n € N. Moreover, F (Y5, a;(I+r,A;) " (I —rnBi)) = Ny (A;+B;)~10. Consider T above
as Y, a;(I+ 1y ;A;) " (I — r,;B;), one can see that {v,} is well-defined.

Step 2. K, is a nonempty closed subset of E.

It is easy to see from the construction of K, that K, is a closed subset of E. We are left to
show that K;, # 0. For this, it suffices to show that (7 (A; +B;)~'0 C K,,, for n > 2. In fact,
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Vp € N (Ai+B;)~10, in view of Lemmas 1.2 and 1.3, one has
lwa —pl?

< Onllvn = pI* + 7 ) aill (7 + rniA)) ™ (= riBi)an = plI* + Zallyn — pII?
i=1

< alxn = pII* + Tallzn — pII* + xallyn — pII*.

Then K,, # 0, forn € N.

Step 3. {un},{vn}, {zn}, {wn}, {xu}, and {y,} are all bounded.
For p € N~ (A; +B;)~'0, one find from Lemma 1.4 that

O(x1,yn+1) = 0(x1,Rx,., (x1)) < ©(x1,p) — ©(Rk,,, (x1),p) < O(x1,p),
which implies that {y, } is bounded. Note that
ltn = Pl < @nlloen = pll + (1= @) || Pl + [| &l (2.4)

and ||v, — p|| < Bullun — p|| + (1 = By)||vs — p||, implies that

[va = pll < [Jun —pl- (2.5)
In view of Lemma 1.12, one has
|z — Pl
< &l f Cen) — f(P)N + 6ull £(P) — Pl
‘|‘( ancz Zall+rnlA) 1(1_rn,iBi)Vn_p||
i=1
< 8ukl|xn — pl| +5n||f( )=l
+( ancl Zall+rnlA) I(I_rn,iBi)(vn_p)”
e (2.6)
+(1 =6, CanW Z (I+rniAi) ™ (I = rniBi)p — pl|
—
< 8ukl|xn — pl| + 6l f (P) — Pl + (1= 8a)[1 — Cu( 1—2(;, Mun = pll
l
—62)Cn Y cilWillllpl|-
i=1
Note that
wa =PIl < @ullxn — pll + Tallza — Il + Xullyn — pII- 2.7)

Fro Lemma 1.9, one has

X1 = pll < Anlf (en) = Fpll + [|(T = AF) (W = p) [ + [|ea]]

(2.8)
< Akl = pll 4 AalIn f (p) = Fpll + (1 = &) [wn — pl[ + [lenll
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Combing with inequalities (2.4), (2.5), (2.6), (2.7), and (2.8), one has

1Xn+1—pll
< {/Lﬂ?k+ (1 _lné)an"f’ (1 _Ané)“ - an)6nk+ (1 _lné)(l - O‘n)(l - 5,,)[1
pll

- Cn Zcz

+lenll + (1= 24:8) (1 = 04) 8| £ (P) — pll + (1 = 2 E) (1 — &) (1 = 5n)§niCiHWiHHP”

+alInf(p) —F(p)|

]wn}“xn

+ (1= 28) (1= 04,) (1 — @) (1 =8, ZC:

+ (1= 24:8)(1—04) (1 — ch\/ kA

< {ln'l’]k—i- (1 —A‘né)an‘i' (1 _A'ng)( o OCn)Snk

+ (1= 26) (1 —00,)(1 - )[1—Cn1—204/ m ]}Hxn pll

(& —menfp) = F <>”+||en||+(1_ln¢)(1_an)5n(1 o) =l

& —nk 1—k
F(1-2,8)(1—a)(1 Z — Vi) ic 1cz||WHHp|1|}
I_Z =1 Ci ul
+ (1 =) |lp|l + &l + 2uM
_ || W
< max{|lx, — pl|. Infp)—=F)l If(p)—pll YZiclWilllpll V4 lleal

E—nk =k T _ye /_T
+ (1= @) llp]l + [&nll + 2aM

1 InF @) = F@)Il 1£(p) —pll 2, cillWilllpl
E-nk 1k y_ye o [iw

Hi
n n n n
+ ) lledl + Y (1= an)|pll+ Y llel+M Y %,
i=1 i=1 i=1 i=1

< max{|[x; —

where M = sup{||y, — p|| : n € N} < +eo. The above estimation implies that {x,} is bounded.
Following (2.4), (2.5), (2.6), and (2.7), we easily see that {u,}, {v,}, {2}, and {w,} are all
bounded. Note that, for p € N, (A; +B;)~'0,

1Y @il + 1 i)™ (= rniBi)vn = pl| < ||va = pll-
i=1
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Then {Y, a;i(I + ryiA;) "' (I — r,iBi)v,} is bounded. Similarly, {Y'5 a;(I + r;A;) (1 —
rniBi)z} is bounded. Since

1Y, Wi ¥ @il + raidi) ™ (I = 1 iBi)va

o)

< Y cillWill Y Nlai(I+ rniAd) ' (I = raiBi)val,
i=1 i=1
then {} =, cWi Y2 ai(I+ r,”-A,-)’1 (I —14,iBi)v, } is bounded.
Step 4. There exists go € (i~ (A; + B;)~'0, which is a solution to variational inclusion (2.2).
In view of Lemmas 1.3 and 1.8, there exists z; such that z; =1 f(z;) + (I —tF) Y ai(I+
r,”-A,-)_1 (I —ryBi)z and z; — qo, as t — 0, where g is the solution of (2.2).
Step 5. limsup,,_,..(Nf(q0) — Fqo, j(xs+1 — q0)) < 0, where g is the same as that in Step 4.
Note that

|20 = vall < 8nll f (xn)[| + Cu(1 =6 HZC,WZa, I+ rpiAi I(I_rn,iBi)VnH

+ Bullun — Y ai(1+ raiAi) = (I = roiBi)val|
i=1

+ 6"” Zai(1+rn,iAi)_1(l_ rn7iBi)VnH7
i=1
which implies
[Wn — za|

< Opllxa— Y ai(1+ PniAi) "I = 1B Znl| -+ Xl [ Y0 — Y ai(l+ FniA) " (I — 10iBi) Za]|
i1 i=1

+ 28, 1f Con) | +2Bull Yo @il + rngA)) ™ (I = rniBi) v — | 2.9)
i=1 .

+28,(1—-6 HZC,W Zal T4 1,40 (I — 1 iBy)vn|

+26,|| Z ai(I+ 1A "N (I = 1,.Bi)val| + Bal| Y ai(T+ rniAi) " (I = raiBi)vn — unll.
i=1 i=1

Since {x,}, {un}.{va}, {¥n} . {Xim @il + rn,,'A,')_l(I — rpiBi)vn}, {X0 ai(I+ rn’,'Ai)_l(I —
rniBi)zn}, and {Y2  cWi Y2y ai(1+ 1y iA;) (I — 1y iBi) vy} are all bounded, we find from (2.9)
that w,, — z, — 0, as n — oo. Therefore,

1Y @I+ raiAd) ™ (1= r iBi)wn — wa

< wn = zull + @ |xn — Zai(l‘f‘rmiAi)_l(I_ Tn,iBi)zn| (2.10)

i=1

+ Xnllyn — Zai(l—l— rnyiA,‘)il(l— rn,iBi>Zn|| — 0, n— oo,

i=1
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Let z; be the same as that in Step 4. Then ||z|| < ||zx — qol| + ||go||, Which implies that {z;} is
bounded. Observe that
Iz = wal|?

oo

<llz = Y ai(I + PiAD) " (I = 1 iBi)wa|? +2() ai(I+ PniAi) " I — 1 iBi) Wy — Wi, (20 — Wn))
i=1 i1

< lze —wall> + 20 f(ze) —tF (Y, ai(T+rniAi) ™ (I = raiBi)ze), j(ze — Y ai(T + 1 iAi) 7' (1
i=1 i=1

— 1 iBi)wn)) + 20|z = wall | Y @i+ raiAi) ™ (I = raiBi)wn — wall.
i=1

Thus, ’(F(Z?; a;(I+ rn7,~A,~)*l(I—rn’,~Bl~)z,) —Nf(z),j(z Y ai(l‘i‘rn,iAi)il(I_rn,iBi>Wn)>
<lze = wallll X5y @i(I + rniA;) ~ (I — 14, iBi)Wn — wy||, which implies from (2.10) that lim,_0
Hmsup,, oo (F (Y52 ai(l+raiAi) " (I =rniBi)z) =M f(21), (2 — X7y ai(I+rniAi) (I =10 iBi)
wy)) <0. Since z; — gg as t — 0, then limsup,,_,..(Fgo —1£(q0), j(qo— Loy ai(I+r,A;) (I —
rniBi)wy)) < 0. Since e, — 0, A, — 0 as n — oo, and {x, } and {w, } are bounded, then x, | —
wn = A(Nf(x,) — Fwy) + e, — 0, as n — co. Based on the facts that }'”° | a;(1 + rn7iAi)’1(I —
rn,iBi)wy, —wy, — 0 and x,,4.1 —w,, — 0, one has limsup,,_,..(Fgo —Nf(q0),j(q0o —xn+1)) <O.

Step 6. x, — go as n — oo, where g is the same as that in Steps 4 and 5.

Observe. [ty — o|l> < @[5 — ol + 21l ta — goll +2(1 — @) ol ltx — goll. [Ivn —

Gol2 < Bullun — qoll? + (1 = Bu)[Ivi — qol|? ensures that [[v, — gol|? < [lus — go]%. In view of
Lemmas 1.1, one has

20— qoll* < (1= 8)[[va — qol|* + 28, {f (xn) — £(q0).j(2n — 90)) +284(f (q0) — 90, j(2n — q0))
+2(1=8)Gll Y, eiWi Y ai(I+ raiAi) = (I = roiBi)vallllza — qol|
i=1 i=1
< (1= 8,)Ivi — qolI* + 284kl zn — xall|1Xn — gol| + 284k]|xa — go||* + 28, (£ (g0) — g0,
J(@n—40)) 28l Y ciWi Y ai(T + 1o iAi) ™ (I = 1o iBi)vallllzn — qol.-
i=1 i=1
Note that ||w, — qol|? < 0|lxn — qol|* + Tullze — 901> + Xnllyn — gol|*. Now, in view of Lemma
1.9 and the inequalities above, one has
[ %n+1 — qol*
< (1= 28) lwn — golI* + 2llenll %041 — qoll + 22k |xn — gol[||Xn41 — qol|
+24:(nf(q0) — F(q0), j(Xn+1—q0))
< {(1 _ln§>an+)‘nnk+2(1 _lné)(l - an)ank“‘ (1 _lng)(l - an)(l - 5n)wn}”xn _QOH2
+2|lenll[lxn11 = qoll +2(1 = 2,8) (1 — @) (1 = &) | €[t — go | +2(1 — 2, E) (1 — @) (1 — )
(1= @n)l|gollltn — goll + 282k (1 = 2u&) (1 — ) %0 — qoll 0 — 2l + (1 — An&) Onul [y — qol|*

[ee] (o)

+2(1 = 2&) (1 = @) dullzn — qollll f(g0) — qoll +2(1 = Au&) (1 — @) Eallzn — qoll| Y eiWi Y

i=1 i=1
ai(I+ 1A " (I = 1 iBi)val| + Aak| |01 — qol 1> + 24 (M f(q0) — F(90), j (Xns1 — q0))-
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Let M’ = sup,{2||x,+1 — qoll, 2]|un — qol|, 2k||xn — qol| | Xn — 2], 2||un — g0 ||| q0l], 2| f (g0) — g0l
20— qoll,2l1zn — qoll | £y ciWi X2y @il + raiAi) =1 (I = raiBi)vall, |lya — qoll* : n € N}. From
Step 3, one has M’ < +oo. Therefore, it follows that
(I_Annk)”xn—kl _qOH2
<{ = 2A8) 0t + Ak +2(1 = A,8) (1 — 0ty) Sk + (1 — 2,8 ) (1 — ) (1 — 8,) }[ % _610”2
+ [llenll + 1€l + (1 = @n) + 28, + G+ Cun]M' + 220 (n f (q0) — F (q0), j(Xn+1—q0))-

1) M(E—2nk) (2 d 0
Set b)) = 2E 200 3 — I lley ||+ €]+ (1— @) +28,+ G+ Gkl + 152 (M f (d0) —
: 2 :
Fqo,j(Xni1—q0)). Then ||x,4 1 —qol*> < (1 —b,(ll))||xn —q0||2—|—b£l ). Based on assumptl(?r;s (v),
2
(vii), (viii), and Step 5, we see that bﬁ,” —0,asn—00, )~ bgl) = 400, and limsup,,_., % <0.

It follows from Lemma 1.10 that x,, — gg, as n — oo.
Step 7. There exists po € (i—; (A; +B,~)_1(), which is the solution of the variational inequality

(po—f(po), j(po—y)) <0, ¥yen,(A;+B8)"'0. (2.11)

In fact, it follows from Lemma 1.11 that there exists u} such that

u =tf(u})+(1—1t)(I—k Z ciW;) Zai(l—i— rn’,'Ai)*l(I— rn,iBi)u}
i=1 i=1

and u! — po, as t — 0, where po is the solution of (2.11).

Step 8. x, — po, as n — oo, where py is the same as that in Step 7.

It suffices to show that pg = go. Since po € N7 (A; + B;)~'0, then (2.2) implies that (Fgo —
Nf(qo0),j(q0 — po)) < 0. Since F is strongly positive linear bounded, f is a contraction, and
0<n< %, then

((Fgo—1£(q0)) — (Fpo—1nf(po))i(qo0 — po))
= (F(q0—p0),.J(qo — po)) +1{f(po) — f(q0),.j(q0 — po))
> &llg0 — poll* — nkllgo — pol|* > 0.

Therefore,
(Fpo—mnf(po),Jj(q0—po)) < {(Fqo—mn/(q0),j(q0— po)) < 0. (2.12)
On the other hand, it follows from (2.11) and Lemma 1.1 that
(f(po) = po, j(qo—po)) <0, (2.13)

which together with (2.12) yields (Fgo — nf(q0) + f(po) — po, j(g0o — po)) < 0. Following the
condition imposed on F and f, we know that (Fgo —1.f(q0) + f(po) — po,j(qo — po)) = 0. In
view of (2.12) and (2.13), one has (Fgo — 1nf(q0), j(g0 — po)) = (f(po) — po, j(go — po)) = 0.
Since 0 € =, (A; +B;) 10, then py = 0 or py = qo. If po = qo, then the result follows. If pg =0,
then (Fqo—1nf(qo), j(q0 — po)) = 0, which implies that (Fgo —1n.f(q0), j(q0)) = 0. Therefore,

Ellqoll* < (Fqo,(q0)) = 1{f(q0),j(q0)) < Mkliqol|*. Since & > 2nk, then go = 0, which means
that pg = qo = 0. Therefore, x, — po = qo, as n — oo. This completes the proof. ]

Remark 2.2. If E reduces to a Hilbert space H, then K, | in Theorem 2.1 can be simplified as

2
I

K1 = {P €k, 2<anxn+Xnyn+TnZn_Wnap> < an||xn||2+fn||zn +Xrt||yn||2_ ”WnHZ}a nen,
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which implies that K, is a closed and convex subset H. Then y, 1 = Rg,,,(x1) = Pk, (x1),
for n € N, where Px, , (x1) means the metric projection of H onto K, 1.

The following corollary is easy to derive.

Corollary 2.3. Let H be a Hilbert space. Let {x,} be generated by the following iterative
algorithm:

( X1,y1,€1,€&1 € H, K1 =H,
Up = WXy + &,
Vp = ﬁnun + (1 - ﬁn)Z?ozlai(I+rn,iAi)_l (I_ rn,iBi>vn>
2n = Ouf(xn) + (1= 8) (I — G X2 ciWi) X2y ai(I + 1njAi) ™ (I = 1 iBi) v,
Wi = OpXp + T Z;‘)o:lai(l‘i‘rnJAi)il(I_ rnJBi)Zn + Xn¥n; (2.14)
Xnt1 =AM f (%) + (I — 2 F )Wy, + ep,
K1 = {p €Ky : 2<anxn + XnYn + Tnn _Wnap>
< A1 + Tallzall* + Hallyall* = Iwal?},
\ Yn+1 :PKn+l('xl)7 neNn.

Then, under the assumptions of Theorem 2.1, y, — qo € (i (A; +Bi)_10, as n — oo, where q
satisfies the following variational inequalities:

(Fgo—n£(q0).q0—y) <0, Vyenz (A;+B;)'0, (2.15)
and
(g0 — f(q0),q0 —y) <0, Vyeny,(A;+B;)~'0. (2.16)

Remark 2.4. Compare (2.1) (or (2.14)) with (1.2), one finds that iterative sequence y, con-
verges strongly not only to the solution of the inclusion problem but also to the solution of
two generalized variational inequalities (2.2) (or (2.15)) and (2.3) (or (2.16)). This connects the
study on the topics of iterative construction of zero points of the sum of accretive-type mappings
and the iterative construction of the solutions of variational inequalities.

Remark 2.5. Comparing (2.1) with [22, (11)], one see that the corresponding work in [22] is
extended from a Hilbert space H to a real uniformly convex and g-uniformly smooth Banach
space in which the choice of y,, | as the sunny generalized non-expansive retraction Ry, , (x1)
plays an important role.

Remark 2.6. In (2.1) or (2.14), the superposition perturbation Y i~ | ¢;W; is considered in the
construction of z,, and a forward-backward splitting method is involved in the construction of
Vn, Zn, and wy, and a series of decreasing sets K,,, which is defined by employing the convexity
of || - ||> and the relationship among iterative elements w,, z,, X,, and y,.

3. THE APPLICATION TO CAPILLARITY SYSTEMS

The capillarity equation is a kind of important equation in capillarity phenomenon. It was
studied as an example of m-d-accretive mappings, which were studied in [22] in a Hilbert space.
In this section, we examine the following capillarity systems (see [22]) again and study in a
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different space

( . u(i>/’i i . i

—div[(1+ \/%)Wu( ) |Pi=2y (1)

2 (| @ |92 4 D172 0) + 40 (x) = fi(x), x€Q 3.1)
\Vu |/’i

— 14+ ——=)|V
\ <vi(l+ \/1+|Vu(i)|2”i)|

The discussion of (3.1) is under the following assumptions:

uD|Pi=2vy) >=0, xeT,ieN.

(1) Qs a bounded conical domain in R" (n € N) with its boundary I" € C';

(2) v is the exterior normal derivative of T

(3) Ajisa posmve number, for i € N;

4) p (nH,—i—oo), for i € N. Moreover, if p; > n, then 1 < g;,r; < 4o, fori € N. If p; <n,
then 1< qi, ri < nn_—p;]i, fori € N;

(5) |- | denotes the norm in RV, and < -,- > denotes the inner-product.

Definition 3.1. [24] Define the mapping B; : W!Pi(Q) — (WhPi(Q))* by (v, Biu) = [o < (1+
VulPi _ _ .

\/%)WUVJ’ 2Vu, Vv > dx + A [o [u(x) |9 2u(x)v(x)dx + A; [q |u(x)|~2u(x)v(x)dx, for

any u,v € WhPi(Q), i € N.

Definition 3.2. [24] For each i € N, define the mapping A; : L7 (Q) — 2" by D(4;) = {u €

LPi(Q)| 3 f € LPi(Q) such that f € Biu}, Aiu={f € LPi(Q) | f € Bju}.

Lemma 3.3. [24] For each i € N, the mapping A; : LPi(Q) — 21" ©Q) js m-accretive.

Lemma 3.4. [25] For each i € N, define the mapping S; : LP () — 2" ) by (S;u)(x) = u(x) —
fi(x), for all u(x) € D(S;), then S; is 6;-inversely-strongly accretive for 6; € (0,1] andi € N.

Lemma 3.5. [21, 22] If. in (3.1), fi(x) = Ai(|[k|9~! + |k|i~")sgnk + k, where k is a constant,
then {u') (x) = k:i € N} is the solution of capillarity system (3.1), and {k} = N7, (A;+B;) 0.
Theorem 3.6. [9] Let fi(x) = A;(|k|%~" 4 |k|'i~)sgnk +k. Let A; and B; be defined in Defi-
nitions 3.1 and 3.2. Let F : LPi(Q) — LPi(Q) be a strongly positive linear bounded operator
with coefficient & > 0. Let f : LPi(Q) — LPi(Q) be a contraction with coefficient k € (0,1). Let

W; 2 LPi(Q) — LPi(Q) be O;-strongly accretive and ;-strictly pseudo-contractive mapping for
i €N. Let {y,} be generated as follows:

(x1,y1,e1,€ € LPi(Q) chosen arbitrarily, K| = LPi(Q),
Up = WpXy + &,
Vi = Battn + (1= Bu) L7 i1+ 1 iAr) (I = 1,iBi)vi,
2n=8uf(xn) + (1= &) (I — G X ciWi) X2y ai(I + rniAi) ' (I = 1 iBi) v,
Wi = Oy + Ty X5y @i (I + 1 iAi) ™ (I = 1 iBi)2n + XnYn,
Xpt+1 = nnf(xn) (I_AnF)Wn‘*'en»
Kni1 = {p € Ku: |wa = pII* < 0llxa — plI> + Tallzn — pII* + 2allya — P[I*}
(Vn+1 =Rk, s, nEN,iEN.
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Then, under the assumptions of Theorem 2.1, y, — qo(x) € N2y (A; +B;) ™10, where qo(x) is
not only the solution of capillarity system (3.1) but also a solution of variational inequalities
(2.2) and (2.3).
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