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Abstract. In recent years, the Douglas-Rachford algorithm has received much attention due to its various applica-
tions in image recovery, signal processing, and machine learning. In this paper, we introduce the Mann iteration of
Douglas-Rachford algorithm with a new error sequence in Hilbert spaces, and establish its weak convergence un-
der some mild conditions. Furthermore, we propose the Halpern iteration of Douglas-Rachford algorithm with two
different error sequences, and prove their strong convergence under some proper conditions. Finally, a feasibility
problem is also considered.
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1. INTRODUCTION

In the paper, we assume that H is a real Hilbert space with inner product (-,-) and induced
norm || - ||. An important problem in the theory of nonlinear analysis is to find a solution of the
following inclusion problem:

0 € (A+B)x, (1.1)

where A and B are two monotone operators in Hilbert space H. Problem (1.1) includes many
optimization problems arising from various applied areas, such as signal processing, image
recovery, statistical regression, and machine learning; see, e.g., [21, 23] and the references
therein.

There are many effective methods to solve problem (1.1); see, e.g. [6, 7, 8, 10, 13, 18,
20]. The most popular one among these methods is the Douglas-Rachford algorithm (DRA for
short), which was first introduced in [11] to numerically solve certain types of heat equation.
Lions and Mercier [15] further extended the algorithm to the case of inclusion problems, not
necessarily for linear and possibly set-valued maximally monotone operators.
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Let A and B be two maximal monotone operators. For some y > 0, the sequence {zx};>_ is
said to obey the Douglas-Rachford algorithm for v, A, and B if

21 = Iya (2098 — 1)(21)) + (I = Jy) (2)-

In 1987, Lawrence and Spingarn [16] first interpreted DRA as a proximal point method. In
1992, Eckstein and Bertsekas [12] studied the DRA with summable errors with over/under the

relaxation: for {zx }7 o, {urt o {vitre; SR {ot i { Bk} reo € (0,00, and {px} 7>, € (0,2)
provided that following conditions were satisfied,

(T1) |Jug — Iy (zi) || < Br. Vk >0,
(T2) ||vip1 — JyaQug — zi) || < o, Vk >0,
(T3> ZZOZO O < oo, ZZOZO ﬁk < oo, 0 < liminszo Pk < limSllkaO Pr < 2,

where Jys := (I+YA) ™! is the resolvent of A. The generalized DRA:
1 = 2%+ Pr(Vkp1 —ug), V>0

converges weakly to some element of Z; = {u+Ab|b € Bu,—b € Au} provided that the solution
set of problem (1.1) is nonempty.
In 2004, Combettes [6] further proposed a relaxed extension of DRA: for any initial xg € H,

Xn+l =X+ Vn(JyA(z(Jyan +bn) _xn) +a;, — (Jyan +bn))7

where {v, } is a sequence in (0,2), {a,}, and {b,} are summable errors sequences in H. More-
over, they proved its weak convergence under some appropriate conditions in H. Further im-
provements of the convergence analysis of the method with summable errors were established
in [20].

In 2011, Svaiter [22] studied the following DRA with summable errors. Let A > 0, (xo,bp)
such that by € B(xp), and for k =1,2,...

(a) find (yg,ay) such that a; € A(yk), |lyk +Aar — (xe—1 — Abr_1)|| < oy

(b) find (xz,yx) such that by € B(xy), ||xk +Abx — (v +Abr—1)|| < Bk, where {oy } and {f;}
are the sequences of positive error tolerance such that }';” ; o < oo and Y7 ; B < co. Addition-
ally, they proved the algorithm’s weak convergence.

In 2015, Bot et al. [5] proposed an inertial DRA for inclusion problem (1.1). Their algorithm
is generated by

Yn = JyB[xn + an(xn _xn—l)]a
in = J}/A[Zyn —Xn— an(xn _xn—l)]v
Xptl =Xp+ an(xn _xn—l) +)Ln(zn _yn)7

where y > 0, xo,x; are arbitrarily chosen in H, and {a,} is a nondecreasing sequence with
o =0and 0 < a, < a < 1 for every n > 1. In addition, they also investigated the weak and
strong convergence of {x,}, {y,} and {z,} under some appropriate conditions.

In 2017, Bauschke and Moursi [2] proved the shadow sequence of DRA converges weakly
to a best approximation problem. The shadow sequence was generated by {J4T"x},cn, Where
T .= %(I—I—RBRA) =1—Jas+JpR4, and Ry = 2J4 — I is reflected resolvent. Specifically, their
proof relied on a new convergence principle for Fejér monotone sequences.
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In 2019, Wang and Wang [24] presented the o.-DRA 1n a finite dimensional Euclidean space:
Yn = JBXn,
zn = Ja(0yn —xn),
X1 = Xn + (20— Yn),

where o € (1,2). Furthermore, the convergence of {x,}, {y,}, and {z,} was proved under some
mild conditions.

In this paper, we introduce the Mann iterative DRA with a new error sequence in Hilbert
space, and establish its weak convergence under some appropriate conditions. Furthermore, we
propose the Halpern iteration of DRA with two different error sequences, and prove their strong
convergences under some proper conditions. We also apply the conclusions to a feasibility
problem. To solve the problem, we propose two DRAs with projection operators and give their
weak convergence and strong convergences.

2. PRELIMINARIES

Let A : H — 2" be a set valued operator. Recall that A is said to be monotone if (x —y,Ax —
Ay) > 0 for all x,y € H; and that A is maximally monotone if it is monotone and its graph
cannot be extended without destroying monotonicity. An operator 7 : H — H is said to be
nonexpansive if |Tx — Ty|| < ||x—y|| for all x,y € H.

Let C be a nonempty, closed, and convex subset of H. Recall that the projection from H onto
C, denoted by Pr, assigns x € H to the unique point Pcx € C with the property:

|lx — Pex|| = min [lx — y||.
yeC

It is well known that Pcx is characterized by the inequality:
PexeC, (x—Pex,z—Pcx) <0, VzeC. (2.1)

Definition 2.1. Let 7 : H — H be an operator. T is firmly nonexpansive if one of the following
conditions is satisfied

(a) 2T — I is nonexpansive;

(b) ||Tx—Ty||> < (x—y,Tx—Ty) forall x,y € H;

©) [|[Tx—Ty|* < |x—y||> = ||(I = T)x— (I—T)y|? for all x,y € H.

Next we collect several lemmas that are be used in the following part.

Lemma 2.2 ([14]). Let C be a nonempty, closed, and convex subset of H, and T : C — H be
a nonexpansive mapping with Fix(T) # 0. If {x,} is a sequence in C such that x,, — x and
(I—T)x, — 0, then (I —T)x=0, i.e., x € Fix(T).

Lemma 2.3 ([17]). Let {0} be a sequence in [0,+), let {B,} be a summable sequence in
[0, +c0), and let {€,}nen be a summable sequence in [0,+o0) such that (Yn € N) 04,11 < (1 +
B) ¢, + €. Then {0y} converges.

Lemma 2.4 ([6]). Let C be a nonempty, closed, and convex subset of H, and let {x,},cn be a
sequence in H, which is quasi-Fejer monotone with respect to C, i.e., there exists a summable
sequence {&, }nen in [0,+0) such that

(Vx € C)(VrneN) ||xp1 — x| < [|xn — x| + &5-
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Then

(i) {xn}nen is bounded;
(ii) {xn}nen converges weakly to a point in C if and only if w(x,)neny C C, where w(x,)nen
denotes the set of weak cluster points of {x, }nen-

We can find more properties of quasi-Fejer monotonicity in [9], and the proof of (ii) can be
obtained in Proposition 3.2 (i) and Theorem 3.8 in [9].

Lemma 2.5 ([3]). Let m be an integer such that m > 2, set [ = {1,2,...m}, and let {A;};c; be
maximally monotone operators from H to 28 For every i € I, let {x;,,uin}nen be a sequence
in graA; and let {x;,u;} € H X H. Suppose that

Xin — Xi,
. Ujn — Uj
Y win—0and (Viel) " i
i€l mX; , — ij,n — 0.
jel

Then there exists x € zerY ;c;A; such that the following hold:
(i) x=x1=X2 = ... =X,
(ii) Liesui =0;
(iii) (Viel) (x,u;) € graA;;
(iv) Lier(Xin, tin) = (X, Licsui) = 0.

Lemma 2.6 ([3]). Let {x, }nen be a sequence in H. Then {x, }n,en converges weakly if and only
if it is bounded and possesses at most one weak sequential cluster point.

Lemma 2.7 ([25]). Assume that {si};._ is a sequence of nonnegative real numbers such that
Sir1 < (1= ) sk + Akby + i, where { A}, {bi}, and {ci} satisfy the conditions:
(1) limk_m Ak = 0, ZIO(O:O }Lk — oo/
(ii) either limsupy_,.,bx < 0or Y7 o|Axbi| < ooy
(iii) cx >0 for all k and Y5 oy < oe.
Then limkﬁoo S = 0.

Lemma 2.8. Assume x,y € H, and o € R. Then

(i) x+yl* < HXIIZEQ(y,erZy% , ,
(if) flox+ (1 —a)y[” = eflx[|* + (1 — o) Iy]|* — (1 — &) fJx = y] .

Lemma 2.9 ([3]). Let A: H — 2" let B: H — 2, and let y > 0. Suppose that A and B
are monotone. Then zer(A + B) = Jyp(Fix(RyaRyg)) = Jy8(FixT), where Rys = 2Jya — 1, and

Lemma 2.10. Let T = Jy(2Jyp —I) +1— Jyp, where ¥ > 0. Then T is firmly nonexpansive.

3. THE WEAK CONVERGENCE

In this section, we propose the Mann iteration of DRA with a new error sequence. To this
end, we assume that problem (1.1) is consistent, namely, its solution set is nonempty. We prove
DRA’s weak convergence under some proper conditions. First, we give a lemma, which will be
used in proofs of the weak and strong convergence of DRA.
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Lemma 3.1. Letn € (0,1/2), x,e € H, and X =T (x+e), where T = Jys(2Jyp —1) +1—Jyp. If
lell < mllx— 3|, then || —z|* < (14 (2n)*)|lx — 2| = 3|¥ = ||, Vz € FixT.

Proof. Since z € FixT and T is firmly nonexpansive,

¥ —z)® <lx+e—z> — 1T (x+e) —x—e|?
=[x —z|* + [lel® +2(x —z,€) — [T —x —e|?

=[x =zl = £ =[] +2(E - z,¢). (3.1
Using inequality 2(a, b) < 21?||a||* + ||b||?/21n?, we have
2(8—z,¢) <20*|lF—z]* +lel|*/2n°.
Subsisting the last inequality into (3.1) and noting ||e|| < n||¥ — x||, we see that
1% —2l® <llx —z]|* = [|F = x||* +20°(|% — 2[|* + [le]|*/2n?
Sl +207E 2] — Sl

It follows that

e e
- 1-2n2 2(1-2n?) '
Consequently, we obtain the desired result from the fact n € (0,1/2). O

Theorem 3.2. Let A and B be maximally monotone operators from H to 2f1 such that zer(A +
B) # 0, and let {0y, } be a sequence in [0, 1] such that

> 3
) oc,,(i—ocn) = oo, (3.2)
n=0

Lete, € H,my>0,and T = JYA(2JyB —I) +I—Jy3,

lenll < Mal|T (xn + €n) — xnl|, and Z Mn < °°. (3.3)
n=0

Foranyxo € H, y € Ry,

yn = Jy(x, +en)

Zn = JyaA(2yn — X0 —€n)

Xnt1 = On(Zn = Yn +€n) +Xn.
Then there exists x € Q = FixT such that the following hold:

(i) {xn} converges weakly to x;

(i) {yn — 2n}tnen converges strongly to 0O;
(iii) {yn} converges weakly to Jyx, which is a solution to problem (1.1);
(iv) {zn} converges weakly to Jypx, which is a solution to problem (1.1).
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Proof. By the definition of 7', x,, 4 can be rewritten as x,11 = 0,T (x, +€,) + (1 — @,)x,. For
any z € FixT = FixRypRyp, Lemma 2.8 (ii) and Lemma 3.1 yield that

[P = 2% =l T (xn + ) — 2% + (1 = a) s — 21>

_O‘n(l_an)||T(xn+en)_xn||2
2 2 1 2
<O[(1+ (20)7) on = 217 = ST (o + €n) = xa|7]
+(1_O‘n)Hxn_Z”z_O‘n(l_O‘n)HT(xn""en)_anZ

3
=(1+4n; 06,) e, —2* — O‘n(i — 0)||T (3 +en) = x> (3.4)

Since oy, € (0,1), we have

[Pent = 2l* <(1+4m7) ben — 21 (3.5)
From (3.3), we have lgn N, = 0. Without loss generality, we assume that 1,, € (0,1/2), which
n—oo

together with (3.3) yields } " 4n? < oo. According to Lemma 2.3, lim,, e ||x, — z|| exists.
Hence, {x,} is bounded. Combining the boundedness of {x,} with inequality (3.4), we have

3
O‘n(i - an)“T(xn +en) _xn||2 §||xn _Z||2 - Hxn+1 _Z”2 "‘47730‘"”7% _Z”2

<bn —2l* = s 1 — 2> +4nzM

where M > 0 is a sufficient large number. Therefore,

Z a’l = 0)||T (3 + ) = x| < oo.

From (3.2), we can immediately obtain
liminf || T (x, + e,) — x,|| = 0. (3.6)
n—soo
On the other hand, we have

T (X1 +e€ns1) = Xnt1]]

< 1 —xn + ent1 —enl| + (1 — 06 [|T (xn +€n) — x|

< 0| T (xn + €n) — x| + (1 = o) | T (xn + €) — x| + [ €n+1 — |

< NT (o +€n) = xal| + llensr | + [lenll

<N (xn+en) = Xnll + Mot [T (nr + €n1) — X1 ||+ Mal| T (0 + €n) — x|

< T (xn + €n) = Xl + M1 (M1 + 1),
where the last inequality bases on Lemma 3.1 and the boundedness of {x,}, and M, satisfies
max{ (|7 (n 41+ €ns1) = Xnpr [, |7 (0 + €n) = xall} < M. By (3.3), we have Y.” o My (1, +

NMn+1) < 0. By Lemma 2.3, the limit of sequence {|| T (x, +e,) — X, }nen exists, which together
with (3.6) finds

1T (3 + €n) — || — 0. (3.7)
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as n — oo. Observe that

| Txp —xn|| =||Txn — T (xp+en) + T (x4 + €n) — xn|
<[ T = T (x4 €n) [| 4+ 17 (o 4 €1) — xall
<lleall + 1T (xn + €n) — x|
<Nl T (n+€n) = Xl + |7 (60 + €n) —2xa]| = 0. (3.8)
If, in addition, x,, — x*, then it follows from Lemma 2.2 that 7x* = x*. Thus w(x,) C FixT.

By (3.5), we have ||x,41 — 2> < (14 2n0,)?||x, — z||? for all z € FixT. Since {x,} is bounded,
there exists M, > 0 such that

[t = 2l < (14 2m0) oen — 2| < Jloen — 2| +2M2my,

where M satisfies ||x, —z|| < M,. According to (3.3), Y."_,2M> 1), < oo. It follows from Lemma
2.4 (ii) that {x, } converges weakly to x, which is a point of FixT.
(ii) By (3.7), we can deduce that
[yn — znll :HJ%‘\(zij —1I)(xn +en) _JYB(xn +en) +Xn +en —xn — en||
<|IT (xn + €n) — xn| + [|en]|
<||T (xn 4 en) — Xu|| + Nul| T (X1 + €) — x| — O. (3.9)
(iii) Setting v, = x,, — yn + €, and wy, = 2y, — x,, — 2, — e, we have
(zn,wn) € grayA,
(Yn,vn) € grayB, (3.10)
Vn+Wn = Yn—Zn-
Since Jyp is nonexpansive, we have
[[yn = Yoll <[lxn — xol| + [leall + [[eol]
<llxn —xol[ + M| T (xn + €n) — X[ + [|eo]|-

According to the boundedness of {x,} and (3.7), we have that {y,} is bounded. Now let y be
a weak sequential cluster point of {y,}, say Yn, — y. From the definition of v, and w,, we find
from (i) and (ii) that

y}’lk ) an -, Vnk — XY, and w}’lk —y—X
(3.10), (ii), and Lemma 2.5 yield
y € zer(YA+YB) =zer(A+B), (y,y —x) € graYA, and (y,x—y) € grayB.

Hence, y = Jypx and y € domA. Thus Jypx is the unique weak sequential cluster point of {y,}.
From Lemma 2.6, we conclude that y, — Jygx. Moreover, Jygx is a solution of problem (1.1)
by Lemma 2.9.

(iv) According to (ii) and (iii), we obtain the conclusion immediately. O

Remark 3.3. Theorem 3.2 shows the weak convergence of DRA with a new error sequence,
which generalizes Corollary 5.2 of [6] and Theorem 2.1 of [20].
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4. THE STRONG CONVERGENCE

We start with some auxiliary results.
Lemma 4.1 ([19]). Given B > 0, let {s,} be a nonnegative real sequence satisfying sp11 <
(1 =2An) (14 &,)sn + 2B, where {A,} C (0,1) and {&,} € I} are real sequences. Then {s,} is

bounded. More precisely, s, < max{,so}exp( ¥ &) < oo.
n=0

Lemma 4.2 ([19]). Given B > 0, let {s,} be a nonnegative real sequence satisfying s, <
(1 =2,)(1+&,)8, + AnB, where {A,} C (0,1) and {€,} C [0,0) are real sequences. If 2€,(1 —
An) < Ay, then {s,} is bounded. More precisely, s, < max{2f3,so} < 0.

In the following, we give the Halpern iteration of DRA: for xo,u € H,and Yy € R 4,
Yn = JyB<xn + en)
Zn = Jya(2yn — Xn — €p) 4.1)
X1 = At + (1= A) (20 — Y+ X +en).

We are now in a position to state two strong convergence results of algorithm (4.1) under two
different error sequences.

Theorem 4.3. Let A and B be maximally monotone operators from H to 2! such that zer(A +
B) # 0, and let {A,} be a sequence in (0, 1) such that

nlgrolo/ln =0, n;);tn = oo, (4.2)
Lete, € H, 1, >0, T =Jyu(2Jyg —1I)+1—Jyp, and
llenl| < Mul|T (xu +€n) — xu|, and let Y 07 < co. (4.3)
n=0

Then, for algorithm (4.1), there exists z € Q = FixT such that the following hold:

(i) {xn} converges strongly to z;

(ii) {yn — zn tnen converges strongly to O;
(iii) {yn} converges strongly to Jypz, which is a solution of problem (1.1);
(iv) {zn} converges strongly to Jypz, which is a solution of problem (1.1).

Proof. By the definition of T, x,; can be rewritten as x,+] = A,u+ (1 —A4,)T(x, +e,). Let
z = Pqu. For convenient, we denote u,, = T (x, + ¢,), and

Xnt1 = Au+ (1 — A,)up,. 4.4)
By (4.3), we may assume without loss of generality that 1, € (0,1/2). Thus Lemma 3.1 implies

1
et —2[|* < (1 + &) en —2I|* ~ > llun — x|, (4.5)

o)

where g, := (21,)? satisfies ¥, &, < oo. It then follows from algorithm (4.4) that
n=0

[Pn1 = 2l1% < (1= )1t — 2| + Al 2],
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which together with (4.5) yields
[P 1 =2l < (1= Aa) (1 €0) [xn — 2> + Al — 2.

Applying Lemma 4.1 to the last inequality, we conclude that {x,} is bounded. It follows from
Lemma 2.8 that

P = 2lI? = [[(1 = A) (1t — 2) + An (= 2) ||
< (1= 2) 1t — 2* + 2200t — 2,241 — 2).
Combining the last inequality with (4.5) yields
1_A«n

2
+ 22, (1 — z,xp41 — 2) + Mg,

_ R -
=(1= L) |Jxn —2||* + Au[— o

+2(u = 2,Xn11 — 2)] + Mé, (4.6)

H”n_anz

[P =2l < (1= A) v — 2|

2
= [lutn —

where M is a sufficient largely number. Set s, := ||x, —z||* and
11—,
bp = — 22, H”n anz"’_Z(”_Z Xnt1—2)-

Then we can rewrite the above inequality as
Snt1 < (1= Ay)sp + Auby + Me,. 4.7)

Next we prove —6 <limsup,_,,, b, < +oo for some § > 0, which indicates that limsup,,_,, b,
is finite. On the one hand, since {x,} is bounded, we have

supb, < sup2{(u—z,x,+1 —2) < 2sup |lu—z||||xpe1 — 2| < oo

On the other hand, we show limsup,,_,., b, > —&. To this aim, we proceed by contradiction.
Assume that limsup,,_,., b, < —0, which implies that there exists ng € N such that b,, < —§ for
all n > ng. It follows from that

Snt1 < (1 _)Ln>sn+}tnbn + Mg,
< (1—=A,)s, — A0 + Mg,
<sp— A0 +Meg,.
Hence sp1 < sy — 620, An + M YIL, €, which implies that limsup,,_,,,sp+1 < —oo. As

a matter of fact, {s,} is a nonnegative real sequence, which is a contradiction. Therefore,

limsupb,, is finite.
n—soo
Finally, we show that {x,} converges to z = Pou. By the above proof, we first take a subse-

quence {n;} such that

1-2
limsupb, = hm by, = hm[ " |ty — X |2 A 20 — 2, 11 — 2)]- (4.8)

n—oo —roo A'}’lk

Since {2(u — z,x,,+1 —z) } is a bounded sequence for every n, we may assume that without loss
of generality there exists the limit limk_>oo< — Z,Xp,+1 — 2). Combine the limit with (4.8), we

obtain the following limit exists hm;Hoo /1 "ty — %y, ||*- On the other hand, by (4.2), we have
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lim 111’1,1
It is similar with inequality (3.8) that ||Tx,, —xp, || < (14 0p,)||tn, — Xn, || = 0, as n — oo, which
shows that limy_,e, || 7x,, — X, || = 0. It follows from Lemma 2.2 that any weak cluster point of
{xn, } belongs to Q.

Next the definition of {x,, 41} yields that

= 0. It follows that the limit of sequence { ||u,, —x,, || } exists, and klim |, — X, || = 0.
—>00

||xnk+1 — Xy || - ||)Lnk<” _xnk) + (1 - )’nk)(unk _xnk) H
< Al = xn ||+ (1= A ) [l — X || = O, (4.9)
so any weak cluster point of {x,, .} also belongs to Q. Without loss of generality, we assume
that {x,, 1} converges weakly to x*. Then x* € Q. Now by (4.8), (2.1), and z = Pou, we obtain

that

limsupb, < lim 2(u —z,%y, 41 —2) = 2(u—z,x" —2) <0.
n—sco k—reo

Consequently, we apply Lemma 2.7 to (4.7) to obtain that ||x, — z|| — 0.
(ii) By the proof of (i), we have ||x, — z|| — 0 with z = Pqu. It follows that
1T (xn +en) = Xall < 1T (n +en) — 2| + |0 — 2]
< 2f|xn — 2l + [lenl]
< 2 =zl 4+ MallT (xn + €n) — 2]
2

Furthermore, we see that || T (x, +e,) — x,|| < Tm||xn —z|]| = 0as n — oo. Hence ||T (x, +e,) —

Xn|| — 0 as n — eo. This together with (3.9) implies ||y, — zx|| < (14+ 1) ||T (xn +€n) —x4|| = 0.
as n — oo.
(iii) According to the result ||x, —z|| — 0, we have

Hyn_J}’BZH < [Jxn +en — 2|
< 2w — 2| + [lenl|
< || — z|| 4+ M| T (X + €n) — x|| = O.

So ||y, — Jyz|| — 0. Furthermore, {y,} converges strongly to a solution of problem (1.1) by
Lemma 2.9.
(iv) Combining (ii) and (iii), we have the desired result immediately. O

Theorem 4.4. If the condition (4.3) of Theorem 4.3 is substituted the following condition

leall < MallT (o + en) —xull, and lim 1;/4, =0, (4.10)
then the conclusions of Theorem 4.3 are still valid.
Proof. Let z € Pou. Similar to Theorem 4.3, we have

[Pene1 =201 < (1= 2) (14 &) [l — 2| + A — 2|,
where g, := (21,)? satisfies &,/A, — 0. Assume without loss of generality that 2&,(1 — A,) <
Ay Applying Lemma 4.2, we conclude that {x,} is bounded. According to (4.6), we have
]
Y

&
+2(u — 2, X4 —z>+MZ"], (4.11)

Pone1 =2l S (1= A) [l — 21 4+ Aa
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where M is a sufficient largely number. Set s, := ||x, —z||* and
1— A4, g
by = — T %ty — Xn||* 4 2(u — 2, Xp1 — >+M7L_Z
Then we can rewrite inequality (4.11) as
Snt1 < (1 _An)sn'f'knbn- 4.12)

Next we prove —6 <limsup,,_,,, b, < +oo for some 4 > 0, which indicates that limsup,,_,,, b,
is finite. On the one hand, since {x,} is bounded, we have

£
supb, < sup2{u—2z,X,41 —2) +M;L—"
n

On the other hand, we show that limsup,,_,., b, > —3. To this aim, we proceed by contradiction.

Assume that limsup,,_,., b, < —0, which implies that there exists ng € N such that b,, < —§ for
all n > ny. It follows from that

Snr1 < (1=A)sp+ Ay < (1= Ap)sp — A8 <5, — A,,0.

Hence 5,41 <,y — 6 Y1 o Ay, and we also have limsup,, .., $,41 < Sz, — 0 Yitn Ay = —o. Asa
matter of fact, {s, } is a nonnegative real sequence, which is a contradiction. Thus limsup,, .., by,
is finite.

Finally, we prove that {x,} converges strongly to z = Pou. From the above, we first take a
subsequence {n;} such that

< 2sup ||u—z||[|[xXnt1 — 2| + M < -oo.

— A, I3
||u”k xnkH2+2<M—Z7xnk+1 _Z> +Mﬂ .
Ao
(4.13)

Since {2(u—z,x,,+1 —2) } is a bounded sequence for every n, we may assume that without loss
of generality there exists the limit limy_,c.(#t — z,X,,+1 — 2). Combining (4.10) with (4.13), we

h;r;s::p b, = hm bnk = klgrolo [— 7

-
obtain the following limit exists limy_,c T |

On the other hand, by (4.2), we have hm,Hoo 1}” = = 0. It follows that the limit of sequence
{Iutn, — 20, || } exists, and limy_e0 |4, — X || = O. It is similar with inequality (3.8) that ||T'x,, —

X || < (14 M) || tn, — X, || = 0 as n — oo. The last inequality also based on lim 7, = 0, which
n—oo

can be obtained from (4.2) and (4.10). Thus limy_,e ||7X,, — X, || = 0. It follows from Lemma
2.2 that any weak cluster point of {x,, } belongs to Q.

Similar to (4.9), we can obtain that any weak cluster point of {x,, 1} also belongs to Q.
Without loss of generality, we assume that {x,, 1} converges weakly to x*. Then x* € . Now
by (4.13), (2.1), and z = Pou, we obtain that

S
limsupb, < hm(2<u—z,xnk+1 — )+ M
- Ao

=2(u—z,x" —z) <0.

)

Consequently, we can apply Lemma 2.7 to (4.12) to obtain ||x, —z|| — 0.
(ii)-(iv) The proofs are similar to Theorem 4.3 (ii)-(iv), so they are omitted. O

Remark 4.5. Theorem 4.3 and Theorem 4.4 present strong convergences of Halpern DRA
under two different new error sequences, which generalize the results of [5] and [24].
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5. APPLICATIONS

Consider the following feasibility problem,
findx € CND, (5.1)

where C and D are nonempty closed convex subsets of Hilbert space H. Assume that CND is
nonempty. To solve feasibility problem (5.1), Bauschke and Noll [4] studied the classical DRA:

1
Xni1 €T (xn), T := E(R})R’C+I),n €N, (5.2)

R = 2Pc — 1. In addition, they proved (5.2) converges to a fixed point of T'.

Arag6n Artacho, Campoy, and Tam [1] further investigated the following DRA in a Euclidean
space:
I +RLR;-

> .

They discussed the convergence of algorithm (5.3) under different conditions.

In this section, we propose Mann and Halpern iteration of DRA with projection operators to
solve problem (5.1). We further show the weak convergence of Mann iteration, and the strong
convergence of Halpern iteration under two different error sequences, respectively. We first give
a lemma about the solution set of problem (5.1).

Xk+1 = TQD(xk),With TC,D = (53)

Lemma 5.1. Let C and D be nonempty closed and convex subsets of Hilbert space. Then
zer(Nec+Np) = CND = Pp(FixT"), where N¢ and Np are normal cone to C and D, and T' =
Pc(ZPD —I) +1—Pp.

Proof. For any x € FixT’, we have that FixT’ is equivalent to Pc(2Ppx — x) = Ppx. Hence,
Ppx € CND, and we can immediately obtain Pp(FixT') C CND.

Next, we prove CND C Pp(FixT'). For any x € CN D, we have Pc(2Ppx —x) = Ppx = x,
which implies that x € FixT’ and x = Ppx € Pp(FixT"). So we can obtain CND C Pp(FixT’).
Thus Pp(FixT") = CND. According to Lemma 2.9, the conclusion can be easily obtained. [

Letting A = N¢ and B = Np in Theorem 3.2, Theorem 4.3, and Theorem 4.4, we obtain from
Lemma 5.1 Theorem 5.2, Theorem 5.4, and Theorem 5.5.

Theorem 5.2. Let C and D be nonempty, closed, and convex subsets of Hilbert space H. Let
{0} be a sequence in [0,1] such that Yo 0 (3 — 0t) = 0. Let e, € H, M, >0, T' = Pc(2Pp —

I)+1—Pp,

enll <Ml T (X + €n) — xul|, and Y, My < 0. For xo € H,
n=0

yn = Pp(x,+ey),

Zn = Pc(2yn — Xn — €n),

Xnt1 = On(Zn — Yo +n) +Xn.
Then there exists x € FixT' such that the following hold:

(i) {xn} converges weakly to x;

(i) {yn — 2n}tnen converges strongly to 0O;
(iii) {yn} converges weakly to Ppx, which is a solution of problem (5.1);
(iv) {zn} converges weakly to Ppx, which is a solution of problem (5.1).
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Remark 5.3. Theorem 5.2 presentes the weak convergence of DRA with a new error sequence,
which generalizes the result of [1] and [4].

Theorem 5.4. Let C and D be nonempty, closed, and convex subsets of Hilbert space H, and

let {A,} be a sequence in (0,1) such that li_r}n Av=0and ¥ A, =c. Let e, € H, 0, > 0,
e n=0

T = Pc(ZPD —I) +1— Pp, and

lenl| < nnHT/(xn"'en) —Xul|, and Z Tlf < oo (5.4)
n=0

Forxp,u ¢ H, yE R4,

Yn = Pp(xa +en),

zn = Fc(2yn — xn — €n),

X1 = At + (1= ) (20 — Yn + X+ €n).
Then there exists 7 € Q = FixT’ such that the following hold:

(i) {xn} converges strongly to z;

(ii) {yn — 2n}tnen converges strongly to 0O;
(iii) {yn} converges strongly to Ppz, which is a solution of problem (5.1);
(iv) {za} converges strongly to Ppz, which is a solution of problem (5.1).

Theorem 5.5. If the condition (5.4) of Theorem 5.4 is substituted by the following condition
lenll < Ml (xn + en) — xu|| and lim,,_scon? /Ay = O, then the conclusions of Theorem 5.4 are
still valid.
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