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MK VISCOSITY APPROXIMATION FOR FIXED POINTS AND EQUILIBRIUM
PROBLEMS IN HILBERT SPACES

WENLING LI*, SHENGJU YANG
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Abstract. In this paper, an MK viscosity iteration is introduced and investigated for solving an equilib-
rium problem and a fixed point problem with a nonexpansive operator. A theorem of strong convergence
is established in the setting of Hilbert spaces. There is no any compact restriction imposed on the operator
and the subset involved.
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1. INTRODUCTION

Let H be a Hilbert space with inner (-,-) and induced norm || - ||. Let 2 be a bifunction from
S x S to R with Z(x,x) =0, Vx € S, where S is a convex, closed, and nonempty subset of space
H. By an equilibrium problem, as understood by Blum and Oettli [1] is the problem, which
consists of finding
X € S such that Z(x,y) >0, VyeS.

The equilibrium problem is quite general, and its solution set is presented by Sol(4,S) in
this paper. For example, let Z(x,x) = (Ay,x —y) for all x,y € S. Then, z € Sol(4,S) if and
only if (Az,x —z) > 0 for all x € S, that is, point z solve the classical variational inequality.
The equilibrium problem also includes celebrated saddle problems as special cases. In the
real world, numerous problems in computer science, physics, and economics reduce to find a
solution of the equilibrium problem. Recently, various solution methods have been presented
to solve the equilibrium problem numerically; see, e.g., [10,20,25] and the references therein.
Let .4 be mapping on H. A point x in H is said to be a fixed point of .4 iff 4 x = x. The
fixed point set of the mapping is denoted by Fix(.#"). Finding fixed points of nonlinear oper-
ators is an interesting field. It has many theoretical applications, such as differential equations
and real applications, such as machine learning; see, e.g., [7, 13,27] and the references therein.
Recall that .4 is contractive if

[ A x =AYl <cle—yl, VxyeH,
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where c is a constant in (0,1). It is known that every contractive mapping has a unique fixed
point and the simple Picard works for the contractive mappings.

Recall that .4 is Meir-Keeler contractive (MK contractive for short) if, for each € > 0, there
exists 0 = §(&) > 0 such that, for each x,y € X with &€ < |[[x—y|| < e+, ||f(x) — fF)| < €.

In 1969, Meir and Keeler [16] proved that every MK contractive mapping has a unique fixed
point in metric spaces.

Recall that .4 is nonexpansive if

[ A x= Ay <llx=yll, VxyeH.
Recall that .4 is firmly nonexpansive if
||</VX—</Vy||2§<X—y,</Vx—</Vy>, vx7y€H~

The class of (firmly) nonexpansive mappings is important from the viewpoint of mathematical
programming computation. Indeed, many optimization problems can be solved via its resolvent
operators, which are firmly nonexpansive; see, e.g., [2,3,14,21] and the references therein. One
important example is nearest point projection, Projs, which reads Projs(y) := argmin{||x —
y|l,x €S} forany y € H.

HProij—ProijH2 <(y—x,Projsy—Projs(x)), Vx,y€H.

For fixed points of nonlinear operators, Mann iteration [15] is efficient in finding approximate
fixed points of nonexpansive operators in Euclidean spaces. Let {o, } be a real number sequence
in the interval (0, 1). The Mann iteration reads as follows

xo €H, xpp1=(1—0,) AN x+ax,, n>0.

It deserves mentioning that the Mann iteration is only weakly convergent in the framework
of infinite dimensional spaces; see, e.g., [8] and the references therein. To force the strong
convergence of the Mann iteration, various modified methods were introduced and stuided in
Hilbert spaces and Banach spaces recently; see, e.g., [4, 11,12, 18]. Here, we mention the
celebrated Halpern iteration [9]. It was introuced by Halpern and reads as follows

x0 €H, xpp1=(1—04) x4+ 0tu, Yn>0,

where ./ is a nonexpansive mapping on S, u is a fixed anchor in S, and { o, } is a real sequence
in (0,1). To force the convergence, It is known that the conditions (c1) ¢, — 0 as n — o and
(c2) Y7°_; o, = oo are necessary if the Halpern iteration converges strongly (due to the convex
combination of a nonexpansive maping with the fixed anchor is a contractive mapping). From
the structure, we hope that o, — 0 as fast as possible. In view of restriction (c2), Halpern
iteration may not be a fast iteration.

In 2000, Moudafi [17] introduced a viscosity approximation iteration, which is known as the
Moudafi’s viscosity and reads as follows

X0 €S, Xpy1=0,Cx,+(1—0t;) N xn, Vn>D0,

where {o,} is a real sequence in (0,1), .4 is a nonexpansive mapping with fixed points, and
% is a contractive mapping. Moudafi proved that {x,} converges strongly a fixed point, x, of
mapping .4 under some assumptions on {a,}, and the fixed point also is a unique solution
to the variational inequality: (¥'x —x,x —y) > 0 for all y € Fix(./"). Recently, many authors
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investigated the fixed point problems of various nonlinear operators based on the Moudafi’s
viscosity; see, e.g., [22,28] and the references therein.

Now, let us turn back to the equilibrium problem. To study approximate solutions of the
equilibrium problem, one usually imposes the following restrictions on the bifunction 4.

(R1) #(y,y) =0,Vy€S;

(R2) #(y,x) + PB(x,y) <0, Vx,y € S (monotone);

(R3) limsup,_,; B((1 —t)z+x,y) < B(x,y);

(R4) for each x € S, y — H(x,y) is convex and lower semicontinuous.

In 2007, S. Takahashi and W. Takahashi [26] introduced a moudafi’s viscosity methods for
fixed points of nonexpansive mappings and an equilibrium problem in Hilbert spaces. Their
viscosity methods reads as follows

B(yn>Y) + (¥ =Y Yn—Xa) 20, Vy €S,
Xn+1 :OCn(an—F(l—OCn)JVyn, Vn >0,

where {o,} is a real sequence in (0,1) and {r,} is a nonnegative real sequence. They proved
that the sequence {x,} generated by their method converges strongly to a common solution of
the two problem, and it also is a unique solution to another variational inequality involving & .
Subsequently, numerous new methods were introduced and investigated; see, e.g., [5,10,20,23,
25] and the references.

In this paper, we consider the fixed points of nonexpansive mappings and the solutions of
the equilibrium problem via a MK viscosity method. Under some mild conditions on the con-
trol sequences, we obtain a strongly convergent theorem without compact assumptions on any
operators and subsets.

2. TooLs
In this section, we list some lemmas, which are needed for the main convergence theorem.

Lemma 2.1. [30] Let H be a Hilbert space and let S be a nonempty, convex, and closed subset
of H. Let N be a nonexpansive mapping on S. Then Fix(./4") is convex and closed.

Lemma 2.2. [/] Let H be a Hilbert space and let S be a nonempty, convex, and closed subset
of H. Let A be a bifunction of S x S to R satisfying (R1), (R2), (R3), and (R4). Let x € H and
r > 0. Then, there exists z such that

(y—z,2—x)+r%B(z,y) >0, VyeS.

Lemma 2.3. [6] Let H be a Hilbert space and let S be a nonempty, convex, and closed subset
of H. Let A be a bifunction of S x S to R satisfying (R1), (R2), (R3), and (R4). Let x € H and
r > 0. Define the resolvent Res‘,% from H to S by

Res’x={z€S8:(y—z,z2—x)+rPB(z,y) >0, VyeS}.
Then Res‘r@ is single-valued and firmly nonexpansive, i.e.,
|Res?x — Res”x'||* < (x —x',Res”x — Res”x'), Vx,x €H.
Additionly, Fix(Res?) = Sol(4,S) is a convex and close set.

Lemma 2.4. [30] Let H be a Hilbert space, and let € be a MK contraction. Then, for each
€ >0, there exists cg in (0,1) such that ||x—y|| > € implies || f(x) — f(¥)|| < cellx—y]|, Vx,y € H.
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Lemma 2.5. [24] Let {y,} and {x,} be two bounded vector sequences in a Hilbert space H.
Let €, be a real sequence in (0,1) with 0 < liminf, . &, < limsup,_,.,& < 1. Put x,11] =
(1 — &)xn + € yn. If limsup,,_, . (||& — €1 || — |20 — Xnt1]]) = 0, then limy, o0 ||X, — €4]| = 0.
Lemma 2.6. [19] Let H be a Hilbert space. Let {x,} be a sequence in X converging converges
weakly to a point y. Then liminf,,_,o ||x, — y|| < liminf, e ||x, — || for any y' # y in H.
Lemma 2.7. [29] Let {a,} be a nonnegative real sequence such that a,1 < (1 —t,)a, + by,
for all n, where {t,} and {b,} are sequences of real numbers with {t,} C (0,1), Y7 oty = oo,
limy, 0ty = 0, and limsup,, ., 2 < 0. Then lim, c.a, = 0.

3. MAIN RESULTS

Theorem 3.1. Let H be a Hilbert space with inner (-,-) and induced norm || -||. Let % be a
bifunction from S x S to R with restrictions (R1), (R2), (R3), and (R4), where S is a convex,
closed, and nonempty subset of space H. Let A be a nonexpansive from S to H, and let € be
a fixed MK contractive mapping from S to H. Let {r,} be a nonnegative regular sequence. Let
{xn} e the iterative sequence generated in the following process with xo € H and

(Y= Yn:Yn—2%n) + 1aPB(yn;y) 20, Vy€S,

Xni1 = O N Yo+ BuCyn + YoXn, Vn2>0,
where {0}, {B.}, and {,} are real number sequences in (0,1) with o, + B, + 1% = 1. As-
sumed that r, > r, where r is some positive real number, Y, B, = oo, lim, ., =0, 0 <
liminf, e ¥ < limsup, . % < 1, and lim,_,e |11 — 1| = 0. If Q := Fix(.A") N Sol(A4,S) is
not empty, then {x,} converges strongly to a point X € Q, and Projo% (%) = X.

Proof. From Lemma 2.2, we have that {y, } is well defined. From the assumption and Lemmas
2.1 and 2.3, we see that Q is closed, convex, and nonempty set. Hence, the nearest point
projection on it is well defined. In view of Lemma 2.3, we have y, = Res,gfxn, where Resf is
the resolvent of bifunction %. Fix a common solution in , say x’ € Q. Thus x’ = Resfx’ and
x' = X' Tt follows from the nonexpansivity of the resolvent that

¥ =yl = [|Res;x' = Res; xall < ¥ =]l

Next, we show both {x, } and {y,} are bounded. Let € > be any positive constant. If ||x' —x,|| <
€, then {x,} is bounded. This is obvious. If ||x' —x,|| > &, From Lemma 2.4, we have that there
holds ||€x — €y|| < cel|lx—y||, Vx,y € S, where c¢ is a real constant in (0,1). Thus

[ty
= [lx" = 0w yn = BuCyn — o
< [ AX = Ayl + BallX = Cyall + Yl — x|
< [l =yl + Bull' = €X' + Bull €X' = Cynll + Yallx" — 2
< (1= Ba) ¥ —xu]l + Ballx" = €X' || + Buc|lx — yull
< (1= Bu(X =)l —xul + Ballx' = X[,
which implies that

¥ =¥

I = Xn g1 | < (1= Bu(1 = ))[IX' = x| + Bu(1 —c) o
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that is, ||x" — x,1]] < max{||x — x|, %} Mathematical induction indicates that

X —€x
] [/ H}

This proves that {x,} is bounded. Hence, {x,} is always bounded for the two cases. From the
way that {y, } is generated, we see that

12" = x4t || < max{|lx’ —xo

V= Ynt1: V041 = Xnt1) T 101 B(Ynt1,y) >0, Vy€S (3.1
and
<y_}’n7yn_xn>+rn=@(yn7y) >0, Vyes. (3.2)
Putting y, into (3.1) and y, 4 into (3.2), we have
Vn = Ynt 1,01 = Xnt1) + T 1 B (Vns1,¥n) >0 (3.3)
and
<yn+l _)’n,)’n_xn>+rnf%(yn,}’n+l) > 0. (3.4)

Using Lemma 2.3, we conclude from (3.3) and (3.4) that
Ynitl —Xnt1  Yn _xn>
nt+1 I'n

>0

- b

<yn — Yn+1,

that is, (Yu+1— Y, Vn+1 — Xn — ran (Y1 —Xns1)) > |[vn — Ynr1]|?, which is equivalent to

4
¥ = Ynr1l|? < Ong1 — yn,(l—r" YOnt1 = Xnt1)) + Vnt1 — YnyXnt1 — Xn)

n+1

<[
-

n+

| yns1 =Xt [|[[Yns1 =Yl + 120 = Xag 1| [[yar1 = yal|-

It follows that

r
”yn_yn—H“ < |1 T : |Hyn+1 _xn-HH + Hxn_xn+1H-

n+1
Without loss of generality, one may assume that there exists a positive constant r such that
0<r<ry, Vn>0. Thus

|rn+1 -

)
T Lyt = s |+ I = s |

n+1
|rn—0—1 -

T,
Y N o Y

M
< Jn — X1 | +7|rn+1 — Tl

where M is an appropriate constant such M > sup, ~o{||yn+1 — Xn+1||}-
To use Lemma 2.5, one sets g, = 9%117——72/,,% Hence,
n

& — &t
_ anr/Vyn"i‘ﬁn%)’n . O 1N Ynt1 +Bn+1(g)’n+l
I— Yn I— Yn+1
_ (1= Bn—Yu)A Yn+ BaCyn _ (1= Bt = Yot 1) A Yt + Brs1Cyntr

I—% 1 — %1
_ (1 _’}/n)f/Vyn‘*’ﬁn((gyn _f/Vyn> _ (1 _’Yn—i-l)«/’/yn—i-l +ﬁn+1(‘5yn+1 _«/V)’n—o—l)
- 1 —%p1 '
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Hence,

& —Enr1 =Ny + Bny (CYn— AN Yn) = N Ypg1 — ﬁn;l (€Ynt1— AN Ynt1)-

We estimate as follows

1€ — &1
ﬁ </V ﬁn+1 (g </V </V </V
<7 all 1= — e 1€ yns1 = A Ynr |+ 1A Y0 — A Vg1
n
< ﬁn @ ﬁn—f—l
H o= Ayl + 1 — ., 8y = A ynall A+ yn = ynsa |
1 M
= ﬁ” 6 Al + T = A |+ =l + 2 =
This indicates that
[€n+1 = &nll — [IXn1 — Xnll
M
< P =l 4 2 0~ A+ i =l
=% — Tt r
From the assumptions on the parameters, we find that
limsup([|&, — &n1 | — [0 — Xn41]) =
n—soo

An application of Lemma 2.5 indicates that, as n — oo, ||, —x,|| — 0. Observe that x| —
xn = (1 — %) (& — x,), which further indicates that, as n — oo, ||x,;41 — x,|| — 0 due to 0 <
liminf, . %, < limsup,_ .. % < 1. We also have ||y, 1 — yu|| — 0 as n — oo. Observe that
[0 = A | < {0 = Xnr || + (X010 = A |
< %0 = X1 [| + Ball €0 — A yull + Yallxn — A 3l
which together with the assumptions on {8} and {v,} and the boundedness of {x,} and {y,}
that ||x, — 4 y,|| — 0 as n — oo. Since the resolvent is firmly nonexpansive, then

I = yull* = ||Resy 1 — Res,xu|”
<{u —xn,Res,n U —Res,nxn>
:<u—xn,u—yn>

I

1
= 5l =xll® + 1l = yall* = lboen = yull?)-

ynH2

This shows ||t — y,||> < ||t — 241> — [Jx0 — . In view of the convexity of || - ||?, we have

= X1 []> = [0 (tt — A yn) + Bu(tt — Eyn) + (1t —x) |1
< O = A Yl 4 Balltt — Cynll* + Wl — x|
< 0|1t = yulI* + Ballt — Eynll> + il tt — xal|>
< ||t =% 1* = O |20 — Yl I* + Bullit — Cynll® + Wl |t — 0]
<= xa)1? = Gl — yul|* + Bul |t — Cynll*-
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It follows that

aonn _ynH2 < ﬁn”li _%Ynuz + ||,LL _xn||2 - HH —Xn+1 ||2
< Bullte — Gyl + (1 = xall + 118 = Xt ) 160 — Xnga |-

From the assumptions on { ¢, } and {f,}, we have lim,, . ||x, — yn|| = 0.
Next, we prove limsup, .. (x, —X, X —x) < 0. To prove this inequality, we choose a subse-
quence {xy,;} of {x,} such that

limsup(x, — X, €% —X) = lim (x,, — %, €X — %).
n—soo h—roo
Since {x,,} is a bounded vector sequence, one asserts that there exists a weakly converging
subsequence {x;} of {x;}. Without loss of generality, one just assume that {x,,} — x* € §.

Further, one proves x* € Q. Indeed, from the way that {y, } is generated, one has %(y —Yn,Vn —
Xn) + B (yn,y) >0, Vy € S. By (R2), we have é(y — Yy Yn —Xn) = B(y,yn), ¥y € S. Obviously,

. — Xn.
y> Zg(yvynj% Vy € S.

nj

<y_ynj7

=Xy
)’nj n;

Note that lim,,_c || | =0and {y,,} — x*. Hence,

rnj
B(y,x") <0, Vyes.

Let y. = (1 —z)x* +zy, where z is a constant in 0 < z < 1. Since both x* and y are in S, we
have y. € S. It follows that Z(y%.,x*) <0, Vy € S. By restrictions (R1) and (R4), we have

BV, Vi) = B(Yew, (1 =2)x" +29) = (1 = 2) BV, x*) + 2By, y).

This shows that Z((1 —z)x* +zy,y) > 0. By (R3), we have Z(x*,y) > 0, Vy € S, that is,
x* € Sol(4,S). On the other hand,
%0 — A x|l < |30 — A ul| + [ A Y0 — A x|
< Hxn —L/VynH + H)’n _an-

This finds ||x, — A4 x,|| — 0 as n — co. Assume x* ¢ Fix(.#"). From Opial’s condition (Lemma
2.6), we have

[, = X[} < o, — A7
< oy = A 2| 4[| X, — A
< [l = x|

This reach a contradiction, which presents x* € Fix(.4"). This finishes the proof that

limsup(x, — x,4x—x) <O0.

n—yoo

Finally, we show that ||x,, — X|| — o as n — . Assume that the sequence {x,} does not
converge to ¥ strongly. Thus there exists € > 0 and a subsequence {x,, } such that ||x,, —X|| > €
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for all i. From Lemma 2.4, we observe that

b+ — %17

= (O (AN Yn = %) + Ba(Cyn — %) + V(X0 — X), X011 — %)

= O (AN Y0 — X, X1 — %) + BulCyn — €%, X 01 — X) + Lu(CX — X, X011 — X)
+ Yo (X0 — X, X 41 — X)

< Ol A yn — A X[ Xp41 = X| + Ball €y — G| a1 — %[ + Ba{ET — %, 2011 — )
+ Yl |0 — X[ 41 — ]|

< 0 lyn =Xl lln1 = X[ + Buce llyn = X[ [ %041 = X[| + Bu(EX = X, X041 = X)
+ Yol — %[l — ]|

< (1= Ba(1 = ce))llxn — X[ 601 — X[| + Ba(Ex — %, x40 — %)

1-— |
< LEPLZ) (2 1 s — 51) 4 B~ Eoxrs — ).

It follows that
st —F17 < (1= Bu(1 — ce))lxa — F|P + 2B, (€% — £yt — ).

By using Lemma 2.7, one obtains x,, — X as n — oo. This finishes the proof of this theorem.
O

From Theorem 3.1, we have the following result on the Halpern-based method immediately.

Corollary 3.1. Let H be a Hilbert space with inner (-,-) and induced norm || -||. Let % be
a bifunction from S x S to R with restrictions (R1), (R2), (R3), and (R4), where S is a con-
vex, closed, and nonempty subset of space H. Let AV be a nonexpansive from S to H. Let
{rn} be a nonnegative regular sequence. Let {x,} be the iterative sequence generated in the
following process with xy € H and X, = 0Ny, + Bt + Yuxn, where {y,} is defined by
(Y= Yn,Yn —Xn) + B (yn,y) > 0,Vy € S, where u is a fixed vector in S, {0}, {B,}, and {v,}
are real number sequences in (0, 1) with o, + B, + ¥, = 1. Assumed that r, > r, where r is some
positive real number, Y, By = oo, limy, e B, = 0, 0 < liminf,, e, %, < limsup,, ., % < 1, and
limy,—yeo [Fy1 — 10| = 0. If Q := Fix(A") NS0l (4,S) is not empty, then {x, } converges strongly
to a point x € Q, and Projou = X.

From Theorem 3.1, we also have the following result on fixed points of nonself mappings
method immediately.

Corollary 3.2. Let H be a Hilbert space with inner (-,-) and induced norm || - ||. Let A be a
nonexpansive from S to H, and let € be a fixed MK contractive mapping from S to H, where S is
a convex, closed, and nonempty subset of space H. Let {x,} be the iterative sequence generated
in the following process with xo € H and x,, .1 = 0, N Projsx, + B,€ Projsx, + Yuxn, Vn > 0,
where {a,}, {Bn}, and {y,} are real number sequences in (0, 1) with o, + B, + v, = 1. Assumed
that Y o Bp = oo, limy,_yeo By = 0, and 0 < liminf,,_, Y, < limsup,,_,.. Y < 1. If Fix(.4") is not
empty, then {x, } converges strongly to a point ¥ € Fix(.A"), and Pro jpiy € (¥) = %.
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