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Abstract. In this paper, based on the Bregman distance, we introduce a self-adaptive method for solving
a split equality problem in p-uniformly convex uniformly smooth Banach spaces. The advantage of
the proposed algorithm is that the stepsize selection is self-adaptive and no prior estimation of operator
norm is required. Under relatively mild conditions, we prove the strong convergence of the proposed
algorithm. Finally, numerical examples are provided to verify the convergence of the algorithm.
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1. INTRODUCTION

Let Hy, H, and H; be real Hilbert spaces. Let C C Hy and Q C H; be two nonempty closed
convex sets. In 1994, the split feasibility problem (SFP) was first proposed by Censor and
Elfving [4] to solve some real-world problem caused by phase restoration and medical image
reconstruction [4]. Their split feasibility problem is stated as follows:

Find x € C such that Ax € Q,

where A : H — H, is a linear operator, which is also bounded.

Many of real problems that arise in image restoration can be attributed to the SFP. In order
to approximate a solution of the SFP, various algorithms were proposed and studied; see, e.g.,
[2, 11, 13, 14, 15, 17] and the references therein.

In 2013, Moudafi [11] proposed the following split equality problem (SEP): Let A : H; — H3
and B : Hy — H3 be two bounded linear operators. His SEP is to find x € C, y € Q with Ax = By.
If B = I, then the SEP reduces to the SFP.

*Corresponding author.
E-mail address: shiluoyi@tiangong.edu.cn (L. Shi).

Received November 26, 2021; Accepted July 7, 2022.
(©2022 Journal of Nonlinear Functional Analysis



2 M. WANG, T. XU, L. SHI

The SEP has attracted much interest from many authors due to its real applications in signal
processing, intensity-modulated radiation therapy, and image restoration [3, 4].

In 2013, Moudafi in [11] proposed the Alternating CQ-algorithm (ACQA) and Relaxed alter-
nating CQ-algorithm (RACQA) to solve the SEP

X1 = Pe(xp — WA™ (Axg — Byy)),
(4coA) { Vi1 = Po(yk + YB* (Axg1 — Byk)),
and
X1 = PCk(‘xk - ’}/A*(Axk - Byk))a
Yit1 = Po, (Vi + YB* (Axi11 — By)).-
But the above algorithms converge weakly to a solution of SEP only.

In order to achieve some strong convergence results, Shi et al. [19] proposed a modification
of Moudafi’s ACQA and RACQA algorithms in Hilbert spaces:

(RACQA) {

Wit = Ps{(1 = 06)[I = YG"Glwy},

i.e.,

{ X1 = Pe{ (1 — o) [xn — YA* (Axn — Byn)]}, n=0;
Yir1 = Po{ (1 — o) [yn + ¥B*(Ax, — Bys)]}, n>0.

Since a Banach space setting sometimes allows a more realistic modelling of problems arising
in applications from industry and natural sciences. Hence, the SFP and SEP in Banach spaces
are interesting not only from a theoretical point of view but also to tackle real world problems. In
order to solve the SFP in Banach spaces, Schopfer et al. [17] proposed the following algorithm:

X1 = TeIE [Ty () — 1taA™J (Axy — Po(Axy))], (1.1)

where Il¢ denotes the Bregman projection, J,, «75 ", J are duality mappings, and Po denotes the
metric projection. For more details, we refer to [17]. Indeed, they proved the result of weak
convergence of algorithm (1.1).

In 2015, Shehu [18] proposed an iterative algorithm for solving the SFP in Banach spaces by
using a Bregman projection method:

*

Y = JETTE () — 0, AT (Axy — PoAxy)],
E
Xpi1 = Tedy o5 u+ (1= 0) Bud b (ya)], n> 1,

where {0, } and {f,} are sequences in (0,1), and ¢, satisfies 0 < a <t, <b < ( 1 for
a,b > 0. The strong convergence of the algorithm was proved.

In [10], Mewomo and Ogbuisi proved the strong convergence of an iterative algorithm in
Banach spaces for the multiple-sets split feasibility problem(MSSFP): find a point x* € E; such

that

A
ARG

t r
e (NG, Ax* € () 0, (1.2)
i=1

j=1

where Ey, E; are Banach spaces, and {C;}{_;, {Q,}_, are nonempty, closed, and convex
subsets of Ey and E,, respectively. If t = r =1 in (1.2), then the MSSFP reduces to SFP. The
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authors proposed the following method:
E*
{ s = Jg ' [ (1) — A T5H (1 = Py o)) Ay,
E*
tin 1 =Tl (Ol (1= 0) (Budp' (50) + Koy Yindp' (Texn))],

1
where 0 <7 <1, <k < (ﬁ)ﬁ_
q
Based on the ideas of solving the SFP in Banach space, the following question is naturally
proposed.

Question 1.1. Can one construct an iterative algorithm to solve the SEP without prior knowl-
edge of operator norms in p-uniformly convex and uniformly smooth real Banach spaces?

In this paper, we propose a self-adaptive method that answers the question raised above. The
paper is organized as follows: In Section 2, we introduce some definitions and lemmas for our
results. In Section 3, we present our algorithm and prove that the iterative sequence formed
by the proposed algorithm converges strongly. In Section 4, the last section, we give some
numerical examples to verify the convergence of the algorithm.

2. PRELIMINARIES

In this section, we introduce some basic definitions and lemmas that will be used in this
paper.

Let E be a real Banach space with dual E*. Let C be nonempty, closed, and convex subset of
E. Let (x*,x) denote the duality pairing between E and E*, that is, (x*,x) := x*(x), where x* €
E*, x € E. The notion ” — " denotes strong convergence and ” — ”” denotes weak convergence.
Let S ={x € E : ||x|]| =1} and Bg = {x € E : ||x|| < 1} be the unit sphere and unit ball of E,
respectively. A point x € E is called a fixed point of T iff Tx = x. The set of fixed points of T
is denoted by F(T).

Let 1 <¢ <2< pwith %—i— cl] = 1. The modulus of convexity dg(€) : [0,2] — [0, 1] is defined

as
[lx+ll

Op(€) =infil — ——=—1xy € B, [[x—yl| = £},
E is called uniformly convex iff 8¢ (&) > 0 for any € € (0,2]; and strictly convex iff 8¢ (2) = 1.
If there exist p > 2 and a constant ¢ > 0 such that 6g(g) > ceP, Ve € (0,2], then E is called
p-uniformly convex. The modulus of smoothness pg () : [0,00) — [0,00) is defined by

X+Ty||+|x—7T
pE(T):Sup{II y||2|| yll_lzwesE}‘
E is called uniformly smooth iff lim pET(T) =0, and g-uniformly smooth iff there exist C > 0 so

T—ro0

that pg(7) < C1? for any T > 0. It is know that E is p-uniformly convex if and only if its dual
E* is g-uniformly smooth [8].
The duality mapping J, : E — 2F" is defined by

Jp(x) = {x" € E*+ (" x) = [P, [1x*]| = [P~} 2.1)
for every x€E. If p =2, then (2.1) becomes
* * * *(12
D(x) = {x" € E*: (" x) = []x 2 = [|x*]|*},

for every x € E. J, is also called the normalized duality mapping.
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It is known that the duality mapping J;, possesses the following properties (see, €.g., [5, 8, 22])

(1) J) 1s surjective iff E is reflexive.

(i1) J, is injective iff E is strictly convex.

(ii1) J, is single-valued iff £ is smooth.

(iv) If E is reflexive, smooth, and strictly convex, then J), is one-to-one single-valued and
Jp_1 = J,, where J; is the duality mapping of E*.

The following inequality holds in g-uniformly smooth spaces.

Lemma 2.1. [21] Let x,y € E. If E is a g-uniformly smooth Banach space, then there exists a
Cy > 0 such that [|x = y||? < |1x]|9 — g (J5 (x),y) + Cy| y[|*.

Recall that a function f : E — R is said to be proper ([6]) if the domain of f, domf = {x €
E : f(x) < oo}, is nonempty. The Fenchel conjugate of f is the function f* : E* — R defined by

F*() = sup{(x.x") — f(x) :x € E},
for any x* € E*.
Given a Gateaux differentiable function f : E — R, the Bregman distance with respect to f
is defined as:
Ap(x,y) = f(x) = f(0) = (Vf(¥),x—y), Vx,y € E.
In particular, let f(x) = ]l)\|x| . In this case, the duality mapping J), is the derivative of f. The
Bregman distance

Ap(xay) = @ - % - <Jp<y)7x_y>
_ @ LS

In general, the Bregman distance is not symmetric and does not satisfy the triangle inequal-
ity. However, it is possesses some distance-like properties and it has the following important
properties:

Ap(x,y) + Ap(y.2) = (Jp(@) =Ip(y),x—y), Vx,3,z € E
and
Ap(x,) +Ap(y,x) = (Jp(x (y),x—y), Vx,y € E.
For p-uniformly convex spaces, the metric and Bregman distance has the following relation:

el —y1” < Ap(x,y) < (Jp(x) = Ip(3)ix =),
where 7 > 0 is some fixed number.
The metric projection Pex := argmin,c ||[x—y]||, ¥x € E is the unique minimizer of the norm
distance, which can be characterized by a variational inequality:

(Jp(x—Pex),z—Pex) <0, Vz € C.
Similar to the metric projections, the Bregman projection is defined as
IMex :=argminA,(x,y), Vx € E
yeC
is the unique minimizer of the Bregman distance. It can be characterized by a variational in-
equality:
<Jp(x) —J,(ex),z— ch> <0, VzeC, (2.2)
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from which one has A, (z,ITcx) < A,(z,x) —A,(Ilex, x), Vz € C. We make use of the function
V, : E X E* — [0, +00), which is defined by

1 1
Vp (™) = —[Ixl|” = (ex®) + — [ [[7, vx € B x" € E7
p q

to find
Vp (2, x7) = Ap(x,J5 (x7)), (2.3)

for all x € E,x* € E*. In addition, V), satisfies the following inequality:

Vi (x,x) + (" oy (X ) —x) < Vp(x,x" +y"), Vx € E,x*,y* € E*. (2.4)

Let 7 : C — C be a mapping. A point x € E is called an asymptotic fixed point ([7]) of T if
there exists a sequence {x,} C C such that x, — x and li_r)n ||xn — Txp|| = 0. We denote the set
n—oo

of asymptotic fixed point of T by F(T).
From [7, 16], mapping T : C — C is called
(i) Bregman firmly nonexpansive (BFNE) if

(p(x) =Ip(Ty), Tx=Ty) < (Jp(x) =Jp(y), Tx=Ty), ¥x,y € C;

(ii) Bregman strongly nonexpansive (BSNE) with respect to F(T) if A,(z, Tx) < Ap(z,x) for
all z€ F(T) and x € C, and if whenever {x,} C C is bounded and ,}E{L(Ap (z,x,,) A (z Tx,)) =
0, it follows that lingoAp(Txn,xn) =0;

(iii) Bregman c’;;asi—nonexpansive (BONE) if F(T) # @ and

Ap(z,Tx) <Ap(z,x), Vz€ F(T),x € C.

Furthermore, I1c is an example of Bregman firmly nonexpansive mapping and Bregman
strongly nonexpansive mapping. In the case that F(T) = F(T), it is easy to see that the follow-
ing inclusions hold (see [7]): BEFNE = BSNE = BONE.

The following lemmas are used in the sequel.

Lemma 2.2. [7] Let f : E — R be a Legendre function which is uniformly Fréchet differentiable
and on bounded subsets of E. Let C be a nonempty, closed, and convex subset of E, and let
T : C — E be a Bregman firmly nonexpansive operator. Then F(T) = F(T).

Lemma 2.3. [12] If f is a proper lower semicontinuous and convex function, and f* is a
weak” lower semicontinous and convex function, then, for all z € E, A,(z,J} (Zl tidpxi)) <

YN tihy(z,x;), where {x;} C E and {t;} C (0,1) with YN ;t; = 1.

Lemma 2.4. [1] Let E be a uniformly convex Banach space, and let {x, } {y,} be two sequences
in E such that the first one is bound. If 1im A, (yu,x,) =0, then lim ||y, — x,|| = 0.
n—oo n—oo

Lemma 2.5. [20] Let {a,} be a sequence of nonnegative real numbers satisfying the follow-
ing relation: any1 < (1 —,)ay + 0,0, + Y, n > 0, where (i) {a,} C [0,1], ¥ o, = oo; (ii)
limsup o,, < 0; and (iii) ¥, > 0,Y. %, < oo. Then, a,, — 0 as n — oo.

Lemma 2.6. [9] Let {a,} be a sequence of real numbers such that there exists a subsequence

{an, } of {an} with a,, < a,,+1 for all i € N. Consider the integer {my } defined by m; = max{j <

k:aj<aji1}. Then {my} is a nondecreasing sequence verifying 1i_r>n my, = oo, and for all k € N,
n—oco

the following estimates hold: ay, < Gy, 4+1 and ay < ap, 1.
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3. MAIN RESULTS

In this section, we introduce the iterative algorithm for the SEP in p-uniformly convex and
uniformly smooth Banach spaces.

Letl <g<2< pwith 117 + é = 1. To better give our results and convergence analysis, we
assume that £, E», and E3 are p-uniformly convex real Banach spaces which are also uniformly
smooth, and E}, E5, E3 are dual spaces, respectively. Let C and Q be two nonempty closed
convex subsets of £y and E,. Let A : E; — E3 and B : E; — E3 be two bounded linear operators,
respectively. We use € to denote the solution set of SEP, i.e,

Q=A{(x,y) €E| xE;,Ax=By,xc€C,y € Q}.

Let S =CxQinE =E; xEyandw = (x,y) € S, and define G: E — E3 by G = [A,—B]. The
original SEP is to find w = (x,y) € S with Gw = 0. Assume that the sequences {a,} and {3}
in (0, 1) satisfy the following conditions: (i) li_r}n o, = 0; (i) Y7 0t = oo; and (iii) 0 < a <
n—oo
B, <b<1fora,be(0,1).
Now we present our strong convergence algorithm to solve the SEP as follows:

Algorithm 1

Step 1: Choose € > 0, z; € E, pick a fixed point u € E, and set n = 1.
Step 2: Given the iterates {z,}, and calculate the step size as shown below:

—1 G 4
0 e (6,0 gy er
C,lIG* T3 Gz

where I' := {n € N : Gz, # 0}, otherwise t, =1, t is nonnegative real number.
Step 3: Compute w,, = Jf* I zn— tnG*Jf3 Gzy).
Step 4: If w,, = z,, stop. Otherwise, calculate z,4| via
ot = JE [0 ) (1 ) (B (i) (1~ B E ()], > 1.
Step 5: Set n =n+ 1 and go to Step 2.

Theorem 3.1. Let {z,} and {w,} be generated by Algorithm 3.1. Then {z,} and {w, } converge
strongly to a solution w of the SEP, where w = Ilqu.

Proof. First, we prove that the sequence {w,} is bounded. Let w* € Q. From Lemma 2.1, we
obtain

Ap(W*,wy)
E E
1 (T2 3G B G + [y 2n — taG"Jp° Gza|
p P P q

w*|P JEz, 4 C,th
< p” —<J§zn—tnG*J53Gzn,w*>+%—tn<Jf3Gzn,Gzn>+%HG*J?GZan

|[w*||P 1 C,t!
== —<J5zn,w*>~|—ZI||J5Zn||q—tn<J53Gzn,Gzn—Gw*>+%||G*J§3GZn||q

Cyti!

= Vo (W 5 2n) — tn (J53Gzn, Gzn — GW* ) + .

||G*J§3 Gzu||?
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C,t!
= Ap(W*,2n) — tn (J53 G2y, Gzp — Gw*) + %]]G*J?Gzn\ 7

1
th,‘{

= Ap (W, 20) = (|| Gz [” — 1G" ;2 Gzal|9).

Using the range of values of {t,q, - }, we have

Ap(W*wy) <Ap(W*,zp).

Furthermore, using (3.2) and Lemma 2.3, we have that

Ap(W*72n+l):AP(W*»JE*[O‘nJE( )‘f’(l_o‘n)(ﬁnjg(wn) (1 Bn)
< 0 Ap(W*u) + (1 — o) BrA (W*>Wn)+(1_an)(1
< 0y (W",u) +
< 0 Ap(W*, u) +
< max {Ap(w*,u ,Ap(w*,zn)}

< max {Ap(w*,u),Ap(W*,20) } -

Hence, {A,(w*,z,)} is bounded. It then follows that {z,}, and {w,} are also bounded.

Second, we prove that the following inequalities holds:

i A (W Wn—H) p

and

(i) —1 <limsup (Ju—Jow" zps1 —w*) <oo.
n—oo

By (2.3) and (2.4), we have

<A (W* JE [O‘nJE(”) + (1 - O‘n)(ang(Wn) + (1 - Bn)Jg(HSWn))])

(1 — OCn)A (W*,Wn) + (Xn <JEM _15W*7Zn+1 -

5, (Tsw,))])
- Bn)Ap (w*, swy,)

w*>,

=V, (W', iy (1) + (1~
Vp(w?, OCnJE( )+ (

O‘n)(ﬁnjf(wn) +(1— ﬁn)Jg(HSWn))
1= 0) (Budy; (wn) + (1= By)J, (Tswy)) —
(TS u— Ty W), 5 [0 () + (1= 00) (Badhy (wn) + (1= Ba) Ty (Tgwy))] — W*>

Ocn(JEu —JEW*))

O‘nJE( )+ (1- O‘n)(ﬁnjf(wn) +(1- ﬁn)Jg(HSwn)» + O <J,1;:M —Jp W\ Znp1 —

(-
(v

oA (W w*) + (1 — ) BrA
O (JEu—JEW* zygy —

< (1= 06)Ap (W, W) + 0 (JF 1

This establishes (1).

W)

> (W wy) + (1 —06,) (1 — Bu)Ap (W*, TIswy,)

E_ * *
—JPW ylnt+l1 —W >

(3.1)

(3.2)

(3.3)

(3.4)
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Next, we prove (ii). Since {z,} is bounded, then

sup<JEu J W Zpp1 — W ><sup||JEu JEw*|| [|Znp1 — W] < oo,
n>0

which means that limsup <J yu— JE oW Znt1 — w*> < co. Now we prove that
n—oo

limsup <J5u—]§w*,zn+1 —W*> > -1
n—soo

We suppose limsup <J5u—]§w*,zn+1 —w*> < —1. Then we can choose ng € N such that
n—oo

lim sup <J5u —JEW*,Z,H_] — w*> < —1 for all n > ng. Then, for all n > ny, it follows from (3.2)
n—yoo

and (3.4) that
Ap(W*, zn41) < (1= 04)Ap(W*,20) + Oty <J£u —wa*,an —w*>
< (1= 0)Ap(W*,2) — Oy
=Ap (W 20) = 0 (Bp (W', 20) +1)
< Ap(W*,2n) — O
Taking limsup of the last inequality, we have limsup A, (W*, z,41) <A,(W*,24,) — nlggj Yin, On =

n—oo
—co, which is a nonnegative sequence contradiction with {A,(w*,z,)}. Thus

1imsup<Jgu—J5w*,zn+1 —w") > —1.
n—oo

We now consider the following two cases.
Case 1. Suppose that there exists ng € N such that {Ap(w*,wn)}::no is non-increasing.

Then {Ap(w*,wn)}::no converges and ’}i_{r;(Ap(w*,wnH) —Ap(W*,wy)) = 0. From (3.1), we

can obtain
p C‘ltg * 7E3 q * *
ta(||Gznl| _7||G Jp Gzu||7) < Ap(W*,20) — Ap(W*, w).
From (3.3), we have
0< AP(W*,Zn+1> _Ap(W*7Wn+1)
< o Ap(Wu) + (Ap (W wy) — AW Whp1)) — 0 AL (W, wy) — 0,1 — oo

Thus 1i_r>n (Ap(W*,20) —Ap(W*,wy)) = 0 and then
n—roo

, Cotd
Yim (||Gaa | = = =G Gl ) = (3.5)
By the choice of the step size, it holds that
g-1 q/|Gz||”
1 = —
Cyl|G*Ip* Gz |4
that is,
eC Cyti™!
TqHG*J?GZnH"< 1Gal|? = ==—|G" T Gaul |

<A,(W,z0) —Ap (W, wy) = 0
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as n — co. Hence, lim ||G*J53Gzn|| = 0. From (3.5), we obtain lim ||Gz,|| = 0. Let u, =
n—oo N—>oc0
TE[BaJE (wn) + (1 — Bu)JE (Tswy)]. It follows that

Ap(W un) < BulAp (W, wy) + (1= Bu)Ap (W, TIswy,) < Ap(W*,wy).

Hence, we have
0 <A,(Wwn) —Ap(W*, uy)
< By (8" ) = Bp (" W 1)+ B W, 1) — By (0, 1)
<A, (W5 W) — AW wip1) + 06 (Ap(W*u) — Ap (W, uy))) — 0,0 — oo,
Observe that
By (W) < Bulby (0 3) + (1= B) Ay (w" T )
=A,(W* W) — (1= Bu)Ap (W, wy) + (1 — Bu)Ap(w* IIswy,)
= Ap(W" wn) + (1= B) (Ap(w*, Tlgwi) — Ap (W, w)).
Thus
(1= Bn)(Ap(W*,wy) — Ap(W* TIgwy)) < Ap(W* wy) —Ap(W*,up) — 0,1 — oo,
Since Il is Bregman strongly nonexpansive, we have that r}l_r}go A, (IIswy, wy) = 0, which im-
plies by Lemma 2.4 that r}l_rgo ||TIsw, — wy|| = 0. Since the sequence {w;,} is bounded, there
exists a sequence {wy, } of {w,} such that w,;, = w € E. From r}grgo |[TIswn —wy|| = 0, it fol-
lows that w € F(Ilg) = F(TIs). Thus w € S. We obtain from the definition of w,, that
0 < |[JEwy —JEz,||
= 1| |G* |||/ Gz
= 1||G"[|[[Gzn] = 0, — o,

Since JqE* is norm-to-norm uniformly continuous, we have li_r>n ||Wn — zu|| = 0. There exists a
n—oo
sequence {z,;} of {z,}. It follows that lim [|Gz,,|| = 0. By the continuity of G, Gw,; — Gw,
e
as j — oo, and ||Gwy, || — [|Gzy; || < ||G(Wn — za)|| < [|GI[|[Wn; — zn,|| — 0 as j — oo. Hence,
||Gwn;|| — 0 and
0 < [|Gwl||P = (J5>Gw,Gw)
= lim <J53Gw, Gwnj>

n—oo
: E
< lim ||J,2Gw||[[Gwn,|| = 0.

Thus Gw = 0. We now prove that {w,} converges strongly to a point w = IIgu. To do this, it

suffices to show that limsup <J5u —va?z,znﬂ — v?/> < 0. Choose {wn/.} of {w, }. Without loss
n—o0 !
of generality, we suppose wy,,, — w, j — e with

limsup (J5u—J5 W, Wy — W) = limsup (J5u— Jo b, wy 1 —W).
n—oo ]—)oo



10 M. WANG, T. XU, L. SHI

Let w = Ilqu. From (2.2), we have that

limsup <J[],5u — JII;:W, Wnt] — W> = limsup <J§u — JI];:W, W1 — v?z>

n—yoo J—roo
= (JEu—J5w,w—) <0.
Since ||w, — zx|| = 0,n — oo, we have
limsup (J5u— JEW, 2y — W) = limsup (J5u — JE b, Wy — ) < 0.

n—oo n—oo

Putting w* =W in (3.4). Using Lemma 2.5, we obtain lim A,(w,w,) = 0. This implies that
n—soo

||wn — W|| = 0,n — oo. Thus {w, } converges strongly to a point w = ITgu.

Case 2. Suppose that {A,(w*,wy,) }:;no is not monotonically decreasing.

From Lemma 2.6, there exists a nondecreasing sequence {m;} C N such that, as k — oo,
Ap(W* Wiy ) < Ap(W* Wiy, ) and Ay (W, wi) < Ap(W*, Wy, ). Following the proof in Case 1,
we obtain that lim ||Gwy,, || =0, lim ||w,, —IIswy, || =0, and

k—>°° k—)oo
lim sup <qu — ng, Tl — vT/> <0.
k—oo
Also, we have

Ap(W, Wiy 1) < (1= O )Ap (W, Wiy, ) + i, <J5u —ng,zmkﬂ —W),

which implies
O A (W, Wing ) < Ap (W, W) — A (W, Wi 1) + O (TS 10— TEW, 2yt — W) .
That is,
Ap(W,wp,) < <J5u —wa, Tm+1 — W> .
Thus ]}im Ap(W, Wy, ) = 0. Since A, (W, wi) < Ap(W, Wi, ,) all k € N, we conclude that wy — W
—>00

as k — oo. This completes the proof. U

Remark 3.2. Theorem 3.1 holds in p-uniformly convex and uniformly smooth Banach spaces.
The algorithm in Theorem 3.1 only needs to perform one projection on the feasible set per
iteration. We use a self-adaptive method to select the step size, which is relatively simple
because it avoids calculating the norm of operator G.

It is also important to note that our algorithm is new even in Hilbert spaces. Indeed, in Hilbert
spaces, the following corollary can be drawn.

Corollary 3.3. Let H|, H,, and H3 be real Hilbert spaces. Let C and Q be two nonempty,
closed, and convex subsets of Hy and H,. Let A : Hi — Hz and B : Hy — H3 be two bounded
linear operators. Assume that the solution set  of the SEP is nonempty. Let S =C X Q in
Hy x Hy, w= (x,y) €S, and G: H — H3 by G = [A,—B]. For sequences {¢,} and {f,} in
(0,1), and a fixed point u € H, suppose that the sequences {z,} and {w,} are generated by the
following iteration procedure: for Vz; € H,

{ Wiy =2n _tnG*Gva
Znt1 = Ou+ (1 — ) (Bawn + (1 = Bu) Pswy),  Vn>1,

where Ps represents metric projection onto S. Assume the following conditions holds
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(i) lim o, = O
(i1) Y Otn = 5
(iii) 0 <a< B, <b<1fora,be(0,1),
(iv)0<t, < ﬁ
Then, {z,} and {w,} converge strongly to a solution W of the SEP, where W = Pqu.

4. NUMERICAL EXPERIMENT

In this section, we provide a numerical example to prove the convergence of our proposed
algorithm. We consider the example of Theorem 3.1 in (R3, ||.||2).
Take S := {w = (w1, wz,w3) € R?: (a,w) > b}, where a = (4,—1,3) and b = —5. Then

b—{(a,w
Ps(w):<—2>a+w.
|lal |3
1 1
Let o, = Py B’l =2 and
3 -2 -8
G=|-5 2 =2
-4 -2 6

Then Algorithm 1 becomes
{ Wn=2n— lnG*GZna
a1 = 3ty + (U= ) [(1= 2)wa+ 3 Pswal, n> 1.

lznnizzll < 10-2 our proposed algorithm is

Choosing different z1, u, t,, and stopping criterion ozl =

always convergent.
Take u = (1,1,—1) and z; = (4,—1,3), Case 1 £, = 0.01 and Case 2 #, = 0.008.

——Iw_ ow
——lz, 2,0l |1

I L2 2

FIGURE 1. Case 1 FIGURE 2. Case 2

Take u = (2,0,1) and z; = (5,—1,2), Case 3 7, = 0.01 and Case 4 #, = 0.008.
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—s— (Wl

——lz_ ..z
55 2,02, -

—o—1w, . w
—4—liz,,,z,l

I g =Well1Z =2l
v gtz g2l

0.5 03¢

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

FIGURE 3. Case 3 FIGURE 4. Case 4
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