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AN OPTIMIZATION PROBLEM RELATED TO A QUASILINEAR EQUATION
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Abstract. In this paper, we consider a rearrangement minimization problem related to a quasilinear
equation with two independent data functions. First, we demonstrate that the equation has a unique
ground state solution for each pair of the given data functions. Next, we prove that the corresponding
rearrangement minimization problem is solvable. Finally, we prove the uniqueness and symmetry of the
solution of the minimization problem if the domain is a ball centered at the origin.
Keywords. Ground state solution; Quasilinear equation; Rearrangement minimization problem.

1. INTRODUCTION

For a given measurable function f (x) : Ω→ R, where Ω⊂ RN(N ≥ 3) is a bounded smooth
domain, we say that g(x) : Ω→ R is a rearrangement of f if and only if

meas({x ∈Ω : g(x)≥ a}) = meas({x ∈Ω : f (x)≥ a}), ∀a ∈ R,

and the set of all the rearrangements of f is often denoted by R( f ). A rearrangement optimiza-
tion problem is often referred to as an optimization problem which takes all the rearrangements
of a given function as the admissible set. These problems have been investigated by many au-
thors since Burton’s fundamental work [5, 6]; see, e.g., [1, 2, 4, 7, 8, 9, 10, 11, 12, 13, 14, 15,
17, 18, 19, 20, 21, 22, 25] and the references therein.

Cuccu and Porru [9] and Marras [17] considered two different rearrangement optimization
problems respectively related to the same following boundary value problem

(P f )

{
−∆pu = f (x) in Ω,

u = 0 on ∂Ω.
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The solvability of the both rearrangement optimization problems were obtained respectively.
Inspired by these results, in [22], Qiu et al. considered two rearrangement optimization prob-
lems related to the following quasilinear elliptic boundary value problem:

(P)

{
−∆pu+h(x,u) = f (x) in Ω,

u = 0 on ∂Ω

where 1 < p < ∞, and h(x, t) : Ω×R→ R is a Carathéodory function. The authors proved that
the minimum and maximum optimization problems related to (P) are solvable in both cases
of 1 < p ≤ N and p > N, which extended the corresponding results in [5, 6] with p = 2 and
[9, 17] with 1 < p < ∞. In [22], an essential assumption is that h(x, t) is non-decreasing with
respect to the second variable. However, in the present paper, we will consider a rearrangement
optimization problem related to the following quasilinear equation:

(Ph, f )

{
−∆pu−λh(x)|u|p−2u = f (x) in Ω,

u = 0 on ∂Ω,

where λ > 0 and h(x)> 0. Obviously, the term−λh(x)|u|p−2u in the problem (Ph, f ) would be
decreasing with respect to u and then it violates the essential assumption given in [22]. By using
a convex inequality, we can prove that the problem (Ph, f ) has a unique ground state solution
for the given two functions f and h when λ is small enough (cf. Proposition 3.1 of Section 3).
Let Ih, f : W 1,p

0 (Ω)→ R be the energy functional corresponding to the problem (Ph, f ), which
is given by

Ih, f (u) =
1
p

∫
Ω

|∇u|pdx− λ

p

∫
Ω

h|u|pdx−
∫

Ω

f udx, (1.1)

and let 0 < h0 ∈ L∞(Ω) and f0 ∈ Lr(Ω) for some positive r be two given functions. Then we
study the following minimum optimization problem:

(OPT ) inf
h∈R(h0), f∈R( f0)

Ih, f (uh, f ),

where R(h0) and R( f0) denote the sets of all rearrangement of h0 and f0, respectively, and uh, f
is the unique ground state solution to (Ph, f ).

We show that there exists λ∗ > 0 such that, for all λ ∈ (0,λ∗), problem (OPT ) is solvable.
We note that the minimum optimization problem considered here is constrained by two re-

arrangement sets generated by two fixed independent data functions. However, the optimization
problem considered in all the papers mentioned above was constrained by a rearrangement set
which was generated by just one fixed function. Therefore our case needs special handling. To
the best of our knowledge, the results obtained in this paper are new.

This paper is organized as follows. In Section 2, we give some preliminaries. In Section 3,
we show that the problem (Ph, f ) has a unique ground state solution. Section 4 is devoted to
discuss the minimization problem (OPT ) in detail.

2. PRELIMINARIES

We denote by Lr(Ω) (1≤ r≤∞) and W 1,p
0 (Ω) (1< p<∞) the usual Sobolev spaces endowed

with the norms ‖u‖Lr = (
∫

Ω
|u|rdx)1/r if 1≤ r <∞, ‖u‖∞ = ess supx∈Ω|u(x)| if r =∞, and ‖u‖=
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(
∫

Ω
|∇u|pdx)1/p, respectively. Throughout the paper, C denotes a positive (possibly different)

constant.
By a solution u of problem (Ph, f ), we mean that u ∈W 1,p

0 (Ω) satisfies∫
Ω

(
|∇u|p−2

∇u∇v−λh|u|p−2uv− f v
)

dx = 0, ∀v ∈W 1,p
0 (Ω).

Let Ih, f be given in (1.1). It is easy to check that Ih, f ∈C1(W 1,p
0 (Ω),R) and

I′h, f (u)v =
∫

Ω

(
|∇u|p−2

∇u∇v−λh|u|p−2uv− f v
)

dx, ∀v ∈W 1,p
0 (Ω).

Therefore, u ∈W 1,p
0 (Ω) is a weak solution if and only if I′h, f (u)v = 0, ∀v ∈W 1,p

0 (Ω).
Let f : Ω 7→ [0,∞) be a measurable function. The Schwarz symmetric decreasing rearrange-

ment of f is the function f ∗ : B(0,r) 7→ [0,∞) defined by ([16, Definition 16.5])

f ∗(x) = inf
{

t ∈ [0,∞) : µ f (t)≤ ωN |x|N
}
,∀x ∈ B(0,r)

where ωN denotes the volume of the unit ball in N-dimensions, r := (meas(Ω)/ωN)
1/N , and

µ f : R 7→ [0,∞) is the distribution function of f defined by

µ f (t) = meas({x ∈Ω : f (x)> t}).
It is well known that f ∗ = g∗ for each g ∈R( f ). The following lemmas are used through the

proofs of our main results.

Lemma 2.1. [6, Lemma 2.1] Let 1≤ r < ∞ and f ∈ Lr(Ω). Then, for any g ∈R( f ), g ∈ Lr(Ω)
and ‖g‖Lr = ‖ f‖Lr .

Lemma 2.2. [5, Theorem 5] For any 1 ≤ r < ∞, define r′ = r
r−1 if r > 1 and r′ = ∞ if r = 1.

Let f ∈ Lr(Ω) and g ∈ Lr′(Ω). If the linear functional L(l) =
∫

Ω
lgdx has a unique maximizer

(minimizer) f̂ relative to R( f ), then there exists an increasing (decreasing) function ϕ : R 7→R
such that ϕ ◦g = f̂ .

Lemma 2.3. [14, Lemma 2.3] Let f ∈ Lr(Ω) and g∈ Lr′(Ω). Then there exists f̂ ∈R( f ) which
maximizes (minimizes) the linear functional

∫
Ω

hgdx, relative to h ∈R( f )w, where R( f )w de-
notes the weak closure of R( f ) in Lr(Ω).

Lemma 2.4. [16, Theorem 16.9] If B is a ball centered at the origin, then
∫

B f gdx≤
∫

B f ∗g∗dx,
for any non-negative measurable functions f and g.

The following result can be deduced from Lemmas 2.3 and 3.2 and Theorem 1.1 of [3].

Lemma 2.5. Suppose that B is a ball centered at the origin. If u ∈W 1,p
0 (B) with 1 < p < ∞ and

u≥ 0, then u∗ ∈W 1,p
0 (Ω) and ∫

B
|∇u|pdx≥

∫
B
|∇u∗|pdx. (2.1)

If the equality holds in (2.1), then u−1(α,∞) is a translation of u∗−1(α,∞) for every α ∈
[0,ess supx∈B u(x)). Moreover, if the set{

x ∈ B : ∇u(x) = 0,0 < u(x)< ess sup
y∈B

u(y)
}

has zero measure, then u = u∗.
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It is well known that the first eigenvalue λ1(h) of the following eigenvalue problem

(Lh)

{
−∆pu = λh(x)|u|p−2u in Ω,

u = 0 on ∂Ω

can be characterized by

λ1(h) = inf
v∈W 1,p

0 (Ω),v6=0

∫
Ω
|∇v|pdx∫

Ω
h|v|pdx

. (2.2)

By [10, Theorem 3.1], if 0 < h0(x) ∈ L∞(Ω), then there exists h̄ ∈R(h0) such that

0 < λ∗ := λ1(h̄) = inf
h∈R(h0)

λ1(h) = inf
h∈R(h0)

inf
v∈W 1,p

0 (Ω),v6=0

∫
Ω
|∇v|pdx∫

Ω
h|v|pdx

. (2.3)

3. UNIQUENESS FOR THE GROUND STATE SOLUTION OF PROBLEM (Ph, f )

In this section, we investigate the existence and uniqueness for the ground state solution of
problem (Ph, f ).

Proposition 3.1. Fix 0 < h(x) ∈ L∞(Ω), and f ∈ Lr(Ω) with r > r∗ and 0 < λ < λ1(h), where
r∗ = 1 if p ≥ N; r∗ = pN/(pN−N + p) if 1 < p < N, and λ1(h) is the first eigenvalue of the
problem (Lh). Then problem (Ph, f ) has a unique ground state solution uh, f ∈W 1,p

0 (Ω), i.e.,

I′h, f (uh, f )v = 0,∀v ∈W 1,p
0 (Ω)

and
Ih, f (uh, f ) = inf

v∈W 1,p
0 (Ω)

Ih, f (v).

Moreover, if, in addition, f (x)> 0, a.e. x ∈Ω, then uh, f > 0.

Proof. First, we show that the problem (Ph, f ) has a ground state solution.
By the Hölder inequality and the Sobolev embedding inequality, we have∣∣∣∣∫

Ω

f udx
∣∣∣∣≤ ‖ f‖Lr‖u‖Lr′ ≤C‖u‖ (3.1)

for all u ∈W 1,p
0 (Ω) since now 1 < r′ := r/(r−1)< p∗, where p∗ := pN/(N− p), if 1 < p < N;

p∗ := ∞, if p≥ N, is the critical Sobolev exponent.
Then we can deduce from (1.1), (2.2), and (3.1) that

Ih, f (u)≥
1
p
(1− λ

λ1(h)
)‖u‖p−C‖u‖→ ∞

as ‖u‖→∞, which demonstrates that the functional Ih, f is coercive. On the other hand, it is easy
to see that the functional Ih, f is weakly lower semi-continuous so that the functional Ih, f has a
global minimizer uh, f ∈W 1,p

0 (Ω), i.e., Ih, f (uh, f ) = infv∈W 1,p
0 (Ω)

Ih, f (v). Moveover, by a standard

argument (cf. [24, Lemma 2.16]), we can easily prove that Ih, f ∈ C1(W 1,p
0 (Ω),R). Thus uh, f

will be a critical point of Ih, f , and then a ground state solution of problem (Ph, f ).
Next, we prove that uh, f is actually the unique ground state solution of problem (Ph, f ).
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Denote by m := infv∈W 1,p
0 (Ω)

Ih, f (v), then Ih, f (uh, f ) = m. Since 0 < λ < λ1(h), we have∫
Ω

|∇u|pdx≥
∫

Ω

|∇u|pdx−λ

∫
Ω

h|u|pdx≥ λ1(h)−λ

λ1(h)

∫
Ω

|∇u|pdx.

It follows that ‖u‖λ := (
∫

Ω
|∇u|pdx−λ

∫
Ω

h|u|pdx)1/p will be an equivalent norm in W 1,p
0 (Ω).

By the triangle inequality for the norm, we have that, for any t ∈ (0,1),u,v ∈W 1,p
0 (Ω),

‖tu+(1− t)v‖λ ≤ t‖u‖λ +(1− t)‖v‖λ .

Thus

Ih, f (tu+(1− t)v) =
1
p
‖tu+(1− t)v‖p

λ
−
∫

Ω

f (tu+(1− t)v)dx

≤ 1
p
(t‖u‖λ +(1− t)‖v‖λ )

p− t
∫

Ω

f udx− (1− t)
∫

Ω

f vdx

<
t
p
‖u‖p

λ
+

1− t
p
‖v‖p

λ
− t
∫

Ω

f udx− (1− t)
∫

Ω

f vdx

= tIh, f (u)+(1− t)Ih, f (v),

where the above strict inequality comes from the strict convexity of the power function sp.
Assume that vh, f ∈W 1,p

0 (Ω) is another ground state solution to problem (Ph, f ), i.e., Ih, f (vh, f )=

m, and uh, f 6= vh, f . Then, for any t ∈ (0,1), we have tuh, f +(1− t)vh, f ∈W 1,p
0 (Ω) and

Ih, f (tuh, f +(1− t)vh, f )< tIh, f (uh, f )+(1− t)Ih, f (vh, f ) = m,

a contradiction. Thus we have proved that uh, f is the unique ground state solution to problem
(Ph, f ).

Finally, if f (x)> 0, then we can easily check that Ih, f (|uh, f |)≤ Ih, f (uh, f ), which shows that
|uh, f | is also a global minimizer of Ih, f and thus a ground state solution to problem (Ph, f ).
Then, uh, f = |uh, f | ≥ 0, by the uniqueness of the ground state solution. Since

−∆puh, f (x) = f (x)+λh(x)|uh, f (x)|p−2uh, f (x)> 0, a.e. x ∈Ω,

we have uh, f (x)> 0, a.e. x ∈Ω (cf. [23, Theorem 5]). This completes the proof. �

Remark 3.2. In the case of λ ≥ λ1(h), we suppose that ϕ is the eigenfunction corresponding
to λ1(h) of (Lh). Then, for any t ∈ R,

Ih, f (tϕ) =
∫

Ω

(|∇(tϕ)|p−λh|tϕ|p− t f ϕ)dx≤−t
∫

Ω

( f ϕ)dx.

It is easy to see that Ih, f (tϕ) would tend to minus infinity if
∫

Ω
( f ϕ)dx 6= 0. Thus Ih, f has no

global minimizer, and the equation (Ph, f ) has no ground state solution.

4. SOLVABILITY OF THE PROBLEM (OPT )

Theorem 4.1. Suppose that 0 < h0(x)∈ L∞(Ω), f0 ∈ Lr(Ω) with r > r∗, and 0 < λ < λ∗, where
λ∗ is given by (2.3). Then there exists ĥ ∈R(h0), f̂ ∈R( f0) which solves the problem (OPT ),
i.e.,

I(û) = inf
h∈R(h0), f∈R( f0)

Ih, f (uh, f ),

where û := uĥ, f̂ is the unique solution of (Pĥ, f̂ ) and I(û) := Iĥ, f̂ (û) for short.
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Proof. By (2.3), we have λ∗ ≤ λ1(h), ∀h ∈R(h0). It follows from Proposition 3.1 that problem
(Ph, f ) has a unique ground state solution uh, f ∈W 1,p

0 (Ω) for each pair of given functions h and
f . Let

A = inf
h∈R(h0), f∈R( f0)

Ih, f (uh, f ).

One easily check that A is well-defined, i.e., A > −∞. In fact, for each h ∈R(h0), f ∈R( f0),
from (2.2), we have

λ∗

∫
Ω

h|uh, f |pdx≤ λ1(h)
∫

Ω

h|uh, f |pdx≤
∫

Ω

|∇uh, f |pdx,

and then

Ih, f (uh, f ) =
1
p

∫
Ω

|∇uh, f |pdx− λ

p

∫
Ω

h|uh, f |pdx−
∫

Ω

f uh, f dx

≥ 1
p
(1− λ

λ∗
)‖uh, f ‖p−C‖ f‖Lr‖uh, f ‖.

(4.1)

By Lemma 2.1, ‖ f‖Lr ≡ ‖ f0‖Lr , we can then deduce from (4.1) that A must be finite.
Now, choose a minimizing sequence {(hi, fi)}, i.e.,

hi ∈R(h0), fi ∈R( f0),∀i ∈ N

and
A = lim

i→∞
I(ui),

where ui := uhi, fi and I(ui) := Ihi, fi(ui) for short. It follows from (4.1) that {ui}must be bounded
in W 1,p

0 (Ω). Then it has a subsequence (still denoted {ui}) which weakly converges to u ∈
W 1,p

0 (Ω) and strongly converges to u in Lr′(Ω) with 1 < r′ = r/(r− 1) < p∗. Since ‖ fi‖Lr ≡
‖ f0‖Lr , { fi} contains a subsequence (still denoted { fi}) converging weakly to some f̄ ∈R( f0)w,
the weak closure of R( f0) in Lr(Ω). Then∣∣∣∣∫

Ω

( fi− f̄ )udx
∣∣∣∣→ 0 as i→ ∞,

since u ∈ Lr′(Ω). Combining with the Hölder inequality, we have that∣∣∣∣∫
Ω

( fiui− f̄ u)dx
∣∣∣∣≤ ∣∣∣∣∫

Ω

fi(ui−u)dx
∣∣∣∣+ ∣∣∣∣∫

Ω

( fi− f̄ )udx
∣∣∣∣

≤ ‖ fi‖Lr‖ui−u‖Lr′ +

∣∣∣∣∫
Ω

( fi− f̄ )udx
∣∣∣∣→ 0,

(4.2)

as i→ ∞. Since ‖hi‖∞ ≡ ‖h0‖∞, {hi} is bounded in L∞(Ω), it must contain a subsequence (still
denoted {hi}) converging weakly to some h̄ ∈R(h0)w, the weak closure of R(h0) in L∞(Ω).
Similarly as (4.2) we have

lim
i→∞

∫
Ω

(hi|ui|p− h̄|u|p)dx = 0. (4.3)

By (4.2), (4.3), and the weak lower semi-continuity of the norm in W 1,p
0 (Ω), we obtain that

A = lim
i→∞

I(ui)≥
1
p

∫
Ω

|∇u|pdx− λ

p

∫
Ω

h̄|u|pdx−
∫

Ω

f̄ udx. (4.4)
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By Lemma 2.3, there exists f̂ ∈R( f0) which maximizes the linear functional
∫

Ω
ludx, relative

to l ∈R( f0)w. As a consequence, ∫
Ω

f̄ udx≤
∫

Ω

f̂ udx.

Similarly, there exists ĥ ∈R(h0) which maximizes the linear functional
∫

Ω
l|u|pdx, relative to

l ∈R(h0)w. It follows that ∫
Ω

h̄|u|pdx≤
∫

Ω

ĥ|u|pdx.

Then we can see from (4.4) that

A≥ 1
p

∫
Ω

|∇u|pdx− λ

p

∫
Ω

ĥ|u|pdx−
∫

Ω

f̂ udx. (4.5)

By Proposition 3.1, we have

I(û) = inf
v∈W 1,p

0 (Ω)

∫
Ω

(
1
p
|∇v|p− λ

p
ĥ|v|pdx− f̂ v

)
dx

≤ 1
p

∫
Ω

|∇u|pdx− λ

p

∫
Ω

ĥ|u|pdx−
∫

Ω

f̂ udx.

(4.6)

It follows from (4.5) and (4.6) that I(û)≤ A.
On the other hand, recalling that A = infh∈R(h0), f∈R( f0) Ih, f (uh, f ), we must have A ≤ I(û).

Thus A = I(û). �

We now obtain a representation result of the optimal solution (ĥ, f̂ ) for problem (OPT ).

Theorem 4.2. Under the assumptions of Theorem 4.1, suppose that meas({x ∈ Ω : f0(x) =
0}) = 0. Then there exist increasing functions φ and ϕ such that

ĥ = φ(|û|p) a.e. in Ω,

f̂ = ϕ(û) a.e. in Ω,
(4.7)

where û = uĥ, f̂ is the unique ground state solution to (Pĥ, f̂ ).

Proof. It is easy to see that Iĥ, f̂ (û)≤ Ih, f̂ (uh, f̂ )≤ Ih, f̂ (û),∀h ∈R(h0). Thus

1
p

∫
Ω

|∇û|pdx− λ

p

∫
Ω

ĥ|û|pdx−
∫

Ω

f̂ ûdx≤ 1
p

∫
Ω

|∇û|pdx− λ

p

∫
Ω

h|û|pdx−
∫

Ω

f̂ ûdx,

which implies that ∫
Ω

h|û|pdx≤
∫

Ω

ĥ|û|pdx, ∀h ∈R(h0).

So that ĥ is a maximizer of the linear functional L(h) :=
∫

Ω
h|û|pdx, relative to h ∈ R(h0).

In fact, ĥ is the unique maximizer of L(h). To prove this, suppose that h̄ ∈ R(h0) is also a
maximizer of L(h), and we show in the following that h̄ = ĥ. Clearly,∫

Ω

ĥ|û|pdx =
∫

Ω

h̄|û|pdx.
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Thus

I(û) =
1
p

∫
Ω

|∇û|pdx− λ

p

∫
Ω

ĥ|û|pdx−
∫

Ω

f̂ ûdx

=
1
p

∫
Ω

|∇û|pdx− λ

p

∫
Ω

h̄|û|pdx−
∫

Ω

f̂ ûdx

= Ih̄, f̂ (û)

≥ Ih̄, f̂ (uh̄, f̂ )

≥ I(û).

We can see that all the above inequalities turn to be equalities. Thus it holds that

Ih̄, f̂ (û) = Ih̄, f̂ (uh̄, f̂ ).

It must has û = uh̄, f̂ , by the uniqueness of the global minimizer of the functional Ih̄, f̂ . Thus û is
the solution of problems (Ph̄, f̂ ) and (Pĥ, f̂ ), i.e.,∫

Ω

|∇û|p−2
∇û∇vdx−λ

∫
Ω

h̄|û|p−2ûvdx =
∫

Ω

f̂ vdx, ∀v ∈W 1,p
0 (Ω).∫

Ω

|∇û|p−2
∇û∇vdx−λ

∫
Ω

ĥ|û|p−2ûvdx =
∫

Ω

f̂ vdx, ∀v ∈W 1,p
0 (Ω).

Hence, ∫
Ω

(h̄− ĥ)|û|p−2ûvdx = 0, ∀v ∈W 1,p
0 (Ω),

which implies that
(h̄(x)− ĥ(x))|û|p = 0, a.e. x ∈Ω. (4.8)

By the assumption, meas({x ∈ Ω : f0(x) = 0}) = 0 , we have meas({x ∈ Ω : f̂ (x) = 0}) = 0
thanks to f̂ ∈ R( f0). Thus meas({x ∈ Ω : û(x) = 0}) = 0. Combining with (4.8), we have
h̄(x) = ĥ(x), a.e. x ∈ Ω. Thus ĥ is the unique maximizer of L(h). Note that L(h) =

∫
Ω

h|û|pdx.
By using Lemma 2.2, we have that there exists an increasing function φ such that

φ(|û|p) = ĥ, a.e. in Ω.

Similarly, we can show that f̂ is the unique maximizer of the linear functional l( f ) :=∫
Ω

f ûdx, relative to f ∈ R( f0). Also from Lemma 2.2, there exists an increasing function
ϕ such that

ϕ(û) = f̂ , a.e. in Ω.

This completes the proof. �

Theorem 4.3. Assume that the assumptions of Theorem 4.1 hold, Ω is a ball centered at the
origin, and f0(x)> 0, a.e. x∈Ω. Then problem (OPT ) has a unique solution (ĥ, f̂ ) and ĥ = h∗0,
f̂ = f ∗0 , where h∗0 ( f ∗0 ) is the Schwarz symmetric decreasing rearrangement of h0 ( f0).

Proof. Denote by û∗ the Schwarz symmetric decreasing rearrangement of û, where û = uĥ, f̂ is
the ground state solution of (Pĥ, f̂ ). First, we claim that∫

Ω

|∇û∗|pdx =
∫

Ω

|∇û|pdx. (4.9)
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Indeed, since I(û)≤ Ih∗0, f
∗
0
(uh∗0, f

∗
0
)≤ Ih∗0, f

∗
0
(û∗), i.e.,

1
p

∫
Ω

|∇û|pdx−
∫

Ω

(
λ

p
ĥûp + f̂ û)dx≤ 1

p

∫
Ω

|∇uh∗0, f
∗
0
|pdx−

∫
Ω

(
λ

p
h∗0up

h∗0, f
∗
0
+ f ∗0 uh∗0, f

∗
0
)dx

≤ 1
p

∫
Ω

|∇û∗|pdx−
∫

Ω

(
λ

p
h∗0(û

∗)p + f ∗0 û∗)dx,

it follows from Lemma 2.4 that
1
p

∫
Ω

(|∇û∗|p−|∇û|p)dx≥
∫

Ω

(
λ

p
h∗0(û

∗)p− λ

p
ĥûp + f ∗0 û∗− f̂ û)dx≥ 0,

which, together with (2.1), implies that (4.9) holds. Then we claim that

meas

({
x ∈Ω : ∇û = 0, 0 < û(x)< ess sup

y∈Ω

û(y)

})
= 0. (4.10)

In fact, for each x0 ∈ Ω satisfying 0 < û(x0) < ess supx∈Ω û(x), we set S = {x ∈ Ω : û(x) ≥
û(x0)}, which is then a closed ball by Lemma 2.5. If we define u(x) = û(x)− û(x0), then
−∆pu(x) =−∆pû(x)> 0, a.e. x ∈Ω. By the strong maximum principle (cf. [23, Theorem 5]),

we deduce that u(x)> 0 is in the interior
◦
S of S. Hence, û(x)> û(x0) for all x ∈

◦
S, and x0 must

be a boundary point of S. By the Hopf boundary lemma, we derive ∂u
∂ν

(x0) =
∂ û
∂ν

(x0) 6= 0, where
ν stands for the outward unit normal to ∂S at x0. This means that{

x ∈Ω : ∇û = 0, 0 < û(x)< ess sup
y∈Ω

û(y)

}
= /0,

which indicates that (4.10) is true. Now, by using Lemma 2.5 and noting (4.9) and (4.10), we
see that û = û∗. By (4.7), we have that ĥ = φ ◦ (û∗)p and f̂ = ϕ ◦ û∗ are spherically symmetric
decreasing functions. It follows that ĥ coincides its Schwarz rearrangement, i.e., ĥ = ĥ∗ = h∗0,
so is f̂ . We complete the proof. �
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