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THE AVERAGING PRINCIPLE FOR HILFER FRACTIONAL STOCHASTIC
DIFFERENTIAL EQUATIONS DRIVEN BY TIME-CHANGED LEVY NOISE
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Abstract. We consider an averaging principle for Hilfer fractional stochastic differential equations driven by time-
changed Lévy noise with variable delays. Under certain assumptions, we prove that the solutions of fractional
stochastic differential delay equations with time-changed Lévy noise can be approximated by solutions of the
associated averaged stochastic differential equations in mean square convergence and probability, respectively.
Finally, an example is given to illustrate the theoretical result.
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1. INTRODUCTION

In the contemporary world, many systems, which are interrupted by various random envi-
ronmental effects, are described by fractional stochastic differential equations (FSDEs) with
Brownian motion, the fractional Brownian motion, the Lévy processes, and so on. In [1, 2],
Zhu studied the asymptotic stability in the pth moment for stochastic differential equations with
Lévy noise and the stability analysis of stochastic delay differential equations with Lévy noise.
In [3], Zhu studied the well-known Razumikhin-type theorem for a class of stochastic functional
differential equations with Lévy noise and Markov switching. However, we are even more in
need of the fractional stochastic differential equations with delays driven by time-changed Lévy
processes. On one hand, Non-Gaussian type Lévy processes allow their trajectories to change
continuously most of the time. On the other hand, it allows jump discontinuities occurring at
random times. Stochastic averaging provides a vigorous tool in order to strike a balance be-
tween realistically complex models and comparably simpler modelsthis, which was initiated by
Khasminskii in the groundbreaking work (see [4]). In recent years, the stochastic averaging
principle has been evolved for a great diversity of stochastic differential equations; see, e.g.,
[5,6,7,8,9, 10] and the references therein.

*Corresponding author.
E-mail address: hbgu_math@163.com.

Received July 7, 2022; Accepted August 24, 2022.
(©2022 Journal of Nonlinear Functional Analysis



2 W. SHENG, H. GU, H. SUN
In [11], Xu et al. studied an averaging principle for fractional stochastic differential equations
with Lévy noise:
DX (1) = b(t.X (1)) + 0 (6.X (1)) G,
X(0) = Xo,

where DP is Caputo fractional derivative, 8 € (%, 1) initial value E|Xy|? < oo, function b : [0, T] x
R" — R", 6 :[0,T] x R" — R" " are measurable, and L(t) is a r-dimensional Lévy motion.

In [12], Ahmed and Zhu investigated the averaging principle of Hilfer fractional stochastic
delay differential equations with Poisson jumps:

Déz;hx(t) = R(t,x(t),x(t — 7)) + o (¢, ,x(t), x(t — T))digt)

+/Vh(t,x(t),x(t—r),v)N(dt,dv), treJ=(0,T],
x(t) =

o(1), —1<1<0,

| x0) = 9(0),

where Déz;h is the Hilfer fractional derivative with 0 < X < 1,% <h<1lR:IXR"XR" —
R"o:JxR"xR" > R"™ and h:J xR"xR" xV — R".

Define N(dt,dz) := N(t,dv) —tA(dv). The Poisson martingale measure generated by p;,
B(t) is m-dimensional Brownian motion defined on the complete probability space, and ¢ :
[—7,0] — R" is a continuous function, satisfying E|¢(¢)|> < e. Let T > 0 and C([—7,0];R)
be the family of continuous R-valued functions. Suppose that the probability space (Q,.7,P)
is equipped with a filtration {.%; },> satisfying the usual hypotheses of completeness and right
continuity. Fix m,n € N, and let B(t) = (B (t),Ba(t), -+ ,Bu(t))T be an m-dimensional {F; },>0-
Brownian motion. Let B = (B;);>0 be a standard Brownian motion, and let E = (E;),;>o be
a stochastic process defined by the inverse of a subordinator D = (D;),>0 with infinite Lévy
measure, independent of B. The time change E; is continuous and nondecreasing. E; is not
Markovian. The composition Bo E = (Bg,);>0 is called a time-changed Brownian motion.

According to [13], we define the Lévy measure on R"\{0} by v(dy) := ‘ynyH, and let N be the
Poisson random measure of {F, };>o. Let N(dt,dy) := N(dt,dy) — |j|tTd+yl be the compensated

{F;};>0-martingale measure. Both N and N are independent of Brownian motion B.
In [13], Shen et al. studied an averaging principle for stochastic differential delay equations
driven by time-changed Lévy noise:

dx(t) = f(t,E;,x(t—),x(t —0(t))dE; + g(t,Es,x(t—),x(t — 8(t)))dBE,
+/ h(t,Ex(t—)ox(t — (1)), 2)N(dE, dz), 1€ [0,T),

|z]<c
with the initial value x(0) =& =&(0): —1 <0 <0 € C([—7,0];R") fulfilling £(0) € R" and
E||&||? < oo, where the functions f: [0,7] x Rt x R" x R" = R" g : [0,T] x Rt x R” x R" —
R"™™M b . [0,T] x RT x R" x R" x (R"\{0}) — R" are measurable continuous functions, § :
[0,7] — [0,7], and the constant ¢ > 0 is the maximum allowable jump size. However, the
averaging principle for Hilfer fractional stochastic equations driven by time-changed Lévy noise
with variable delays have not yet been considered in the literature.
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Motivated by the above discussion, in this paper, we generalize Shen’s work to Hilfer type
fractional stochastic equations driven by time-changed Lévy noise with variable delays:

( D}x(t) = f(t,E,x(1—),x(t — 8(t))dE; + g(t,Ey,x(t—),x(t — 8(1)))dBE,
+ h(t,E,x(t—),x(t —8(t)),2)N(dE,,dz), ted,

2] <c (1.1)
x(t) = ¢(t), —7<1<0,

\ zéi—‘”“‘h’x@ = 9(0).
where J = (0,T],D + is the Hilfer fractional derivative with 0 < X <1, 5 < h < 1, where the
functions f: [0,T] x RT x R" x R* — R", g: [0,T] x RT x R" x R" — R”X’",h [0, T] x RT x
R" x R" x (R"\{0}) — R" are measurable continuous functions, & : [0,7] — [0, 7], and the
constant ¢ > 0 is the maximum allowable jump size, and ¢ : [7,0] — R” is continuous function.

The novelties and contributions of this paper are as follows:

(1) One of the goals of this paper is to discuss the averaging principle for Hilfer fractional
stochastic differential equations driven by time-changed Lévy noise with variable delays. For
all we know, there are only few papers about this issue.

(i1) The results we obtained can be applied to the stochastic differential equations with stan-
dard Riemann-Liouville (R-L for short) fractional derivative, Caputo fractional derivative, and
integral order stochastic differential equations,respectively.

The rest of this paper is organised as follows. In the next section, we present appropriate
conditions to the relevant FSDEs (1.1). Section 3 is devoted to our main results and their proofs.
Section 4, the last section, presents an example to illustrate the obtained averaging principle.

2. PRELIMINARIES

In this section, some definitions and results are given which will be used throughout this
paper.

Definition 2.1. [14] The fractional integral operator of order ¥ > 0 for a function f with the
lower bound O is defined as

on+f(l):r<lx>/0[( A )_ ds,t >0,

where I'(+) is the Gamma function.

Definition 2.2. [15] The R-L derivative of order X > 0,n—1 < X < n,n € N for a function f
is defined as

1 dr [t f(s)

L +

D = | — 7 __dsr>0,5cR".
0/ (1) F(n—N)dt"/o (t —s)X+1-n $if =TS <

Definition 2.3. [15] The Caputo derivative of order X > 0,n—1 < X <n,n € N for a function
f is defined as

1 ‘() n—X o
DY f(1) = N)/o (EOLGE _ds = Il f(1),t > 0,5 €RY,

I'(n—
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Definition 2.4. [16] The Hilfer fractional derivative of order 0 < X <1 and 0 <7 <1 is defined

as

DER (1) = 10075 0N £,

Remark 2.5. (i) If 7= 0,0 < X < 1, then the Hilfer fractional derivative can be written as the
standard R-L fractional derivative:

X0 d i
DYOF(r) = LI £(6) =E D £(1).
(1) If 2=1,0 < X < 1, then the Hilfer fractional derivative can be written as the standard
Caputo fractional derivative:

X,1 1-x d C X
D0+ f(t):I()+ Ef(t): D()+f<t)‘
In order to derive the main results of this paper, we require that the functions f(z1,%,x,y),g(t1,

tr,x,y) and h(t1,tp,x,y,7) satisfy the following assumptions:

Assumpiton 2.6. For any x,x,y;,y, € R”, there exists a positive bounded function @(t) €
L?[—,T] such that
’f(t7Elaxl7y1) _f(t7Etax27y2)| \ ’g(tthxlvyl) _g(taEl‘v)CZayZ)’ < (P(t)(lXI —)C2’ + |y1 _y2|)’

and
/< ’h(tthxlvylaZ) _h(tvEt7x27y27Z)|2v(dZ) < (P(f)(‘xl —X2‘2+ b’l _y2|2>7
7|<c

where x V' y = max{x,y}.
Assumpiton 2.7. For all T} € [0,T],x,y € R", there exist several positive bounded functions
A; < C; such that
1 T _
77 Jo M0 Exoy) = f0oy)ldEs < A (T1) (| + [3]),
1 h . 2 2 2
7 Jo 1808 Enxy) =gy dEs < Aa(T) (X" + [y,
and
1 rh 7 2 2 2
= [ IR B2~ 2) Prlda)dEs < (1) (5 + )
Ti Jo Jpz<e

where limTlﬁoJLi(T]) =0,i=1,2,3, f: R"xR" - R", g:R" x R" — R"™"™ and h: R" x R" x
7, — R" are measurable functions.

Lemma 2.8. (Time-changed Gronwall’s inequality [17]) Suppose that D(t) is a B-stable sub-
ordinator and that E; is the associated inverse stable subordinator. Let T > 0 and x,v : Q X
[0,T] — R be %#,-measurable functions which are integrable with respect to E;. Assume that
ug > 0 is a constant. Then, the inequality x(t) < ug+ [§v(s)x(s)dEs, 0 <t < T implies, almost

t
surely, that x(t) < uoexp(/ v(s)dEs),0 <t <T.
0
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Lemma 2.9. (Burkholder-Davis-Gundy inequality [18]) For any p > 0, there exists a constant
bp > 0 such that

B | supucrcr M) < b, 0,007 1)

for any stopping time T and any continuous local martingale M with quadratic variation [M,M].
The constant by, can be taken independently of T and M.

3. MAIN RESULTS

In this section, we study the averaging principle for fractional stochastic differential equations
driven by time-changed Lévy noise with variable delays. According to [19, 20], the standard
form of equation (1.1) is

X—1)(1-h 1 !
) = O+ g [ €= EDS G Ex (5).a%(s = 8(5))dE,
g,Eﬁ,x%s—),xe(s—6<s>>>dBES 3.1

1 ! X-1
N
/ [ =B By (5= (5= 6(6)), N (dE ),
lel<e E:) g e
with initial value ¢ (0); the coefficients have the same definitions and conditions as in Equation
(1.1), and € € (0, &) is a positive parameter with &y being a fixed number.

According to the Khasminskii type averaging principle, we consider the following averaged
FSDEs which correspond to the original standard form (3.1)

(X—=1)(1—n)

(1) = mwowﬁ /0 (1= Eo) ¥ F5(5—).5(s — 8())dE,
1 t

where the measurable functionsf, g, s satisfy Assumption 2.7.

Theorem 3.1. Suppose that Assumptions 2.6 and 2.7 hold. Then, for a given arbitrarily small
number 8, > 0, there exist L > 0,¢&; € (0,&)], and B € (0, — 1) such that, for any € € (0,¢&],

E([_ sup |x8(t)—)?(t)]2) < 8.

7,Le~B]
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Proof. For any t’ € [0,T], we have

x(1") = 2(r')
[ -1 55 €0\ xE(s !
= T ¢ BT VG B ) - 860))
- f()?(s’—)t;x(s’ — 8(s")))ldEy
+r<+z [ =B (G By () = 8(5) 3.2
—g()?(s’—),/)?(s' —0(s')))]dBE,
1 ! / 18 er e( /
YR Jo Syl T ED T G Byt (6 - 8()).2)

—h(x(s'=),%(s' — 8(5')),2)|Nd(Ey , dz).

Letting s = % andr = %, we can rewrite (3.2) as

= Ty B (s B (s ), (56 — 8(se)))

—f )Ea(ss—), X(se — 6(s¢€)))|dE

+r<x>/ (1= E;) " g(s, By, (se =), 2 (s — 5(s¢)))
~g(&(se=) (o - 6<se>>>]dBE

Zsé 6<se>> )]Nd(Es=dZ>

With the help of Jensen’s inequality, for any 0 < u < T, we have

E( sup |x*(er) —&(er)[?)

0<te<u

IN

20 "
&WE(OEEJ [ 0= B (5, Epox®(s2-) 2% (52 = 8(52)))

—f(%(se—),2(se — 5(s£)))]dEs|2>

3e® t - . .
+ F(N))zE( sup | (I—Es)}z 1[g(S7Es,X (se—),x(se — &(s€)))

0<te<u 0

N Ay IO SRR R

(
—h(%(se—),%(s€ — 5(s8)),z)]N(dEs,dz)\2> =hL+hL+5.
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Now we show some necessary estimates for /;,i = 1,2, 3. First, for the term /;, we have

IN

62 t - ) )
I WE(Oésgzul 0 (t — Eo) X7 [f (s, Ey, x5 (se—),x (s€ — 8(s¢€)))

—f(s,Es,)?(ss—),)?(ss—5(s£)))dEs|2)

—682a su t — E) SV f(s, Es, £(se—), R(se — 8 (s
B (s | [0 ES 70 Btloe =) sse - 86e))
—f<f<se—>,)e<se—6<se>>>dEs\2) — I+

By Assumption 2.6, the Jensen’s inequality and the Cauchy-Schwarz inequality, we have

200 t
I = 68—>1E( up | [ (6= ¥ (s, B x (s —) (s — 5(s€)))

(C(X))? \o<re<u Jo
—f(s,ES,ﬁ(ss—),)?(se—5(s8)))dEs|2>
2o t
< (| [ e e la?
+ [ o0 |x£<se—6<se>>—f(ss—6<ss>>|dEs|2>)
200
< (2;{1218)(1—? (O<Stu£p<u|/§0 |x s€E—) —X(se _)|dEs|2
+\/0 0(5) X% (s& — 8(s€)) — £(se — 8(s€))|dE|?)
< 12e29Tk2E (/OQE( sup [ (re) — i(re) ) dE,

(2% — 1) (I(x))?
+ / sup | r8—5(r£))—f(r8—6(r6))|2)dEs>.

0<re<s

0<re<s

By Assumption 2.7 and Jensen’s inequality, we obtain

20 t
Iy = 68—1@( sup | [ (t— )N V(s B, 2(se—), #(s€ — 8(se)))

(3.3)

a0 oo, s

) i(se — 3(se))aE )
R R e )
< BTy s {PR0R( s [s(se) + sup sz~ (50D
S R DI(X)? E{(Oi‘gz |f(s€)|2+g;l£g If(88—5(s€))|2)}.

(3.4)
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Second, for the term />, we have

3e% ! - £ £
b— WE(OSLEM' = B (g0, By s, s — 8(se))

—g(s,Es, %(se—),%(se — 8(s€)))) + (g(s, Es, X(se—),X(s€ — O(s€)))
—g(%(se—),x(se — 5(s8))))]dBES\2)

(2% —618;1T“<x>>2E(02}§’<u' ot<g<S7Es=x£<S8—>ax£<se—6<ss)>>

—g(s,Es,%(se—),%(se — 8(s€))))dBE, |2)

IN

6e4T t R R
Tox- 1><r<x>>2E<o§}?;u‘ (805 Ex (s ), £(se — 8(se))
—g(R(se—),%(se — b(s€))))dBE, yz)

= Dy+Ixn.

By Assumption 2.6 and the Burkholder-Davis-Gundy inequality (2.1), we have

6£%T ! P £
b= (e | el B e - se)

—g(s,Es,ﬂss—),)e(se—6<se>>>>dBESF)
6€*Tk*b, &

< (2}2—1)(F(N))2E(/0 (|x ([8_)_92(1‘8_) (3.5)
+|xE(te — 8(te)) — x(te — 6(te))|)2dEt)
o2 u
< annreer ([ Esw pEee) - svePa

(2R —1)(I(x))?
+ [ "E( sup |x¢(re — 8(r)) — (te—é(ts))\z))dEs),

0<r<s

0<r<s

where b; is a positive constant. According to Assumption 2.7 and the Burkgolder-Davis-Gundy
inequality, we have

6e%T ! . R
Iy = <zx_1><r<x>)zE(0§;1;‘ (505, (52 ) 52— 8(s2)
ali(se-).itse - 8(e)))
6e*Thb & R
< oot e Bottse-) e - 8) 36)
—g(%(se—),%(se -0 (s£)))]2dES>
660‘71”)26‘2 sup |#(se)|? sup |xX(s€—0(s 2
< (2N—1)(F(N))2E(o<s£g| (se)l"+ sup, I¥lse — 1 7).
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Finally, for the term /3, by using Doob’s martingale inequality and Ito isometry, we have

_i su t— K-l S xE(se—), x5 (se — (s
A e G LR R
—h(£(se—), )E(se—5(s8)) )]N(dEs,dz)\2>
= (2&-1218aT |z|<c “(sem)x (s = 8(se).2)
—h(%(se—),%(s€ — 8(s€)),2)|N(dE;, dz)
< 248“T // (s, Ev (s =) (s — 8(s€)).2)
= 2R—1)(T ||<c ntls DR
~h(s, EEZX(SST ) 8(s)),2)|*v(dz)dE;
806
YT //|Z|<c'“E“”£ ), &(s— 8(5)),2)
—h(%(se >x(s—5() )*v(dz)dE;
= Iy +1n.

By Assumption 2.6 and Jensen’s inequality, we have

248“T .
I < AR 2]E /0 Li(|x(se—) — &(se—)[?

+|x®(se — 6(s8)) 2(s—6(s))] )dE)
< 24Tk E e PVIE (3.7)
) ) B o) st Py

+/ sup [ (re — 8(re)) — (r—5(r))|2)dEs).

0<r<s
By Assumption 2.7 and Jensen’s inequality, we have
2480‘T .
Ly = R _1)( (/ /|Z<C s,Es,X(se—),X(se — 8(s¢€)),2)

_;a@e(sg_),x(sg_5<sg>>,z>,2v<dz> i) 38)

2421 TuC
utCs E(

< X —DI(X))? sup |Z(s€)>+ sup |)2(s8—5(58))]2).

u u
0<s< € 0<s< €
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Combining (3.3)-(3.8), we have

E( sup [x®(er) —f(81)|2)

0<te<u

(1282% 212 CT + 6% bouCy +24€% 1uCs)

= ER-DE(R)?
xE( sup |f(er)]>+ sup |J?(f€—5(t8))|2)

0<re<u 0<re<u (3.9)
T 2002 2002 ot '
+ 2% —1)(1“(&)) 5 (126°%k"Er + 126°%k"by + 24€%k)

{ E( sup |x(re) —£(re)|?)dE;

0<r<s
+ / E( sup [x(re — 8(r€)) — 2(re — 6(r8))\2)dEs} .
0 0<r<s
Set
A(=) :=E( sup [x%(er) —&(er)]?).
€ 0<r<t
Thus inequality (3.9) can be written as follows:

u

AP axonrm)

XE( sup |)€(t£)|2 + supo<re<u|X(te — 8(t€)) |2>

0<te<u

(1282% 7202 CT + 6% bouCy +24e% 1uCs)

T
12€2%2Er +122%k2 by +24€%k
HETENE T 2+ 24e70)

x( /0 A(s)dE; + /0  Als— 8(s))dE).

Letting ®(u) := sup A(0), forevery u € [0,T], one has A(s) < O(s) and A(s—6(s)) < O(s).
0c[—1,u]

o=

Thus
u T
A= (2% —1)(T'(X))?
E( sup [iGe)+ sup \f(te—6<re>>!2)

0<te<u 0<te<u

2T
Tex—nIx)?

(127 212C3 + 6% hyuCy + 24€%1uC3)

I=

(12622 E + 1262%12h, 4 24€%k) / * ©(s)dE;.
0
It follows that
u

O(=)= sup A(0)<max{ sup A(0), sup A(0)}
€ oe[—1,4] 6c[—1,0] 0<[0,4]

< 12627 212C2 4 6% LbyuCy + 24€%1uCs)

EX DR

XE( sup |2(t€)]>+ sup |)€(t8—5(t8))|2)
0<re<u 0<te<u

2T €
126°“L3Er + 12**L3by + 24%Ly) / O(s)dE;
0

Tex - DEmR
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With the help of time-changed Gronwall’s inequality, we arrive at

u T
Q= ax—prme!

XE( sup |2(te)]>+ sup |)?(t8—5(t£))|2)

0<te<u 0<re<u

12629 20%C3 + 6% LbyuCy +24€% 1uCs)

X em (1262*k2 By +126%K* by -+ 246 k) E

M=

In addition, we have

(s 1o —s(en))

0<te<u

S awonrayp 28 a6 TG+ 246t uCy)

XE( sup |%(r€)]*+ sup |£(t8—5(t8))|2)
0<te<u 0<te<u

> emz—lz)w (128ak2ET+lzsak2b2+248ak)ET

Select B € (0,0 — 1) and L > 0 such that, for any ¢ € [0,Le B~1] C [0, 1],

E( sup |x£(et)—)2(8t)|2) < Ee* P

0<te<u

where we have the constant

T e
= (2&—1)(r(x))2(12L28a B=1C2 4 6b,LC, + 24LC3)

xE ( sup  |R(re))>+ sup  |R(re — 8(re)) |2)
0<te<Le B 0<te<Le= B
21 (12e%K>Er+12e%k>by+24e%k)Er

¢ CR—D)([(X))?2
Consequently, for any given 8, > 0, there exists a & € (0, &) such that, for each € € (0, ]
andr € [—1,Le P,
E( sup |x8(t)—£(t)|2> < 6.
—1r<t<Le B
This completes the proof. H

Remark 3.2. According to Remark 2.6, let 7 = 0,0 < X < 1, equation (1.1) is R-L type frac-
tional stochastic equations driven by time-changed Lévy noise with variable delays:

(LD x(t) = f(t,Er,x(t—),x(t — 8(t))dE, + g(t, By, x(1—),x(t — 8(¢)))dBE,

+ h(t,E,x(t—),x(t —8(1)),z)N(dE;,dz),  t€,
|z]<c (3.10)
x(t) = ¢(1), —1<1<0,

[ o+ x(0) = ¢(0),

with the initial value I, *x(0) = ¢(0), $(6) : —7 < 6 <0 € C([—7,0];R") fulfilling ¢(0) € R",
where the functions f: [0,7] x RT x R* x R" — R",g: [0,T] x Rt x R" x R" — R"*™ h :
[0,T] x RT x R" x R"” x (R™"\ {0} ) — R" are measurable continuous functions, & : [0, T] — [0, 7],
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and the constant ¢ > 0 is the maximum allowable jump size. The standard form of equation
(3.10) is

~
%
I
—_
‘ B
<X

(t—Es)* 1 f(

S

€ E €
S
8

=

(X
1

N

Es,x%(s—),x"(s — 8(s)))dB,

s -

+ // (t— )" h( Ee 2 (5—) 2 (s — 8(s)), )N (dEy, d2),
el <e ) €

(3.11)
with initial value Iéjxxg (0)=¢(0), ¢(0) : —7 < 6 <0 € C([—7,0];R"); the coefficients have
the same definitions and conditions as in Equation (3.10) , and € € (0, &) is a positive parameter
with & being a fixed number. According to Khasminskii type averaging principle, we consider

the following averaged FSDEs which correspond to the original standard form (3.11)

\c\

) \

where the measurable functions f, g, h satisfy Assumption 2.7.

Corollary 3.3. For equation (3.10), suppose that Assumptions 2.6 and 2.7 hold. Then, for a
given arbitrarily small number 8 > 0, there exist L > 0,€; € (0,&)] and B € (0,00 — 1) such
that, for any € € (0, €],

E([ sup |x£(t)—)€(t)]2) < 3.

—1,Le~B]
From Theorem 3.1, we can obtain this corollary immediately.

Remark 3.4. According to Remark 2.6, let 7 = 1,0 < X < 1, equation (1.1) is Caputo type
fractional stochastic equations driven by time-changed Lévy noise with variable delays:

DR () = F(1, B x(1—),x(t — 8(1))dE: + (0, Eryx(t—) x(t — 8(1)))dBr,
+/ h(t, Eyox(t—),x(t — 8(1)), 2)N(dE,, d2), 1 €[0,T],

lz]<c

(3.12)

with the initial value x(0) = ¢ = ¢(0): —7 <0 <0 € C([—7,0];R") fulfilling ¢(0) € R",
where the functions f: [0,7] x RT x R* x R" — R",g: [0,T] x Rt x R" x R" — R"*" p :

[0,T] x RT x R" x R"” x (R"\ {0} ) — R" are measurable continuous functions, & : [0, 7] — [O, 7],
and the constant ¢ > 0 is the maximum allowable jump size. The standard form of equation
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(3.12) is
x(1) = ¢(0)+ ﬁ/l(f—E;)N_]f(g,E;,xe(s—),xg(s—6(s)))dES
" ﬁ/Z(I_Ei)N_lg(g Es,x*(s—),x"(s— 8(s)))dBE,
i (—/ /|z|<c’_ Es)™ lhe £,X5(s=),x5 (s — 8(5)), )N (dE;, d2),

(3.13)
with initial value x*(0) = ¢ = ¢(0) : —7 < 0 <0 € C([—7,0];R"), and € € (0, &) is a positive
parameter with & being a fixed number. According to (3.13),

t

(t —E%)N_lf(ﬁ(s—%x'\(s— 5(s)))dEs

(t—E35)"1g(%(s—), 2(s — 8(s)))dBE

s

v //|Z|<Ct— VX 1R (s—), 2(s — 8(s)), 2)dN (dEs, dz),

€

)
%Dd
\..c\

~

where the measurable functionsf, g, 4 satisfy Assumption 2.7.

Corollary 3.5. For equation (3.12), suppose that Assumptions 2.6 and 2.7 hold. Then, for a
given arbitrarily small number 8; > 0, there exist L > 0,€; € (0,&)] and B € (0,00 — 1) such
that, for any € € (0, &),

E([ swp () -4 ) < .

—1,Le ]
From Theorem 3.1, we can obtain this corollary immediately.

Remark 3.6. When X =1 and /2 = 0, we obtain the same results presented in [13].

4. EXAMPLE

We consider the fractional stochastic differential equations driven by time-changed Lévy
noise with time-delays:

Dy xe (1) = €% (xg sin(E;) — Eyxecos(E; — 1)> dE, +€%2)\dBg,,
+£7j]z‘<62N(dE,,dz),t € (0,1],

4.1
xe(t) =11 € [-1,0], @b

[N 0) = 0.1,

\

where v(z)dz =|z| 7%, 2 € R and denote X = 3,71 = %,

F(t,E; xe(t),xe(t — T)) = xe sin(E;) — Epxe cos(E; — 1),
g(t,Er,xe(t),xe(t — 7)) =24, h(t,Er, xe(1),xe(t — 7)) = 2.
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Let
1
F(R(s),£(s—r)) = [;meg%@L%@—mnda
— B | — SinjEl —Eysin(E; — 1) —cos(Ey — 1)}65,
and

g(xA(S)va(s_ I")) = Zl,il(XA(S),xA(S— r),Z) =2.
We have the following corresponding averaged fractional stochastic differential equations driven
by time-changed Lévy noise with variable delays:

KA 1 sin2FE
DOJ; Xg(t) - 8a.x€ (_El -

;

2 4
ON(dE;,dz),1 € (0,1],

—Eysin(E; — 1) —cos(E; — 1))dEt,

+€22AdB, + €* ||

e 4.2)
xs(t) =rlc [_170]7

[N 0)=0.1.

\

Define the error E,, = [|xg(f) — Xg(t)P]%. We carry out the numerical simulation to obtain
the solutions of (4.1) and (4.2) under the conditions that ¢ = 1.2, = 0.001,A =1 and ot =
1.2, =0.001, and A = —1. One can see a good agreement between the solutions of the original
equation and the averaged equation. This example illustrates the effectiveness of the proposed
averaging principle for the fractional stochastic differential equations driven by time-changed
Lévy noise with time-delays.

Funding

This work was supported by National Natural Science Foundation of China (11961069), Out-
standing Young Science and technology Training program of Xinjiang (2019Q022), Natural
Science Foundation of Xinjiang (2019D01A71), and the Scientific Research Programs of Col-
leges in Xinjiang (XJEDU2018Y033).

REFERENCES

[1] Q. Zhu, Asymptotic stability in the pth moment for stochastic differential equations with Lévy noise, J. Math.
Anal. Appl. 416 (2014) 126-142.

[2] Q. Zhu, Stability analysis of stochastic delay differential equations with Lévy noise, Sys. Contr. Lett. 118
(2018) 62-68.

[3] Q. Zhu, Razumikhin-type theorem for stochastic functional differential equations with Lévy noise and
Markov switching, Int. J. Contr. 90 (2017) 1703-1712.

[4] R.Z. Khasminskij, On the principle of averaging the Itov’s stochastic differential equations, Kybernetika 4
(1968) 260-279.

[5] D. Luo, Q. Zhu, Z. Luo, An averaging principle for stochastic fractional differential equations with time-
delays, Appl. Math. Lett. 105 (2020) 106290.

[6] B. Pei, Y. Xu, J. Wu, Stochastic averaging for stochastic differential equations driven by fractional Brownian
motion and standard Brownian motion, Appl. Math. Lett. 100 (2020) 106006.

[7] J. Liu, W. Xu, An averaging result for impulsive fractional neutral stochastic differential equations, Appl.
Math. Lett. 114 (2021) 106892.

[8] G. Shevchenko, Mixed fractional stochastic differential equations with jumps, Stochastics 86 (2014) 203-217.



THE AVERAGING PRINCIPLE FOR HILFER FRACTIONAL STOCHASTIC DIFFERENTIAL EQUATIONS 15

[9] Z.Guo, G. Lv, J. Wei, Averaging principle for stochastic differential equations under a weak condition, Chaos
30 (2020) 123139.
[10] Z. Wang, P. Lin, Averaging principle for fractional stochastic differential equations with Lp convergence,
Appl. Math. Lett. 130 (2022) 108024.
[11] W. Xu, J. Duan, W. Xu, An averaging principle for fractional stochastic differential equations with Lévy
noise, Chaos 30 (2020) 083126.
[12] H.M. Ahmed, Q. Zhu, The averaging principle of Hilfer fractional stochastic delay differential equations with
Poisson jumps, Appl. Math. Lett. 112 (2021) 106755.
[13] G. Shen, W. Xu, J. Wu, An averaging principle for stochastic differential delay equations driven by time-
changed Lévy noise, Acta Math. Sci. 42 (2022) 540-550.
14] 1. Podlubnv, Fractional Differential Equations, Academic Press. San Diego, Boston, 1999.
15] Y. Zhou, J. Wang, L. Zhang, Basic Theory of Fractional Differential Equations, World scientific, 2016.
16] R. Hilfer, Applications of fractional calculus in physics, World scientific, 2000.
17] Q. Wu, Stability analysis for a class of nonlinear time-changed systems, Cogent Math. 3 (2016) 1228273.
18] I. Karatzas, S. Shreve, Brownian Motion and Stochastic Calculus, Springer, 2012.
19] Y. Ren, Q. Zhou, L. Chen, Existence, uniqueness and stability of mild solutions for time-dependent stochastic
evolution equations with Poisson jumps and infinite delay, J. OPtim. Theory Appl. 149 (2011) 315-331.
[20] W. Mao, X. Mao, An averaging principle for neutral stochastic functional differential equations driven by
Poisson random measure, Adv. Difference Equ. 2016 (2016) 77.



	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Example
	References

