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A CHARACTERISTIC MIXED FINITE ELEMENT METHOD FOR BILINEAR
CONVECTION-DIFFUSION OPTIMAL CONTROL PROBLEMS

YUELONG TANG

College of Science, Hunan University of Science and Engineering, Yongzhou 425100, China

Abstract. In this paper, we investigate a fully discrete characteristic mixed finite element approximation
of bilinear convection-diffusion optimal control problems. The characteristic line method and backward
difference are used for the time discretization. The lowest order Raviart-Thomas mixed finite element
method is used for the space discretization. A priori error estimates for both the control and state numer-
ical solutions are derived. Theoretical results are confirmed by a numerical example.
Keywords. A priori error estimates; Bilinear convection-diffusion optimal control problems; Character-
istic mixed finite element methods.

1. INTRODUCTION

There are numerous studies on mixed finite element methods (MFEMs) for standard elliptic
and parabolic optimal control problems (OCPs), in which the objective functional contains not
only the primal state variable but also its gradient. A systematic introduction can be found in
[1, 3, 13, 17, 18, 19, 20]. A priori error estimates of the MFEM for linear and semilinear elliptic
OCPs were established in [4] and [14], respectively. A priori error estimates of the MFEM for
linear and semilinear parabolic OCPs were derived in [27] and [5], respectively. In recent years,
a priori error estimates of the MFEM for bilinear optimal control problems governed by elliptic
and parabolic PDEs were obtained in [6] and [21], respectively.

Time-dependent convection-diffusion partial differential equations (PDEs) arise in ground-
water contaminant transport, environmental modeling, petroleum reservoir simulation, and many
other applications [22, 26, 29]. But convection dominated will produce unacceptable nonphys-
ical oscillations of standard finite difference or finite element solutions. In order to overcome
this difficulty, Douglas and Russell presented a characteristic finite element method (CFEM) of
the convection-dominated diffusion problems in [7]. Recently, it was extended to solve other
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convection-diffusion equations [23, 28] and linear convection-diffusion optimal control prob-
lems (CDOCPs) [8, 9, 10, 12, 24]. In [11], the authors derived the convergence results of
characteristic mixed finite element methods (CMFEMs) for linear CDOCPs.

To the best of our knowledge, this is the first time to consider a fully discrete CMFEM
approximation of bilinear OCPs governed by unsteady convection-diffusion equations. In this
paper, we adopt the standard notation W m,p(Ω) for Sobolev spaces on Ω with a norm ‖v‖p

m,p =

∑
|α|≤m

‖Dαv‖p
Lp(Ω)

, a semi-norm |v|pm,p = ∑
|α|=m

‖Dαv‖p
Lp(Ω)

. We set W m,p
0 (Ω) = {v ∈W m,p(Ω) :

v|∂Ω = 0}. For p = 2, let Hm(Ω) =W m,2(Ω), Hm
0 (Ω) =W m,2

0 (Ω), and ‖ · ‖m = ‖ · ‖m,2, ‖ · ‖=
‖ · ‖0,2. We denote by Ls(0,T ;W m,p(Ω)) the Banach space of all Ls integrable functions from J
into W m,p(Ω) with norm

‖v‖Ls(J;W m,p(Ω)) =
(∫ T

0
||v||sW m,p(Ω)dt

) 1
s for s ∈ [1,∞),

and the standard modification for s = ∞.
We are interested in the following time-dependent bilinear convection-diffusion OCPs:

min
u∈K

1
2

∫ T

0

(
‖ppp− pppd‖2 +‖y− yd‖2 +‖u‖2)dt,

yt +bbb ·∇y+divppp+uy = f , (x, t) ∈Ω× J,

ppp =−A∇y, (x, t) ∈Ω× J,

y(x, t) = 0, (x, t) ∈ ∂Ω× J,

y(x,0) = y0(x), x ∈Ω,

(1.1)

where Ω ⊂ R2 is a bounded convex polygon with Lipschitz boundary ∂Ω and J = (0,T ].
Let pppd ∈ (L2(J;H1(Ω)))2, yd ∈ L2(J;H1(Ω)), and A = (ai j(x))2×2 ∈ (W 1,∞(Ω̄))2×2 such that
xT Ax > c‖x‖2

R2,∀ x ∈ R2, where c > 0, f ∈ L2(J;L2(Ω)), and y0(x) ∈ H1
0 (Ω). bbb = (b1,b2) ∈

(C(J;C1
0(Ω̄)))2 denotes a velocity field and the flow is incompressible, i.e.,

∇ ·bbb = 0,∀(x, t) ∈Ω× J.

Moreover, we assume that the constraint is an obstacle such that

K =
{

u ∈ L∞(J;L2(Ω)) : u(x, t)≥ 0, a.e. in Ω× J
}
.

Similarly, one can define the spaces H l(J;W m,p(Ω)). Just for simplicity of statement, we denote
Ls(J;W m,p(Ω)) by Ls(W m,p). In addition, C denotes a general positive constant.

The rest of the paper is organized as follows. In Section 2, we give a fully discrete CMFEM
approximation of OCPs (1.1). In Section 3, we introduce some important intermediate variables
and error estimates. In Section 4, we derive a priori error estimates for both the control and state
variables. In Section 5, the last section, a numerical example is provided to demonstrate that
the proposed method is efficient.

2. A CHARACTERISTIC MIXED FINITE ELEMENT APPROXIMATION

We give a fully discrete CMFEM for model problem (1.1). To fix the idea, we take the state
spaces LLL = L2(J;VVV ) and Q = H1(J;W ), where VVV and W are defined as follows:

VVV = H(div;Ω) =
{

vvv ∈ (L2(Ω))2,divvvv ∈ L2(Ω)
}
,W = L2(Ω).
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The Hilbert space VVV is equipped with the following norm:

‖vvv‖H(div;Ω) =
(
‖vvv‖2

0,Ω +‖divvvv‖2
0,Ω
)1/2

.

Let s denote the unit vector in the direction of (b1,b2,1) in Ω× J, and

λ =
(
|bbb|2 +1

)1/2
=
(
b2

1 +b2
2 +1

)1/2
.

We take account of yt +bbb ·∇y as a directional derivative, namely

yt +bbb ·∇y = λys.

Then the state equation is equivalent to the following form:

λys +divppp+uy = f .

We recast (1.1) as the following weak form:

min
u∈K

{
1
2

∫ T

0

(
‖ppp− pppd‖2 +‖y− yd‖2 +‖u‖2)dt

}
,

(λys,w)+(divppp,w)+(uy,w) = ( f ,w), ∀w ∈W, t ∈ J,

(A−1ppp,vvv)− (y,divvvv) = 0, ∀vvv ∈VVV , t ∈ J,

y(x,0) = y0(x), ∀x ∈Ω.

(2.1)

It follows from [2, 9, 18] that the OCP (2.1) has a solution (ppp,y,u), and that if (ppp,y,u) ∈ LLL×
Q×K is a solution of (2.1), then there is a co-state (qqq,z) ∈LLL×Q such that (ppp,y,qqq,z,u) satisfies
the following optimality conditions:

(λys,w)+(divppp,w)+(uy,w) = ( f ,w), ∀w ∈W, t ∈ J, (2.2)

(A−1ppp,vvv)− (y,divvvv) = 0, ∀vvv ∈VVV , t ∈ J, (2.3)

y(x,0) = y0(x), ∀x ∈Ω, (2.4)

− (λ ps,w)+(q,w)+(uz,w) = (y− yd,w), ∀w ∈W, t ∈ J, (2.5)

(A−1qqq,vvv)− (z,divvvv) =−(ppp− pppd,vvv), ∀vvv ∈VVV , t ∈ J, (2.6)

z(x,T ) = 0, ∀x ∈Ω, (2.7)

(u− yz, ũ−u)≥ 0, ∀ũ ∈ K, (2.8)

where (·, ·) is the inner product of L2(Ω).
Let N ∈ Z+, 0 = t1 ≤ t2 ≤ ·· · ≤ tN = T , kn = tn− tn−1,n = 1,2, · · · ,N, k = max

1≤n≤N
{kn} and

G(x∗, t∗; t) = x∗−bbb(x∗, t∗)(t∗− t)

be the approximate characteristic curve passing through point x∗ at time t∗. Furthermore, we
denote by x̄ = G(x, tn; tn−1) be the foot at time tn−1 of the characteristic curve with head x at
time tn and set ψ̄ = ψ(x̄, t),ψn = ψ(x, tn). Then we approximate the s derivative of y at time tn
by a backward-Euler difference quotient, namely

λ
nyn

s '
yn− ȳn−1

kn
, n = 1,2, · · · ,N.
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We define for 1≤ p < ∞ the discrete time-dependent norms

|||ψ|||lp(J;W m,q(Ω)) :=

(
N−l

∑
n=1−l

kn ‖ψn‖p
W m,q(Ω)

) 1
p

,

where l = 0 for the control u and the state y,ppp and l = 1 for the adjoint state z,qqq, with the
standard modification for p = ∞. For convenience, we denote ||| · |||lp(J;W m,q(Ω)) by ||| · |||lp(W m,q)

and let lp(J;W m,q(Ω)) :=
{

ψ : |||ψ|||lp(W m,q) < ∞
}
,1≤ p≤ ∞.

Let Th be regular triangulations of Ω. hτ is the diameter of element τ and h = max
τ∈Th
{hτ}.

Let VVV h×Wh ⊂VVV ×W denote the lowest order Raviart-Thomas space [1] associated with the
triangulations Th of Ω. Pk denotes the space of polynomials of total degree at most k (k ≥ 0).
Let VVV (τ) = {vvv ∈ P2

0 (τ)+ x ·P0(τ)}, W (τ) = P0(τ). We define

VVV h := {vvvh ∈VVV : vvvh|τ ∈VVV (τ),∀ τ ∈Th},
Wh := {wh ∈W : wh|τ ∈W (τ),∀ τ ∈Th},
Kh := {wh ∈Wh : wh|τ = max{0,wh},∀ τ ∈Th}.

We introduce the L2(Ω)-orthogonal projection [1] Ph : W →Wh, which satisfies:

(Phψ−ψ,wh) = 0, ∀wh ∈Wh,∀ψ ∈W,

and the Fortin projection [6] Πh : VVV →VVV h, which satisfies:

(div(Πhψψψ−ψψψ) ,wh) = 0, ∀wh ∈Wh,∀ψψψ ∈VVV .

They have the following approximation properties [1]:

‖ψ−Phψ‖−s,ρ ≤Ch1+s‖ψ‖1,ρ ,s = 0,1,2≤ ρ ≤ ∞,∀ψ ∈W 1,ρ(Ω), (2.9)

‖ψψψ−Πhψψψ‖0,ρ ≤Ch‖ψψψ‖1,ρ ,2≤ ρ ≤ ∞,∀ψψψ ∈
(
W 1,ρ(Ω)

)2
. (2.10)

Then a fully discrete CMFEM approximation of (2.1) is as follows:

min
un

h∈Kh

{
1
2

N

∑
n=1

kn
(
‖pppn

h− pppn
d‖

2 +‖yn
h− yn

d‖
2 +‖un

h‖
2)}

(
yn

h− ȳn−1
h

kn
,wh

)
+(divpppn

h,wh)+(un
hyn

h,wh) = ( f n,wh), ∀wh ∈Wh,

(A−1pppn
h,vvvh)− (yn

h,divvvvh) = 0, ∀vvvh ∈VVV h,

y0
h(x) = Phy0(x), ∀x ∈Ω.

(2.11)

It follows from [2, 9, 25] that control problem (2.11) has a solution (pppn
h,y

n
h,u

n
h),n = 1,2, · · · ,N,

and that if (pppn
h,y

n
h,u

n
h) ∈VVV h×Wh×Kh is the solution of (2.11), then, for n = N,N− 1, · · · ,1,

there is a co-state (qqqn−1
h ,zn

h) ∈VVV h×Wh such that (pppn
h,y

n
h,qqq

n−1
h ,zn−1

h ,un
h) satisfies the following
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optimality conditions:(
yn

h− ȳn−1
h

kn
,wh

)
+(divpppn

h,wh)+(un
hyn

h,wh) = ( f n,wh), ∀wh ∈Wh, (2.12)

(A−1pppn
h,vvvh)− (yn

h,divvvvh) = 0, ∀vvvh ∈VVV h, (2.13)

y0
h(x) = Rhy0(x), ∀x ∈Ω, (2.14)(

zn−1
h − ¯̄zn

h · J
n

kn
,wh

)
+(divqqqn−1

h ,wh)+(un
hzn−1

h ,wh) = (yn
h− yn

d,wh), ∀wh ∈Wh, (2.15)

(A−1qqqn−1
h ,vvvh)− (zn−1

h ,divvvvh) =−(pppn
h− pppn

d,vvvh), ∀vvvh ∈VVV h, (2.16)

zN
h (x) = 0, ∀x ∈Ω, (2.17)

(un
h− yn

hzn−1
h , ũ−un

h)≥ 0, ∀ũ ∈ Kh. (2.18)

where ¯̄zn
h = zh( ¯̄x, tn) and ¯̄x represents the head of the characteristic curve with foot x at time tn−1,

namely,
x = G( ¯̄x, tn; tn−1),

and Jn = det DG(x, tn; tn−1)
−1 is the determinant of the Jacobian transformation from G to x.

Because the flow is incompressible, similar to the discussion in [9], we have Jn = 1+O(k2
n).

3. SOME IMPORTANT INTERMEDIATE VARIABLES AND ERROR ESTIMATES

We introduce some auxiliary variables and error estimates. For any u ∈ K,n = 1,2, · · · ,N, let(
pppn

h(u),y
n
h(u),qqq

n−1
h (u),zn−1

h (u)
)
∈ (VVV h×Wh)

2 satisfy the following system:(
yn

h(u)− ȳn−1
h (u)

kn
,wh

)
+(divpppn

h(u),wh)+(unyn
h(u),wh) = ( f n,wh), ∀wh ∈Wh, (3.1)

(A−1pppn
h(u),vvvh)− (yn

h(u),divvvvh) = 0, ∀vvvh ∈VVV h, (3.2)

y0
h(u) = Phy0(x), ∀x ∈Ω, (3.3)(

zn−1
h (u)− ¯̄zn

h(u) · J
n

kn
,wh

)
+(divqqqn−1

h (u),wh)+(unzn−1
h (u),wh)

= (yn
h(u)− yn

d,wh), ∀wh ∈Wh,

(3.4)

(A−1qqqn−1
h (u),vvvh)− (zn−1

h (u),divvvvh) =−(pppn
h(u)− pppn

d,vvvh), ∀vvvh ∈VVV h, (3.5)

zN
h (u) = 0, ∀x ∈Ω. (3.6)

It is easy to see that
(
pppn

h,y
n
h,qqq

n−1
h ,zn−1

h

)
=
(
pppn

h(uh),yn
h(uh),qqqn−1

h (uh),zn−1
h (uh)

)
. For simplicity

of presentation, we set

η
n = yn

h− yn
h(u),θθθ

n = pppn
h− pppn

h(u),ζ
n = zn

h− zn
h(u),ξξξ

n = qqqn
h−qqqn

h(u),

ρ
n = yn− yn

h(u),σσσ
n = pppn− pppn

h(u),µ
n = zn− zn

h(u),ννν
n = qqqn−qqqn

h(u),

where n = 0,1, · · · ,N.
The following lemmas are very important in convergence analysis.
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Lemma 3.1. [7] Suppose that f ∈ L2(Ω) and f̄ (x) = f (x+g(x)k), where g and g′ are bounded.
Then

‖ f (x)− f̄ (x)‖−1 ≤Ck‖ f‖. (3.7)

Lemma 3.2. Let n = 1,2, · · · ,N,
(
pppn

h,y
n
h,qqq

n−1
h ,zn−1

h ,un
h

)
, and

(
pppn

h(u),y
n
h(u),qqq

n−1
h (u),zn−1

h (u)
)

be the solutions to (2.12)-(2.18) and (3.1)-(3.6), respectively. Then the following estimates hold

|||yh− yh(u)|||l∞(L2)+ |||ppph− ppph(u)|||l2(L2) ≤C
(

k+ |||u−uh|||l2(L2)

)
,

|||zh− zh(u)|||l∞(L2)+ |||qqqh−qqqh(u)|||l2(L2) ≤C
(

k+ |||u−uh|||l2(L2)

)
.

Proof. From (2.12)-(2.13) and (3.1)-(3.2), we have(
ηn−ηn−1

kn
,wh

)
+(divθθθ

n,wh)+(un
η

n,wh)

= ((un−un
h)y

n
h,wh)+

(
η̄n−1−ηn−1

kn
,wh

)
, ∀wh ∈Wh,

(3.8)

(A−1
θθθ

n,vvvh)− (ηn,divvvvh) = 0, ∀vvvh ∈VVV h. (3.9)

From the inequality a(a−b)≥ a2−b2

2 , we have

‖ηn‖2−‖ηn−1‖2

2kn
≤
(

ηn−ηn−1

kn
,ηn
)
. (3.10)

In view of u ∈ K, we have

(un
η

n,ηn)≥ 0. (3.11)

It follows from Lemma 3.1 and the Cauchy inequality with ε that

((un−un
h)y

n
h,η

n)≤C(ε)‖un−un
h‖

2‖yn
h‖

2
1 + ε‖ηn‖2

1, (3.12)

and (
η̄n−1−ηn−1

kn
,ηn
)
≤ ‖η̄

n−1−ηn−1‖−1‖ηn‖1

kn
≤C(ε)k2

n‖ηn−1‖2 +
ε

k2
n
‖ηn‖2

1. (3.13)

Set wh = ηn and vvvh = θθθ n in (3.8) and (3.9), respectively. From (3.8)-(3.13), we obtain

‖ηn‖2−‖ηn−1‖2

2kn
+ c‖θθθ n‖2

≤C(ε)‖un−un
h‖

2 + ε‖ηn‖2 +C(ε)k2
n‖ηn−1‖2 +

ε

k2
n
‖ηn‖2

1.

(3.14)

Note that η0 = 0 and ‖ηn‖1 ≤C‖θθθ n‖. By multiplying both sides of (3.14) by 2kn and summing
over n from 1 to N, we derive

|||η |||l∞(L2)+ |||θθθ |||l2(L2) ≤C
(

k+ |||uh−u|||l2(L2)

)
. (3.15)
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Similarly, it follows from (2.15)-(2.16) and (3.4)-(3.5) that(
ζ n−1−ζ n

kn
,wh

)
+
(
divξξξ

n−1,wh
)
+
(
un

ζ
n−1,wh

)
= (ηn,wh)+

(
(un−un

h)z
n−1
h ,wh

)
+

( ¯̄
ζ n−ζ n

kn
,wh

)

+

( ¯̄
ζ n · Jn− ¯̄

ζ n

kn
,wh

)
, ∀wh ∈Wh,

(3.16)

(
A−1

ξξξ
n−1,vvvh

)
−
(
ζ

n−1,divvvvh
)
=−(θθθ n,vvvh) , ∀vvvh ∈VVV h. (3.17)

By choosing wh = ζ n−1 and vvvh = ξξξ n−1 in (3.16) and (3.17) respectively, we can derive the
desired conclusion. �

Lemma 3.3. Let (ppp,y,qqq,z,u) and
(
pppn

h(u),y
n
h(u),qqq

n−1
h (u),zn−1

h (u)
)
,n = 1,2, · · · ,N be the solu-

tions of (2.2)-(2.8) and (3.1)-(3.6), respectively. Assume that y,z∈L∞(H1
0 )∩L∞(H2)∩H1(H1)∩

H2(L2) and ppp,qqq ∈ (L2(H1))2∩ (H1(L2))2. Then the following estimates hold

|||y− yh(u)|||l∞(L2)+ |||ppp− ppph(u)|||l2(L2) ≤C (k+h) , (3.18)

|||z− zh(u)|||l∞(L2)+ |||qqq−qqqh(u)|||l2(L2) ≤C (k+h) . (3.19)

Proof. It follows from (2.2)-(2.3) and (3.1)-(3.2) that(
ρn−ρn−1

kn
,wh

)
+(divσσσ

n,wh)+(un
ρ

n,wh)

=

(
ρ̄n−1−ρn−1

kn
,wh

)
+

(
yn− ȳn−1

kn
−λ

nyn
s ,wh

)
, ∀wh ∈Wh,

(3.20)

(A−1
σσσ

n,vvvh)− (ρn,divvvvh) = 0, ∀vvvh ∈VVV h. (3.21)

According to (3.20)-(3.21) and the definitions of projections Ph and Πh, we have(
ρn−ρn−1

kn
,ρn
)
+(A−1

σσσ
n,σσσn)+(un

ρ
n,ρn)

=

(
ρn−ρn−1

kn
,yn−Phyn

)
+
(
A−1

σσσ
n,pppn−Πhpppn)+(un

ρ
n,ρn)

+

(
ρn−ρn−1

kn
,Phyn− yn

h(u)
)
+(div(pppn− pppn

h(u)),Phyn− yn
h(u))

=

(
ρn−ρn−1

kn
,yn−Phyn

)
+
(
A−1

σσσ
n,pppn−Πhpppn)+(un

ρ
n,yn−Phyn)

+

(
ρ̄n−1−ρn−1

kn
,Phyn− yn

h(u)
)
+

(
yn− ȳn−1

kn
−λ

nyn
s ,Phyn− yn

h(u)
)
.

(3.22)

Similar to (3.10), we have

‖ρn‖2−‖ρn−1‖2

2kn
≤
(

ρn−ρn−1

kn
,ρn
)
. (3.23)
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By using (2.9), Lemma 3.1 and Cauchy inequality, we have(
ρ̄n−1−ρn−1

kn
,yn−Phyn

)
≤C

(
kn

2
+

h2

2kn

)
. (3.24)

It follows from (2.10) and the Cauchy inequality with ε that(
A−1

σσσ
n,pppn−Πhpppn)≤C(ε)h2 + ε‖σσσn‖2. (3.25)

Note that u ∈ K. By utilizing (2.9) and the Cauchy inequality with ε , we obtain

(un
ρ

n,yn−Phyn)≤C(ε)h2 + ε‖ρn‖2. (3.26)

It follows from (2.9), (3.7) and the Cauchy inequality with ε that(
ρ̄n−1−ρn−1

kn
,Phyn− yn

h(u)
)

=

(
ρ̄n−1−ρn−1

kn
,Phyn− yn +ρ

n
)

≤ C
kn

(
‖ρ̄n−1−ρ

n−1‖−1‖Phyn− yn‖1 +‖ρ̄n−1−ρ
n−1‖−1‖ρn‖1

)
≤C(ε)k2

n‖ρn−1‖2 +
εC
k2

n

(
h2 +‖ρn‖2

1
)
.

(3.27)

From the standard backward difference error analysis [7] and the Cauchy inequality with ε , we
obtain (

yn− ȳn−1

kn
−λ

nyn
s ,Phyn− yn

h(u)
)

≤C(ε)

∥∥∥∥yn− ȳn−1

kn
−λ

nyn
s

∥∥∥∥2

+ εC‖Phyn− yn +ρ
n‖2

≤C(ε)kn

∥∥∥∥∂ 2y
∂ s2

∥∥∥∥2

L2(tn−1,tn;L2(Ω))

+ εC
(
h4 +‖ρn‖2) .

(3.28)

Combining (3.22)-(3.28), we derive

‖ρn‖2−‖ρn−1‖2

2kn
+ c‖σσσn‖2

≤C(ε)h2 +C
(

kn

2
+

h2

2kn

)
+ ε(2‖ρn‖2 +‖ρn‖2

1 +‖σσσn‖2).

Multiply both sides of the above inequality by 2kn and summing over n from 1 to N. If ε is
small enough, we can obtain (3.18). Similarly, from (2.5)-(2.7) and (3.4)-(3.6) we can derive
(3.19) immediately. �

4. A PRIORI ERROR ESTIMATES

In many applications, the objective functional J(·, ·) is uniformly convex near the solution u.
Like in [16], if h and k are small enough, we assume that there is a constant c > 0 such that

c|||u−uh|||2l2(L2) ≤ (J′hk(yh,u)− J′hk(yh,uh),u−uh). (4.1)
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Theorem 4.1. Let (ppp,y,qqq,z,u) and (pppn
h,y

n
h,qqq

n−1
h ,zn−1

h ,un
h),n = 1,2, · · · ,N be the solutions of

(2.2)-(2.8) and (2.12)-(2.18), respectively. Let the conditions in lemmas 3.2-3.3 be valid and
u ∈ L∞(H1). Then

|||u−uh|||l2(L2) ≤C(h+ k), (4.2)

|||y− yh|||l∞(L2)+ |||ppp− ppph|||l2(L2) ≤C(h+ k), (4.3)

|||z− zh|||l∞(L2)+ |||qqq−qqqh|||l2(L2) ≤C(h+ k). (4.4)

Proof. Selecting ũ = uh and ũ = Phu in (2.8) and (2.18), respectively, we have

(un− ynzn,un
h−un)≥ 0, (4.5)

and

(un
h− yn

hzn−1
h ,Phun−un

h)≥ 0. (4.6)

According to the definition of Ph, (4.1), (4.5), and (4.6), we have

c|||u−uh|||2l2(L2)

≤ (J′hk(yh,u)− J′hk(yh,uh),u−uh)

=
N

∑
n=1

kn
(
un− yn

h(u)z
n−1
h (u),un−un

h
)
−

N

∑
n=1

kn
(
un

h− yn
hzn−1

h ,un−un
h
)

≤
N

∑
n=1

kn
(
ynzn− yn

h(u)z
n−1
h (u),un−un

h
)
+

N

∑
n=1

kn
(
un

h− yn
hzn−1

h ,Phun−un)
=

N

∑
n=1

kn
(
ynzn−1− yn

h(u)z
n−1
h (u),un−un

h
)
+

N

∑
n=1

kn
(
ynzn− ynzn−1,un−un

h
)

+
N

∑
n=1

kn
(
ynzn−1− yn

hzn−1
h ,Phun−un

h
)
+

N

∑
n=1

kn
(
Ph(ynzn−1)− ynzn−1,Phun−un)

:= I1 + I2 + I3 + I4.

(4.7)

By using the Cauchy inequality with ε , we obtain

I1 =
N

∑
n=1

kn
(
ynzn−1− yn

h(u)z
n−1
h (u),un−un

h
)

≤C(ε)
N

∑
n=1

kn‖zn−1− zn−1
h (u)‖2

1 +C(ε)
N

∑
n=1

kn‖yn− yn
h(u)‖

2
1 + εC

N

∑
n=1

kn‖un−un
h‖

2

=C(ε)|||z− zh(u)|||2l2(H1)+C(ε)|||y− yh(u)|||2l2(H1)+ εC|||u−uh|||2l2(L2),

(4.8)

and

I2 =
N

∑
n=1

kn
(
ynzn− ynzn−1,un−un

h
)

≤C(ε)
N

∑
n=1

kn‖zn− zn−1(u)‖2
1 + εC

N

∑
n=1

kn‖un−un
h‖

2

=C(ε)k2|||p|||2l2(H1)+ εC|||u−uh|||2l2(L2).

(4.9)
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It follows from the Cauchy inequality, (2.7), and Lemma 3.2 that

I3 =
N

∑
n=1

kn
(
yn pn−1− yn

h pn−1
h ,Phun−un

h
)

=
N

∑
n=1

kn
(
yn pn−1− yn

h(u)pn−1
h (u),Phun−un

h
)

+
N

∑
n=1

kn
(
yn

h(u)pn−1
h (u)− yn

h pn−1
h ,Phun−un

h
)

≤C
N

∑
n=1

kn‖pn−1− pn−1
h (u)‖2

1 +C
N

∑
n=1

kn‖yn−1− yn−1
h (u)‖2

1

+C
N

∑
n=1

kn‖un−Phun‖2 + εC
(

k+ |||u−uh|||2l2(L2)

)
≤C|||p− ph(u)|||2l2(H1)+C|||y− yh(u)|||2l2(H1)+Ch2|||u|||2l2(H1)

+ εC
(

k+ |||u−uh|||2l2(L2)

)
,

(4.10)

and

I4 =
N

∑
n=1

kn
(
Ph(yn pn−1)− yn pn−1,Phun−un)

≤Ch2
(
|||y|||2l2(H1)+ |||p|||

2
l2(H1)+ |||u|||

2
l2(H1)

)
.

(4.11)

Combining (4.7)-(4.11), we obtain (4.2). From Lemma 3.2, Lemma 3.3, (4.2), and the triangle
inequality, it is easy to derive (4.3) and (4.4). �

5. NUMERICAL EXPERIMENTS

In this section, we give a numerical example to demonstrate our theoretical results. Based
on the above fully discrete CMFEM approximation scheme (2.12)-(2.18), we use the projection
gradient algorithm to solve the OCPs (1.1). The projection PKh : Wh→ Kh, which satisfies: for
any w ∈Wh find PKhw ∈ Kh such that

(PKhw−w,PKhw−w) = min
u∈Kh

(u−w,u−w).

For an acceptable error Tol, we introduce the following projection gradient algorithm.

Algorithm 1. Projection gradient algorithm

• Step 1. Initialize i = 1,y0
(i),z

N
(i),u

n
(i)(n = 1,2, · · · ,N);



CMFEM FOR BILINEAR CONVECTION-DIFFUSION OPCS 11

• Step 2. For n = 1,2, · · · ,N, solve the following system:

(
un
(i+ 1

2 )
,v
)
=
(

un
(i),v

)
−ρ(i)

(
un
(i)− yn

(i)pn−1
(i) ,v

)
, ∀v ∈ Kh,(

yn
(i)− ȳn−1

(i)

kn
,w

)
+
(

divpppn
(i),w

)
+
(

un
(i)y

n
(i),w

)
= ( f n,w), ∀w ∈Wh,(

A−1pppn
(i),vvv

)
−
(

yn
(i),divvvv

)
= 0, ∀vvv ∈VVV h,(

zn−1
(i) − ¯̄zn

(i)

kn
,w

)
+
(

divqqqn−1
(i) ,w

)
+
(

un
(i)z

n−1
(i) ,w

)
=
(

yn
(i)− yn

d,w
)
, ∀w ∈Wh,(

A−1qqqn
(i),vvv

)
−
(

zn
(i),divvvv

)
=−

(
pppn
(i)− pppn

d,vvv
)
, ∀vvv ∈VVV h,

u(i+1)n = PKh(u
n
(i+ 1

2 )
),

where we have omitted the subscript h and selected ρ(i) ∈ (0,1/4) in practice;

• Step 3. Compute the iterative error: Ei =

√
N
∑

n=1
kn‖un

(i+1)−un
(i)‖2;

• Step 4. If Ei ≤ Tol or i≥ 100, stop; else i = i+1 go to Step 2;
• Step 5. Compute the errors of |||u− uh|||l2(L2), |||y− yh|||l∞(L2), |||ppp− ppph|||l2(L2), |||z−

zh|||l∞(L2), |||qqq−qqqh|||l2(L2).

The numerical example was solved by Algorithm 1 with the C++ software package: AFEPack
which is freely available [15]. Let Ω = [0,1]× [0,1], T = 1 and E be the 2×2 identity matrix.

Example 1. The data are as follows:

bbb = (1,1),A = ε ·E,
y(x, t) = sin(πt)x1(1−2x1)(1− x1)sin(2πx2),

ppp(x, t) =−ε

(
sin(πt)(1−6x1 +6x2

1)sin(2πx2)

2π sin(πt)x1(1−2x1)(1− x1)cos(2πx2)

)
,

z(x, t) = sin(π(1− t))sin(2πx1)x2(1−2x2)(1− x2),

qqq(x, t) =−ε

(
2π sin(π(1− t))cos(2πx1)x2(1−2x2)(1− x2)

sin(π(1− t))sin(2πx1)(1−6x2 +6x2
2)

)
,

u(x, t) = max{0,−z(x, t)},
f (x, t) = yt(x, t)+bbb ·∇y(x, t)+divppp(x, t)+u(x, t)y(x, t),

yd(x, t) = y(x, t)+ zt(x, t)+bbb ·∇z(x, t)−divqqq(x, t)−u(x, t)z(x, t),

pppd(x, t) = ppp(x, t)+ εqqq(x, t)+∇z(x, t).

For ε = 10−1 and ε = 10−3, the errors on a sequence of uniformly refined meshes’s size h
and time step size k are shown in Tables 1-2. It is easy to see that |||u−uh|||l2(L2) = O(h+ k),
|||y−yh|||l∞(L2)+ |||ppp−ppph|||l2(L2) =O(h+k), and |||z−zh|||l∞(L2)+ |||qqq−qqqh|||l2(L2) =O(h+k).
It is consistent with the previous convergence analysis results.
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TABLE 1. Numerical results with ε = 10−1, Example 1.

h = k 1
10

1
20

1
40

1
80

|||u−uh|||l2(L2) 6.3712e-02 3.1387e-02 1.6099e-02 8.3536e-03
|||y− yh|||l∞(L2) 4.1573e-02 2.1174e-02 1.0793e-02 5.3782e-03
|||ppp− ppph|||l2(L2) 8.9619e-02 4.3653e-02 2.2054e-02 1.0454e-02
|||z− zh|||l∞(L2) 6.3702e-02 3.1379e-02 1.6101e-02 8.3538e-03
|||qqq−qqqh|||l2(L2) 1.0430e-01 5.2853e-02 2.5262e-02 1.3664e-02

TABLE 2. Numerical results with ε = 10−3, Example 1.

h = k 1
10

1
20

1
40

1
80

|||u−uh|||l2(L2) 4.2618e-01 2.1311e-01 1.0609e-01 5.3044e-02
|||y− yh|||l∞(L2) 2.4618e-01 1.2310e-01 5.1160e-02 2.5578e-02
|||ppp− ppph|||l2(L2) 4.1896e-01 2.0952e-01 1.0478e-01 5.2391e-02
|||z− zh|||l∞(L2) 3.6584e-01 1.8298e-01 9.1491e-02 4.5745e-02
|||qqq−qqqh|||l2(L2) 6.8645e-01 3.4332e-01 1.7167e-01 8.3583e-02

In Figure 1, we show the relationship between log10(error) and log10(node) and can see the
convergence rate O(h+ k), which is consistent with the theoretical results in Section 4.
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FIGURE 1. The convergence rate with ε = 10−1 (left) and ε = 10−3 (right).
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FIGURE 2. The exact solution u (left) at the error u−uh (right) t = 0.5 with ε = 10−3.
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In Figure 2, we show the profiles of the exact solution u (left) alongside the error u− uh
(right) at t = 0.5 with h = k = 1

40 and ε = 10−3.
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