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A CHARACTERISTIC MIXED FINITE ELEMENT METHOD FOR BILINEAR
CONVECTION-DIFFUSION OPTIMAL CONTROL PROBLEMS
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Abstract. In this paper, we investigate a fully discrete characteristic mixed finite element approximation
of bilinear convection-diffusion optimal control problems. The characteristic line method and backward
difference are used for the time discretization. The lowest order Raviart-Thomas mixed finite element
method is used for the space discretization. A priori error estimates for both the control and state numer-
ical solutions are derived. Theoretical results are confirmed by a numerical example.
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1. INTRODUCTION

There are numerous studies on mixed finite element methods (MFEMs) for standard elliptic
and parabolic optimal control problems (OCPs), in which the objective functional contains not
only the primal state variable but also its gradient. A systematic introduction can be found in
[1,3,13,17, 18, 19, 20]. A priori error estimates of the MFEM for linear and semilinear elliptic
OCPs were established in [4] and [14], respectively. A priori error estimates of the MFEM for
linear and semilinear parabolic OCPs were derived in [27] and [5], respectively. In recent years,
a priori error estimates of the MFEM for bilinear optimal control problems governed by elliptic
and parabolic PDEs were obtained in [6] and [21], respectively.

Time-dependent convection-diffusion partial differential equations (PDEs) arise in ground-
water contaminant transport, environmental modeling, petroleum reservoir simulation, and many
other applications [22, 26, 29]. But convection dominated will produce unacceptable nonphys-
ical oscillations of standard finite difference or finite element solutions. In order to overcome
this difficulty, Douglas and Russell presented a characteristic finite element method (CFEM) of
the convection-dominated diffusion problems in [7]. Recently, it was extended to solve other
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convection-diffusion equations [23, 28] and linear convection-diffusion optimal control prob-
lems (CDOCPs) [8, 9, 10, 12, 24]. In [11], the authors derived the convergence results of
characteristic mixed finite element methods (CMFEMs) for linear CDOCPs.

To the best of our knowledge, this is the first time to consider a fully discrete CMFEM
approximation of bilinear OCPs governed by unsteady convection-diffusion equations. In this
paper, we adopt the standard notation W"”(Q) for Sobolev spaces on Q with a norm ||v||h., =

Y ||D°‘v||€p(g), a semi-norm |[v|h , = ¥ ||D“v||€,,(g). We set Wy'"P(Q) = {ve W"P(Q):
lor|<m |ot|=m
vlag = 0}. For p =2, let H"(Q) = W"2(Q), Hy'(Q) = Wy"*(Q), and || [l = |- [m2, || -l =
|- llo,2. We denote by L*(0,7;W"P(Q)) the Banach space of all L* integrable functions from J
into WP (Q) with norm

1

T 1
Wlwmsan = ([ 11Rmnayds) " fors € 1),

and the standard modification for s = oo.
We are interested in the following time-dependent bilinear convection-diffusion OCPs:

( T

1 2 2 2
— _ — dt
min 5 ; (Ilp = pall” + Iy —yall” + ||ul|?) dt,

vi+b-Vy+divp+uy=f, (xt)€QxJ,

p=—AVy, (x,1)€QxJ, (1.1
y(x, 1) =0, (x,1)€dQxJ,

L y(x,0) =yo(x), x€Q,

where Q C R? is a bounded convex polygon with Lipschitz boundary dQ and J = (0,T].
Let py € (L*(J;HY(Q)))?, ya € L*(J;H (Q)), and A = (a;j(x))2x2 € (W=(€2))?*? such that
xT Ax > cny\ﬁz,v x € R%, where ¢ > 0, f € L*(J;L*(Q)), and yo(x) € H}(Q). b= (b1,b,) €
(C(J;C}(€2)))? denotes a velocity field and the flow is incompressible, i.e.,

V.-b=0,Y(x,t) € QxJ.
Moreover, we assume that the constraint is an obstacle such that
K={ue L2(J;L2(Q)) : u(x,r) >0, ae. in Q x J}.

Similarly, one can define the spaces H' (J; W™ (Q)). Just for simplicity of statement, we denote
L*(J;W™P(Q)) by L*(W"™P). In addition, C denotes a general positive constant.

The rest of the paper is organized as follows. In Section 2, we give a fully discrete CMFEM
approximation of OCPs (1.1). In Section 3, we introduce some important intermediate variables
and error estimates. In Section 4, we derive a priori error estimates for both the control and state
variables. In Section 5, the last section, a numerical example is provided to demonstrate that
the proposed method is efficient.

2. A CHARACTERISTIC MIXED FINITE ELEMENT APPROXIMATION

We give a fully discrete CMFEM for model problem (1.1). To fix the idea, we take the state
spaces L = L?(J;V) and Q = H'(J;W), where V and W are defined as follows:

V =H(div;Q) = {v € (L*(Q)),divw € L*(Q) } ,W = L*(Q).
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The Hilbert space V' is equipped with the following norm:
)1/2

2 2
V1l (div.e) = (V5.0 + lIdivwllo o
( )

Let s denote the unit vector in the direction of (by,b,,1) in Q x J, and

A=(BR+1)"? =B +63 1)

We take account of y; +b - Vy as a directional derivative, namely
yi+b-Vy=Ays.
Then the state equation is equivalent to the following form:
Ays+divp+uy = f.

We recast (1.1) as the following weak form:

( ) 1 T
min{ 5 [ (= palP+ Iy = yal?+ ulP)ar

uck

(Ays,w) + (divp,w) + (uy,w) = (f,w), YweW,telJ, 2.1
(A 'p,v)— (0,diw) =0, WeV,rel,

| y(x,0) =yo(x), VxeQ.

It follows from [2, 9, 18] that the OCP (2.1) has a solution (p,y,u), and that if (p,y,u) € L x
O x K is a solution of (2.1), then there is a co-state (q,z) € L x Q such that (p,y,q,z,u) satisfies
the following optimality conditions:

(Ays,w) + (divp,w) + (uy,w) = (f,w), YweW,telJ, (2.2)
(A7 pv)—(y,divw) =0, WeV, rel, (2.3)
y(x,0) = yo(x), VxeQ, (2.4)
— (Aps,w) +(q,w) + (uz,w) = (y —ya,w), YweW,rel, (2.5)
(A"'q,v) — (z,divw) = —(p—pa,v), WeV,rel, (2.6)
2(x,T)=0, VxeQ, 2.7)
(u—yz,i—u) >0, VieKk, (2.8)

where (-, ) is the inner product of L?(Q).
LetNeZ", 0=t <tr<--<ty=T,ky=t,—t,_1,n=1,2--- N, k= max {k,} and
1<n<N
G(x*,t%;t) =x" —b(x",t7)(t" —1)

be the approximate characteristic curve passing through point x* at time ¢*. Furthermore, we
denote by ¥ = G(x,1,;t,—1) be the foot at time #,_; of the characteristic curve with head x at
time 7, and set ¥ = y(X,1), y" = y(x,1,). Then we approximate the s derivative of y at time #,
by a backward-Euler difference quotient, namely

on—1

n__
Anygg}%7n:172,...
n
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We define for 1 < p < oo the discrete time-dependent norms

N-1
Wl |e (g wma ) 1=< ) kn||1l/”||pwm,q(g)> :
n=1-[

where / = 0 for the control u and the state y,p and [ = 1 for the adjoint state z,q, with the
standard modification for p = eo. For convenience, we denote ||| - |[|;p(s.wma(q)) bY ||| [|[1p(wma)

and let 17 (J;W(Q)) = {: [|[yl[ligwma) < oo}, 1< p < o

Let .7, be regular triangulations of Q. h; is the diameter of element 7 and /& = ma}%{{hf}.
S

Let V;, x W, CV x W denote the lowest order Raviart-Thomas space [1] associated with the
triangulations .7}, of Q. P, denotes the space of polynomials of total degree at most k (k > 0).
Let V(1) = {v € P3(t) +x-Py(1)}, W(T) = Py(7). We define

Vi={v,eV:w|.eV(1),V1e T},
Wy = {wp €W :wpl € W(1),V T € T},
K, = {Wh eWw,: Wh"L’ = max{O,wh},V T€E %}

We introduce the L?(Q)-orthogonal projection [1] P, : W — Wj,, which satisfies:
(Poy —w,wy) =0,  VYw, e W, Yy €W,
and the Fortin projection [6] I, : V — V,, which satisfies:
(div(IT,y — y) ,wy) =0, Yw, € W, Vg €V.
They have the following approximation properties [1]:

Iy —Puyll—s.p <CR' ™ [lyll1p,s =0,1,2< p oo Vy e WHP(Q), (2.9)
2
0,0 < Chl[W|[1p,2<p < oo, VY € (WHP(Q))". (2.10)

|y — 1Ty

Then a fully discrete CMFEM approximation of (2.1) is as follows:

p

MZGK;,

|1 ¥
min {5 Y k(o — P31+ lyh — Vil + Hu’illz)}
n=1

n__ =n—l
<yh kyh ‘,wh) + (divpy, wa) + (uhyp, wi) = (f" s wn),  Ywy € Wy, (2.11)
n

(AP} vn) — (Vi divwy) =0, Wy, €V,
\yg(x) = Pyyo(x), VxeQ.

It follows from [2, 9, 25] that control problem (2.11) has a solution (p},y;,u}),n=1,2,--- N,
and that if (p},y},u}) € Vi, x W), x K}, is the solution of (2.11), then, forn = N,N—1,--- 1,

there is a co-state (qZ_1 ,25) € Vi, x Wy such that (pj, yZ,qZ_l ,zz_l,uZ) satisfies the following
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optimality conditions:

n -n—1

yi—=y, - non n

(%,wh) + (divpy, w) + (g wn) = (" wn), Vi € W, (2.12)
n

(A~ pr ) — (v, divw,) =0, Y, €V, (2.13)
W) =Rpyo(x), VxeQ, (2.14)

Zn—l . gn

%,Wh + (diV‘IZ_l,Wh) + (MZZZ_l,Wh) = (p—Y5.wn), Yw,eW,, (2.15)

n

A7'g o) — (2 divwy) = — (P} —ph,ve), W €V, (2.16)
DNx)=0, VxeQ, (2.17)
(up —ypzp L d—ul) >0, Vi € K. (2.18)

where EZ = z,(X,,) and X represents the head of the characteristic curve with foot x at time #,_1,
namely,

X = G()?vtn;tn—l)7
and J" = det 2G(x, tn;z‘n_l)_l is the determinant of the Jacobian transformation from G to x.
Because the flow is incompressible, similar to the discussion in [9], we have J"* = 1 + O(k2).
3. SOME IMPORTANT INTERMEDIATE VARIABLES AND ERROR ESTIMATES

We introduce some auxiliary variables and error estimates. Forany u € K,n=1,2,--- /N, let
(P (), ¥ (u), g} (u), 2} (1)) € (V) x Wy)? satisfy the following system:

(yZ(u) — 3y ()

th> + (divp), (u), wy) + ("y, (), wp) = (f"swn), Ywp €Wy, (3.1)

kn
(A~ p(u),vi) — Vh(u), divwy,) =0, Wy, €V, 3.2)
Y(u) = Pyyo(x), VxeQ, (3.3)
n—1 zn n
(zh (u) ;nzh(u) J ’Wh> - (divgl (), w) + ("2 (), i) e
= (V) —yg,wn), Vwp €Wy,
(A~ gy (w),wn) — (2" (), divwy) = — (P} (w) = Pljyva),  Vvh €V, (3.5)
N(u)=0, YxeQ. (3.6)

n—1 _n—1 n—1

It is easy to see that (p,y7.q} ', 20~ ") = (P} (un), ¥} (un),q " (un), 2} " (up)). For simplicity
of presentation, we set
n" =y —vi(u),0" = pj — py(u), §" =z — z,(u),&" = g, — g (w),
p"=y"=y,(u),6" =p" —pj(u),u" =" —z;(u),v" = q" — gqj,(u),

where n =0,1,---,N.
The following lemmas are very important in convergence analysis.
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Lemma 3.1. [7] Suppose that f € L*>(Q) and f(x) = f(x+g(x)k), where g and g' are bounded.
Then

1f (x) = F) [ -1 < CE £ (3.7)

n—1 _n—1

Lemma 3.2. Let n=1,2,--- N, (pl.yl.q} .2y '.u}), and (pZ(u),yZ(u),qZﬁl(u),zzfl(u))
be the solutions to (2.12)-(2.18) and (3.1)-(3.6), respectively. Then the following estimates hold

1ty =y 0) =22y + 11pn = Pr@) 202y < € (k[ =l ey )
llzn = 2 0) -2y + 11— @nCe) ll a2y < € (k+ Nl —wnll ez ) -

Proof. From (2.12)-(2.13) and (3.1)-(3.2), we have

n__ pn—lIl
(&,WO + (dive"™,wp,) + (u"n",wp)

kn
n—1 __ an—1 (38)
= ((u" —up)ypy,wn) + (%,Wh) , Ywp € W,
n
A710" v,) — (0", divw,) =0, Yy, €V, (3.9)
n
From the inequality a(a —b) > “ngz, we have
"> =1n""*> _ (n"=n""!
< | ——n"). 3.10
2k, =\ & " (3.10)
In view of u € K, we have
(u'n",n") = 0. (3.11)
It follows from Lemma 3.1 and the Cauchy inequality with € that
(" =)™y < CCe) " — P15+ elln” 1. (3.12)

and

an—1 n—1 an—1 n—1 n
(T ) < I W < eyt Sinr )

Set w, = n" and v, = 0" in (3.8) and (3.9), respectively. From (3.8)-(3.13), we obtain

"> = lIn"~"1?
2k

_ E
< (@)l =y |* + "I+ Cle)kalin™ 7 + 5 In" 1T
n

+clo"?
(3.14)

Note that n° = 0 and ||n"||; < C||8"||. By multiplying both sides of (3.14) by 2k, and summing
over n from 1 to N, we derive

a2y + 11 l2e2) < € (ks = wllzzy)- (3.15)
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Similarly, it follows from (2.15)-(2.16) and (3.4)-(3.5) that

(C";{ gr h)—i—(divé"I,Wh)—f—(uncnlvwh)

= (") + (=) ) + (C = ,wh) 316
+ (Cn J]: Cn h) s th - Wh,
(ATTE" vy — (¢! divwy,) = — (8",vy,), W), €V, (3.17)

By choosing wj, = "~ and v, = "1 in (3.16) and (3.17) respectively, we can derive the
desired conclusion. UJ

Lemma 3.3. Let (p,y,q,z,u) and (pZ(u),yZ(u),qz_ (u),z,~ 1(u)) ,n=1,2,--- N be the solu-
tions of (2.2)-(2.8) and (3.1)-(3.6), respectively. Assume that y,z € L™ (H(; YNL=>(H*)NH' (H")N
H?(L?) and p,q € (L*>(H"))>N (H'(L?))?. Then the following estimates hold
1y = ya @)= 22y + 1P = Pa()][|212) < C(k+h), (3.18)
1z = 2n (@)= (z2) + |llg — qn ()]l 2(z2) < C (k+ ). (3.19)
Proof. It follows from (2.2)-(2.3) and (3.1)-(3.2) that
pn _pn—l
(k—’ wh) + (dive™,wp) + (1" p" ,wy)

n

ol | | (3.20)
pl’l* _ p}’l* y}’l _)—]n* nn
=|\—FWn |t | ——F -1 YssWh |5 th € Wh7
ky ky,
(A~'e",vy) — (p",divww,) =0, W, €V, (3.21)
According to (3.20)-(3.21) and the definitions of projections P, and I1;, we have
pn_pnfl n —1 ,n n NN N
(k—,p +(a"6",6")+ (u"p",p")
n
pn _pn 1
= (k—,y" —Phy") +(a7'6" p" ~TLp") + (u"p", p")
n
pn . pn 1
#(Z 2 =) ) + @v(p — B B i) 62
n

pn_pn 1
= (k—a)’n —Phyn) + (A_lo'napn —thn) + (W"p",y" — Ppy")

n

ﬁ”fl—pnfl H n yn_ynfl n.n n n
+<k—,Phy — V() ) + — — A"y, Py —yi(u) )
n n

Similar to (3.10), we have

ni2 _ n—1/2 n_ ~n—1
e 2kILP I §<p kf ,pn) (3.23)
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By using (2.9), Lemma 3.1 and Cauchy inequality, we have

pn—l _pn—l ) ; k hZ
— V' P <C — 3.24
( k) )y W) <SG + o, (3.24)

It follows from (2.10) and the Cauchy inequality with € that
(A~'e", p" —I,p") < C(e)h* +€|l6™||*. (3.25)
Note that u € K. By utilizing (2.9) and the Cauchy inequality with €, we obtain
(u"p",Y" = Piy") < C(e)l* +e|p"||*. (3.26)
It follows from (2.9), (3.7) and the Cauchy inequality with € that

kn
pn—l
<—7Phyn_yn+pn)
(3.27)
<£ n—1 Pyt — =n—1 __ . n—1 n
< o (" ="l lP” ="+ 18" =" H-tllp" 1)
eC
<clepllo™™ I+ 5 (4 1o"I).
From the standard backward difference error analysis [7] and the Cauchy inequality with €, we
obtain
yn_}—}nfl
<k——l”yy,Phy —yj(u ))
n
yn_yl’lfl 2
<C(e) ||=—=— =AY +eClPy" =y +p"|? (3.28)
n
32)’ ? 4 2
§ Lz(tnfl»ln;Lz(Q))
Combining (3.22)-(3.28), we derive
"> = llp"~"|I? n
oo
n
ky  h*
<clem e (G g ) +eClo P+ 10"+ o)

Multiply both sides of the above inequality by 2k, and summing over n from 1 to N. If € is

small enough, we can obtain (3.18). Similarly, from (2.5)-(2.7) and (3.4)-(3.6) we can derive

(3.19) immediately. ]
4. A PRIORI ERROR ESTIMATES

In many applications, the objective functional J(-,-) is uniformly convex near the solution u.
Like in [16], if 4 and k are small enough, we assume that there is a constant ¢ > 0 such that

el — ] 1P g2y < U Omat) — I (ot — ). (“.1)
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Theorem 4.1. Let (p,y,q,z,u) and (p}.y}.q, ,zz ! Jup),n=1,2,--- N be the solutions of
(2.2)-(2.8) and (2.12)-(2.18), respectively. Let the conditions in lemmas 3.2-3.3 be valid and

u € L>(H"). Then
[we = up||] 212y < C(R+K),
Y = yallli=(z2) + llp = pallli22) < C(h+k),
H|Z_Zh|Hl°°(L2) +llg —anlll 212y < C(h+ k).
Proof. Selecting u = uy, and u = P,u in (2.8) and (2.18), respectively, we have
(" —y"Z" uy —u") >0,
and
(uhy = Yhz ™" P — ) > 0.
According to the definition of Py, (4.1), (4.5), and (4.6), we have
C|H”_uh|||122(L2)

< (S Ony ) = Jj ms ), e — )

N N
=Y k(" =¥z )" —up) = Yk (= iy — ul)
n=1 n=1
N N
<Y k(2 =) )y =) + Y e (] — Y Py — ")
n=1 n=1

N
kn (y"z"_l—yZ( u)z, M), u" —ul —l—an y z”—y"z”_l,u”—uZ)

I
M=

n=1 n=1
N
+ Z k n P 1 yZzZ_l,Phu"—uZ) + Z k, (Ph(y" n— 1) ynzn—l,Phun_un)
n=1
.=Il—|—12—|—[3 + 1.

By using the Cauchy inequality with &, we obtain

Zk non— 1 ( )ZZ l(u>7un_uz)

SC(E)anIIZ"_1 i Wli+C(e) Zk Iy* = H1+8CZ/< " — 1

n=1
= ()l z40) 12y +c<e>|||y—yh<u>|||ﬂ(m) €1l — gl s 12

and

N
L= Z kn (V"2 — "2 " — )

Zk 12" = 2" )||1+€CZ/< lu" — |

n=1

- c<e>k2|||p|||,z(,,1) el u— gl [

4.2)
4.3)
4.4)

(4.5)

(4.6)

4.7)

(4.8)

(4.9)



10 Y. TANG

It follows from the Cauchy inequality, (2.7), and Lemma 3.2 that

kn (0" P" " = yipp Tt Pl — u)

o
I
M=

3
I
—_

ko (P = V() pl (w), Py — ul))

I
M=

3
I

_l’_
1=~

kn (Vp ()P~ (u) = yipp b Pl — ul)

3
Il
_

N (4.10)
kallp" ™t = P @) HC Y Kl =2 (W)l

n=1

A
a
M=

3
Il

_|_
QO
M=~

ol — Pyt || + £C <k+ | — uhH|122(L2)>

3
I
—_

< Clllp = puw) [, + Clly =y ()1 gy + CH2 |2 g
&€ (k+ Il =l s g2,)

and

N
Iy = Z k, (Ph(ynpnfl) _ynpnfl,Phun _ un)
| (4.11)

< R (111 By + 1B gy + Dl ) -

Combining (4.7)-(4.11), we obtain (4.2). From Lemma 3.2, Lemma 3.3, (4.2), and the triangle
inequality, it is easy to derive (4.3) and (4.4). [

5. NUMERICAL EXPERIMENTS

In this section, we give a numerical example to demonstrate our theoretical results. Based
on the above fully discrete CMFEM approximation scheme (2.12)-(2.18), we use the projection
gradient algorithm to solve the OCPs (1.1). The projection P, : W), — K}, which satisfies: for
any w € W, find Pk, w € K}, such that

(Px,w —w,Pg,w—w) = min(u—w,u—w).
ueky

For an acceptable error Tol, we introduce the following projection gradient algorithm.

Algorithm 1. Projection gradient algorithm

.sprmmmmi:L%W%M%mszuwNy

i
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e Step 2. Forn=1,2,--- N, solve the following system:
( ~1
(u’gi_._%)aV) = <l/t?l-),V) _p(l) (u?j) _y?l)p’gl) ,V) ) Vv e K/17

(y—?i) _)7’(151 ,W) + (din?l-),W) + <M?,-)yl(1[)7w> =(f"w), YweW,
(

where we have omitted the subscript 4 and selected p ;) € (0,1/4) in practice;

N
e Step 3. Compute the iterative error: E; = ngl kn||u?l. )T M}Zi) 2

o Step4. If E; < Tol ori > 100, stop; else i =i+ 1 go to Step 2;
o Step 5. Compute the errors of [|[u—un||[;2(22), [[[y = Yallli=22): [P = Palll22)s
znllli=(2ys |1g — @nlll 22y

The numerical example was solved by Algorithm 1 with the C++ software package: AFEPack
which is freely available [15]. Let Q = [0,1] x [0,1], T = 1 and E be the 2 x 2 identity matrix.

|z —

Example 1. The data are as follows:

b=(1,1),A=¢-E,
y(x,¢) = sin(7t)xy (1 — 2x1) (1 —xq) sin(27x,),

(sin(m)(l — 6x1 +6x7) sin(27x2) >
P(xvt) =—€ .
2w sin(7e)xy (1 —2x1) (1 —xp) cos(27x;)
z(x,t) = sin(w(1 —1¢)) sin(27wx1 )xp (1 — 2x2) (1 — xp),
2msin(mw(1 —1))cos(2mxy )x2 (1 —2x2) (1 —x2)
q(x7t) =—&| . . o) )
sin(zw(1 —1¢))sin(27x; ) (1 — 6xp + 6x3)
u(x,t) = max{0, —z(x,1)},
f(xat) :yt(x7t) +b- Vy(xat) —|—divp(x,t) +u(x7t)y(x7t)a
yd(xvt) = y(x7t) +Zt(x7t) +b- VZ()C,I) _divq(xvt) - u(x,t)z(x,t),
pa(x,t) = p(x,t)+€q(x,t) + Vz(x,1).

For ¢ = 107! and & = 1073, the errors on a sequence of uniformly refined meshes’s size h
and time step size k are shown in Tables 1-2. It is easy to see that |[|u —upl||;2(;2) = O(h+k),

1y =yallli= @2y +1llp = Palll2) = O (h+k), and [[[z = znll[1=(12) + [[|g = gnllli212) = O (h+k).
It is consistent with the previous convergence analysis results.



TABLE 1.

Numerical results with € = 10~}

Y. TANG

, Example 1.

h=k

1

1

€1

1

|||”—MhH|12(L2

10
6.3712e-02

20
3.1387e-02

40
1.6099¢e-02

80
8.3536e-03

Iy — yh!l\mz

4.1573e-02

2.1174e-02

1.0793e-02

5.3782e-03

[llp—pallli22)

8.9619¢-02

4.3653e-02

2.2054e-02

1.0454e-02

[z = 2] (22)

6.3702e-02

3.1379e-02

1.6101e-02

8.3538e-03

|llg —gnllli222)

1.0430e-01

5.2853e-02

2.5262e-02

1.3664e-02

TABLE 2.

Numerical results with € = 1073, Example 1.

h=k

1

1

€1

1

[l = unlll222)

10
4.2618e-01

20
2.1311e-01

40
1.0609e-01

80
5.3044e-02

Iy — )’hml""(Lz

2.4618e-01

1.2310e-01

5.1160e-02

2.5578e-02

[llp—palllig2)

4.1896e-01

2.0952e-01

1.0478e-01

5.2391e-02

[z = 2l = (22)

3.6584e-01

1.8298e-01

9.1491e-02

4.5745e-02

llg —anlll22)

6.8645¢e-01

3.4332e-01

1.7167e-01

8.3583e-02

In Figure 1, we show the relationship between log;(error) and log,(node) and can see the
convergence rate & (h+ k), which is consistent with the theoretical results in Section 4.

Iogm(error)

0=

-0.5F

Iogm(error)

R
~1.5¢
Q= o

2 25 3

//Il,,l,“ e‘“\\\\

AR
”f//:,"'m“\‘ \\\\\\\
LS \‘\‘\\ i

/”’/II “‘t\“\‘{\‘\\

35

_of 0= = -
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6.Z T =
—o- -yl =
25H R T
—o— - Ily-Yyllegz, - IT=g
3 AN ~
1IP-Py iz
=850 o lla-gylle 2
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4 . . .
2 25 3 35 4
I gm(nod )

FIGURE 2. The exact solution u (left) at the error u — uy, (right) t = 0.5 with € = 1073,
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In Figure 2, we show the profiles of the exact solution u (left) alongside the error u — uy,
(right) att = 0.5 with h =k = g5 and € = 1073,
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