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ON THE NONLINEAR EIGENVALUE PROBLEMS INVOLVING THE
FRACTIONAL p-LAPLACIAN OPERATOR WITH SINGULAR WEIGHT

H. HARCHA∗, O. CHAKRONE, N. TSOULI

Department of Mathematics, Faculty of Sciences, Mohammed First University, Oujda, Morocco

Abstract. The aim of this paper is to study the following problem with the p-Laplacian fractional involving
singular weights {

−(∆a)
s
pu+hb(x)|u|p−2u = λhc(x)|u|p−2u+h(x) in Ω,

u = 0 on RN\Ω,

where Ω is a bounded domain of RN (N ≥ 3) with smooth boundary ∂Ω. The existence and the properties of
the principal eigenvalue, such as simplicity, isolation, and corresponding eigenfunctions are obtained. Finally, we
study the nonexistence of solutions by using a type version of Picone’s identity.
Keywords. Compact embedding theorem; First eigenvalue and eigenfunction; Nonlinear eigenvalue problem;
Picone’s identity; Variational methods.

1. INTRODUCTION

In this paper, our aim is to establish the existence, and properties of the principal eigen-
value and corresponding eigenfunctions for the following nonlinear homogeneous eigenvalue
problem {

−(∆a)
s
pu+hb(x)|u|p−2u = λhc(x)|u|p−2u in Ω,

u = 0 on RN\Ω,
(Ps)

where Ω is a bounded domain in RN , (N ≥ 3) with Lipschitzian boundary ∂Ω, 1 < p < N,
0 < s < 1, and a,b,c are three nonnegative parameters such that a ≥ 0, 0 ≤ b ≤ a+ p, and
0 ≤ c < a+ p. We denote by d(.) the distance function up to the boundary ∂Ω that means
d(x) = dist(x,∂Ω) = inf

y∈∂Ω

| x− y | ∀x ∈ Ω, and λ is a real parameter. Moreover, we denote
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ha(x) = d−a, hb(x) = d−b, and hc(x) = d−c. The weighted fractional p-Laplacian operator is
given by

(−∆a)
s
pu(x) = pv

∫
Ω

ha(x)
| u(x)−u(y) |p−2 (u(x)−u(y))

| x− y |N+sp dy, ∀x ∈Ω,

where pv refers to the Cauchy principle value; see [11] for more details.
The study of the problem involving fractional and non-local operators, such as (Ps), has been

a great interest in various research fields related to PDEs with nonlocal terms. This interest is
also justified by its applications in many fields, such as continuum mechanics, phase transition
phenomena, population dynamics, and game theory. The problem is the typical outcome of
stochastically stabilization of Levy processes; see [14] and the references therein. For results
on non-local operators and their applications, we refer the reader to [2, 5, 6, 8, 9, 10, 11, 20]
and the references therein. For the basic properties and the continuous compact theorem of
fractional Sobolev spaces, we refer the reader to [11]

When ha = 1, hb = 0, and hc = 1, Franzina and Palatucci [14] presented some basic properties
of the eigenfunctions of nonlocal operators of fractional p-Laplacian with order s∈ (0,1). They
studied the weak solutions for the following class of equations{

−(∆)s
pu = λ |u|p−2 u in Ω,

u = 0 on RN\Ω,
(P1)

where p > 1, N ≥ 2, and (−∆)s
p is the fractional p-laplacian defined by

(−∆)s
pu(x) = 2lim

ε→0

∫
RN\Bε (x)

|u(x)−u(y)|p−2(u(x)−u(y)
|x− y|N+sp dy.

Quasilinear eigenvalue problems with the p-Laplacian involving singular weights represents a
starting point in analyzing more complicated equations. A first contribution in this sense is due
to Drábek and Hernández [12]) in which the following eigenvalue problem was considered{

−div( 1
dα |∇u|p−2∇u)+ 1

dβ
|u|p−2u = λ

dγ |u|p−2u in Ω,

u = 0 on ∂Ω,
(P2)

where Ω is a bounded domain in RN with Lipschitzian boundary ∂Ω, 1 < p < N, α ≥ 0,
0 ≤ β ≤ α + p, and 0 ≤ γ ≤ α + p. They proved that λ1 is the principal eigenvalue to the
problem (P2) with associated eigenfunction u, which has a constant sign. Moreover they showed
that λ1 is simple and isolated.

In this paper, inspired by the results mentioned above, we investigate the properties of the
principal eigenvalue λ1 for problem (Ps), such as the simplicity [4] and associated eigenfunc-
tions. In addition, we prove that λ1 is isolated from the left and the right-hand side by using the
fractional Hardy Sobolev inequality. Finally we study the nonexistence of solutions by adding
a function h to our problem and applying a Picone-type identity in the fractional case. Our
main aim in this work is to generalize the results concerning the properties of eigenvalues and
associated eigenfunctions for problem (P2) to the fractional case based on [4]. This paper is
organized as follows. In Section 2, we start with some basic properties and fundamental results
on the theory of the weighted fractional Sobolev spaces ([17]). In Section 3, we prove that
there exist a principal eigenvalue λ1 > 0 of (Ps) with associated eigenfunction u which does not
change sign in Ω. We also prove the simplicity of λ1, and it is isolated from the left and the
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right-hand side. Finally, in Section 4, by using a type version of Picone’s identity, we study the
nonexistence of solutions when we add the function h > 0 to this problem, ha(x) = 1.

2. PRELIMINARIES

In order to deal with problem (Ps), we need the theory of weighted fractional Sobolev spaces.
Here, we only recall some basic facts which will be used later. Let Ω ⊂ RN be a bounded
domain with smooth boundary ∂Ω. For ε ∈ R+, we let

Lp(Ω;
1
dε

) = {u : Ω−→ R measurable;
∫

Ω

1
dε
|u(x)|pdx < ∞}

to be the weighted Lebesgue space with the norm ([12]) ‖u‖p;ε = (
∫

Ω
1

dε |u(x)|pdx)
1
p .

Lemma 2.1. The weighted fractional Sobolev space with 0 < s < 1 defined by

W s,p(Ω,
1
dε

) = {u : Ω−→ R measurable;
∫

Ω

∫
Ω

1
dε

|u(x)−u(y)|p

|x− y|N+sp dxdy < ∞}

is a Banach space if it is equipped with the norm ‖u‖W s,p(Ω; 1
dε )

= (‖u‖p
p;ε + [u]ps,p;ε)

1
p , where

[u]s,p;ε is a seminorm defined by [u]s,p;ε = (
∫

Ω

∫
Ω

1
dε

|u(x)−u(y)|p
|x−y|N+sp dxdy)

1
p .

Proof. Let (un)n be a Cauchy sequence with the norm ‖u‖W s,p(Ω; 1
dε )

, so (un)n is a Cauchy se-

quence in Lp(Ω, 1
dε ) and converges to u in Lp(Ω, 1

dε ). Let (vn)n with vn(x,y) =
un(x)−un(y)

dε |x−y|s+
N
p

be a

Cauchy sequence in Lp(Ω, 1
dε ). It then converges in Lp(Ω, 1

dε ). Let (uσ(n))n be a subsequence of
(un)n. According to the dominated convergence theorem, it converges a.e. to u(x) and (vσ(n))n

converges a.e. to v(x,y) = u(x)−u(y)

dε |x−y|s+
N
p

. By the Fatou Lemma, we obtain

∫
Ω

∫
Ω

|u(x)−u(y)|p

dε |x− y|N+sp dxdy≤ liminf
N→+∞

∫
Ω

∫
Ω

|uσ(n)(x)−uσ(n)(y)|p

dε |x− y|N+sp dxdy,

so u ∈W s,p(Ω, 1
dε ). According to the dominated convergence theorem, we have

|un(x)−un(y)|p

dε |x− y|N+sp −→
N→+∞

|u(x)−u(y)|p

dε |x− y|N+sp

in Lp(Ω×Ω, 1
dε ), so un −→ u in W s,p(Ω, 1

dε ). �

Denote X = W s,p
0 (Ω; 1

da ) = W s,p,a
0 (Ω) and X

′
the dual sound. We introduce an equivalent

norm ‖u‖X = (
∫

Ω

∫
Ω

1
da
|u(x)−u(y)|p
|x−y|N+sp dxdy)

1
p and define W s,p

0 (Ω, 1
dε ) ⊂W s,p(Ω, 1

dε ) to be a clo-
sure of the set C∞

0 (Ω) in (X ,‖.‖X). The weighted fractional p-Laplacian operator is given by

(−∆a)
s
pu(x) = pv

∫
Ω

1
da
|u(x)−u(y)|p−2(u(x)−u(y))

|x−y|N+sp dy for all x ∈Ω.

Lemma 2.2. [17]
(1) If a≥ 0,0≤ b≤ a+ p, and 0 < s < 1, then W s,p

0 (Ω; 1
da ) ↪→ Lp(Ω; 1

db ).
(2) If a≥ 0,1 < p < N, then W s,p

0 (Ω; 1
da ) ↪→W s,p

0 (Ω) ↪→ Lp∗(Ω), p∗ = N p
N−sp

(3) If a≤ c = a+ sp < a+ p, then W s,p
0 (Ω; 1

da ) ↪→↪→ Lp(Ω; 1
dc ),

where ↪→ is the continuous embedding, and ↪→↪→ is the compact embedding.
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Denote by L : X −→ X
′
the operator associated to the (−∆a)

s
p. It is defined by

〈L(u),ϕ〉=
∫

Ω×Ω

1
da
| u(x)−u(y) |p−2 (u(x)−u(y))(ϕ(x)−ϕ(y))

| x− y |N+sp dxdy

for all u and ϕ in X .

Lemma 2.3. If 0 < s < 1, then the following assertions hold

(i) L is a bounded and strictly monotone operator;
(ii) L is a mapping of type (S+), namely un ⇀ u and limsup

n→+∞

〈L(un)−L(u),un−u〉 ≤ 0 imply
un→ u;

(iii) L : X → X
′
is a homeomorphism.

Proof. (i) Evidently, L is a bounded operator. Now we show that L is strictly monotone
operator. Letting u 6= v ∈ X , we prove that 〈(−∆a)

s
pu− (−∆a)

s
pv,u− v〉 > 0. Observe

that 〈(−∆a)
s
pu− (−∆a)

s
pv,u− v〉 ≥ ([u]p−1

s,p,a− [v]p−1
s,p,a)([u]s,p,a− [v]s,p,a). If 〈(−∆a)

s
pu−

(−∆a)
s
pv,u− v〉 = 0, then 〈(−∆a)

s
pu− (−∆a)

s
pv,u− v〉 = ([u]p−1

s,p,a − [v]p−1
s,p,a)([u]s,p,a −

[v]s,p,a) = 0, so [u]s,p,a = [v]s,p,a. Moreover, if 〈(−∆a)
s
pu,v〉 ≤ [u]p−1

s,p,a[v]s,p,a, then [u]p−1
s,p,a

[v]s,p,a = 〈(−∆a)
s
pu,v〉 and [v]p−1

s,p,a[u]s,p,a = 〈(−∆a)
s
pv,u〉, (see [18]). For all α,β ≥ 0,

nonzero simultaneously, we have αu = βv, which is a contradiction due to u 6= v for
α = β = 1.

(ii) Let (un)∈W s,p,a
0 be a sequence such that un ⇀ u in W s,p,a

0 and limsup
n→+∞

〈L(un)−L(u),un−

u〉 ≤ 0. Then, from (i), we deduce that lim
n→+∞

〈L(un)−L(u),un−u〉= 0. By the compact

embedding, we have
un(x)→ u(x) a.e. x ∈Ω (2.1)

Let K(x,y) = d−a | x− y |−(N+sp). By Fatou’s Lemma, we obtain

lim inf
n→+∞

∫
Ω×Ω

|un(x)−un(y)|pK(x,y)dxdy≥
∫

Ω×Ω

|u(x)−u(y)|pK(x,y)dxdy, (2.2)

Moreover, we have

lim
n→+∞

〈L(un),un−u〉= lim
n→+∞

〈L(un)−L(u),un−u〉= 0. (2.3)

Now using Young’s inequality, we see that there exists a positive constant γ such that

〈L(un),un−u〉

=
∫

Ω×Ω

|un(x)−un(y)|pK(x,y)dxdy

−
∫

Ω×Ω

|un(x)−un(y)|p−2(un(x)−un(y))(u(x)−u(y))K(x,y)dxdy

≥
∫

Ω×Ω

|un(x)−un(y)|pK(x,y)dxdy−
∫

Ω×Ω

|un(x)−un(y)|p−1|u(x)−u(y)|K(x,y)dxdy

≥ γ(
∫

Ω×Ω

|un(x)−un(y)|pK(x,y)dxdy−
∫

Ω×Ω

|u(x)−u(y)|pK(x,y)dxdy).

(2.4)
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From (2.2), (2.3), and (2.4), we have

lim
n→+∞

∫
Ω×Ω

|un(x)−un(y)|pK(x,y)dxdy =
∫

Ω×Ω

|u(x)−u(y)|pK(x,y)dxdy. (2.5)

By (2.1) and the Brezis-Lieb Lemma [7], we gave the desired result.
(iii) By (i), we have that L is an injection. In view of the compact embedding, we obtain

lim
‖u‖→+∞

〈L(u),u〉
‖u‖

=+∞.

Therefore, L is coercive. In light of Minty-Browder theorem [21], L is a surjection.
Hence, L has an inverse mapping L−1 : (W s,p,a

0 )
′ →W s,p,a

0 . It remains to show that
L−1 is continuous. Indeed, let ( fn), f ∈ (W s,p,a

0 )
′

such that fn → f in (W s,p,a
0 )

′
. Let

un = L−1( fn) and u = L−1( f ). Then L(un) = fn and L(u) = f . In view of the coercivity
of L, (un) is bounded in W s,p,a

0 . We may assume that un ⇀ u0 in W s,p,a
0 . It follows that

lim
n→+∞

〈L(un)−L(u0),un−u0〉= lim
n→+∞

〈 fn,un−u0〉= 0. Using the fact that L is of type

(S+), we conclude that un→ u0 in W s,p,a
0 . This concludes the proof.

�

3. MAIN RESULTS

Let us consider the energy functional Jλ corresponding to the problem (Ps), defined by Jλ :
W s,p,a

0 −→ R, for any λ > 0

Jλ (u) =
∫

Ω×Ω

1
p.da
| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

1
p.db | u(x) |

p dx−λ

∫
Ω

1
p.dc | u(x) |

p dx.

Definition 3.1. We say that u ∈W s,p,a
0 is a weak solution to problem (Ps) if, for all ϕ∈W s,p,a

0 ,∫
Ω×Ω

1
da
| u(x)−u(y) |p−2 (u(x)−u(y))(ϕ(x)−ϕ(y))

| x− y |N+sp dxdy

+
∫

Ω

1
db | u(x) |

p−2 u(x)ϕ(x)dx−λ

∫
Ω

1
dc | u(x) |

p−2 u(x)ϕ(x)dx = 0.

Moreover, we say that λ is an eigenvalue of problem (Ps) if there exists u ∈W s,p,a
0 non trivial

such that u is the corresponding eigenfunction to λ .

Let us present the following weighted fractional Hardy Sobolev inequality that will be used
in the proof of Theorem 3.3. In [19], the authors studied the weighted fractional p-Laplacian
and established the following weighted fractional Lp-Hardy inequality

C
∫
RN

| u(x) |p

dc dx≤
∫
RN

∫
RN

| u(x)−u(y) |p

da | x− y |N+sp dxdy, (3.1)

where u ∈C∞
0 (RN), C > 0 is a positive constant, and c = a+ sp < N.

Lemma 3.2. Let Ω be a smooth bounded open set in RN , s ∈]0,1[, and p satisfy sp < N. Then

(1) Jλ is well defined;
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(2) Jλ ∈C1(W s,p
0 ,R), and, for all u,ϕ ∈W s,p,a

0 its Gâteaux derivative is given by

〈J′
λ
(u),ϕ〉=

∫
Ω×Ω

1
da
| u(x)−u(y) |p−2 (u(x)−u(y))(ϕ(x)−ϕ(y))

| x− y |N+sp dxdy

+
∫

Ω

1
db | u(x) |

p−2 u(x)ϕ(x)dx−λ

∫
Ω

1
dc | u(x) |

p−2 u(x)ϕ(x)dx.

Proof. (1) Let u ∈ X . Then ‖u‖p
X < +∞, ‖u‖p

p;b < +∞, and ‖u‖p;c < +∞. It follows that
Jλ <+∞ and Jλ is well defined.

(2) The existence of the Gâteaux derivative. We define ψ(u) =
∫

Ω×Ω
1

pda
|u(x)−u(y)|p
|x−y|N+sp dxdy,

φ(u) =
∫

Ω
1

pdb |u(x)|pdx, φλ (u) = λ
∫

Ω
1

pdc |u(x)|pdx, and Jλ (u) = ψ(u)+φ(u)−φλ (u).
Then J′

λ
(u) = ψ ′(u)+φ ′(u)−φ ′

λ
(u). For any u,ϕ ∈ X , we denote z = ϕ(x)−ϕ(y). It

follows that

〈ψ ′(u),ϕ〉=
∫

Ω×Ω

|u(x)−u(y)|p−2(u(x)−u(y))z
da|x− y|N+sp dxdy. (3.2)

Indeed,

〈ψ ′(u),ϕ〉= lim
t→0

Ψ(u+ tϕ)−Ψ(u)
t

= lim
t→0

∫
Ω×Ω

|(u(x)+ tϕ(x))− (u(y)+ tϕ(y))|p−|u(x)−u(y)|p

t pda|x− y|N+sp dxdy.
(3.3)

Let us consider M : [0,1]→ R defined by M(a) = |(u(x)−u(y))+atz|p
t pda|x−y|N+sp . The function M is

continuous on [0,1] and differentiable on ]0,1[. Then by the mean value theorem, there
exists θ ∈]0,1[ such that M

′
(a)(θ) = M(1)−M(0). Thus

|(u(x)−u(y))+θ tz|p−2[(u(x)−u(y))+ tθz]z
da|x− y|N+sp

= f (u,ϕ)

=
|(u(x)−u(y))+ tz|p−|u(x)−u(y)|p

tda p|x− y|N + sp
.

(3.4)

Combining (3.3) and (3.4), we have 〈ψ ′(u),ϕ〉 = lim
t→0

∫
Ω×Ω

f (u,ϕ)dxdy. Since t,θ ∈
[0,1], then tθ ≤ 1, which implies

f (u,ϕ)≤ |(u(x)−u(y))+ z|p−2[(u(x)−u(y))+ z]
da|x− y|N+sp .

On the other hand, we also have

f (u,ϕ)→ |u(x)−u(y)|p−2(u(x)−u(y))z
da|x− y|N+sp .

Hence, by the dominated convergence theorem, we obtain (3.3). By the same argument,
we have

〈φ
′
(u),ϕ〉=

∫
Ω

1
db |u(x)|

p−2u(x)ϕ(x)dx,
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and
〈φ
′
λ
(u),ϕ〉= λ

∫
Ω

1
dc |u(x)|

p−2u(x)ϕ(x)dx.

In view of relation (2.5), we have that the result holds. Letting uk → u in W0, we
demonstrate that ψ

′
(uk)→ ψ

′
(u) in W

′
0. Indeed,

〈ψ
′
(uk)−ψ

′
(u),ϕ〉

=
∫

Ω×Ω

[|uk(x)−uk(y)|p−2(uk(x)−uk(y))−|u(x)−u(y)|p−2(u(x)−u(y))]
da|x− y|N+sp × z

=
∫

Ω×Ω

[
|uk(x)−uk(y)|p−2(uk(x)−uk(y))

da|x− y|(
N
p +s)(p−1)

− |u(x)−u(y)|p−2(u(x)−u(y))

da|x− y|(
N
p +s)(p−1)

]

×
∫

Ω×Ω

z

da|x− y|
N
p +s

dxdy.

Set

Fk(x,y) =
|uk(x)−uk(y)|p−2(uk(x)−uk(y))

da|x− y|(
N
p +s)(p−1)

∈ L p̂(Ω×Ω,
1
da ),

F(x,y) =
|u(x)−u(y)|p−2(u(x)−u(y))

da|x− y|(
N
p +s)(p−1)

∈ L p̂(Ω×Ω,
1
da ),

and
ϕ(x,y) =

z

da|x− y|
N
p +s
∈ Lp(Ω×Ω,

1
da ),

where 1
p +

1
p̂ = 1. Hence, by the Hölder inequality, we obtain

〈ψ
′
(uk)−ψ

′
(u),ϕ〉 ≤ 2‖Fk−F‖L p̂(Ω×Ω, 1

da )
‖ϕ‖Lp(Ω×Ω, 1

da )
,

Thus
‖ψ

′
(uk)−ψ

′
(u)‖X∗ ≤ 2‖Fk−F‖L p̂(Ω×Ω, 1

da )
.

Now, let

vk(x,y) =
uk(x)−uk(y)

da|x− y|
N
p +s
∈ Lp(Ω×Ω,

1
da )

and

v(x,y) =
u(x)−u(y)

da|x− y|
N
p +s
∈ Lp(Ω×Ω,

1
da ).

Since uk→ u in X , then vk→ v in Lp(Ω×Ω, 1
da ). Hence, for a subsequence of (vk)k≥0,

we have vk(x,y)→ v(x,y) a.e. in Ω×Ω and ∃h ∈ Lp(Ω×Ω, 1
da ) such that |vk(x,y)| ≤

h(x,y). Thus we have Fk(x,y)→ F(x,y) a.e. in Ω×Ω and

|Fk(x,y)|= |vk(x,y)|p−1 ≤ |h(x,y)|p−1.

By the dominated convergence theorem, we deduce that Fk→ F in L p̂(Ω×Ω, 1
da ). Con-

sequently, ψ
′
(uk)→ ψ

′
(u) in X

′
= (W s,p

0 (Ω, 1
da ))

′
. By the same argument, we have

that φ
′
(uk)→ φ

′
(u) in (Lp(Ω, 1

dβ
))
′
and φ

′
λ
(uk)→ φ

′
λ
(u) in (Lp(Ω, 1

dc ))
′
. From relation

(2.5), we deduce the continuity of J
′
λ

immediately.
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�

Our main result is given by the two following theorems. To this end, we denote

λ1 = inf
u∈W s,p,a

0 (Ω)/{0}

∫
Ω×Ω

1
da
|u(x)−u(y)|p
|x−y|N+sp dxdy+

∫
Ω

1
db | u(x) |p dx∫

Ω
1
dc | u(x) |p dx

.

Theorem 3.3. Let 1 < p < N, a≥ 0, 0≤ b≤ a+ p, and 0≤ c < a+ p. Then

(1) λ1 is the principal eigenvalue of problem (Ps), and any value λ < λ1 can not be an
eigenvalue of problem (Ps).

(2) if u is an eigenfunction associated to eigenvalue λ1 of problem (Ps), then u does not
change sign in Ω.

(3) The principal eigenvalue is simple (see [4]), that is, if u and v are two eigenfunctions
associated with λ1, then there exists a constant σ ∈ R such that u = σv.

(4) The eigenvalue λ1 is isolated from the right-hand side, that is, there exists δ > 0 such
that in the interval (λ1,λ1 +δ ) there are no eigenvalues.

Theorem 3.4. Let 0 ≤ γ < 1 and v ∈ X be an eigenfunction associated with an eigenvalue
λ > 0, λ 6= λ1. Then v changes sign in Ω, that is, v+ 6≡ 0 and v− 6≡ 0 in Ω, where v+ and v−

denote the positive and negative part of v, respectively.

Proof. [Proof of Theorem 3.3]
(1) To study fractional eigenfunctions is related to the problem of minimizing the following

nonlocal Rayleigh quotient

ℜ(u) =
‖u‖p

X +‖u‖p
p;b

‖u‖p
p;c

, u ∈ X\{0}.

By Lemma 2.2, there exists a constant C1 > 0 such that, for all u ∈ X ,

‖u‖p;c ≤C1‖u‖X .

Then, for u ∈ X , u 6= 0, we have

ℜ(u)≥
‖u‖p

X
‖u‖p

p;c
≥ 1

Cp
1
> 0.

First, we show that

λ1 =
∫

Ω×Ω

1
da
| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

1
db | u(x) |

p dx,u ∈ F,

where F= {u∈X : ‖u‖p;c = 1}. Since 1< p<∞, the norm in the dual space (Lp(Ω; 1
dc ))

′

is uniformly convex therefore, and the norm ‖u‖p;c is uniformly Frêchet differentiable.
By [13], it is also of class C1 on Lp(Ω; 1

dc )\{0}. Hence, F is a C1-manifold modeled on
X due to Lemma 2.2. It is obvious that ℜ is bounded from below on F by a constant
1

Cp
1
> 0. Assume that {un} ⊂ F is a minimising sequence for ℜ\F, i.e.,

lim
n→∞

ℜ(un) = inf
u∈F

ℜ(u). (3.5)
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Then {un} is a bounded sequence in X ↪→ Lp(Ω; 1
db ). Since X , Lp(Ω; 1

db ) are uniformly
convex Banach spaces, X ↪→↪→ Lp(Ω; 1

dc ), there exists u ∈ X such that up to a subse-
quence

un ⇀ u weakly in X , (3.6)

un ⇀ u weakly in Lp(Ω;
1
db ), (3.7)

un→ u strongly in Lp(Ω;
1
dc ), (3.8)

and
un→ u a.e. in Ω. (3.9)

We deduce u 6= 0, ‖u‖p;c = 1. By the lower semicontinuity of the norm in X and
Lp(Ω; 1

db ), we have

lim inf
n→∞

‖un‖p
X ≥ ‖u‖

p
X , lim inf

n→∞
‖un‖p

p;b ≥ ‖u‖
p
p;b, (3.10)

but (3.5) and (3.10) yield

lim
n→∞
‖un‖X = ‖u‖X , lim

n→∞
‖un‖p;b = ‖u‖p;b. (3.11)

The uniform convexity of X and Lp(Ω; 1
db ) together with (3.6), (3.7), and (3.11) yield

un→ u (3.12)

respectively in X and Lp(Ω; 1
db ). (3.12) together with (3.8) imply ℜ(u) = inf

v∈F
ℜ(v). Let

w be any other eigenfunction of (Ps) with associated eigenvalue λ . By choosing ϕ = w
in Definition 3.1, we arrive at

λ = ℜ(w)≥ inf
v∈F

ℜ(v) = λ1,

that is, λ1 is the principal eigenvalue of (Ps),

λ = ℜ(w)≥ inf
v∈F

ℜ(v) = λ1,

so the minimum exists. We pose that I =
∫

Ω×Ω
1
da
|u(x)−u(y)|p
|x−y|N+sp dxdy, J =

∫
Ω

1
db | u(x) |p dx,

and K =
∫

Ω
1
dc | u(x) |p dx. We define the quotient F : W s,p,a

0 (Ω)/{0} −→ RN such
that F(u) = I(u)+J(u)

K(u) . Thus λ1 = inf
u∈F

F(u). Hence, there exist u ∈W s,p,a
0 (Ω)/{0} and

F(u) = λ1. We say that functions I, J, and K are differentiable so

〈F
′
(u),v〉= 1

K(u)〈K(u),v〉
(K(u)〈(I(u)+ J(u))

′
,v〉− (I(u)+ J(u))〈K

′
(u),v)〉.

We know that u is a minimizer of F . Then F
′
(u) = 0 and K(u)〈(I(u) + J(u))

′
,v〉 −

(I(u)+ J(u))〈K ′(u),v〉= 0, which implies that

〈(I(u)+ J(u))
′
,v〉= (I(u)+J(u))

K(u) 〈K ′(u),v〉= λ1〈K
′
(u),v〉.

Thus u is a weak solution of problem (Ps).
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(2) Since ℜ\F is a C1-functional on C1-manifold F, then there exists a Lagrange multiplier
µ ∈ R such that, for any ϕ ∈ X ,

p
∫

Ω×Ω

1
dα

| u(x)−u(y) |p−2 (u(x)−u(y))(ϕ(x)−ϕ(y))
| x− y |N+sp dxdy

+ p
∫

Ω

1
dβ
| u(x) |p−2 u(x)ϕ(x)dx

= µ p
∫

Ω

1
dγ
| u(x) |p−2 u(x)ϕ(x)dx.

The special choice ϕ = u leads to

‖u‖p
X +‖u‖p

p;β = µ‖u‖p
p;γ ,

which is equivalent to

µ = ℜ(u) = inf
v∈F

ℜ(v).

We call µ = λ1 > 0 the principal eigenvalue of (Ps) and u ∈ X is the corresponding
principal eigenfunction. For u ∈ X , we have |u| ∈ X (see Gilbarg and Trudinger [15,
Lemma 7.6]) and ℜ(u) = ℜ(|u|). We may assume that u ≥ 0 a.e. in Ω. Applying the
strong maximum principle for the fractional case inspired by [1], we have u > 0 in Ω.

(3) Let u and v be eigenfunctions associated with λ1 such that ‖u‖p,c = ‖v‖p,c = 1. In The-
orem 3.3, u and v minimize ℜ(u). We may assume that u > 0 and v > 0 in Ω. Consider
the function test defined by θ = (up+vp

2 )
1
p . It follows that

∫
Ω

1
dc θ pdx = 1

2(
∫

Ω
1
dc updx+∫

Ω
1
dc vpdx) = 1. Let θ ∈ F. Then

|θ(x)−θ(y)|p

= (
up + vp

2
)1−p|1

2
(up−1(u(x)−u(y)+ vp−1(v(x)− v(y))|p

=
up + vp

2
|1
2
(

up

up+vp

2
.
(u(x)−u(y)

u
+

vp

up+vp

2
.
(v(x)− v(y)

v
)|p

=
up + vp

2
| up

up + vp .
(u(x)−u(y)

u
+(1− up

up + vp ).
(v(x)− v(y)

v
)|p

≤ up + vp

2
(

up

up + vp |
(u(x)−u(y)

u
|p +(1− up

up + vp )|
(v(x)− v(y)

v
|p)

=
1
2
(up | u(x)−u(y)

u
|p +vp | v(x)− v(y)

v
|p)

=
1
2
(| u(x)−u(y) |p + | v(x)− v(y) |p),

(3.13)

which implies that, for all y ∈Ω,∫
Ω

1
da | θ(x)−θ(y) |p dx

≤ 1
2
(
∫

Ω

1
da | u(x)−u(y) |p +

∫
Ω

1
da | v(x)− v(y) |p dx).

(3.14)
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The strict convexity of the function t −→| t |p, p > 1 then implies that u(x)−u(y)
u =

v(x)−v(y)
v . Hence, there exists a constant η > 0 such that u = η .v, so the principal eigen-

value of the problem (Ps) is simple.
(4) Let λ be the non-negative eigenvalue and the corresponding eigenfunction be u. It is

clear that λ = 0 is not an eigenvalue. If λ > 0, we find∫
Ω×Ω

| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

hb(x) | u |p dx≥ λ1

∫
Ω

hc(x) | u |p dx

and ∫
Ω×Ω

| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

hb(x) | u |p dx = λ

∫
Ω

hc(x) | u |p dx

that λ ≥ λ1. Thus λ1 is isolated from the left-hand side. Assume that there exist a se-
quence of eigenvalues λn and the corresponding eigenfunctions un such that λn > λ1 and
λn −→ λ1. Let un ∈ X be a solution to problem (Ps). So −(∆a)

s
pun +hb(x)|un|p−2un =

λnhc(x)|un|p−2un in Ω, and un = 0 on RN\Ω with ‖ un ‖p,c= 1. Then∫
Ω×Ω

| un(x)−un(y) |p

da | x− y |N+sp dxdy+
∫

Ω

| un |p

db dx = λn

∫
Ω

| un |p

dc dx.

Using the fractional Hardy-Sobolev inequality (3.1), we obtain that un is bounded se-
quence in X . So a subsequence un ⇀ u weakly in X and un −→ u strongly in Lp(Ω, 1

dc ).
We obtain −(∆a)

s
pu + hb(x)|u|p−2u = λhc(x)|u|p−2u in Ω, and u = 0 on RN\Ω. If

un > 0, then Ω−n = {x ∈Ω : un < 0} and

|Ω−n | −→ 0. (3.15)

Taking u−n as the test function above, we obtain∫
Ω×Ω

| un(x)−un(y) |p−2 (un(x)−un(y))(u−n (x)−u−n (y))
da | x− y |N+sp +

∫
Ω

| un |p−2 unu−n
db

= λn

∫
Ω

| un |p−2 unu−n
dc .

(3.16)

By using the Strong Comparison Principles inspired by [16] for un in (3.16), and the
Hölders inequality, we have∫

Ω×Ω

| un(x)−un(y) |p

da | x− y |N+sp dxdy+
∫

Ω

| un |p

db dx

≤
∫

Ω×Ω

| un(x)−un(y) |p−2 (un(x)−un(y))(u−n (x)−u−n (y))
da | x− y |N+sp +

∫
Ω

| un |p−2 unu−n
db

= λn

∫
Ω

| un |p−2 unu−n
dc .

Applying the fractional Sobolev embedding, we obtain

λn
∫

Ω

|un|p−2unu−n
dc ≤ λnC|Ω−n |

1− p
q ‖ u−n ‖

p
X

with a constant C > 0 and p < q ≤ p∗ = N p
N−sp . So we conclude that |Ω−n |

1− p
q ≥

λ
−1
1 C−1 > 0, which is a contradiction to estimation (3.15).
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�

Proof. [Proof of Theorem 3.4] Let u and v be the eigenfunctions corresponding to λ1 and λ

respectively. Then u ∈ X and v ∈ X satisfies

(−∆a)
s
pu+hb | u |p−2 u = λ1hc | u |p−2 u (3.17)

and
(−∆a)

s
pv+hb | v |p−2 v = λhc | v |p−2 v, (3.18)

respectively. Suppose that v does not changes the sign. Then we may assume u ≥ 0. Let {ϕε}
be a sequence in C∞

c (RN) such that {ϕε}= 0 in RN \Ω, ϕε −→ u as ε −→ 0. Now we consider
the test functions w1 = u and w2 =

ϕ
p
ε

(u+ε)p−1 . Then w1,w2 ∈ X0. Taking w1 and w2 as the test
functions in (3.17) and (3.18), respectively, we obtain∫

Ω×Ω

| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

hb | u |p dx = λ1

∫
Ω

hc | u |p dx (3.19)

and ∫
Ω×Ω

| u(x)−u(y) |p−2 (u(x)−u(y))
| x− y |N+sp (

ϕ
p
ε

(u+ ε)p−1 (x)−
ϕ

p
ε

(u+ ε)p−1 (y))dxdy

+
∫

Ω

hb | u |p−2 u
ϕ

p
ε

(u+ ε)p−1 dx = λ1

∫
Ω

hc | u |p−2 u
ϕ

p
ε

(u+ ε)p−1 dx.

Using the discrete Picone-type identity giving in Lemma 4.1, we have L(ϕε ,u+ ε) ≥ 0. It
follows that ∫

Ω×Ω

| ϕε(x)−ϕε(y) |p

| x− y |N+sp dxdy+
∫

Ω

(hb−λhc)ϕ
p
ε (

u
u+ ε

)p−1dx≥ 0. (3.20)

Subtracting (3.19) from (3.20) and taking the limit as ε −→ 0, we obtain (λ−λ1)
∫

Ω
hc | u |p≤ 0,

which gives a contradiction since λ > λ1 which proves our Theorem 3.4. Finally, we conclude
that v can not have a constant sign in Ω. �

Example 3.5. Let Ω = B(0,1)⊂ RN and d(x) =| x |p. Define

(P)
{
−(∆a)

s
pu+ | x |−bp |u|p−2u = λ | x |−cp |u|p−2u in B(0,1),

u = 0 on RN\B(0,1).
Then

λ1 = inf
u∈W s,p,a

0 (B(0,1))/{0}

∫
B(0,1)×B(0,1)

1
|x|ap

|u(x)−u(y)|p

|x−y|N+sp dxdy+
∫

B(0,1)
1
|x|bp |u(x)|

pdx∫
B(0,1)

1
|x|cp |u(x)|pdx

.

4. NONEXISTENCE OF SOLUTIONS

In this section, we present nonexistence results of problem (Ps) when h > 0,{
−(∆)s

pu+hb(x)|u|p−2u = λhc(x)|u|p−2u+h(x) in Ω,

u = 0 on RN\Ω,
(P
′
s)

where h> 0 and ha(x)= 1. We study the nonexistence of solutions in the fractional p-Laplacian,
where hc and h in L∞(Ω). Solutions of (P

′
s) belongs to L∞(Ω)

⋂
X . There are two principal
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eigenvalues : λ1(hc) and λ−1(hc) =−λ1(−hc), where

λ1(hc) = inf
u∈X
{
∫

Ω×Ω

| u(x)−u(y) |p

| x− y |N+sp dxdy+
∫

Ω

hb(x) | u |p dx :
∫

Ω

hc(x) | u |p dx = 1}.

These eigenvalues are simple and the corresponding eigenfunctions can be taken > 0 in Ω. In
order to prove the nonexistence of solutions and the simplicity of two eigenvalues λ1(hc) and
λ−1(hc), we need the following Picone-type identity (see [3, Lemma 6.2])

Lemma 4.1. Let p ∈ (1,+∞). For u,v : Ω ⊂ RN −→ R such that u ≥ 0 and v > 0, we
have L(u,v) ≥ 0 in RN×RN, where L(u,v)(x,y) =| u(x)−u(y) |p − | v(x)− v(y) |p−2 (v(x)−
v(y))( u(x)p

v(x)p−1 −
u(y)p

v(y)p−1 ). The equality holds if and only if u = kv a.e. for some constant k.

Proposition 4.2. If λ /∈ [λ−1(hc),λ1(hc)], then the problem (P
′
s) with h > 0 has no solution

u > 0.

The proof of this proposition is based on the following lemma.

Lemma 4.3. Let u> 0 be a solution to (P
′
s) with h> 0 in Ω. Then, for any ϕ ∈X

⋂
L∞(Ω)

⋂
C1(Ω)

with ϕ ≥ 0, hϕ p

up−1 ∈ L1(Ω) and∫
Ω

(λhc(x)−hb(x))ϕ pdx+
∫

Ω

hϕ p

up−1 dx≤
∫

Ω×Ω

| ϕ(x)−ϕ(y) |p

| x− y |N+sp dxdy. (4.1)

Moreover equality holds in (4.1) if and only if ϕ is a multiple of u.

Proof. [Proof of Lemma 4.3] Using lemma 4.1, we have

L(u,v)(x,y) =| u(x)−u(y) |p − | v(x)− v(y) |p−2 (v(x)− v(y))(
u(x)p

v(x)p−1 −
u(y)p

v(y)p−1 )≥ 0.

Replace u by ϕ and v by u and dividing by | x− y |N+sp, we obtain

0≤
∫

Ω×Ω

| ϕ(x)−ϕ(y) |p

| x− y |N+sp dxdy−
∫

Ω

| u(x)−u(y) |p−2 (u(x)−u(y))( ϕ(x)p

u(x)p−1 −
ϕ(y)p

u(y)p−1 )

| x− y |N+sp dxdy.

According to problem (P
′
s), we have

∫
Ω×Ω

| u(x)−u(y) |p−2 (u(x)−u(y))( ϕ(x)p

u(x)p−1 −
ϕ(y)p

u(y)p−1 )

| x− y |N+sp dxdy+
∫

Ω

hb(x) | u |p−2 u
ϕ p

up−1 dx

= λ

∫
Ω

hc(x) | u |p−2 u
ϕ p

up−1 dx+
∫

Ω

h
ϕ p

up−1 dx.

Hence, ∫
Ω

(λhc(x)−hb(x))ϕ pdx+
∫

Ω

hϕ p

up−1 dx≤
∫

Ω×Ω

| ϕ(x)−ϕ(y) |p

| x− y |N+sp dxdy.

Moreover, if the equality holds in (4.1), by lemma4.3, we have that ϕ is a multiple of u. This
completes the proof. �
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Proof. [Proof of Proposition 4.2] Assume that there exists a solution u > 0 of (P
′
s) for some

λ ∈R and some h > 0. Applying the strong maximum principle for the fractional case inspired
by [1], we have u > 0 in Ω. So lemma 4.3 can be applied. This gives

λ

∫
Ω

hc(x)ϕ pdx≤
∫

Ω×Ω

| ϕ(x)−ϕ(y) |p

| x− y |N+sp dxdy+
∫

Ω

hb(x)ϕ pdx

for all ϕ ∈ X
⋂

L∞(Ω)
⋂

C1(Ω) with ϕ ≥ 0. By density, this inequality still holds for all ϕ ∈ X .
This implies λ ≤ λ1(hc) as well as −λ ≤ λ1(−hc). We conclude λ ∈ [λ−1(hc),λ1(hc)], which
reaches a contradiction. Thus problem (P

′
s) has no solution u > 0. �
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