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Abstract. The aim of this paper is to study the following problem with the p-Laplacian fractional involving
singular weights

—(Aa);u+hb(x)\u|p_2u = Ahe(x)|ulP~2u+h(x) in Q,
u=0 on RM\Q,

where Q is a bounded domain of RV (N > 3) with smooth boundary dQ. The existence and the properties of
the principal eigenvalue, such as simplicity, isolation, and corresponding eigenfunctions are obtained. Finally, we
study the nonexistence of solutions by using a type version of Picone’s identity.

Keywords. Compact embedding theorem; First eigenvalue and eigenfunction; Nonlinear eigenvalue problem;
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1. INTRODUCTION

In this paper, our aim is to establish the existence, and properties of the principal eigen-
value and corresponding eigenfunctions for the following nonlinear homogeneous eigenvalue
problem

—(Aa)Su+ hy (x) |[u[P~2u = Ahe(x)|ulP 20 in Q,

P
u=0 on RM\Q, (F)

where Q is a bounded domain in RY, (N > 3) with Lipschitzian boundary 9Q, 1 < p < N,

0 <s <1, and a,b,c are three nonnegative parameters such that a > 0, 0 < b < a+ p, and

0 <c¢ < a+ p. We denote by d(.) the distance function up to the boundary dQ that means

d(x) = dist(x,0Q) = 161(191;2 |x—y|Vx€Q, and A is a real parameter. Moreover, we denote
y
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ha(x) = d=4, hy(x) = d =", and h.(x) = d—¢. The weighted fractional p-Laplacian operator is
given by

ux)—u 2 (u(x)—u
(=000 = o [ iy IO )

where pv refers to the Cauchy principle value; see [11] for more details.

The study of the problem involving fractional and non-local operators, such as (7;), has been
a great interest in various research fields related to PDEs with nonlocal terms. This interest is
also justified by its applications in many fields, such as continuum mechanics, phase transition
phenomena, population dynamics, and game theory. The problem is the typical outcome of
stochastically stabilization of Levy processes; see [14] and the references therein. For results
on non-local operators and their applications, we refer the reader to [2, 5, 6, 8, 9, 10, 11, 20]
and the references therein. For the basic properties and the continuous compact theorem of
fractional Sobolev spaces, we refer the reader to [11]

When h, =1, h, =0, and h, = 1, Franzina and Palatucci [14] presented some basic properties
of the eigenfunctions of nonlocal operators of fractional p-Laplacian with order s € (0, 1). They
studied the weak solutions for the following class of equations

{—(A)S u=AluP~2 uinQ,

p P,
u=20 on RN\ Q, (&)
where p > 1, N > 2, and (—A)3, is the fractional p-laplacian defined by

S () = 21 () — () [P~ (u(x) — u(y)
) =200 femvauto v —y[¥op dy'

Quasilinear eigenvalue problems with the p-Laplacian involving singular weights represents a
starting point in analyzing more complicated equations. A first contribution in this sense is due
to Drabek and Herndndez [12]) in which the following eigenvalue problem was considered

{—div(dia|Vu|p2Vu) + d%|u|p’2u = %|u|p*2u in Q,

P,
u=>0 on dQ, *2)

where Q is a bounded domain in RV with Lipschitzian boundary dQ, 1 < p < N, a > 0,
0<B<a+p,and 0 <y < a+ p. They proved that A; is the principal eigenvalue to the
problem (/) with associated eigenfunction u, which has a constant sign. Moreover they showed
that A, is simple and isolated.

In this paper, inspired by the results mentioned above, we investigate the properties of the
principal eigenvalue A; for problem (P), such as the simplicity [4] and associated eigenfunc-
tions. In addition, we prove that A; is isolated from the left and the right-hand side by using the
fractional Hardy Sobolev inequality. Finally we study the nonexistence of solutions by adding
a function & to our problem and applying a Picone-type identity in the fractional case. Our
main aim in this work is to generalize the results concerning the properties of eigenvalues and
associated eigenfunctions for problem (/) to the fractional case based on [4]. This paper is
organized as follows. In Section 2, we start with some basic properties and fundamental results
on the theory of the weighted fractional Sobolev spaces ([17]). In Section 3, we prove that
there exist a principal eigenvalue A; > 0 of (P;) with associated eigenfunction u which does not
change sign in Q. We also prove the simplicity of 4;, and it is isolated from the left and the
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right-hand side. Finally, in Section 4, by using a type version of Picone’s identity, we study the
nonexistence of solutions when we add the function 2 > 0 to this problem, %,(x) = 1.

2. PRELIMINARIES

In order to deal with problem (), we need the theory of weighted fractional Sobolev spaces.
Here, we only recall some basic facts which will be used later. Let Q C RY be a bounded
domain with smooth boundary dQ. For € € R, we let

1

LP(Q;d—E)

1
={u:Q—R measurable;/ E!u(x)\pdx < oo}
Q

to be the weighted Lebesgue space with the norm ([12]) [|u|| p.e = (o % |u(x) |”dx)%.

Lemma 2.1. The weighted fractional Sobolev space with 0 < s < 1 defined by

1

W) =

U Ju(x) —u(y)|”
{u: Q—)Rmeasurable//dgmdxdy<oo}

1
is a Banach space if it is equipped with the norm |[ullypq. 1) = ([Jul|Dee + (] pe) 7, where
d
. . p 1
(] s pee is a seminorm defined by [uls pe = (o [o ¢ T dedy)p_

Proof. Let (u,), be a Cauchy sequence with the norm ||u||y,s, (@:L)» SO (un)n is a Cauchy se-
> JE€

U (X) —ttn (?’V )
delx—y|"" P
Cauchy sequence in LP(Q, 7). It then converges in LP (€, 7). Let (U (n) )n be a subsequence of
(#n)n- According to the dominated convergence theorem, it converges a.e. to u(x) and (Vg (n) )n

u(x) —uly )

v+

quence in LP(Q, 7¢) and converges to u in LP(Q, 7z ). Let (v,), with v,(x,y) =

converges a.e. to v(x,y) = . By the Fatou Lemma, we obtain

dflx—yf
— p p
< i [ M
sou € WP (Q, dg) According to the dominated convergence theorem, we have
[tn (x) — 4 (y)|” ju(x) —u(y)[?
d€|x — NP N—stoo dE|x — y|N TSP
in LP(Q x Q, ds) ) un—>uinstp(Q,dl£). O

Denote X = Wy (Q; da) Wy (Q) and X' the dual sound. We introduce an equivalent
norm |lullx = (Jo [q 2 v %dxdy)% and define Wy”(Q, dg) C WP (Q, dg) to be a clo-
sure of the set C;(€2) in (X, ||.||x). The weighted fractional p-Laplacian operator is given by
(—Ay)Su(x) = pva% o) )P o) —uly ))dy for all x € Q.

p |x y‘N+Sp

Lemma 2.2. [17]
(D) Ifa>0,0<b<a+p and0<s<]l, thenWOSp(Q,da)‘—)Lp 'd ).
(2) Ifa>0,1 < p <N, then Wy (Q; 3) = Wy (Q) — L7 (Q), p* = &
Q) Ifa<c=a+sp<a-+p, thenW, ’p(Q,da) s LP(Q; dc)

where — is the continuous embedding, and —— is the compact embedding.
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Denoteby L: X — X ' the operator associated to the (—Aa);,. It is defined by

—u(y) [P72 (u(x) —u X) —
<L(u),<p>:/ A Julx) —u(y) [P (u(x) —u@))(@(x) — ()

oxo d? ‘x_y‘Nstp

dxdy

for all u and ¢ in X.

Lemma 2.3. If0 < s < 1, then the following assertions hold

(1) L is a bounded and strictly monotone operator;
(ii) L is a mapping of type (S4.), namely u, — u and limsup{L(u,) — L(u),u, —u)y <0 imply
n——+-oo
Uy — U;

(i) L: X — X'isa homeomorphism.

Proof. (i) Evidently, L is a bounded operator. Now we show that L is strictly monotone
operator. Letting u # v € X, we prove that ((—A,)ju — (=Ay),v,u —v) > 0. Observe

that {(=Aa)pu = (=Adfpyat=v) 2 ([ pa = PRpa) (spa — [epa). 1 (—Ad)pu -
(—Aa)f,v,u —v) =0, then <(_Aa)§a” - (_Aa)pv u—v) = ([ulf), ,pa - g 5,p a)([”]ww -
Ws.p.a) =0, 50 [u]s po = [V]s,p,a- Moreover, if <(—Aa)pu,v> <[u ]ppla[ V]s.p.a> then [u]f;la

WVs.pa = ((—Aa)spu,v) and [v]§ J,a[u] spa = <(—Aa);v,u>, (see [18]). For all a, >0,
nonzero simultaneously, we have au = Bv, which is a contradiction due to u # v for

a=B=1.
(ii) Let (un) € Wy" be a sequence such that u, — u in Wy and limsup(L(u,) — L(u), u, —
n—r+oo
uy < 0. Then, from (i), we deduce that grf (L(uy) — L(u),u, —u) = 0. By the compact
embedding, we have
up(x) = u(x) a.e.x € Q (2.1)
Let K(x,y) =d % | x—y|~+57), By Fatou’s Lemma, we obtain
timinf [ jun() ~w OIPK(ey)dxdy > [ Jul) u)PK(ey)dxdy,  @2)
n—+e JOxQ QxQ
Moreover, we have
ngTw<L(un), Uy —u) = nng<L(u") —L(u),up, —u) =0. (2.3)

Now using Young’s inequality, we see that there exists a positive constant ¥ such that

<L( n)»“n - ”>

= [l =, (0K, y)dady
= [ ) = ()12 ) 0 (3)) () — () K ()
> [l = PR Cey)dndy = [ i) = (0] ) = () K )y

27(/9 QIun(X)—un(y)If”K(x,y)dxdy—/Q Q!u(X)—u(y)I”K(x,y)cbcdy)~
g g 2.4)
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From (2.2), (2.3), and (2.4), we have

tim [ f) — () PKCey)dsdy = [ Jul) —u() PR (y)dady. 2.9
n—+ JOxQ QxQ

By (2.1) and the Brezis-Lieb Lemma [7], we gave the desired result.
(iii) By (i), we have that L is an injection. In view of the compact embedding, we obtain

fim (L(u),u) _
lu|=+oo [ue]]

Therefore, L is coercive. In light of Minty-Browder theorem [21], L is a surjection.
Hence, L has an inverse mapping L™ : (Wy"" a)/ — WP, It remains to show that
L~ is continuous. Indeed, let (f,),f € (WS”*) such that f, — f in (Wg"“)". Let
u, =L~ 1(f,) and u = L~ (f). Then L(u,) = f, and L(u) = f. In view of the coercivity
of L, (uy) is bounded in Wy"**. We may assume that u, — uo in Wy, It follows that
ngTw(L(un) — L(ug),up — ug) = ngrfw(fn, u, — up) = 0. Using the fact that L is of type

(S7), we conclude that u, — ug in Wy This concludes the proof.
0J

3. MAIN RESULTS

Let us consider the energy functional J; corresponding to the problem (P;), defined by J;, :
Wy — R, forany A >0

J?L(”‘):/Q 1 Ju(x)— ()|pdd+/ db’”()’pdx )L/

prda |x y|N+sp

L) 7
Definition 3.1. We say that u € Wy”*“ is a weak solution to problem (7) if, for all p€ Wy,

/ 1 fu(x) —u() P72 (u(x) —u()(@(x) = 9(v))
Q

% d? |x_y|N+sp

dxdy

+/ 1) P2 u(x) () — /1/ %) P2 u(x) @ (x)dx = 0.

P,a

Moreover, we say that A is an eigenvalue of problem (F) if there exists u € WOS non trivial

such that u is the corresponding eigenfunction to A.

Let us present the following weighted fractional Hardy Sobolev inequality that will be used
in the proof of Theorem 3.3. In [19], the authors studied the weighted fractional p-Laplacian
and established the following Weighted fractional L? —Hardy inequality

|P
/RN N da|x y|N+spd xdy, @3.1)

where u € CB"(RN), C > 01is a positive constant, and c =a+sp < N.

C

Lemma 3.2. Let Q be a smooth bounded open set in R, s €]0,1], and p satisfy sp < N. Then
(1) Jy, is well defined;
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(2) Jy, € CY (WP, R), and, for all u,¢ € Wy its Gateaux derivative is given by

u(x) —u P=2 (u(x)—u Xx)—
= [ LMD () a0l e,

+ [ L) 172 ol —2 [ () 172 uy (.

Proof. (1) Letu € X. Then |u]|} < +eo, ||u||§;b < oo, and ||ul|p;c < +oo. It follows that
J; < +ooand Jj is well defined.
(2) The existence of the Gateaux derivative. We define y(u) = [5. o pl dedy,

& Ty T
0 (1) = Jq g5 1(x)|Pdx, 93.(u) = A J e e(x) |Pdlx, and T (u) = w(ue) + @ (1) — 92 (w).
Then J) (u) = ' (u) + ¢ (u) — ¢} (u). For any u, ¢ € X, we denote z = @(x) — ¢(y). It
follows that

u(x) —u(y)|P2(u(x) —u
W= [ IOl e, .
Indeed,
e
— lim |(u(x) +10(x)) — (u(y) +1@())|P — |u(x) — u(y)|ded (3.3)
t=0JOxQ l‘pd“|x—y|N+Sp y.

Let us consider M : [0,1] — R defined by M(a) = () —uly)|+arzl” The function M is

l‘pd“‘X7y|N+Sp
continuous on [0, 1] and differentiable on |0, 1[. Then by the mean value theorem, there
exists 6 €]0, 1[ such that M (a)(0) = M(1) — M(0). Thus

[(u(x) — u(y)) + 012" 2[(u(x) — u(y)) +162Jz
da'x_y|N+sp
= f(u, ) (3.4)

_ (u(x) —u(y) +12]P — |u(x) —uy)|”
td%plx —y|N +sp '

Combining (3.3) and (3.4), we have (V¥ (i), @) = lir%fQXQf(u,(p)dxdy. Since ¢,0 €
t—

[0, 1], then 6 < 1, which implies

() = u(y)) + 2P 2 [(ux) —u()) +2]

da|x_y|N+sp

fu,9) <

On the other hand, we also have

() — ()P (u(x) —u(y)z

da|x_y|N+sp

fu, @) —

Hence, by the dominated convergence theorem, we obtain (3.3). By the same argument,
we have

(0w, 0) = [ Gl uCp(odx
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and

o) = [ )" 2ux)g(x)ds

In view of relation (2.5), we have that the result holds. Letting u; — u in Wy, we
demonstrate that ¥ (i) — W (u) in W(;. Indeed,

(W () — ¥ (1), )
[ (x) — e () P72 (g (x) — e () — [u(x) — u(y) P2 (u(x) — u(y))]

~ Jaxa di|x — y[N+sp e
:/ [|”k(x)_uk( )I”’z(uk( ) —u(y))  |ulx) —uly )I”’Z( (X)—u(y))]
QxQ da)x — y| E+s)(p-1) da)x — yl )(p—1)
x/ dxdy.
QxQ ga|x y’,ﬁ-s
Set )
F (x ): |uk(x) _uk(y)|p7 (uk(x) _Mk(y)) ELﬁ(.Q. < Q i)
o dex—y| (3 )P "ga”
F(x ): |M(.X) _u<y)|p72(u(x) —u(y)) eLﬁ(Q % Q i)
Y il o () (1) "ga”
dilx—y|'r
and |
_ z
P(x,y) = ———, €L7(Qx Q,ﬁ%
d“lx—y|r™

where % + % = 1. Hence, by the Holder inequality, we obtain

(W () = ¥ (), 0) < 201Fx — Fll o) @l oo, 1)

Thus
¥ () = ¥ @llx- < 201Fe~Fllppang, 1)
Now, let
v(ey) = 4O Z4O) g0 L
dafx—y|"* d
and

— 1
v(x,y) = M eLP(QxQ,—).
dafx—y|» " d"
Since u; — u in X, then v — v in LP(Q x Q, da> Hence, for a subsequence of (vi)x>o0,
we have vi(x,y) = v(x,y) a.e. in @ x Q and Ih € LP(Q x Q, 5;) such that |vi(x,y)| <
h(x,y). Thus we have F(x,y) — F(x,y) a.e. in Q x Q and

[Fi(e,y)| = i, )P~ < R, y) P71
By the dominated convergence theorem, we deduce that F; — F in L (Q x Q, dia) Con-
sequently, ¥ (1) — W' () in X' = (WO’p (Q, da))/. By the same argument we have
that ¢ (1) — ¢ (u) in (LP (L, diﬁ))lland ‘P)L (ug) — (1))/L (u) in (LP(Q, L pe ))". From relation
(2.5), we deduce the continuity of J, immediately.
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Our main result is given by the two following theorems. To this end, we denote

_ 4
. oo - dxdyt o g | u() P dx
1= m
uewg T4 (Q)/{0} Jo 3¢ | u(x) |7 dx

Theorem 3.3. Let 1 <p<N,a>0,0<b<a+p, and0<c<a+ p. Then

(1) Ay is the principal eigenvalue of problem (P;), and any value A < Ay can not be an
eigenvalue of problem (F).

(2) if u is an eigenfunction associated to eigenvalue A; of problem (F;), then u does not
change sign in Q.

(3) The principal eigenvalue is simple (see [4]), that is, if u and v are two eigenfunctions
associated with Ay, then there exists a constant ¢ € R such that u = ov.

(4) The eigenvalue Ay is isolated from the right-hand side, that is, there exists 8 > 0 such
that in the interval (A1, + 6) there are no eigenvalues.

Theorem 3.4. Let 0 <y < 1 and v € X be an eigenfunction associated with an eigenvalue
A >0, A # Ay. Then v changes sign in Q, that is, vt # 0 and v- £ 0 in Q, where v and v~
denote the positive and negative part of v, respectively.

Proof. [Proof of Theorem 3.3]

(1) To study fractional eigenfunctions is related to the problem of minimizing the following
nonlocal Rayleigh quotient

el - Ileell 2,
W) =~ 2w X\ o)
“”p;c

By Lemma 2.2, there exists a constant C; > 0 such that, for all u € X,
||”||p;c < Cy|ullx-

Then, for u € X, u # 0, we have

Jully _ 1
||”||p;c 1

First, we show that

[ L@ —uo)p Lo
M= [ ey sy [ ) P dvues,

where § = {u € X : ||u||p.c = 1}. Since 1 < p < oo, the norm in the dual space (L” (Q; #))/
is uniformly convex therefore, and the norm ||u/| .. is uniformly Fréchet differentiable.
By [13], itis also of class C! on LP(€; 7-)\{0}. Hence, § is a C!-manifold modeled on
X due to Lemma 2.2. It is obvious that R is bounded from below on § by a constant
C%p > 0. Assume that {u, } C § is a minimising sequence for R\F, i.e.,

EmR (u,) = infR(u). (3.5)
UEy

n—yoo
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Then {u, } is a bounded sequence in X — L7 (Q; d]—b) Since X, LP(Q; d—lb) are uniformly
convex Banach spaces, X << LP(Q; %), there exists u € X such that up to a subse-
quence

u, — uweaklyinX, (3.6)
_ 1
u, — u weakly in LP(Q; ﬁ)’ (3.7)
u, — u strongly in LP(Q; E), (3.8)
and
U, — ua.e.inQ. 3.9

We deduce u # 0, ||u||p.c = 1. By the lower semicontinuity of the norm in X and

LP(Q; dlb), we have

tim inf[|u, [ > fJull, im influn ][}, = [[ull}, (3.10)

but (3.5) and (3.10) yield
Jim = e i i = a1
The uniform convexity of X and L”(Q; dlb) together with (3.6), (3.7), and (3.11) yield
Uy —> U (3.12)

respectively in X and LP(Q; ﬁ) (3.12) together with (3.8) imply R(u) = ingi)i(v). Let
ve

w be any other eigenfunction of (P;) with associated eigenvalue A. By choosing ¢ = w
in Definition 3.1, we arrive at

A =R(w) > infR() = Ay,
veF

that is, A; is the principal eigenvalue of (P;),
A =R(w) > infR(v) =1y,
VEF

so the minimum exists. We pose that I = [, o d%%dxdy, J=Jo ﬁ | u(x) | dx,

and K = [ 4 | u(x) |P dx. We define the quotient F : Wy, " (Q)/{0} — RY such

that F(u) = % Thus A, = iggF(”) Hence, there exist u € Wy"“(Q)/{0} and

F(u) = A;. We say that functions 7, J, and K are differentiable so

(F w)) = o KW +J (), v) = () + T (@)K (u),v)).
We know that u is a minimizer of F. Then F (1) = 0 and K (u){((I(u) +J(x)) ,v) —
(I(ut) +J(u))(K (u),v) = 0, which implies that
(1) +J (), v) = LUK (), v) = 1 (K (u),v).
Thus u is a weak solution of problem (F).
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(2) Since R\ is a C!-functional on C'-manifold J, then there exists a Lagrange multiplier
U € R such that, for any ¢ € X,

L Ju(x) —u@y) |72 (u(x) —u(y) (@(x) — 9(v))
P/Q o dxdy

«Q d% ‘ x—y |N—|—sp
[ 1) P2 ) glx)dn
= up [ 25 ) 1P ) g

The special choice ¢ = u leads to

[eell %+ Nlull. g = wallulley
which is equivalent to

1 =R(u) = infR(v).
VES

We call u = A; > 0 the principal eigenvalue of (P) and u € X is the corresponding

principal eigenfunction. For u € X, we have |u| € X (see Gilbarg and Trudinger [15,

Lemma 7.6]) and R(u) = R(|u|). We may assume that u > 0 a.e. in Q. Applying the

strong maximum principle for the fractional case inspired by [1], we have u > 0 in Q.
(3) Let u and v be eigenfunctions associated with A; such that ||u|, . = ||v||p.c = 1. In The-

orem 3.3, u and v minimize R (u). We may assume that # > 0 and v > 0 in Q. Consider

the function test defined by 6 = (”p’gvp)ﬁ It follows that [, 7 1.07dx = (fQ %Mpdx—k
fg zvPdx) = 1. Let 6 € §. Then

6(x) —6(y)[”
= (TP ) — ) 49 () ()P
_ur W (u(x) —uly) =V (V(X)—V(y)>|p
_ up;vp|upbfvp'(u(X)u_u(y) +(1 o upbivp)'(V(X)V_V(y)”p (3.13)
< I/lp—2|—vp upbfvpl(u(X)u_u(y) |p+( _MPI:_VPN(V(X)V_‘}()]) |p)
— %(up ’ M()C);l/l(y) ’p 4P | V()C) - V(y) |p)
1

= () —u() 1P+ [v() —v() 7).

which implies that, for all y € Q,

[ 1000-00) P dx

1 (3.14)
< 3 2 L =) P+ [ 22 190 —v(0) 1P ),



EXISTENCE AND NONEXISTENCE OF SOLUTIONS 11

The strict convexity of the function + —| ¢ [P, p > 1 then implies that ”(x);”(y ) —
M. Hence, there exists a constant 7 > 0 such that u = 1.v, so the principal eigen-
value of the problem (F) is simple.
Let A be the non-negative eigenvalue and the corresponding eigenfunction be u. It is
clear that A = 0 is not an eigenvalue. If A > 0, we find
| u(x) —u(y) [P
dxd —|—/h X udeZQL/hcx u|P dx
S Ty ey [ mo(x) [ul? dx= Ao [ (o) ]
and

/Q dedy—f—/h |u|pdx—l/h )| ul?P dx

“«O | x—y |N+sp
that A > A;. Thus A, is isolated from the left-hand side. Assume that there exist a se-
quence of eigenvalues A,, and the corresponding eigenfunctions u,, such that A,, > A; and
An — Aq. Let u,, € X be a solution to problem (7). So —(Aa)i,un + hy, () | [P 20, =
Anhe(x) | |P 2wy, in Q, and u, = 0 on RN\ Q with || uy || .= 1. Then

|”n()_”ny /| n|p |un|p
dxdy :z/—d
/Qm d® | x—y [Ntsp " "Ja dc

Using the fractional Hardy-Sobolev inequality (3.1), we obtain that u, is bounded se-
quence in X. So a subsequence u, — u weakly in X and u,, —> u strongly in LP(Q, dlc)
We obtain —(Aa);u+hb(x)\u|p_2u = Ahe(x)|u|P~%u in Q, and u = 0 on RMN\Q. If
up >0, then Q= {x € Q:u, <0} and

1Q, | — 0. (3.15)

Taking u, as the test function above, we obtain

|t (%) = un () P72 (i (%) = (¥)) (1t (x) = 15, () |t [P~ ity
/Q><Q +/Q b

=y / | Un |p_2 Unlt,
n o P .

a _ v |[N+sp
d*|x—y| (3.16)

By using the Strong Comparison Principles inspired by [16] for u, in (3.16), and the
Holders inequality, we have

[,
Q

Qo d¢ |X—y ’N—|—sp

| (%) = () P72 (1t (%) — () (11, () — 11, () | tn P2 ity
/Q><Q da ]x—y ’N+sp +/Q db
B | uy ]1’_2 Uplt,

Applying the fractional Sobolev embedding, we obtain
nlP ity 1-2
o Jo P < 2l ' iy N

IN

with a constant C > 0 and p < q¢ < p* =

AT lude that [Q,]'"¢ >
Nsp- o we conclude that |Q, | "¢ >

A Ic=1 > 0, which is a contradiction to estimation (3.15).
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Proof. [Proof of Theorem 3.4] Let u and v be the eigenfunctions corresponding to A; and A4
respectively. Then u € X and v € X satisfies

(—Aa)Su+hy | u|P?u=Athe |u|P>u (3.17)
and
(—Ad)v+hy | v P2y =Ah | v |P72y, (3.18)

respectively. Suppose that v does not changes the sign. Then we may assume u > 0. Let {@¢}
be a sequence in C*(RY) such that {@e} = 0in RN\ Q, @ — u as € — 0. Now we consider

the test functions w; = u and w, = Wﬁf;ﬁ' Then wy,w;, € Xp. Taking w; and w» as the test
functions in (3.17) and (3.18), respectively, we obtain
| u(x) —uly) |P
1) — w9 1P g +/h updle/h u|P dx 3.19
/Q><Q | x—y [N+sp Y Qb‘ | IQC| | G-19
and
u(x) —u(y) |P72 (u(x) —u(y o (04
[ ) PR o) 0
QxQ | x—y [Ntsp (ute)p (u+e)P

2 of 2 o
by lu P2 u—e  _dx=2A /hc A R
+/g a Turer T g M Yt

Using the discrete Picone-type identity giving in Lemma 4.1, we have L(@g,u+¢€) > 0. It
follows that

/ | @e(x) — Qe (y) |
QxQ

[ x—y [N+

P u
— pr_— p—1 >
dxdy + / (hy — Ahe) @ (u 8) dx > 0. (3.20)

Subtracting (3.19) from (3.20) and taking the limit as € — 0, we obtain (A — ;) [o i | u [P<0,
which gives a contradiction since A > A; which proves our Theorem 3.4. Finally, we conclude
that v can not have a constant sign in Q. 0

Example 3.5. Let Q = B(0,1) ¢ RY and d(x) =| x |P. Define

(P) —(Aa)Sut | x [P |ulP2u= A | x|7P |u|P~2u in B(0,1),
u=0 on RM\B(0,1).
Then
A — inf Js(0.1)B(0.1) [P ‘Tx(i)jzf;(ﬁ})-lrdedﬁfé(o,l)M%,,lﬂ()f)\”dx
: uewyP*(B(0,1))/{0} J(0,1) pep [u () |Pdx '

4. NONEXISTENCE OF SOLUTIONS
In this section, we present nonexistence results of problem (7)) when & > 0,
—(A)pu+ hp(x) |u|P~2u = Ahe(x)|u|P~2u+h(x) in Q, )
u=0onRV\Q, :

where 2 > 0 and h,(x) = 1. We study the nonexistence of solutions in the fractional p-Laplacian,
where A, and h in L*(Q). Solutions of (P,) belongs to L*()(X. There are two principal
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eigenvalues : A;(h.) and A_;(h.) = —A;(—h.), where

. | u(x) —u(y) |7 P P —
ha(he) = inf{ ngmdxdy+/gzhb(x) | dx: /th(x) lu|? dx=1}.
These eigenvalues are simple and the corresponding eigenfunctions can be taken > 0 in Q. In
order to prove the nonexistence of solutions and the simplicity of two eigenvalues A; () and
A_1(h¢), we need the following Picone-type identity (see [3, Lemma 6.2])

Lemma 4.1. Let p € (1,+0). For u,v:Q C RN —5 R such that u> 0 and v > 0, we
have L(u,v) > 0 in RN x RN, where L(u,v)(x,y) =| u(x) —u(y) [P — | v(x) —v(y) |P~2 (v(x) —

v(y))(v'(lg,z: - vl(l)f)y p): ). The equality holds if and only if u = kv a.e. for some constant k.

Proposition 4.2. If A & [A_;(h.), A1 (h.)], then the problem (P.) with h > 0 has no solution
u>0.

The proof of this proposition is based on the following lemma.

Lemma 4.3. Let u > 0 be a solution to (P,) with h > 0 in Q. Then, for any ¢ € X L=(Q)NC'(Q)
with ¢ >0, % c LY(Q) and

he? | (x) — o) |7
_ p _r
/Q(Mzc(x) hy(x)) @ dx—l—/ﬂupldxg/gxg ey Vo dxdy. (4.1)

Moreover equality holds in (4.1) if and only if ¢ is a multiple of u.

Proof. [Proof of Lemma 4.3] Using lemma 4.1, we have

L(u,v) (x,y) =] u(x) —u(y) [ = [ v(x) =v(y) [P~ (v(x) = v(»))( - ) = 0.

Replace u by ¢ and v by u and dividing by | x —y [N 57, we obtain

0<

[ Lol 1M 772 (u) — ) (2505 — 28
oxQ | x—y|[Ntsp o [x—y [N+sp

According to problem (P;,), we have

() —u(y) 1772 (u(x) = u(y)) (R — 22505) :
u(x u(y)? p—2. 9
/stz T dxdy~|—/ghb(x) | u | u—upfldx
P p
= A/th(x) |u [P~2 u%d}c%— /Qhufldx.

Hence,

he” [(x) — W) |7
/Q(lhc(x)—hb(x))(ppdx%—/QFdxg/QXQ Xy Vi dxdy.

Moreover, if the equality holds in (4.1), by lemma4.3, we have that ¢ is a multiple of u. This
completes the proof. U
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Proof. [Proof of Proposition 4.2] Assume that there exists a solution u# > 0 of (P;) for some
A € R and some i > 0. Applying the strong maximum principle for the fractional case inspired
by [1], we have u > 0 in Q. So lemma 4.3 can be applied. This gives

00001 |
p < p
l/ghc(x)go a’x_/QXQ e e R AT

for all ¢ € X(NL*(Q)NC'(Q) with ¢ > 0. By density, this inequality still holds for all ¢ € X.
This implies A < A;(h,) as well as —A < A;(—h.). We conclude A € [A_;(h.),A;(hc)], which
reaches a contradiction. Thus problem (P:.) has no solution u > 0. 0J
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