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GENERAL ELLIPTIC OPTIMAL CONTROL PROBLEMS
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Abstract. In this paper, a new two-grid mixed finite element scheme for distributed optimal control governed by
general elliptic equations is presented. Pg—Pl mixed finite elements and piecewise constant functions are used for
spatial discretization. Convergence of the proposed two-grid algorithm is discussed. In the two-grid scheme, the
solution of the elliptic optimal control problem on a fine grid is reduced to the solution of the elliptic optimal
control problem on a much coarser grid and the solution of a symmetric linear algebraic system on the fine grid
and the resulting solution still maintains an asymptotically optimal accuracy.
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1. INTRODUCTION

We consider the following linear optimal control problems with pointwise constraint:
. 1 1 > Vi
—|lp— —|ly— — 1.1
ufglg?d{zllp Pall*+5 =l +2||u||} (1.0

subject to the state equation
—div(aVy+by)+cy=u, x€Q, (1.2)
which can be written in the form of the first order system
divp+cy=u, p=—(aVy+by), x€Q, (1.3)

and the boundary condition
y=0, x€dQ, (1.4)
where Q is a convex polygon in R?, and U%? denotes the admissible set of the control variable,
defined by
U ={ucl*Q): u>0, ae. in Q}.
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Moreover, we assume that 0 < ag < a < da°, a € W1’°°(Q), 0<ce WI’“(Q), b= (b1,0)" €
(W=(Q))?, yg € H'(Q), ps € (H'(Q))?, and v is a fixed positive number. We also assume
that the following condition holds [8]: b% + b3 < 4(1 — y)ac for some y € (0,1).

In recent years, numerous numerical methods have been widely applied to various optimal
control problems governed by partial differential equations; see, e.g., [5, 21, 22] for standard
finite element methods, [3, 16, 17] for mixed finite element methods, [11, 18] for finite volume
methods, and [6, 9] for spectral methods. Chen and Liu [2] first used Raviart-Thomas mixed
finite element method to solve a class of elliptic optimal control problems, in which objective
functional contains the gradient of the state variable. They not only considered a priori error
estimates for all variables but also derived the supercolse with order h? between average L>
projection and the approximation of the control variable u. In [3], Chen considered the rectan-
gular mixed finite element approximation for elliptic optimal control problems and obtained the
superclose between the centroid interpolation and the numerical solution of the optimal control
u with order h>. Guo, Fu and Zhang [12] proposed a splitting positive definite mixed finite
element method for the approximation of convex optimal control problem governed by elliptic
equations with control constraints. Hou [16] discussed a priori and a posteriori error estimates
of H!'-Galerkin mixed finite element methods for elliptic optimal control problems. Hou, Liu
and Yang [17] derived a priori error estimates and superconvergence of P02—P1 mixed finite ele-
ment approximation for elliptic optimal control problems. Fu and Rui [10] considered a priori
error estimates for least-squares mixed finite element approximation of elliptic optimal control
problems.

It is well known that the two-grid method [23, 24] is an effective discretization method for
solving nonsymmetric, indefinite, and nonlinear partial differential equations. As far as we
know, Liu and Wang [20] first attempted to construct a two-grid finite element scheme of ellip-
tic optimal control problems. Subsequently, Hou and his co-authors [14, 15] designed two-grid
mixed finite element schemes for optimal control problems governed by general elliptic equa-
tions and Stokes equations respectively.

This paper, motivated by the ideas of the results presented in [14, 20], presents a new two-grid
scheme for general elliptic optimal control problems discretized by POZ-Pl mixed finite element
[4]. Compared with the two-grid scheme proposed in [14], the linear algebraic system on the
fine grid of our two-grid scheme is symmetric. Therefore, more solvers can be selected to solve
the problem.

The paper is organized as follows. In Section 2, we consider the Pg—Pl mixed finite element
approximation for optimal control problem (1.1)-(1.4). In Section 3, the last section, we present
our two-grid algorithm and discuss its convergence.

In this paper, we adopt the standard notation W"™?(Q) for Sobolev spaces on Q with the

norm || - ||,n,, given by ||v| fmp = Y ]\D“v||’L’p(Q) and the semi-norm | - |, , given by |v|5w7 =
lo|<m

Y ||D°‘v||§1,(g). We set Wy P(Q) = {v € W™P(Q) : v|yq = 0}. For p =2, we denote
a|=m
H™(Q) = W"2(Q), Hp Q) = Wy (@) and || -l = | - [ln2, || ]| = ||~ o2 In addition, C
denotes a general positive constant.
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2. MIXED METHODS FOR OPTIMAL CONTROL PROBLEMS

In this section, we give Pg—Pl mixed finite element approximation of control problem (1.1)-
(1.4). Next, we recall a result from Grisvard [13].

Lemma 2.1. For every function y € L*(Q), let ¢ be the solution of
—div(aVe) +ch = yin Q, ¢|y0 = 0. 2.1)

Then (2.1) is solvable and that
1012 < Cllwl]. (2.2)

Let
V =(L*(Q))* and W = H}(Q).
We recast (1.1)-(1.4) as the following weak form: find (p,y,u) € V. x W x U,y such that

.1 ) 1 2 Vi
min 3 lp—pal?+ 5l —yalP+ 3 23
(ap,v) + (Vy,v) + (By,v) =0, Vv eV, (24)
—(p,Vw) + (cy,w) = (u,w), YweW, (2.5)

where o =a~!, B = ab, and (-,-) is the inner product of L*(Q).

It follows from [19] that optimal control problem (2.3)-(2.5) has a unique solution (p,y,u),
and that a triplet (p,y,u) is the solution of (2.3)-(2.5) if and only if there is a co-state (q,z) €
V x W such that (p,y,q,z,u) satisfies the following optimality conditions:

(ap,v)+ (Vy,v)+ (By,v) =0, Vv eV, (2.6)
—(p,Vw) + (cy,w) = (u,w), YweW, (2.7)
(agq,v)+ (Vz,v) = —(p—pa,v), VvEV, (2.8)
— (g, Vw) = (B-q,w)+ (cz,w) = (y—ya,w), YW e W, (2.9)
(Vu+z,i—u)>0,VieU™ (2.10)

The inequality (2.10) can be expressed as
u = max{0,—z}/v. (2.11)

Let .7, denote a regular triangulation of the polygonal domain Q, A7 denote the diameter

of T, and h = ;nayx hr. Let V;, x W, CV x W be defined by the following finite element pair
€I

P3-Py[4]:
Vi=Avi=(vin,van) €Vvin,von € B(T), VT € T},
and
W, = {w, € CO(Q)NW|wy, € P(T), VT € T},
where P, (T) indicates the space of polynomials of degree no more than m on T.
Moreover, let
Vi :={v, €L*(Q) :V T € F}, v|7 = constant},

and UM =V,NU“.
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Before the POZ-PI mixed finite element scheme is given, we introduce three projection opera-
tors. First, we define the standard elliptic projection [7] P, : W — W,,, which satisfies, for any
pew,

(V(0 —Py9),Vwy) =0, Y w, €W, (2.12)
¢ —Pyo||s < CR*7S||@ |2, s=0,1,V ¢ € H*(Q). (2.13)

Second, we define the standard L2 projection [1] IT, : V — V,, which satisfies: forany g € V

(q—T1yq,vy) =0, Vv, €Vy, (2.14)
Tng|l < Clql, (2.15)
lg—TLq| < Chllq|l1, Vqe (H'(Q)) (2.16)

Last, for any w € L>(Q) and T € .7},, we define the element average operator 7, : L2(Q) — V,
by

mlr = [ wa/|T|

where |T| is the area of the element 7.
The following approximation property holds

v —my| 52 <Ch'™|yli2, s=0,1,Vy € H(Q). (2.17)

Then, the mixed finite element discretization of (2.3)-(2.5) is as follows: find (py, v, us) €
Vi x Wy, x U4 such that

1 1 v
min, { 21— pal?+ 31—l + Sl

MhEU;?
(opn,vi) + (Vyn,vi) + (Byn,vi) =0, Vv, €V,
— (Pn, Vwp) + (cyn,wp) = (up,wn), ¥ wy, € W,

The above optimal control problem has a unique solution (py,yp,u,) and there is a co-state
(qn,zn) € Vi, x Wy, such that (py,, yn,qn, 25, uy,) satisfies the following optimality conditions:

(@pn:vi) + (Vynvi) + (Byn,vi) =0, Vv, €V, (2.18)
— (P, Vwi) + (cyn,wn) = (un,wp), ¥ wy € Wy, (2.19)
(@qn,vi) + (Vzp,vi) = —(Pn— PaVn), ¥ vi € Vi, (2.20)
— (qn, Ywn) — (B -qn, wn) + (czn,wn) = (Yn —Ya,wn), ¥ wy € Wy, (2.21)
(Vi + 2, iy, — up) > 0, V iy, € UM, (2.22)

Similar to (2.11), control inequality (2.22) can be expressed as

up = max{0, —m,z,}/Vv.
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Subtracting (2.18)-(2.21) from (2.6)-(2.9), we easily obtain the following error equations

(a(p—pn)vi) + (VO =yn),vn) + (B —yn),vn) =0, Vv, €V, (2.23)
- (p _PhaVWh) + (C(y—yh),Wh) = (l/t - uhawh>7 v wy € Wh; (224)
(cc(g —qn),vi) +(V(z—21),vn) = —(P —Pn,Vn), Y vy €V, (2.25)

—(g—qn, Vi) — (B-(@—an),wn) + (c(z—z1),wn) = (V= Ynswn), Ywp €W, (2.26)

From [14], we have the following two lemmas.

Lemma 2.2. Let (p,y,q,z,u) be the solution to (2.6)-(2.10) and (pp,Yn,qn, 2, Un) be the solution
to (2.18)-(2.22), respectively. Then,

[y = yull + ||z — z]| < CH?, 2.27)
| —up|| VO =yu)|| +1lp—pull +IV(z—2z1) || + llg — qn|| < Ch. (2.28)

Lemma 2.3. Let u be the solution to (2.6)-(2.10) and i, = max{0, —z,}/v. Then,

||t — ii]| < ChH?.
Now, we derive the following H —!_error estimates.

Lemma 2.4. Let q and qy, be the solutions to (2.6)-(2.10) and (2.18)-(2.22), respectively. Then

g —qn| -1 < CH~.

Proof. For y € (H'(Q))?, let ¢ € H*(Q) N H}(Q) be the solution of the Dirichlet problem

—div(aVe) =divy, x € Q,
=0, x€dQ.

Then,

loll2 < Clldivy || < Cliy]l:- (2.29)

Furthermore, Y = —aV¢@ + 0, where divG =0 and ||0||; < C||y||;. Now,

(OC(q —‘Ih)all’) = —((X(q _qh)7aV(p> + (OC(q _qh)70)' (2.30)
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By (2.23)-(2.25), (2.27)-(2.28), (2.29), and Green’s formula, we conclude that

—(a(qg—qn),avVe) =(a(q —qn), 11 (aVe) —aVe)

+ (V(z—z1),In(aVQ) —aV @) + (p — pr, I1n(aV @) —aVe)
+(V(z—21),aVQ) +(p —pp,avVe)

(g —gn), p(aVe) —aVe)
(V(z—2z4),Ix(aV Q) —aVe) + (p — pu, 11 (aVQ) —aV )
—

—(

(

Q

=(

_|_

2=z, div(aVe)) + (a(p—pp), Vo —T1,(Ve))
V(© =y1), (V@) = (B(y —yn), ITn(Ve))
q—4q1),11;,(aVe) —aVo)

+3

(V(z—2z1), 11 (aV @) —aVQ) + (p — pi, ITx(aVe) —aV @)

— (z—zn,div(aVe)) + (a(p — pn), Vo — I1,(V@))

+ (VO =y1), Vo —T11(VP)) + (y — yi,div(V@))

+ By —yn), Vo —T1,(V)) — (B(y—yi), Vo)

<Ch(|lp—pull +llg =gl IV =yl +1IV(z—z) )| @l2
+C(ly =yull +llz =zl el

<Cr||y|:. (2.31)

Using div@ = 0 and the same estimate as (2.31), we find that

(a(g—qn),0) =(0o(q —qn),0 —11,0) + (V(z —z,),0 —11,,0)
+ (P —pn,0 —11,0) + (ot(p — pp), 111 (aB) — aB)
+(V(y —yn),a6 —I1,(aB)) + (y — yp,div(ab))
+(B(y—yn),ab —I1,(aB)) — (B(y —yn),ab)
<Ch(|lp —pull + lg —gnll + IV = yu) [+ IV(z—z) D ]|0]]1
+Clly—yall - 18]l
<Ch|y|hr. (2.32)

By use of (2.30)-(2.32), we have ||qg —qy|| 1 < Ch?. Thus we complete the proof. O

3. TWO-GRID ALGORITHM AND CONVERGENCE ANALYSIS

In this section, we present our two-grid algorithm based on two triangulations 7y and .7,
then analyze the convergence of the algorithm.
Two-grid algorithm:
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1. Find (py,yu,qm,z0.un) € (Vg x Wy)? x Uﬁd such that (py,yu,qH,zH,un) satisfies the
following optimality conditions:

(apu,vu) + (Vyu,ve) + (Byn,ve) =0, Vvy €V, (3.1)
— (pa, Vwr) + (cyr,wi) = (ug,wi), ¥ wy € Wy, (3.2)
(aqu,ve)+ (Vzu,vu) = —(pu — pa,vu), Vvu €V, (3.3)
—(qu.VYwu) — (B -qu.wn) + (czu,wn) = Y —ya:Wn), ¥V wu € Wy, (3.4)
(Vug +zp, i —up) >0, ¥ i € US4, (3.5)

2. Find (p;.v;.q5, 25, u;) € (Vi x Wy,)? x U such that

(app,vi) + (Vyp,vi) = —(Byu,vi), Y vy €V, (3.6)
— Py, Vwp) + (cyp,wp) = (dr,wp), ¥ wy, € Wy, (3.7)
(agy,vi) + (V2. vi) = —(Pp, — Pas Vi), ¥ vi € Vi, (3.8)
— (qp, Vwn) + (czp, wi) = (B -qu,wi) + (Vh — Ya,wn), ¥ wi, € Wy, (3.9)
(Vi + 25, i — 1) > 0, Y iy, € U, (3.10)

Theorem 3.1. Let (p,y,q,z,u) be the solution to (2.6)-(2.10) and (p},,y;.q;,,2),,u;,) be the solu-
tion to (3.1)-(3.10) respectively. Then

2
lu—up| IV =yl +1lp =Pl + V(2= 5)ll + llg — g3l < C(h+H7).
Proof. For sake of simplicity, we now denote
T=y—Yy,, €=27—2.

From equations (2.6)-(2.9) and (3.6)-(3.9), we can easily obtain

(a(p—pp)vi) +(VT,v) = =By —ym),vn), Vvi €V, (3.11)

— (P —Pp, VW) + (cTywpy) = (u— i, wp), ¥ wy € Wy, (3.12)
(a(g—qp),vn) +(Ve,vy) = —(p—py,vi), Vvi €V, (3.13)
—(q—qp, Vwn) + (ce,wp) = (B (g —qu), wn) + (T,wn), ¥ wj, € W, (3.14)

By VW, C V}, and (2.14), we rewrite (3.11)-(3.14) as

(a(IIpp —pp);vi) + (V(Poy —yp,),v0) = —(B(y —Yu), Vi)

— (a(p—I1yp),vi) — (V(y — Puy),vn), Y v €V, (3.15)
— (Ipp = P, Vwp) + (c(Poy = y3),wn) = (u—tig,wy) — (c(y = Puy),wn), ¥ wp € Wy, (3.16)
(a(Tlhg —qy,),vi) + (V(Phz — z3),vi) = —(at(q — I11q), Vi)

_(V(Z—PhZ),Vh)—(p—pZ,Vh), vvhevha (317)
— (T1,q — g, Vwy) + (c(Poy —y3),wn) = (B - (@ —qu), wn) + (T,wp)
—(c(y=Puy)swn), ¥ wy, € W, (3.18)

Next, we divide the proof into the following three parts:
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Part 1. Let ¢ be the solution to (2.1) with v = 7. It follows from (2.1), (2.13), (2.16), (3.11)-
(3.12), Green’s formula, and Cauchy inequality that

71> =(z, —div(aV9)) + (7,c9)
=(V1,aVe)+(ct,0)
=(V1,aVe —11,(aV9)) — (a(p — py), 11x(aV 9))
+(c7,9) — (B(y —yu), 1 (aV9))
=(Vt+alp—py) +BO—yu),aVe —11;(aV))
— (=P, V) +(ct.9) = (B(y—yn),avVe)
=(Vt+alp—pp) +B0—yu),aVe —11;(aV9))
+ (P =P, V(P9 —9))+ (cT.¢0 —Pho) — (B(y —yu),aVe)
+ (u—dy, P — @)+ (u—iy,9)
<Ch(||V|[+lp = pyIDII@ll2 +C(llu — dn || +[ly — yal) |9 ]|2- (3.19)

Choosing v, = I1,p — pj in (3.15) and w;, = B,y — y;, in (3.16), respectively, and adding the two
equations, one has

1 . .
|2 (up — )| = — (a(p —TIup) + V(y — Puy) + B(y — yur ), TTup — p};)
— (T, By —yp,) + (u— i, Py — yp,).- (3.20)

Using Cauchy inequality, (3.20), (2.13), (2.16), and the assumption on a, we find that
TTp = pill < Ch([lyll2 + llpll) +Cllel + Cllu = dnll + lly = ya D). (3.21)
Letting v, = V(B,y —y;,) in (3.15), we easily obtain
IV(Ery = yp) | < Ch(llyll2+ llpll) + CUITwp — il + Iy = ya)- (3.22)

Substituting (3.21)-(3.22) into (3.19) and using (2.2), (2.13), and (2.16), for sufficiently small
h, we have

Il < Cr(llyllz+lplh) +C(lu—anll + lly = yal)- (3.23)

Thus it follows from (3.21)-(3.23), (2.13), (2.16), and the triangle inequality that

IV =yl +1lp =Pl < Ch(lyll2+llpll1) + Cllu —dnll + Iy — yal)- (3.24)
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Part II. Let ¢ be the solution to (2.1) with ¥ = e. Similar to (3.19), we can conclude that
lel|* =(e, —div(aV9)) + (¢,c9)

Ve,aVo)+ (ce, )

=(Ve,aVy —I1,(aV9)) — (a(g —q;) . 11x(aV 9))
+(ce,9) — (p—py, 11 (aV9))

=(Ve+ (g —q;) +p—pj,aVo —11,(aV9))
—(9—4;,V9)+(ce,¢)— (p—pj,aV9)

=(Ve+a(g—q,)+p—p;,aVe —I1,(aV9))
+(q =45, V(Bs9 — @)+ (ce,¢ — Puo) — (P — pj,aV9)
+(t+B-(g—qn). P9 —¢)+(t+B-(g—qn),9)

<Ch(||Vel + llell +lp — pull +llg — gzl + llg — )¢ ]l2

=
=

+C(llg—qul-1+zlDlol, (3.25)
where we also used the Cauchy inequality and the estimate
B-(q—qu),9) =(q—qu.Bo) <Cllg—qul|-1]¢|:. (3.26)
For sufficiently small 4, by (3.25), (2.2), and Poincare’s inequality, we derive
lell < Ch(||Ve|l +|lp—ppll + g — a3l + [lg —qul]) +Cllg — qull -1 +Cl|7]|. (3.27)

Choosing v, = I1,g — qj, in (3.17) and wy, = P,z — z; in (3.18), respectively and adding the two
equations, one has

||2 =—(a(q—Iq)+V(z—Piz) +p—p;,, 11hg —qj)

+(t—ce,Piz—2,)+ (B (q—qu),Piz—1z,), (3.28)

1 .
o2 (T1hg — gp,)

where

(B-(q—4qn).Piz—z,) =(q —qu,B(Phz—z;))
<Cllg —qull-1]1Paz =zl
<Cllg—qu|| 111V (Phz—2zp) |- (3.29)
The Poincare’s inequality is used in the last step of (3.29). By virtue of (3.28)-(3.29), (2.16),
Cauchy inequality, Poincare’s inequality, and the assumption on a, we have
Mg — g3l <C([lp — Pyl + llell) +C(e)(llg —gall -1+ lI7lD)
+Ch(llzll2+[lql[1) + €[V (Prz — 23], (3.30)

where € is an arbitrary small positive constant. Choosing v, = V(B,z—z}) in (3.17), we find
that

IV (Paz—zp)[| < Ch(llzl]2 +[lgll1) + C([|T1hg — gyl + [[p — Pal])- (3.31)
For sufficiently small €, by using Poincare’s inequality, (3.30)-(3.31), (3.27), (2.13), (2.16), and
the triangle inequality, we have
IV(z—=z)l +llg — q4ll <Ch(l|z|l2+[Igll1) +Chllg —qul|
+C(llg —qull-1+ llp = pall + [ 7I])- (3.32)
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Part III. From (3.10), we know that

uj, = max{0, —m,z, }/v. (3.33)
Thus it follows from (2.11), (2.17) and (3.33) that
[l — up|| =[| max{0, =z} /v — max{0, —mz;,} /||
<Cllz— Tz
<Cllz = mpz|| 4 Cl| 7 (z — 23
<Ch||z|l1 +Cl|z—z]- (3.34)
Combining (3.24), (3.32), (3.34), and Lemmas 2.2-2.4 with Poincare’s inequality, we complete
the proof of theorem. 0
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