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Abstract. Our study is focused on a common variational inclusion problem in real Hilbert spaces. A
parallel inertial algorithm for solving the inclusion problem is proposed and analysed. Our new conver-
gence theorem has several theoretical advantages over some related works in the literature, and primary
numerical experiments illustrate the practical potential of our iterative algorithm.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. We consider
the following common variational inclusion (CVI) problem:

find u* € H suchthat 0€F;(u*)+A;(u"), (1.1)

where A; : H — 2" is a multi-valued operator, and F; : H — H is a monotone operator for each
i=1,2,...,N. Common variational inclusions are quite general since many nonlinear problems,
such as fixed point problems, zero point problems and so on, can be modeled in such a way. If
N =1, then the above CVI problem (1.1) is reduced to the following variational inclusions:

find u* € H suchthat 0€F (u*)+A(u"), (1.2)

where A : H — 2 is a multi-valued operator, and F : H — H is a monotone operator.
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Recently, Yambangwai et al. [14] successfully used (1.1) for image restoration problems. As
an example for the generality of the CVI (1.1), consider the problem:

min f;(x) + gi(x), (1.3)
xeR?
where, foralli=1,2,...,N, f; : R” — Ris convex and differentiable function, and g; : R" — R is
proper, convex, and lower semi-continuous function. Using the first order optimality condition,
problem (1.3) is equivalent to:

find u* € H suchthat 0€ Vf;(u*)+dg (u").

Thus, this translates to the CVI (1.1) with F; = Vf; and A; = dg;, forall i =1,2,...,N.

Another interesting example is the common solutions to variational inequality (CSVI) prob-
lems. Let F; : H— H be a given mapping for eachi=1,2,...,N. Let K; be a nonempty, closed,
and convex subset of H, and let A; = Nk,, i = 1,2,...,N where Nk is the normal cone of K;.
The CVI problem (1.1) becomes

find u* € H suchthat 0€F(u")+Ng (u*), =1,2,...,N. (1.4)

Recall that the normal cone of K; is defined at x as:

NK.()C) =

1

{zeH|{z,y—x) <Oforally e K;}, ifxeK;
0, otherwise.

Then the CSVI problem (1.4) can be remodeled as finding u* € K = ﬂf.\[: 1 Ki such that
(Fi(u"),u—u*)>0, VvueK;;i=1,2,...,N, (1.5)

where K; is a nonempty, closed, and convex subset of H, and F; : H — H is a monotone operator
foreachi=1,2,...,N.

One of the common practical algorithms for solving variational inclusion (1.2) is the pro-
jection and contraction method, which was originally introduced in Euclidean spaces, and was
studied and extended to infinite dimension Hilbert spaces in many different ways recently; see,
e.g., [3, 9, 10]. In this regards, Zhang et al. [16] introduced the following proximal algorithm
for solving monotone variational inclusions.

i =i (e — M (wr)),
d (ur, yi) = (e —yi) — A (F () — F (V)
U1 = g — YBrd (ur, yi)

where vy € (0,2), B = %, and @ (ug,yi) = (ug — yi,d (ug, yr)). They established the weak
k' Yk

convergence of the iterative algorithm.
Recently, Censor et al. [4] proposed a hybrid method for solving the common variational
inequalities (1.5), but the method needs to compute projections at each iteration. In [8], the
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following parallel hybrid subgradient extragradient method was presented

((up € H,

vl = Px. (up — AF; (u,)), i=1,...,N,

2= Ppo (un—AFi(vy)), i=1,...,N,

where Ti":{veH:<un—/lF,~(un)—v£l,v—vZ>§O},
in:argmax{Hz;—unH:izl,...,N},Zn:zfg,
Co={teH:[t—z| <t —u},
On={t€H:{t—upu,—uy) >0},

\ Un+1 = Pc,ng, (o) ,n > 1,

where K;,i = 1,...,N is a finite family of nonempty, closed, and convex subset of H.

In 2018, Dong et al. [5] introduced two hybrid projection and contraction algorithms for
finding common solutions of variational inequality problems (1.5) and established their strong
convergence. The two algorithms read as follows:

(¥ =Px(xx —AF(x)), i=1,...,N,

dp = (= yp) —A(Fila) = Fi(y)),  i=1,...,N,

G =X —YPpdy, i=1,...,N,

Ci={veH:|ld—vIP < lu—v|>~v2—pjgj}. i=1....N,
Or={veH: (xp—v,xx—xp) <0},

(X1 = Fo,n oo,

and
(i = Pri(x—AF(x)), i=1,...,N,

wi = Px,(xx — AYppFi(vy)), i=1,...,N, o

C;( = {V cH: |’W§<—\/'||2 S ka_VHZ_Y(z_’y)p]l((P]éL = 1>'~-,N7
Or={veH: (xo—xi,v—x;) <0},

L Yk+1 = Fo,noiXos

where C; = i-vzl Ci,y€ (0,2), p,i = %, and (p,i = (xx —yi,d,ﬂ}.

Motivated by the above and [5, 8, 14, 15, 16], we adopt the advantages of known techniques,
such as inertia, contraction and hybrid methods, and propose a simple strong convergent algo-
rithm for solving CVIs. Our method converges under weaker assumptions than related results;
see, e.g., [14], and the numerical experiments emphasize the practical potential of the scheme.

The outline of the paper is as follows. Basic definitions and results are presented in Section
2. Our proposed method is presented and analyzed in Section 3. In Section 4, two primary
numerical experiments in finite and infinite dimensional spaces demonstrate and compare the
performance of the algorithm. The last section, Section 5 ends this paper.

2. PRELIMINARIES

Let H be a real Hilbert space. Denote by — and — the weak and strong convergence, respec-

(o)

tively. The weak @w—limit set of a sequence {u, |, _ is denoted by @y, (u,) = {u : Ju; — u}.

Definition 2.1. Let 7 : H — H be a mapping on H.
(1) The fixed point set of T is denoted by Fix(T) := {x € H | T (x) = x}.
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(2) T 1s said to be L-Lipschitz continuous if and only if, for all x,y € H,
ITx=Ty[ < Lilx =],

where L > 0 is the Lipschitz constant. If L =1, then T is said to be nonexpansive and
contractive if L < 1.
(3) T issaid to be firmly nonexpansive if and only if 27" — I is nonexpansive, or equivalently,
forall x,y € H,
(Tx—Ty,x—y) > |Tx—Ty|.
(4) T is said to be monotone if and only if, for all x,y € H,
(Tx—Ty,x—y) > 0.

Definition 2.2. Let B : H — 2" be a point-to-set operator. B is called a maximal monotone
operator if B is monotone, i.e., (u —v,x —y) > 0, Yu € B(x), v € B(y), and the graph gra(B)
of B, gra(B) = {(x,u) € H x H |u € B(x)}, is not properly contained in the graph of any other
monotone operator.

It is clear that a monotone mapping B is maximal if and only if, for any (x,u) € H X H,
(u—v,x—y) >0 forall (y,v) € gra(B) implies u € B(x). Let the set-valued mapping A : H — 21
be maximal monotone. Define the resolvent operator J2 by J4 = (I+rA)~!,  r>0.Itis worth
mentioning that the resolvent operator J4 is single-valued and firmly nonexpansive.

Definition 2.3. Let C be a nonempty, closed, and convex subset of H. F¢ is called the metric
projection of H onto C if, for any point u € H, there exists a unique point Pcu € C such that

[l — Peul| <

ju—yl, VyecC.
It is well known that P¢ is a firmly nonexpansive mapping of H onto C (see, [1, Proposition
4.16)). Furthermore, Pcx € C, and (x — Pcx,Pcx—y) > 0, Vy € C.

Lemma 2.4. [2] Let A : H — 2% be a maximal monotone mapping, and let F : H — H be a
Lipschitz continuous mapping. Then the mapping B = A + F is maximal monotone.

Lemma 2.5. [11] Let C be a closed and convex subset of H. Let {un};’;zo be a sequence in H
andu € H. Let g = Pcu. If {u, };_, satisfies @,,(u,) C C and ||u, —u|| < ||u—q||, Vn > 1, then
{un};r_y converges strongly to q.

Lemma 2.6. [1, Proposition 23.39] Let A : H — 2% be maximally monotone and zer(A) =
A~10={x € H|0 € Ax}. Then zer(A) is closed and convex.

3. MAIN RESULTS
For common variational inclusion problem (1.1), assume the following:
(C1) The solution set of the CVI (1.1), denoted by Q = ", (F; +A4;)7'(0), is nonempty.
(C2) The mapping F; is monotone and Lipschitz continuous with constant L; > 0, for each
i=1,2,...,NonH.
(C3) The mapping A; : H — 2! is maximal monotone, for eachi = 1,2,...,N.
We are now ready to present our new method.

Algorithm 1
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Step 0. Fix s,M € N and denote S := {0,...,s}. Let |6k7n| <M and 6 € (0,2) for k € S and
n € N. Choose uy € H and let u_; = ug, forall k € S. Set n :=0.
Step 1. Compute

Vp = Up+ Z Gk,n(un—k - un—k—1)~
keS

Step 2. Generate i, and y, by
(2= = A (),
d(viyz) = (vn = 2) = 1(Fi(vn) = Fi(2,)),
Y= Va—6Byd (vn2,).
in = argmax{||y —u|| |i=1,2,...,N}, 5, =y,

\

where .
¢ (Vi 2,) '
, A d(vn,2,) #0;
Bo= 1 lld0n ) o
c d(vy,7,) =0,
and ¢ > 1 is an arbitrary constant and ¢ (v,,z},) = (v, — 2%,,d (vs,25)).
Step 3. Set

{Cn = {t € H ||y, — 1> < [va—1]* = 82— 8)Bl ¢ (v i)},
On={t€H| (up—up,u,—t) >0},
and compute

unt+1 = Fe,no,Uo-

Step 4. Set n < n+ 1, and go to Step 1.

We start our analysis with the following definition.

Definition 3.1. Let c1, c; > 0 be given constants in (0,1). 7/ is said to satisfy the stepsize

conditions, foreachi=1,2,... N, if rﬁl satisfies
ctlva=zl1> < ¢ (v 20),
B;i > €2,
and

. iV~ i '
2yt =0
From [12, Lemma 5.2] and [17, Lemma 3.4], we have the following result.

Lemma 3.2. Consider the CVI (1.1) and assume that Conditions (C1)~(C3) hold. Let {u,};
be the sequence generated by Algorithm 1. Then r. satisfies the stepsize conditions if r, €
[a,b] C (0,1/L;) or ri, updated adaptively via rl, = on™, o > 0,1 € (0,1), where n, is the
smallest nonnegative integer such that ri||Fi(u,) — F;(Z%)|| < Villun — 25|, i = 1,...,N, where
v; € (0,1) is given.
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Similarly to [15, Lemma 3.7], we have the following result.

Lemma 3.3. If ri, satisfy the stepsize conditions, then

v =z <

n

[V — % (3.1)

1
C25
Lemma 3.4. Let Conditions (C1)~(C3) hold. Let limy_, o ||[vy — tn|| = 0 and limy,_, jco || v — 2} |
=0foreachi=1,2,...,N. If {u,},_ is bounded, then o, (u,) C Q.

Proof. Since {u,}; _ is bounded, one has @, (u,) # 0. Taking @ € ®,,(u,) arbitrarily, one has
that there exists a subsequence {u,,}7_, of {un},_, which converges weakly to @. From the
assumption, it follows that {vnj};f’zo and {zﬁlj }‘;.":0, i=1,...,N, converge weakly to @.

Next we show that @ is a solution of (1.1), that is, ® € Q. Let (v,7) € gra(A; + F)), i.e.,
T—F;(v) €A;(v),i=1,...,N. From the definition of 7/, we have

v”lj - riljF}(vnj) S (I+ rll:lel')(Zilj)7
that is,
.

Vnj = Zn,

" Fi(vn,) € Atlz)).
nj

By virtue of the maximal monotonicity of A;, we obtain

1 an—an
<V Zp» T Fl(v) - i +Fl(vnj)> >0
nj
Hence,
n _Zi
i
(=2, %) 2 (0= R0+ = — Fi()
nj
i i i an—quj
= (v =g, i) — Fidh) + Fleh,) — Filom,) + =)
nj
i i i v”f_th‘)
2 <V_an7Fi(an) _E(vnj)> + <V_an7T>7
J

where the last inequality comes from the monotonicity of F;. Since limy,— e ||V, — zﬁ, |=0, F;
is Lipschitz continuous, and inf,,>o{r},} > r' > 0, we have
lim (v—2 1) = (v—&,1) >0.
J—rtoeo /
From conditions (C2)-(C3) and Lemma 2.4, we have that A; + F; is maximal monotone for
eachi=1,...,N. Then 0 € (A;+ F)(®), Vi=1,...,N, that is, ® € Q. Therefore, we have
,, (u,) C Q. This completes the proof. O

Theorem 3.5. Assume that Conditions (C1)—(C3) hold and rﬁl satisfies the stepsize conditions,
i=1,...,Nandn € N. Then the sequence {u,}; _, generated by Algorithm 1 converges strongly
to @ = Pouy.
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Proof. For simplicity, we divide the proof into four steps.
Step 1. Fc,np, is well defined.

From Conditions (C2)-(C3), Lemma 2.4, and Lemma 2.6, we obtain that Q is closed and
convex set. It is easy to know that C, is convex and closed for n € N (see [11, Lemma 1.3]).
Since @, is either a half-space or the all space H, it is closed convex for n € N.

Now, we show that Q C C, for all n € N. Take u € Q arbitrarily. According to the definition
of y', and B!, we have, fori=1,...,N,

[ =l = [lvu = 8Bid (vn.53) —ul”
= v —ul®+ 8B ||d (vu 2 | — 288 (v —w,d (va,2)) B2
= [va—ul® +8*B19 (varzh) — 28B4 (v —ud (vas7h) ),
where the last equality comes from the definition of 8. By the definition of ¢, we obtain

(v — u,d(vn,z2)> = (v —7.d (vn,z;)>+ <zﬁl —u,d (vn,z2)>

=¢ (vn,zf,l) —|—<zﬁl—u,d(vn,zil)>. (5-3)
Since J;‘; is firmly nonexpansive, it follows that
(e —ut, (I = 1) v — (I = o)) = (3 (L= 1y ) v — T (1= ryFy)u, (1= 1y Fy)vn — (I =, Fyu)
> | (1 = riFi)va — T (1 = ryFul?
=||2, —ul|*.
Using the above inequality, we have
(an — 14, v — 2, = 13 Fi(vn)) =(z — 0, (I = 1y F)va — (I = ryF)u+ (I = 1, FJu — z5)
2|25, — ull* + {2 — ,u—z3,)+ (5, — w, 1, Fi(u))
== (g, —urFw),
which implies . S
(2] — vy — 2 — 73 (Fi(va) — Fi(u))) > 0. (3.4)
From the monotonicity of F; and r}, > 0, we have
(g — .13, (Fi(z,) — Fi(w))) = 0. (3.5)
Adding (3.4) and (3.5), we obtain
(@0 () = (o= (=) A () =R (@) 20, G6)

Using (3.2), (3.3) and (3.6), it follows that
Iy, — ull® < lva —ull* = 62— 8)By¢ (vasz,) i=1,...,N.
Therefore, . .
19, =l < [[va—ul* = 52— 8)Br¢ (v, 2ht),
which implies Q C C,, for all n € N.

Next we show that Q C Q, for all n € N by induction. For n = 0, we have Q C H = Q.
Assume Q C Q. Since u,41 = Fc,ng,uo, we have

(up — tp1,upy1 —uy >0 forallu e C,NQ,.
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Since Q C C,, N Q,,, we obtain
(up — tp1,upy1 —uy >0 forallu € Q.

which implies that Q C @, ;. Hence, Q C Q, for all n € N. Then, Q C C, N Q, for all n € N.
Furthermore, Pc,ng, is well defined.
Step 2. {u,}; _ is bounded and r}grolo | ttn1 — unl| = 0.

Since Q is a nonempty, closed, and convex subset of H, there exists a unique element ® € Q
such that @ = Pqug. From u, 1 = Pc,ng,uo and Q € Q,, we have

lttnsr — uoll < [|p—uol| forall p e Q.
Dueto @ € Q C C,NQ,, we have
[[nr1 —uoll < [|@—uoll, (3.7)
which implies {u, };_, is bounded. The fact that u, | € Q, implies that
(Un1 — tnyuo — up) < 0.
So, we obtain

||”n+1 - ”nH2 = ||”n+1 - ”0||2 - ””0 - ”n||2+2<“n+1 — Un, U — ”n>

(3.8)
< Ntn1 — o> = lJun — wo|>
From (3.7) and (3.8), we obtain
X ¥ 2 2
Y lisr = wall> < Y (N1 = woll? = laa = o)
n=0 n=0
=lug 1 —uoll? < | —uo|*,
which yields
Z Hun—H _unHZ < oo
n=0
Therefore, ‘
Jm[faty — | = 0. (3.9)

. i = F_
Step3.ngr£w||vn Z|=0,i=1,...,N.

From the definition of v,,,
that

Gk,n} < M, and the trigonometric inequality of the norm, it follows

Vi = ttnll = 1Y O (tn—tc — ttn——1) |
keS

<Y (Onllltn—k — tn—i—1 (3.10)
keS

<M Z |-k — tp——1]|-
keS
From (3.9) and (3.10), we obtain

lim |[v, —u,| = 0. (3.11)

n— oo

Therefore, it follows from (3.9) and (3.11) that
lim ||v, —up1] =0. (3.12)

n— oo
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Since u,+1 € Cy, 6 € (0,2) and Definition 3.1, we have
¥ — tn+1 ||2 < ||va — tns1 ||2 —6(2— 5)ﬁ,§"¢(vn,Zf{1) < |vn = tn 41 ||2 (3.13)
From (3.12) and (3.13), we obtain
im 5, ]| =0

which together with (3.9) yields hm ||¥,, — un|| = 0. From the definition of i, and y,, we have

Jm IV —ual| =0 i=1,...,N. (3.14)
Observe that

10 = vall < {lyp = unll + lJn — vl (3.15)
Using (3.11), (3.14), and (3.15), we obtain

Jim [l —val| =0 i=1,...N. (3.16)
According to (3.1) and (3.16), we conclude

lim [va—z,][=0 i=1,...,N. (3.17)

n—-+

Step 4. The sequence {uy,}, _, converges strongly to @ = Pou.

Notice that {u, } - is bounded. Using (3.11), (3.17), and Lemma 3.4, it follows that @, (1, ) C
Q, which together with (3.7) and Lemma 2.5 guarantees that {u,}, _, converges strongly to
@ = Pqug. This completes the proof. 0

4. NUMERICAL EXPERIMENTS

In this section, we consider two numerical examples in [7] on CSVI problem (1.4) for testing
and comparing the performance of our scheme with [5, Algorithms 4.1 and 4.2]. Since JN
Px;, when solving the CSVI problem (1.4), Algorithm 1 can be transformed into the followmg

form in the following two examples:

( Vn—un+kz ekn(un k— unfkfl);
€S

PK (Vn T F( )) .
d(VmZn) (vn—23) — i (Fi(va) — Fi(2))),
Yn=va—08B,d (Vn7zn) ’ ,
in = argmax{||y, —un|| [i=1,2,....N}, y, =y,
Co={t € H| [y, —1|* < lvu—1]* = 82— 8)Bir (v, )},
On = {t € H | (up — tp,u, —t) >0},
\ Uny1 = Fc,no, o,

where S :={0,...,s}. Let ‘Bkﬂ <M forke Sandn eN,d € (0,2)

¢(Vn7ziz) d i
) Aml (v, 2) #0;
Bo=19 ld(vaz)| "
c d(vy,z,) =0,

where ¢ > 1 is an arbitrary constant and ¢ (v,,, 7)) = (v, — 2, d(v,,2})).
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TABLE 1. Numerical results for Algorithms 1, 4.1 and 4.2 with / = 20.

Iter. CPUins
m Alg. 1 Alg. 4.1 in [5] Alg. 4.2 in [5] Alg. 1 Alg. 4.1 in [5] Alg. 4.2 in [5]
5 457 611 657 0.6141 0.8344 1.7109
10 850 997 1056 4.0922 5.4703 12.2578
15 1049 1280 1240 5.5266 6.1547 13.2297

In the numerical results listed in the following tables, ‘Iter.” and ‘CPU in s’ denote the number
of iterations and the execution time in seconds, respectively.

Example 4.1. [7] We consider a affine variational inequality in Euclidean space. Let the opera-
tors Fj(x) = Mix + gq; (see [6, 7]), where

M;=BBI +C;+D;, Vi=1,...,N,

and B; is an m x m matrix, C; is an m X m skew-symmetric matrix, D; is an m X m diagonal
matrix, whose diagonal entries are nonnegative (so M; is positive semi-definite), and g; is a
vector in R™. The feasible set K; = K C R is a closed convex subset defined by

K={xeR"|QOx <b},

where Q is an [ X m matrix and b is a nonnegative vector. It is clear that F; is monotone and
L;-Lipschitz continuous with L; = ||M;|[,i = 1,...,N and L = max{||M;||,i=1,...,N}. Let
g = 0. Then, the solution set Q = {0}.

In this example, the starting points are uy = u_; = (1,...,1)T € R™ and the number of sub-
problems N is 10. The matrices Q, B;, C;, D; and the vector b are generated randomly. The stop-
ping criteria is ||x,|| < 0.001. The choice of 6, in Algorithm 1 is [—0.7500, —0.500, —0.2500,
—0.1250,—0.0625,—0.0312], for s = 5. Other parameters are chosen as follows:

Algorithm 1: § = 0.6, s =5, 7\ = 'L—ig;

Algorithms 4.1 and 4.2 in [5]: A = ﬁ, y=1.5.

The numerical results listed in Table 1 and Table 2 are 10 times average values of the required
iteration steps and the elapsed CPU times with regard to running repeatedly the corresponding
algorithm. The Table 1 illustrates that the execution time and the number of iterations of three
algorithms all become bigger as m increases. Furthermore, combined with Table 2, it was
observed that our Algorithm 1 performs better than Algorithms 4.1 and 4.2 in [5] in the number
of iterations and the CPU time.

Example 4.2. [7] Let H be the function space L*[0, 1], and let K; be the unit ball B[0,1] C H.
In this example, we consider the operators F; : K; — H defined by

RO = [ 100) e sph(a(s)lds + 810
forallx € K,r €[0,1] and i = 1,2, where

2t 145 21‘ !
Hy(t,s) = ———,  hy(x) =cosx, gi(t)=——

Y
ever—1 ever—1
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TABLE 2. Numerical results for Algorithms 1, 4.1 and 4.2 with m = 10.

Iter. CPUins
l Alg. 1 Alg. 4.1 1in [5] Alg. 4.2 in [5] Alg. 1 Alg. 4.1 1n [5] Alg. 4.2 in [5]
30 768 954 1091 7.3266 7.8672 15.9219
40 861 940 975 9.1438 11.5172 25.3078
50 943 1096 1265 14.4141 16.2047 35.7188
V21 ) NI
HZ(taS): 7 (t+S>7 hZ(X)ZeXp(_X )7 g2(t): 7 (t+§)

One can verify that F; is monotone and 2-Lipschitz continuous (see [13, p.168] and [7]). More-
over, the solution set of the CVI for the operators F; on B[0, 1] is Q = {0}.

We choose the starting point up(¢) = 1 and the sets K; = B[0,1]. The stopping criteria is
||| < Error. In Algorithm 1, we take § = 1.8, r, = %Z and 6, is [~0.7500, —0.500, —0.2500,
—0.1250,—0.0625,—0.0313], for s = 5. In Algorithms 4.1 and 4.2 in [5], we choose A = %, Y=
1.9.

As shown in Table 3, we see that our Algorithm 1 outperforms Algorithms 4.1 and 4.2 in [5]
from running time or the number of iterations.

TABLE 3. Numerical results for Algorithms 1, 4.1 and 4.2 in Example 4.2.

Error Iter. CPUin s
Alg. 1 Alg. 4.11in [5] Alg. 4.21in [5] Alg. 1 Alg. 4.11in [5] Alg. 4.2in [5]
0.01 188 322 398 0.1094 0.7188 0.2031
0.005 222 456 606 0.2656 0.7813 0.2813
0.001 583 1826 1394 0.4844 1.4844 0.6406
0.0005 1013 2590 2664 0.8438 1.6875 1.2656

5. CONCLUSIONS

We introduced the so-called parallel multi-step inertial contracting algorithm (PMiCA) for
solving common variational inclusions in real Hilbert spaces. The proposed algorithm combines
several concepts and known techniques, such as the inertial technique and the contraction and
hybrid methods. Under suitable conditions, a strong convergence theorem was established, and
primary numerical experiments illustrated the performances and advantages of the new method
by comparing with related results in the literature.
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