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A HYBRID INERTIAL PARALLEL SUBGRADIENT EXTRAGRADIENT-LINE
ALGORITHM FOR VARIATIONAL INEQUALITIES WITH AN APPLICATION TO
IMAGE RECOVERY
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Abstract. In this paper, we introduce a hybrid inertial parallel subgradient extragradient-line algorithm
for approximating a common solution of variational inequality problems with monotone and L-Lipschitz
continuous mappings, where L is unknown. Under some suitable conditions, we prove the strong conver-
gence of the algorithm. We also present some numerical examples to demonstrate the performance of our
algorithm, which is better than the algorithms mentioned in the literature. The novelty of our algorithm
is that the algorithm is resilient and efficient the number of subproblems is large. Our algorithm can be
applied to image recovery problems when an image has common types of blur effects.

Keywords. Common variational inequality problems; Hybrid algorithm; Inertial method; Image recov-
ery; Parallel subgradient extragradient-line algorithm.

1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space with inner product (.,.) and induced norm || . ||. Let C be a
nonempty, closed, and convex subset of H. In this paper, we consider the variational inequality
problem (VIP) that consists of finding a point x* € C such that

(Ax*,x—x") >0, VxeC, (1.1)

where A is a mapping of H into H. We denote VI(C,A) is the solution set of VIP (1.1).
It is well known that the VIP (1.1) is equivalent to the fixed point problem, which consists of
finding a point x* € C such that
X" = Po(x" — AAX"),
where A is any positive real number. The VIP (1.1), which is a fundamental problem in non-
linear analysis and optimization theory, finds many real applications, such as signal processing,
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image recovery, transportation problems, economics, and engineering; see, e.g., [2, 4, 5, 6, 7,
20, 24, 26] and the references therein.

Recently, projection-based methods have been extensively investigated to solve VIP (1.1);
see, e.g., [6, 8, 16, 22, 23]. An important projection method, which is called the Extragradient
Method (EGM), was proposed by Korpelevich [21] in 1976; see also [3]. The method reads

{yn = PC(xn - A«Axn%

(1.2)
Xn+1 = Po(x, — AAyy),

where A € (0, %), and P¢ denotes the metric projection from H onto C.

In recent years, the EGM (1.2) has received great attention from many authors, who improved
it in various ways; see, e.g., [8, 10, 12, 13, 22, 30, 32] and the references therein. In 2011, Cen-
sor et al. [10] improved the EGM (1.2) in Hilbert spaces. Their method, called the subgradient
extragradient method (SEGM), reads as follows

x1 €C,

yn = Po(x, — AAxy),

T,={we€H: (xy— AAxy — yp,w—y,) <0},
Xn1 = Pr,(xn — AAyy).

(1.3)

In (1.3), the second projection Pc of the EGM (1.2) was replaced with a projection onto a half-
space T,, which can be calculated easier more than a projection onto a complex closed convex
set C. Under the assumptions of monotonicity and continuity of the operator A, Censor et al.
[10] obtained weak convergence results based on (1.3).

Recently, Alvarez and Attouch [1], and Censor ef al. [10] used the inertial extrapolation term
to speed up the rate of convergence of the SEGM for solving (1.1) in Hilbert spaces. Their
algorithm, called inertial subgradient extragradient method (ISEGM), reads as follows

Wp =X+ an(xn _xnfl)a
n = Pc(wp — TAwy,),
T, = {x € H|{wy, — TAw, — y,x — yn) < 0},

Xn+1 = PTn (Wn - TAyn);

where 7 > 0 and o, > 0 are suitable parameters. Under several appropriate conditions imposed
on these parameters, weak convergence result was established. It deserves mentioning that, in
the above algorithm, the Lipschitz constant is known.

Our interest in this paper is to study common solutions of variational inequality problems
(CVIP). The CVIP is stated as follows: Let C be a nonempty, closed, and convex subset of H.

LetA;: H— H,i=1,2,...,N be mappings. The CVIP is to find x* € C such that
(Aix*,x—x")>0,VxeC,i=1,2,..,N. (1.4)

If N =1, CVIP (1.4) becomes VIP (1.1).

Recently, Suantai et al. [28] investigated the viscosity-type subgradient extragradient-line
method, introduced by Shehu and lyiola [21], to solve the CVIP (1.4). This algorithm is now
called the parallel viscosity-type subgradient extragradient-line method (PVSEGM). The strong
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convergence theorem was proved when each of the operator A; is a Lipschitz continuous mono-
tone mapping whose Lipschitz constant is unknown. This algorithm reads as follows

(y£1 = Pc(xn — )vyl;Aixn)a )/;i = Plila

(1! is the smallest nonegative integer /' such that A!||A;x, — Ayl < uHrp i ()],

2= Py ora — A, (15)

N

Xn+l = (X,(Z)f(xn) + Z 2y, N2> 1,
\ i=1
where 7)) = {z € H : (x, — MAix, — yi,z— ') <0} with p,u € (0,1) and {a,}>, C (0,1).
The sequence {x, };_, generated by (1.5) was proved that it converges strongly to x* € VI(C,A),
where x* = Pyjca)f (x*) is the unique solution of the variational inequality

((I-f)x*,x—x*)>0, VxeVI(C,A).

Since f is a strict contraction, its Lipschitz constant £ is, in fact, strictly less than 1 under the
following conditions

(C1) lim ) =0 and () nzl 0 = oo,
The advantage of the PVSEGM was presented to solve the problem of multiblur effects in
an image restoration. The image quality was improved sharper by using the PVSEGM in the
resolution of common resolution (VIP) problems.

In this paper, motivated and inspired by the works in literature, and by the ongoing re-
search in these directions, we combine hybrid inertial techniques with a parallel subgradient
extragradient-line method for solving CVIP (1.4). Numerical experiments are also conducted
to illustrate the efficiency of the proposed algorithms. Moreover, the problem of multiblur ef-
fects in an image is solved by our algorithm.

2. MAIN RESULTS

In this section, we propose the hybrid inertial parallel subgradient extragradient-line method
for solving CVIP (1.4). Let H be a real Hilbert space, and let C be a nonempty, closed, and
convex subset of H. Let A; : H — H be monotone mappings and L;-Lipschitz continuous on H,
but L; is unknown for all i = 1,2,...,N such that Y = N¥_,VI(C,A;) # 0. Suppose that {x,}>_,
is generated in the following Algorithm 2.1:

Algorithm 2.1. Take p € (0,1) and u € (0,1). Select arbitrary points xo,x1 € H, and {6,} C
[0, 6] for some 6 € [0,1). Setn:= 1.

Step 1 Compute t, = x,, + 60, (x, — x,—1), Vn > 1. '
Step 2 Compute y', for alli =1,2,...,N, by y\, = Pc(t, — AiAit,), ¥n > 1, where Al = p*», and
k;, is the smallest nonnegative integer such that

A || Aitn — A IS 1 | ta— i || - 2.1)
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Step 3 Compute 7\, = Pri(tn — ALAYL), where T := {z € H : (t, — AjAity, — ¥,z — yi,) <0}
Step 4 Compute

N
=0 (tn)+ Y Ohzh, n>1, (2.2)
i=1

N
where o} € (0,1), Vi=1,2,...,N and Z o, =1 VneN.

i=0
Step 5 Compute x, 11 = Pc,, \x1, where Cpy 1 := {2 € Cy 2| thy — 2 |||ty — 2z ||}. Setn+1 —n
and go to Step 1.

Lemma 2.2. There exists a nonnegative integer kfl satisfying (2.1).

Proof. We first show that {z,} is bounded. Since Y is a nonempty, closed, and convex subset of
H, there exists a unique v € 1 such that v = Prx;. From x,, = Pc,x; and x,,; € C,, foralln > 1,
we obtain

| 20 —x1 | <[] Xp1 —x1 ||, Vn> 1. (2.3)
On the other hand, as Y C C,,, we obtain
| xp—x1 |<||v—x1 ||, Vn>1. (2.4)

It follows from (2.3) and (2.4) that {x, } is bounded. By the definition of {x,}, we obtain that
{t,} is also bounded. For eachi=1,2,...,N and n € N, we let y;{i = Pc(t, — p¥Aity,) for all
k' € N. We divide the proof into two cases as follows.

CaseI: foreachi=1,2,....N,if || 1, —y;6 ||= 0 for some n{, > 1, then there exist k;, such that
ki, < nf) satisfying (2.1).

Case II: foreachi = 1,2,....N, if || 1, —y;,-l ||# 0 for all n > 1, then we assume the contrary

that p" | Ait, —A,-y;,» > u |l —y;,- || . From [15, Lemma 6.3] and the fact that p € (0,1), we
1 1
obtain

[ Aitn = Ay | > =l = |l

m
> el 1 n 3
> ming1,p" 1, —3 |
p

= pllta—p - (2.5)
By using the continuity of Pr and the fact that {z,} is bounded, we have that yil,i = Pe(t, —
p”llA,-tn) — Pe(ty), n’1 — oo foralli=1,2,...,N. We consider two cases: 7, € C and t, ¢ C.
(i) If t, € C, then 1, = Pc(t,). Now, since || , —y;,i |# 0and 0 < p™ < 1, it follows from [15,
Lemma 6.3] that
0 <[l ta =yl < max{1,p"} I g =3 =l ta =5 II.

Taking n} — o0 in (2.5) foreachi = 1,2,...,N, we have that 0 =|| Ait, — Aty | > i || tn — i ||> 0.
This is a contradiction, and hence (2.1) is well defined.
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(i) If t, ¢ C, then, for each i = 1,2,...,N, p™ || Ajt, — Ay, ||— 0, as n{ — oo while

lim gl =y, | = plim ||t —Po(ta—p"iAiy) |

nj—eo nj—eo
= W ltn—Fe(ta) [|>0.

This is a contradiction due to #, # Pc(t,). Therefore, the linesearch in Algorithm 2.1 is well
defined and implementable. 0

Theorem 2.3. Assume that the conditions hold: (i) Yoo, 0, || xn —Xu—1 || < oo, (ii) liminf, e 0}, >
O foralli=1,2,....N. Then the sequence {x,} generated by Algorithm 2.1 converges strongly
tozeY.

Proof. We split the proof into five steps.

Step 1. Show that {x,} is well defined.

From C; = C, we see that C; is closed and convex. Assume that C, is closed and convex.
From the definition of C,; and [25, Lemma 1.3], we obtain that C, is closed and convex.
Letx* € Yand s\, =1, — AlA;y,,¥n > 1,i=1,2,..,N. Then,

lzn—x* 17 = || Ppi(sy) —x" |17
= || Pri(si) = s | +2(Pps(sy) = sposn —x* )+ | sy —x" 7. (2.6)
From x* € Y C C C T and the characterization of the metric projection Pri, we have
2 | 51, — Pry(s) 1P +2(Prg(sh) — shsh— %) = 2(s5, = Ppy(s), 2" = Pry(si)) <0, 2.7)
This implies that || s', —PT’{(S;) 12 +2<PT,;'(SZ) —sh,sh—x*) < — || s —PTni(Sf,l) |? . By the defi-
nition of Algorithm 2.1, (2.6), and (2.7), we have
lzn=x* 12 < sy =211 = [l sh =z II?
= | (=2 = LAy 12 = || (tn —2) = XaAivy 1P
= N ta =21 = ta =25 I 4224 = tu + 2", Aiv}y) + 225 tn — 20, AiY))
= Nta—x"|* = | ta— 2 > +247(x" — 20, Ay (2.8)
By the monotonicity of the operator A;, we have
0 < (Aph—Aix"y,—x")
= (A —x) — (A", Y, —x)
< (Aph Yy — 2+ (A, 2 — x*).
Thus . _ o _
(X" =2, Ai) < (A n — 2n)- (2.9)
Substituting (2.9) in (2.8), we obtain

2 —x" |7 < | ta—x" 1> = || ta— 2 |* +245(A0yh, ¥l — 2h)
= | ta—x" |2 = [ ta =¥, II* = | o =2y II* =2{tn — ¥y —25)
T2 Ay Y — 2

2 oy i i |2
= [tn=" 7 =t =20 "= =2 |

+2{ty — AN, — Yz — V5. (2.10)
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Observe that
(tn = XAy = Vs = Vi) = {tn— it — Yy 2 = o) + (it — AAidy 23— Vi)
< <)L,iAl'tn — )u,l;Aiyil,Zz —yﬁl>.
Using the last inequality in (2.10), we have that
lz =217 < =2 1P = Lt =Y 7 = v =2 1> +2(AaAitn — AgAidiys 2 — i)
2 =2 1% = Nl tn =y 12 = | v = 2 1P 22 [ Aitn — Ayl [l 23 = Y0 |
o ) . : ;
Ml tw =y 11 =l v =2 12 28 [ 1w =33 11l 2 =3 |
2 2 2 i 12 ' i 12
1w =" 12 = {1t = Yo 12 = 1155 =20 1P (1l 10 =53 1P+ [T 2 =50 1)
=" |7 = (1= )t =Y 1P+ 1 =20 1P, 2.11)

=" |2

ININ TN

which implies that

N
[ itn =" < 0 [l 1w =212 + ) 0 || 2 =2 [P< ] 1= |7
i=1
This shows that || @, —x* ||<|| , —x* ||. Hence, x* € C,, Yn > 1. This implies that {x,} is
well-defined.

Step 2. Show that x,, - @ € C as n — oo.

For k > j, since x; = Pc,x1 € Cy C Cj, we have || x — x; ||><|| xx —x1 |2 — || x; —x1 ||*. By
(2.3), (2.4), and the fact that {x, } is bounded and nonincreasing, we have that lim,_c || x, —x1 ||
exists. x;j |[— 0 as k, j — oo, which means that {x, } is a Cauchy sequence. Hence,
there exists @ € C such that x,, — @ as n — eo. In particular, we have lim, | Xpt1 —2xn ||=0

Step 3. Show that lim | X0 — ¥ ||I= lim | ¥, —z, [|=0foralli=1,2,...,N.

Nn—r0 n—oo
Let x* € Y. Then, we have from (2.2), (2.11), and [9, Lemma 2.1 ] that

i =" |2 = | e (1) ZOC —x" 7
< o [ ta—x" ||2+ZOC£ 2 =" |2
i=1
2 u 2 ] i 12
= |ltn—x"[I" = Z (It =y 17+ 1y =2 1)

i=1
= o =" |7 467 30 =21 12 +200 —x", 64000 —21-1))
N

—(1=10) Y o[l 2 =y 17 467 |0 =501 |2
i=1

+2(xn — Y, 0w — X))+ || 3 — 2 |[7) (2.12)
Since x,4+1 € Cy41 C Gy, we have
8 =1 <1 tn = Xns1 1< 00 [ %0 =X ||+ || % — g = 0, as n— oo,
This implies that

iy —xn || < | @ —Xns1 || + || X1 — %0 || = 0, as n — 0. (2.13)
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It follows form (2.12) that

N

(1= Y o (llxen =i [P+ v =2 1)
i=1

< xn =X NP = [ iy =" [ 467 || X — X1 I 420 — x*, 6y (X — Xu—1))
N
—(1—n) Z azla(er% | Xn = Xn—1 H2 +2<Xn — Vs On (% _xn—1)>)-
i=1
By our assumptions (i), (ii) and (2.13), we obtain lim, e || ¥, — 7, ||= lim || x, —yi =0,
n—yoo
Vi=1,2,...N.
Step 4. Show that w € Y.
Since || x, —t,, ||= 6y || xn —xn—1 ||— 0 and x,, — y!, — 0, we have #, — @ and y}, — ®. Since

yi, € C, we obtain @ € C. For all x € C, using the property of the projection P, we have (Since
A; is monotone)

0 < <yﬁ1 —t, +7L,’;A,~tn,x—yf1>
<yf1 —In, X —YZ> + <A'£Aitnax_xn> + <7L£Aifmxn —)’Z>
<yf1—xn,x—yil>—i-9n<xn—xn_1,x—y£,>. (2.14)
From [29, Remark 3.2], we know that ir>1f1 l,i >0foralli=1,2,...,N. Taking n — o in (2.14)
yields that (A;0,x— @) > 0, Vx € C. This implies that @ € VI(C,A;) forall i =1,2,...,N. This
completes the proof. 0

Remark 2.4. Condition (i) is easily implemented in numerical computation since the value
|| %7 — x4—1]| is known before choosing 6,. Indeed, the parameter 6, can be chosen such that

&, .
6, = Ten—n_1]l if Xn # Xn—1,
T otherwise,
where }° €, <o and 7 > 0.
Base on the choice of the inertial parameter 6, and the relation between Algorithm 2.1 where

Aj=Aforalli=1,2,...,N, Algorithm 2.1 is reduced to the following hybrid inertial subgradient
extragradient algorithm.

Algorithm 2.5. Take p € (0,1) and u € (0,1). Select arbitrary points xy,x1 € H and {6,} C
[0, 8] for some 6 € [0,1). Setn:= 1.

Step 1 Compute t, = x,, + 60,,(x, —x,—1), Vn > 1.

Step 2 Compute v, by y, = Pc(t, — MAt,), Yn > 1, where A, = p** and k, is the smallest
nonnegative integer such that A, || Aty — Ay, ||[< W ||ty —yn || -

Step 3 Compute z,, = Pr, (t, — AyAyy), where T, .= {z € H : <t,l — MAly — v, 2 —yn> <0}.

Step 4 Compute v, = Oty + (1 — )z, where a, € (0,1).

Step 5 Compute x,.1 = Fc,, x1, where C, 1 :={2€ Cp ||ty — 2 [|<|[ ta =2 ||}. Set n+1 —n
and go to Stepl.
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We now give an example in Euclidean space R> to support the our main theorem.

10 -5 5
Example 2.6. Let A1, A : R? — R3 be definedby Ajx =4xand Apx= | —5 10 —5 | for
5 =510

all x = (x1,x2,x3) € R3. Let C = {x € R3|x? +x3 +x3 < 4}. The stopping criterion is defined
by || X, —x,—1 ||< 10715,

(1) Choose
0.15 if x, # x,—1 and n < 1000
6}1 = m lf.xn #Xn_l and n > 1000
Otherwise,
al = 3”:211,1 ,and o) = 1 — a? for applying our Algorithm 2.1 in two cases when we put A; = A,
for all i = 1,2,...,N in the first case and the second A; = A, for all i = 1,2,...,N. Choose
o = m’gl—tlﬂ, al = 15&”;21 ,and o> = 1 — (a4 o) for the third case that we put Ay, A, in our
Algorithm 2.1.
(2) Choose o = W o) = 5, and a2 = 1 — (o + a}) for PVSEGM in [28, Theorem

1] to compare the convergence of our Algorithm 2.1.

Table 1: Comparison of the methods in Theorem 2.3 and [28, Theorem 1] of Example 2.6
by choosing xo = (—2,—4,1) and x; = (—1,7,6).
A Ay A1L,Ap

CPU Time Iter.No. CPU Time Iter.No. CPU Time Iter.No.

Algorithm 2.1
p=02,u4=03 0.0000049 302 0.0000226 263 0.0000392 229
p=04,u=05 0.0000055 212 0.0000335 300 0.000029 202
p=04,u=03 0.0000054 212 0.0000169 366 0.000026 215
p=03,u=04 0.0000048 175 0.0000163 348 0.000024 187
PVSEGM
p=02,u=0.1 0.0000056 591 0.0000086 505 0.0000179 506

p=0.2 and p=0.3 p=0.4 and p=0.5

10 15 10—15
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300
Iterations Number Iterations Number

p=0.4 and ;=0.3 p=0.3 and ;=0.4

10715 10715
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350

Iterations Number Iterations Number

Figures 1-4: Error plots for the Table 1 in Example 2.6.



A HYBRID INERTIAL PARALLEL SUBGRADIENT EXTRAGRADIENT-LINE ALGORITHM 9

Remark 2.6 From Table 1 and Figures 1-4, we see that

(1) it can be clearly seen that the common solution of CVIP (1.4) with N = 2 obtain the better
number of iterations than the average iteration of N = 1;

(i1) for the CPU Time of three in four cases when the parameters p and u are different, we
find that the case N = 2 converges faster than N = 1;

(1i1) for the comparison between our Algorithm 2.1 and PVSEGM, we see that our Algorithm
2.1 performs the good CPU Time and number of iterations more than PVSEGM for each of all
cases.

3. APPLICATION TO IMAGE RESTORATION PROBLEMS

The image restoration problem is the recovering process of a degraded version, which is a
blurred and noisy image. This problem can be formulated in the linear equation system as
follows:

b=Bx+v, (3.1)

where x € R"*! is an original image, b € R"™*! is the unknown image, v is additive noise, and
B € R™*" is the blurring operation. The main goal of image restoration problem (3.1) is to find
the original image x. In some case, finding x = B~!(b — v) maybe a difficult task, thus finding
the solution x by mean of convex minimization can overcome such difficulty, which is known
as the following least squares (L.S) problem

1
min - ||b — Bx||3, (3.2)
x 2

where ||| is £2-norm defined by ||x[|» = /X" |xi|?. The solution of (3.2) can be estimated by
many well known iteration methods [14, 18, 19, 31].

The main goal in digital image restoration is to find the unknown image that we do not know
which one is the blurring matrix of this unknown image. This problem can be considered in the
system of least squares problems:

1 2 . 1 2 ! 2
min 5{|Byx—by|z, min 5 ||Box = bs 3, ..., min S| Byx — bw 3 (3.3)

where x is the original true image, B; is the blurred matrix, b; is the blurred image by the blurred
matrix B; foralli=1,2,...,N. For solving (3.3), we can apply our main Algorithm 2.1 by setting
Ax = B (Bix — b;) for all x € R" in Algorithm 2.1 since B! (Bjx — b;) is Lipschitz continuous
for eachi=1,2,...,N. This algorithm reads as follows:
(tn =Xp + en(xn _xn—1)> Vn>1,
v = Pty — ALBY (Bity — b;)), Vn>1andVi=1,2,...,N,
(1! is the smallest nonnegative integer such that
Ay | BY (Bitn — bi) — B (Biyy, — bi) | < p || ta =y 11),
2y = Prj(ta — A,B] (Biy, — bi)),
N
ity = O (tn) + Y Oz, 1> 1,
i=1
(X1 = Fe, %1
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where T, = {z € H|(tn — A,Bitn =y, 2= yy) <0}, Cur = {2 € Gl [| #ta — 2 || <[l t — 2 [},
p,u, e €(0,1),and {6,} C [0, 6] for some 6 € [0, 1).

We will show the efficiency of our Algorithm 2.1 in image deblurring for the following three
blur types:
Type 1: Gaussian blur of filter size 9 x 9 with standard deviation ¢ = 4 (blur matrix By).
Type 2: Out of focus blur (Disk) with radius » = 6 (blur matrix B>).
Type 3: Motion blur specifying with motion length of 21 pixels (len = 21) and motion orienta-
tion 11° (8 = 11) (blur matrix B3).

The original Grey and RGB images are show in Figures 5-6.

Figures 5-6: The original Grey and RGB image of sizes 276 x 490, and 280 x 440 x 3,
respectively.

The different types of blurred Grey and RGB images degraded by the blurring matrices By, B3
and B3 are shown in figures 7-12.

Gaussian Blurred Image Out of Focus Blurred Image Motion Blurred Image

Gaussian Blurred Image Out of Focus Blurred Image Motion Blurred Image

Figures 7-12: The degraded Grey and RGB images by blurred matrices B1, B, and B3,
respectively.

We apply the PVSEGM amd our Algorithm 2.1 to obtain the solution of deblurring problem
with the three blurring matrices By, B>, and B3. The results of the PVSEGM and our Algorithm
2.1 are considered in following seven cases:

Case I: Inputting B on the PVSEGM and Algorithm 2.1.
Case II: Inputting B, on the PVSEGM and Algorithm 2.1.
Case III: Inputting B3 on the PVSEGM and Algorithm 2.1.
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Case IV: Inputting B and B, on the PVSEGM and Algorithm 2.1.

Case V: Inputting B; and B3 on the PVSEGM and Algorithm 2.1.

Case VI: Inputting B, and B3 on the PVSEGM and Algorithm 2.1.

Case VII: Inputting B;, B, and B3 on the PVSEGM and Algorithm 2.1.
The following parameters are used for our algorithm:

0.12 if x,, # x,—1 and n < 10,000
6, = m if x,, # x,—1 and n > 10,000
Otherwise,

p =0.5,and u = 0.35. We choose u =0.95, p =0.5, a,? =1-— 333_1, a,; = L oc,% = 3n"+1,
and o) = 1 — a? — &} — &2 for PVSEGM.

Table 2: Comparison of the number of iterations in Grey images.

PSNR of 10000"" Number of Iterations 33 PSNR
Inputting
PVSEGM Our Algorithm PVSEGM Our Algorithm
B 24.70720 29.57263 492177 50
B> 26.47867 34.15647 2775 58th
B; 29.50780 35.32024 801" 36!h
Bi,B> 28.59585 36.01784 975" 60"
Bi,B3 32.37244 4250473 446th 62"
B»,B3 33.47745 46.33505 538th 73th
Bi1,B»,B3 34.41830 4579034 411th 52th

Moreover, the Cauchy error, the figure error, and the peak signal-to-noise ratio (PSNR) for
recovering the processes of the degraded Grey images by using the proposed method within the
first 10000"" iterations are shown in Figures 13-15.
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Figures 13-15: Cauchy error, Figure error, and PSNR quality plots of the proposed iteration in
all cases of Grey images.

Table 3: Comparison of the number of iterations in RGB images.

PSNR of 100007 Number of Iterations 33 PSNR
Inputting
PVSEGM Our Algorithm PVSEGM Our Algorithm

B, 33.47997 38.31203 68167 385"

B, 34.13544 41.83745 5800 364"

B3 37.89834 4557931 1014 86h
By,B, 37.46071 47.54648 1253 190"
By,B; 41.57133 54.15965 509" 86"
B»,B; 41.77308 53.88841 634" 87"

B1,B,,B3 43.52842 60.59668 474" 122th

Moreover, the Cauchy error, the figure error and the peak signal-to-noise ratio (PSNR) for
recovering processes of the degraded RGB images by using the proposed method within the
first 10000 iterations are shown in Figures 16-18.

Case | Case |
| Case Il L Case Il
08l Casellll | | T Casellll | ]

\ ————Case IV ————CaselV

A ————CaseV ————CaseV
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Figures 16-18: Cauchy error, Figure error, and PSNR quality plots of the proposed iteration in
all cases of RGB images.

The figures of deblurring when the 10000" iterations is the stopping criterion are shown in
Figures 19-32 that be composed of the restored image and its PSNR.
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Case | Case ll i Case lll

PSNR = 29.57263 PSNR = 34.15647 PSNR = 35.32024

Case | Case ll Case lll

PSNR = 38.31203 PSNR = 41.83745 PSNR = 45.57931

Figures 19-24: The reconstructed Grey and RGB images with their PSNR for Case I - Case 111
via our Algorithm 2.1 presented in 10000"" iterations, respectively.

It can be seen from Figures 25-30 that the quality of restored image by using our Algorithm
2.1 in solving the common solutions of deblurring problem (VIP) with (N = 2) has improved
(compared with the previous result on Figures 19-24).

Case IV Case V Case VI

PSNR = 36.01784 PSNR = 42.50473 PSNR = 46.33505

Case IV Case V Case VI

PSNR = 47.54648 PSNR = 54.15965 PSNR = 53.88841

Figures 25-30: The reconstructed Grey and RGB images with their PSNR for Case IV - Case
VI via our Algorithm 2.1 presented in 10000"" iterations respectively.

Finally, the common solution of deblurring problem (VIP) with (N = 3) by using the proposed
algorithm is also tested (Inputting B, B, and B3 on the proposed algorithm).
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Case VI Case VII _

PSNR = 45.79034 PSNR = 60.59668

Figures 31-32: The reconstructed Grey and RGB images from the blurring operators By, B>,
and B3 (Case VII) via our Algorithm 2.1 presented in 10000"" iterations, respectively.

Figures 31-32 show the reconstructed Grey and RGB images with thousand iteration. It has
been found that the quality (PSNR) of the recovered Grey and RGB images obtained by this
algorithm is highest compared to the previous two algorithm. The figures of deblurring when
the 33 PSNR is the stopping criterion are shown in Figures 33-46 that be composed of the
restored image and its number of iterations.

Case | Case ll ) Case lll

PSNR = 29 (10000 Iteration) PSNR = 29 (1343" Iteration) PSNR = 29 (524" Iteration)

Case IV Case V ) Case VI

PSNR = 29 (256" lteration) PSNR = 29 (262" lteration) PSNR = 29 (188" Iteration)

Case VIl

PSNR =29 (195" Iteration)

Figures 33-39: The reconstructed Grey images of all cases via our Algorithm 2.1 with PSNR =
29.
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Case | Case ll Case lll

PSNR = 38 (10000" Iteration) PSNR = 38 (2693" Iteration) PSNR = 38 (414" Iteration)

Case IV Case V Case VI

PSNR = 38 (604" Iteration) PSNR = 38 (248" Iteration) PSNR = 38 (286" lteration)

Case VI

PSNR = 38 (284" lteration)

Figures 40-46: The reconstructed RGB images of all cases via our Algorithm 2.1 with PSNR =
38.

4. CONCLUSIONS

In this paper, solving common variational inequality problem was studied by combining the
hybrid inertial technique with a parallel subgradient extragradient-line method. Under some
suitable conditions imposed on parameters, we proved the strong convergence of the algo-
rithm. Examples demonstrate the effectiveness of the proposed algorithm by the comparison
with PVSEGM (see Table 1 and Figures 1-4). We applied our proposed algorithm to recover
images compared to PVSEGM. When the PSNR of 10000’ and the number of iterations 33
PSNR are given, our algorithm is more efficient than PVSEGM (see Table 2 and 3). Moreover,
our algorithm can solve image recovery under unknown situation of blur matrix type.
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