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Abstract. In this paper, we propose and analyze an interior-point algorithm with full-Newton steps for
P, (x)-horizontal linear complementarity problem based on a kernel function which was first used to
design the interior-point algorithm for linear optimization by Zhang et al. (J Nonlinear Funct. Anal.
Article ID 31, 2021). The method mainly based on exploiting the search direction by the kernel function.
By using the properties of the kernel function, we prove that the complexity of the algorithm coincides
with the currently best known iteration complexity of feasible interior-point methods for P, (k)-horizontal
linear complementarity problem. Finally, some computational results are demonstrated, which show that
our algorithm is efficient and promising.

Keywords. Horizontal linear complementarity problem; Interior-point method; Kernel function; Polyno-
mial iteration complexity.

1. INTRODUCTION

Given Q,R € R™", g € R", the horizontal linear complementarity problem (HLCP) is to seek
a vector pair (x,s) € R" x R" such that

Ox+Rs=gq, xs =0, (X,S)ZO, (P)
where xs denotes the coordinatewise product of the vectors x and s. It worth noting that the HLCP
becomes the standard linear complementarity problem (LCP) if R = —I, which / is unit matrix.

HLCPs cover fairly general classes of mathematical programming and equilibrium problems.
For instance, by exploiting the first-order optimality conditions of the optimization problem, we
can formulate any linear optimization (LO) and convex quadratic optimization (CQO) into a
HLCP, and HLCPs are also closed related to variational inequalities. The variable inequality
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problem was widely used in the study of equilibrium problems in a number of disciplines, such
as economics, mathematical physics, geometry, an so on. For a comprehensive learning about
the basic theory, algorithms, and applications, we refer to [3].

In this paper, we consider the HLCP with {Q, R} being a P, (k)-pair, denoted by P, (k)-HLCP.
Note that {Q, R} is called a P, (k)-pair if Qx+ Rs = 0 implies that

(14+4xk) Z XS + Z x;s; >0,
i€l (x) i€l (x)

where k¥ >0, [, (x):={i€l:x5; >0}, [_(x):={i€l:x5;,<0},and I :={1,2,...,n}. There
are numerous methods for solving P, (k)-HLCP. Among them, interior-point methods (IPMs)
received more attention since they not only have polynomial complexity but also highly efficient
in practice. As the HLCP is closely related to the LO, various interior-point methods (IPMs)
designed for the LO have been extended to P,(x)-HLCP. Some relevant references can be
founded in [1, 4, 13, 15].

It has clear that a suitable kernel function play a powerful role for solving optimization
problems with primal-dual IPMs based on kernel functions. Roos et al. [12] introduced primal-
dual feasible IPM based on the classical logarithmic kernel function, and obtained the currently
best known iteration bound for LO, namely O(+/nlog%). The advantage of their method is that it
uses only full-Newton steps (instead of damped steps) at each iteration. Thus the calculation of
step size is avoided and no line searches are needed. In addition, the iterates of their algorithm
always lie in the quadratic convergence neighborhood under some mild assumptions. Moveover,
Roos [14] proposed a full-Newton step infeasible IPM(IIPM) for LO. The algorithm still has best
known iteration complexity for LO, which is O(nlog?). Subsequently, Wang et al. [16] extended
Roos et al.’s full-Newton step primal-dual IPM for LO, presented in [12], to P.(k)-LCP and
derived the currently best known iteration bound for P, (k)-LCP, namely O((1+4x)\/nlog%).
The majority of primal-dual IPMs, say the above mentioned ones, are based on the classical
logarithmic kernel function, which leads to the Newton search directions. However, some authors,
such as Peng et al. [11] and Bai et al. [2], presented some different kernel function based IPMs
for LO, which reduce the gap between the practical behavior of the algorithms and the theoretical
performance results. Recently, Zhang and Xu [17] presented a full-Newton step interior-point
algorithm based on modified Newton direction for LO. Their algorithm has polynomial iteration
complexity O(v/nl 0g%), which matches with the currently best known iteration bound for LO.
Liu and Sun [10] and Kheirfam [5, 6] respectively, extended some variants of the infeasible IPM
to LO, LCP, and symmetric optimization (SCO), whose feasibility step is induced by a specific
kernel function. Lesaja et al. [8] presented IPM for cartesian P, (k)-LCP over symmetric cones
based on the eligible kernel functions. Recently, Zhang et al. [18] first proposed and analyzed a
full-Newton ITPM based on a kernel function for LO. This kernel function has a linear growth
term, while the usual kernel function in that its growth term is a quadratic (or higher degree).
Therefore, the kernel function has the simplest possible form compared with existing kernel
functions. They also obtained the best complexity result. For an overview of these related results,
we referto [1, 5, 6, 8, 10, 16, 18, 19] and the references therein.

Motivated by the above mentioned works, we propose a new full-Newton feasible IPM for
P,.(x)-HLCP based on the search directions, which are defined by the kernel function with linear
growth term [18]. We take full steps along these search directions to avoid the calculation of the
step size. We demonstrate the iteration bound coincides with the currently best known complexity
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bound for P,(x)-HLCP. To the best of our knowledge, we are the first to solve P.(x)-HLCP
based on the kernel function. The analysis of the algorithm is more complicated than in the
LO case mainly due to the fact that we loose the orthogonality of the search directions in the
P.(x)-HLCP case. We also give few computational results to verify the efficiency of our kernel
function.

The remainder paper is organized as follows. In Section 2, we present a feasible IPM with
full-Newton steps for P, (k)-HLCP based on the search directions. In Section 3, we analyze the
algorithm and derive the complexity bound. Moveover, some computational results are presented
in Section 4. Finally, concluding remarks are given in Section 5.

Some of the notations used in this paper are as follows. For x = (x,xp, - - -,xn)T € R"™, Xpin
denotes the minimum value of the components of x, e denotes a vector of length » that is all-one,
ie,e=(1,1,...,1)T. X is the diagonal matrix whose diagonal elements are the coordinates of
vector x, i.e., X=diag(x). The index set I is I = {1,2,---,n}. Moreover, || x | = vxTx denotes
the 2-norm of the vector x. x7y = Y xiyi forx,y € R".

2. THE FULL-NEWTON STEP FEASIBLE IPM FOR P, (k)-HLCP

In this section, we introduce a kernel function with linear growth term and the central path for
P,.(x)-HLCP. The full-Newton step feasible IPM for P, (k)-HLCP based on the kernel function
is also proposed.

2.1. The central path and the new search directions. The solution for P, (x)-HLCP is equiv-
alent to finding the solution of the following system

Ox+Rs =g, x>0,
xs =0, s> 0.

The basic idea of prime-dual IPMs is to replace the complementarity condition xs = 0 by the
parameterized equation xs = e with y > 0. Therefore, we may consider the following system
Ox+Rs =g, x>0,
{ xs = Ue, s> 0. 2.1
Without loss of generality, we assume that (P) satisfies the IPC, i.e., there exists (xgp,s9) > 0
such that Qxg + Rsg = g. Then the above system has a unique solution for each u > 0 ([7,
Lemma 4.3]), that is denoted by (x(u),s(u)). We call {(x(u),s(u))|u > 0} the u-central of
P.(x)-HLCP. The set of such centers (with g running through all positive real numbers) is called
the central path of P,(x)-HLCP. As u goes to zero, the limit of the central path exists and since
the limit point satisfies xs = 0, the limit yields the optimal solution for P, (x)-HLCP.
A natural way to define search directions is to use Newton’s method on system (2.1). This
leads to the following system

(2.2)

QOAx+ RAs =0,
XAs + sAx = lLe — xs.

To simplify the analysis, we introduce the following notations

vVi=,/—, dx:=——, ds:=——. (2.3)
u
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It follows from (2.3) that system (2.2) transforms to the following system

{ @dx +I_€dv = 07

di+d;=v"1 -, 2.4)

where Q := QXV~! R:=RSV~!. We derive the search directions (dy, d;) by solving (2.4) and
then we compute (Ax, As) via (2.3). The new iterates with a full-Newton step are given by

xTi=x+Ax, sTi=s+As.

Definition 2.1 ([2]). A twice differentiable function y : (0, +e0) — [0,4-o0) is called a kernel
function if it is satisfied with the following conditions:

v()=vy'(1)=0, v'(t) >0, vVt >0, ltij(I)IW(ﬂ = lim y(t) = oo.

t—vo0
The right of second equation in (2.4) is the negative gradient of the classical logarithmic
barrier function
XiSi

Pe(v) = Z ve(vi), vi=,/—,
i=1 H

where W, (1) := 1(> — 1) —logt with > 0, i.e., dy +dy = —V¥.(v).
In this paper, we consider the kernel function y/(¢) and its barrier function ¥(v) as follows

y(t):=2(t—1)—2logt, Y(v):= zn: y(v;). (2.5)
i=1

The kernel function differs from the usual kernel function in that its growth term is linear in z. It
was first introduced [18] and was used to determine the iteration direction of the algorithm for
LO.
Thus we modify the search directions by new system
@dx + I_eds = 07
d_x + ds — —V‘P(U),
where W(v) and y(z) are defined by (2.5).
By using /(1) =2 — %, we can rewrite system (2.6) as the following system

@dx'i‘l_eds = 07
v(dy+dy) = 2¢ —2v.

2.2. Generic full-Newton step feasible IPM for P.(x)-HLCP. For the analysis of the pro-
posed algorithm and based on [20], we use a norm-based proximity measure & (x,s; i) defined
by

(2.6)

6(v):=0d(x,51) = % [oV¥ () [[=[lv—e]l.

One can easily verify that 6(v) = 0 iff v = e, i.e., xs = pe. Thus §(v) is a distance which
measure the closeness of a point (x,s) to the central path.
The following lemma gives a lower and upper bound for v in terms of 6(v).

Lemma 2.2 ([9] Lemma 4.2). Let § := 6(x,s;it). Then
1-§<v; <148, i=12,--n.
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Next, we estimate the lower and the upper bounds concerning the scaled directions d! d;. We
consider the following system

Lo e
Since (Q, R) is a P,(k)-pair, then we have
dld, > —ax Y [ddilds)i > —x Y ([ddi +[dy]:)?
icl+ icl+
> Y = el P
i=
52 4K 82
= —4kljo He—0)|]* > _4K1)3n'n > “a_on
where I'™ := {i : [d,];i[d]; > 0}. On the other hand, we have
lde+dsl[> = [ldel? +2d] dy + ||y ||* = ||d — | |* + 4dy d,
which implies that
< Gt = o e v)IP < S le-vlP < o @8
min

The framework of the algorithm for P, (x)-HLCP is shown as follows.
Algorithm 1: A full-Newton step IPM

Input:

Accuracy parameter € > 0;
threshold parameter 0 < 7 < 1;
barrier update parameter 6, 0 < 6 < 1;
strictly feasible pair (x%,s°) with u° > 0 such that §(x°,s%; u%) < 7.
begin

xi=x0% s:=s% pi=puY;

while x”s > ¢

solve (2.7) and use (2.3) to obtain (Ax,As), and let

xX:=x+Ax;

s:=s5+As;

p-update:p := (1 —0)u;
end

end

3. ANALYSIS OF THE ALGORITHM

In this section, we first find a condition for feasibility of the full-Newton step. Subsequently,
we study the local quadratic convergence of the full-Newton step to the central path. Finally, we
derive the iteration bound of the proposed algorithm.
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3.1. Feasibility of the full-Newton step. By using (2.3) and the second equation of system

(2.7), we obtain

)CJrS+ =

(x+Ax)(s+ As)

xs + (sAx + xAs) + AxAs

1?4 o (dy +dy) + pdydy

LL2 424 (e — ) + pdydy

ul(v—e)? +e+ddy). (3.1)

Lemma 3.1. A new iterates (x*,sT) are strictly feasible iff (v — e)? + e+ d,ds > 0.

The proof is similar to the Lemma 4.1 in [18]. Thus we omit the proof.

3.2. Local quadratic convergence of the full-Newton step. The following lemma proceeds
to prove the local quadratic convergence of the full-Newton step to the target point (x(u),s(u)).

1
Lemma 3.2. If § := §(x,5;14) < —2—— and n > 2, then the full-Newton step is strictly

feasible. Moreover,

Proof.

S(xT,sTiu) =

IN

IN

<

24 4++/3+4x
34+4K)82
S0t st < LF4K)0”
(x",s “)—ﬁu—a)z
ot e L7l _ 10—l
loF el = el
)2 —e vt —e 1
I >f I \)@ H:%H(v_e)2+e+dxds_e”
L v =) £ dudsl| < L (l|v—el P+ [Idudt )
2 2
1 2 1 2 2
[0 —elP+ = (Il +[1dy
TSl1o =l + 5 ()
1 1
T llo—ell+ 3l i~ 2a7 )
1 1 1
EHU_e||2+2_\/§[vT.||D(dx+dS)||2_2dedS]
Lol 2o —elp+ 25
NG NREE (1-5)
1, 28 4K 82
e o)
(3+4K)52
V2(1- 6

This completes the second part of the proof. As for the first part, we know that if

0

21
<4
24 ++/3+4xk
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then
3+4K)82
)| < BHAKO
V2(1-9)
Thus (v — e)? + e+ d,d;s > 0. This completes the proof. O

Corollary 3.3. If 6 := 0 (x,s;u) < ﬁ, then

4+

+
o¢]
S

St stip) < - (1+K)8%

which shows the local quadratical convergence of the full-Newton step to the central path.

Proof. Observe that

(3+4K)82
V2(1-8)?
1
V2(1 - )
(4+4x)* 52
V2(3+4k)
82

T(H—K)Sz.

IN

S (3+4K)8°

IN

The proof is complete. O

The following lemma describes the effect of a p-update and a full-Newton step on the
proximity measure.

Lemma 3.4. Let x,s be strictly feasible and i > 0. If

—

2
0:=0(x,5U) < ——,
2i /344

ut:=(1-0)ufor0< 6 <1, then

5240 (3+4K)62
St stut) < OV Aoy .

N (3+4K)82
m(m+\/1 —45 452 - Gne)
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Proof. Since v = ,/ , one has

S(x,sTiu) = |

1
= V1—0e—v"
N e~ vl

B 1 (1-80)e—(vh)?
B \/1—9H V1—0e+ v+
_ 1 lle=Be— (0P
T V1-0+1—0+min(vh)
1 |le—0e—(v—e)?—e—ddl|
V1—6 V1 —60+min(vt)
_ L [[0e][+][v—el|*+|ldds]]
~ V1-6  V1—0+min(vt)
N R et \3;‘1“()6
VI=0 V1—-0+min(v") ’

(3+4x)52
V2(1-8)2°

where the last inequation is due to the relation ||d,d;|| < which can be obtained from

the proof of the lemma above. According to
min(vH)? = min((v—e)? +e+dydy)
min(v? — 20 + 2e + d,d)

> (1—-8)2=2(148)+2—||ddy||w
34+4K)52
> 1—46+52—(—,
- V2(1-6)?
can obtains
) 3+4Kk)62
) > 1—45+52—(—.
Hence
Sixt,stiut) < +\/_+ V2(1-6) ‘
N — — B 2 (3+4K)82
V1I-0(v1 9-|-\/1 46+ 0 ﬁ(176)2)
This completes the proof. [

3.3. Iteration bound. To give the complexity of the algorithm, we need to find a threshold
parameter T and an update parameter 8, such that at the start of an iteration the iterate satisfies
8 (x,s; 1) < T. After a full-Newton step and p-update, we still have 6 (x,sT; u™) < 7. It follows
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from Lemma 3.4 that its sufficient condition

2 (3+4x) 62
8246 /n+ S0

(3+4K)52
VIB(/T=0+ \/1 455 G

<T. (3.2)

Notes that the left-hand side of the above formula is monotonically increasing with respect to 8,
this means that

62+0\/_+ (3+4x) 62

V2(1-8)2
52
m(m+\/1 45452 G
2 (3+4x)7°
+9\/_+\f1 7)2

<

2 (3+4Kx)7? '
\/1—6(\/1—9+\/1—4r+r _ﬁ(14)2)
To keep 8(x™,sT;u™) < 7, it suffices that

T +9\/—+ 3+4K‘)

—1)?

2
m(m+\/1_4f+fz_ Grme)

<T.

1
By some elementary calculation, if we set T = 3(32+44 0 0=z € ij) NG then inequality (3.2)
1
is satisfied, which means that (x,s) > 0 and 8(x,s; ) < ——2—— are maintained during the
244374k
algorithm. Thus the algorithm is well-defined.
Lemma 3.5. Suppose that (x°,s°) are strictly feasible, and 8(x°,s%; u%) < 3(3 -~ 41<) with u°

(xO)T 0

. Let (x*,5%) be the iterates obtained after k iterations of Algorithm 1. Then inequality
(xk)T ¢ <e€is satisﬁed after at most
1. 21nu®

k> -1
=9 % 20¢

iterations.
Proof. By using (2.8) and (3.1), it follows that

) Ist = el (xtsT) = pel [(v—e)? + e +dd,]
ple’ (v —e)?+ele+dldy)

< u(llell||v—el[*+n+dl dy)
2
< 52
21
< ny,
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1

where the last inequalities is established because 0 < 3 Thus, we have

3+4K)

(T sk < 2n,uk = 2n(l —0)ku’.

— 20 20
Then, the inequality (xk)Tsk < € is satisfied if
21
%l’l(l — e)k‘uO <e
Taking logarithms at both sides, we obtain
21
klog(1—6) +10g(%n,u0) < loge. (3.3)
By using (3.3) and —log(1 — 6) > 0, we observe that the above inequality holds if
21 21nu®
> log(==nu®) —loge =1 :
k6 > og(zon,u ) —loge =log 508
Hence, the result of this lemma holds. O

The above discussion leads to the following main result of the paper, which gives an upper
bound on the number of iterations for Algorithm 1.

Theorem 3.6. Let T = 3(3+4 )

and 6 = m. Then Algorithm 1 requires at most

0
%) ((3 +4x)/nlog %) ,
iterations to find an €-solution of P.(x)-HLCP.

4. COMPUTATIONAL EXAMPLES

In this section, we present preliminary computational results to compare the proposed algo-
rithm with two full-Newton step algorithms. The first is based on the classical logarithmic kernel
function [12], and the second is based on the positive asymptotic kernel function [19]. The
algorithms are tested by using MATLAB 2018b on an Intel Core i5(2.40Ghz) with 8GB RAM.
We consider the following three test examples. The first two are standard LCP, and the last one is
HLCP.

Example 4.1 [9]

Example 4.2 [21]

1 2 2 2] [ 1 ] [ 1]
6 6 1 1

Q: 2 6 9 10 , = ,XOZ
: -1 1
(2 6 10 - 4n—3 | =N |1
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Example 4.3 By using MATLAB 2018b, we randomly generate matrices Q,R € R**" with
row full rank, x° = [1,1,---,1]7 and s = [1,1,---,1]7. Thus we obtain a corresponding test
problem.

Table 1 demonstrates the computational results of our algorithm for Examples 4.1, 4.2, and
4.3. For Example 4.1, we take € = 107%,7=0.8,0 =0.1,0.2,0.3,0.4, and 0.5. For Example
4.2 and 4.3, we take € = 1074,0 = 0.2,7 = 0.8,n = 10,20,50, 100,200, and 300. Table 2, 3,
and 4 demonstrate the computational results of other algorithms for these three examples.

From the tables, we conclude that:

e In most cases, our algorithm use fewer iterations and much less time to solve these
examples, compared with the other algorithms.

e Tables 1 and 2 demonstrate that the number of iterations of the proposed algorithms is
related to the parameter 6. Generally speaking, the number of iterations decreases with
the increase of 6.

e From Tables 1, 3, and 4, we see that as n increases, the number of iterations of our
method increases slowly, which means that our algorithm is suitable for solving some
large-scale problems.

TABLE 1. Computational results for proposed algorithm

0 Example 4.1 N Example 4.2 Example 4.3
Iter CPU time(sec) Iter CPU time(sec) | Iter CPU time(sec)

0.1 | 107 0.018250 10 | 19 0.021073 77 0.187183
0.2 59 0.017685 20 | 22 0.024335 82 0.290253
03| 42 0.017073 50 | 27 0.047902 103 1.247159
04| 35 0.015862 100 | 33 0.126952 124 4.818016
0.5 31 0.015507 200 | 36 0.299768 132 14.77525

300 | 42 0.863025 146 40.903032

TABLE 2. Computational results for Example 4.1 using algorithms [12] and [19]

Algorithm [12]

Algorithm [19]

0 Iter CPU time(sec) | Iter CPU time(sec)
0.1 125 0.019158 110 0.021093
02| 63 0.018166 61 0.019135
03] 43 0.017920 44 0.018130
041 32 0.017650 36 0.017912
05| 25 0.017112 31 0.017377
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TABLE 3. Computational results for Example 4.2 using algorithms [12] and [19]

N Algorithm [12] Algorithm [19]
Iter CPU time(sec) | Iter CPU time(sec)
10 | 23 0.024928 71 0.252338
20 | 26 0.025757 73 0.256345
50 | 40 0.075107 77 0.980675
100 | 44 0.204511 78 1.251524
200 | 48 0.561675 80 3.214563
300 | 51 1.246898 83 7.365054

TABLE 4. Computational results for Example 4.3 using algorithms [12] and [19]

N Algorithm [12] Algorithm [19]
Iter CPU time(sec) | Iter CPU time(sec)
10 | 81 0.235081 79 0.208289
20 | 84 0.235990 91 0.325721
50 | 109 2.164347 117 1.478392
100 | 126 5.001609 124 4912536
200 | 134 15.35888 133 15.49288
300 | 152 41.82299 149 40.98413

5. CONCLUDING REMARKS

We presented and analyzed a new full-Newton step feasible IPM for solving P, (x)-HLCP
based on a simple kernel function. We proved that complexity bound coincides with the currently
best known iteration bound of feasible IPMs for P, (x)-HLCP. Moreover, some preliminary
computational results suggested the efficiency and reliability of the algorithm. Our further work
may includes two folds. One is to design the kernel function based IIPM, and the other is to
make computational experiments for more test examples.
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