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Abstract. In this paper, we present a new class of fractional derivative (bi-order Hilfer-Katugampola
fractional derivative). In the framework of this type of fractional calculus, we discuss a class of frac-
tional multi-point boundary value problems (BVPs) and obtain some new fractional Lyapunov-type in-
equalities. Based on the generality of the definition of bi-order Hilfer-Katugampola fractional derivative,
we provide a series of corollaries, which demonstrate that our results unify and generalize some known
results in the existing literature.

Keywords. bi-order Hilfer-Katugampola fractional derivative; Lyapunov-type inequality; Fractional
multi-point BVP.

1. INTRODUCTION

In [1], Lyapunov discussed the following second-order Dirichlet problem

X" ()4 q(t)x(t) =0, r € (a,b),
{ x(a) :;1(19) 0, (1.1

where ¢(t) € C([a,b],R). If BVP (1.1) has a nontrivial solution x(¢), then the following inequal-
ity

b 4
[ latw)las > = (1.2)

holds. The Lyapunov inequality and its generalisations are powerful and efficient tools in inves-
tigating differential and difference equations, including differential stability, oscillation theory,
prior estimation, and eigenvalue problems; see, e.g, [2, 3, 4]. Because fractional calculus is
more effective and powerful in illustrating numerous practical phenomena than integer calcu-
lus, more and more researchers are paying attention to this research topic. In 2013, Ferreira
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[5] first extended inequality (1.2) to the fractional case, and considered the following Dirichlet
problem of fractional differential equation

{ (D%.x)(t) +q(t)x(t) =0, 1 € (a,b), 1 <a <2,
x(a) =x(b) =0,

where ¢(t) € C([a,b],R), and DY, is the Riemann-Liouville fractional derivative of order o. If

the BVP has a nontrivial solution x(t), then the following inequality [ ¢(s)|ds > (a) (5£) ol
holds. One year later, the same author, in [6] analyzed (1.1) involving Caputo fractional deriv-
ative in a similar way and obtained the following inequality

b INo)o®
ol e

Lyapunov inequality (1.2) has applications in various problems related to fractional differ-
ential equations. Due to the applications, it has been generalized in many forms. The existing
literature can be roughly divided into two categories. First, based on the definitions of fractional
calculus, inequality (1.2) has been extended to various forms with different fractional deriva-
tives, such as Caputo [7, 8], Hadamard [9, 10], Katugampola [11], Hilfer [12, 13], Caputo-
Fabrizio [14], Hilfer-Katugampola [15, 16], and so on. Second, under different boundary con-
ditions, scholars studied fractional Lyapunov-type inequalities for nonlocal BVPs (multi-point
BVPs [17, 18] and integral BVPs [19, 20]). To the best of the authors’ knowledge, there are
only few papers on Lyapunov-type inequalities for fractional differential equations with m-point
boundary value problems in the literature; see [12, 15, 18]. In [12], Wang et al. proposed a new
Lyapunov-type inequality for Hilfer fractional differential equation with mult-ipoint boundary
conditions. Later, a Lyapunov type inequalities for multi-point boundary problems with Caputo-
Hadamard fractional derivative was established by the same author [18]. Recently, Zhang et al.
[15] analysed the m-point BVPs with Hilfer-Katugampola fractional differential equation

PDZ‘;ﬁx(t) +q(t)x(t)=0,t € (a,b), 1 <o <2, p >0,
m—2
X(a) =0, x(b) = ¥ oux(¢),
where ¢(t) € C([a,b],R), pD;x;B denotes the Hilfer-Katugampola fractional derivative of or-
deraandtype B (0<B<1), >0, a<@<b,a<@<@<-<@yu_o<b, with

m—2
Y wi(¢f —aP)!=C=®0=F) < (pp —P)1=(2=@)(1=B) [f the BVPs has a nontrivial solution
=1

)lc(t), then
[ laias > L= D+ PR o) O @)pet
a A[1+Q(b) X" oyl max{aP~1,bP~1}
where,
Ar=(a—1)*a—1+B2-a)* PRI B —aP)o!
and

(bP _ap)l—(2—a)(1—ﬁ)

b) = ,
Q(b) (bP —ap) - @IB) g2y (o ) I=e)(1=P)
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In [21], Bulavatsky presented a new generalized Hilfer’s derivative in the form

DEPH () = 10— 4 pi-o)(1-p) )

ot dt 0+

where 0 < o, 3 < 1 and 0 < p < 1. In [22], Karimov provided the higher order definition of
bi-order Hilfer fractional derivative of orders o, (n—1 < @, <n) and type p (0 < pu <1)
in the following form

: —a)d 1—)(n—
D Mx(e) = 1 () Py,

In this paper, motivated by the above works, we propose a new class of fractional derivative
(bi-order Hilfer-Katugampola fractional derivative). Under this new framework of fractional
calculus, we establish fractional Lyapunov-type inequalities with multi-point boundary condi-
tions

PDfﬁ’ﬁ)“x(t) +qt)x(t) =0,0<a<t<b, 1<a,p<2 p>0,
2

m— (1.3)
x(a) =0, x(b) = ;1 @ix(Q;),
and
PDEfﬁ’ﬁ)“x(t) +q(t)x(t)=0,0<a<t<b, 1<aB <2 p>0,
(1.4)

m—2
x(a) =0, ll_p%x(t)’t:b = ;1 2'ix(r’i)v

where ¢(t) € C([a,D],R), P Dig’ﬁ M is bi-order Hilfer-Katugampola fractional derivative of order
o, and type u (0 < p < 1) (see Sectiom 3), w;,4; >0, a< @;,n; <b (i=1,2, --- .m—2),
A< Q<< <Qupor<banda<n <M< <Muo2<b Lety=p+u(2—pB)and
0 =B+ pu(a—B). The interest of this article is to derive Lyapunov-type inequalities for two
different types of differential equations involving a new fractional derivative. To illustrate the
main results of this paper, we assume that the following conditions:

(&) T ox(gf —a?)" < (b9 —aP)":

(B) T2 Ai(nf —aP)' ™ < (y—Dp (b —aP)r 2.

The main contributions of our work are summarized as follows:

e We present a new definition of the bi-order Hilfer-Katugampola fractional derivative and
prove its property.

e We obtain the fractional Lyapunov-type inequalities for the m-point BVPs (1.3) and (1.4).

e There are two special cases of BVPs (1.3) and BVPs (1.4). One is limit case &« = 3, p — 0.
Our results are an extension of that obtained recently in [12]; the other is the limit case o = J3,
so BVPs (1.3) and BVPs (1.4) can be degenerated to the results presented in [15] if we choose
o = f,p — 1. On the other hand, BVPs (1.3) can be degenerated to the result presented in [18].
In addition, if we set @ = 8, u = 0, the BVPs (1.3) is an extension of that obtained recently in
[23].

The rest of this paper is structured as follows: In Section 2, we recall some definitions of
fractional calculus and offer the related properties that will be used in the following. In Section
3, we give a new definition of the bi-order Hilfer-Katugampola fractional derivative and prove
its property. Finally, the main results and a series of corollaries are given in Section 4. The
concluding remark is presented in the last section, Section 5.
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2. PRELIMINARIES

In this section, we present some basic definitions and lemmas, which are useful for estab-
lishing our results. Let ¢ € R, p > 1 and X/ (a,b) be the space of all complex valued Lebesgue
measurable functions x on (a,b) with HXH x? < % where the norm is defined by

/ ‘tx ‘p l/p

Definition 2.1. [24, 25] Let 0 <a <t < b < o and f € X?(a,b). The left-side Katugampola
fractional integral of order & > 0 and p > 0 is defined by

1-o t
CIEN = Trgy [ 0 =) p(5)ds, 1€ fap]

Definition 2.2. [24,25] Letoc > 0,n=[at]+ 1 and p > 0 for 0 < a <t < b < oo. The left-side
Katugampola fractional derivative P D%, f of order « is defined by

o—n+1 t 5 —1 g
PN =GN0 = fr o () [ S

_ Sp)OC n+1

Il

where {l = (1! P 4)".

Definition 2.3. [26] Let o« > 0, n = [@| + 1, and p > 0. The left-side Hilfer-Katugampola
fractional derivative P Dg;ﬁ f of order & and type B (0 < B < 1) of a function f is defined by
(PDEP F) ) = P (0
Lemma 2.4, [24,25] Let o, >0,0<a<b<oo, p,c e R, 1 <p <o, and p > c. Then, for
f € XZ(a,b), the semi group property is valid, that is, (P1% plﬁ+f)( e (plgfﬁf) (7).
Lemma 2.5. [27] Let o0 > 0, n = [at] + 1, f € XZ(a,b), and PI% f € ACZP [a,b]. Then
tP—aP
P

C e n Gy (PO f)) (a)
CIEPDENO =10 - L Z e mny Cp )

where
AC} la,b] = {f : [a,b] = R} f € AC[a,b]}.
3. NEW DEFINITION AND PROPERTY OF BI-ORDER HILFER-KATUGAMPOLA
FRACTIONAL CALCULUS

Definition 3.1. Let o > O n—1<ao,pB <n,and p > 0. The bi-order Hilfer-Katugampola
fractional derivative P D Plu f of order a, B and type p (0 < pu < 1) of a function f is defined

by (PD %P £)(s >—<P15£" D (gt-p dynp =P £y ),

Lemma 3.2. Letn—1< a,f <n n=[a]+1, p >0 feX’(ab), PI% PI’, € ACY [a,b].
Then

s (& /(P10 (a) 1P —aP
(P12 PDPH p) (1) = (PI2PIYOPDY £) (1) = £ (1) — ]—21 frry

)?’—j7
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where y=B+u(n—PB), 8 =B+pu(a—PB),y>38, and §i = (1P L)

Proof. Let y=B+u(n—P)and d = B+ u(o— B). According to the definitions and Lemma
2.4, we have

(PD a,B)u f) ( ) (P]Li_("*a) (tlfp i)npléiﬂ)(”ﬁ)f> (l‘)

dt
5, 1-p A \p n—
= (PP ST ) 1)
—6
= (pI;/+ pDZJrf) (t)7
It follows form Lemma 2.5 that
n n J pI” Y a) P —aP
(Pl5 PD f)() (P15 PI?’_aPD?’ Z( ( f)>( )< a )Y J,
= —Jj+1) p
which completes the proof. 0

4. MAIN RESULTS

4.1. Green’s functions of BVPs (1.3) and (1.4).

Lemma 4.1. Assume that (A) holds. A function x(t) € Cla,b] is a solution to BVPs (1.3) if and
only if it satisfies the integral equation

m 2
/ G(t,5)q(s)x(s)ds + M(7) a),/ G(@:,5)q(s)x(s)ds, 1 € [a,b)],

where M(t) and Green’s function G(t,s) are deﬁned as

_ -1
M(t) = (F—d) e fab)
b —ar) P an(ef —aP)

Glt.s) = p!-osp-! g1(t,5), a<s<t<b,
TG e —ar) T\ (s <s<

and
gi1(t,s) = (1P —aP) (bP —sP)0~ 1 — (P —aP)"~ (1P —sP)"

ga(ts) = (P —aP)? =} (P —59)3 !
Proof. Applying operator P 15+ to both sides of (1.3) and combining Lemma 3.2, we obtain
—1 -2
)" el )"

where cp,c; €ER, y=B+u(2—p),and 6 = B+ u(a— ). Since x(a) = 0, we immediately
obtain ¢; = 0. Thus

tP—aP tP—aP

x(t) = =PI q(1)x(t) +co(

tP—aP

x(t) = =P8 q(t)x(1) + co ) (4.1)
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Boundary condition x(b) = Y™, * w;x(¢;) implies that

P —aP . m
S =Y (e,

P13, g(t)x(1)],_y +cof

and hence

0= (z5—)" (L1 @)+ 12 (1)x(0)],p)-

Substituting the values ¢ into (4.1), we arrive at

tP—aP

x(1) = =PI q(x(0) + (g5 —5) " (L1 0ixl(90) +P 1 q(0x(1)].)

P q(0x(0)+ ()T PR o))yt () Y ()

1—s

=— % /at (t° —sp)g_lspflq(s)x(s)ds

pl—s tP —aP y—1 b 51 51 P —aP 1 m—2
+ F(S) (bp _ap) /a (bP —Sp) Sp Q(S)X(S)ds+ (bP —ap) Zi:l a)ix<(pi)

tP —aP Y—1ym— 2
_/ G(t,)q(s)x(s)ds + (p5—5)" L1, onx(@).
It follows that

m— m— b m— m— P_af
Yt ax(o) = X1 o [ Glonsamx(s)ds+ X anlo) X o (—ap) "

that is

4.2)

Y (1) = L o f; G(gi,s)a(s)x(s)ds(bP —aP)"™

" , 1 € a,b]. (4.3)
- (0P —ap)" " P (@ —ar)"
By substituting (4.3) into (4.2), one has
b P —aP \y 1 om—2
x(0) = [ Glr.s)glx(s)ds + (f5—5) " L o)
b P_P_bP_PY—m i [ G(@;,s d
— G(l,S)()()dS+(t a)?’l( a) le(l)f ((P )()X(SBS
o ) (el —a)”
L ¢m
[ Gty + =) D Gl
(bp )" —Er P (9l —ar) "
This proof is completed. 0

Lemma 4.2. Assume that (B) holds. A function x(t) € Cla,b] is a solution to BVPs (1.4) if and
only if it satisfies the integral equation

m 2
/ Y(t,s)q s)ds + L(t) )L/ Y (ni,8)q(s)x(s)ds, t € [a,b],
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where L(t) and Green’s function Y (t,s) are given as
(1? —a?)""!
-2 - y—1’
(y=Dp(bP —aP)" > = L2 Ai(nf —aP)

(bP —sp)g_zpl_‘ssp_1 yi(t,s), a<s<t<b,
(y—1I(@) ya(t,s), a<t <s<b,

L(1) = t € [a,b],

Y(t,s)=

and
5—

ya(t,s) = (6 —1)(bP —aP)Z’V(tP _aP)Y*I_

Proof. The proof of this lemma follows by a similar method employed in Lemma 4.1, we obtain
P —aP . P —aP
x(t) = =12 q(1)x(r) + & )+

where é),¢1 €ER, y=B+u(2—-p), and 6 = B+ u(x — ). By using boundary condition
x(a) = 0, we immediately obtain that &; = 0, which finds

x(0) = P12, g(0)x(0) + a0 (=L,

Taking derivative to the equality above with respect to ¢, and multiplying the both sides of the
results obtained by t1=P, we arrive at

d

tl*pEX(f) P12 q(0)x(1) + &y — 1)(

)"

Y

P —aP

72
> )

Y

which together with boundary condition ¢! =P ( MNiep = Z Aix(n;) yields

PR A )+ 1 g(0x(0),,)
0 (r—1)(bP —ap)7 2 |

Thus
(tP —aP) "~ (X7 Aax(mi) + PO q(0)x(1)],_,)

p(y_ 1)(bp_ap)7_2 (44)

o (tp—ap ) :
-/ ()g(s)xla)ds + o T N

x(t) = =PI2.q(1)x(r) +

Moreover,

Y hm) = X0 [ Y (mes)a(o)x(o)ds+ XA
which implies

§ gy = P DO =) L Y (. 9)a(9x(6)ds

o pr—1)(bP —a?)' >~ 2 ai(me —aP)"

Substitute (4.5) into (4.4) finishes the proof. ]

VI A —aP)"
" o= 1) —ar)7

(4.5)
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The following lemma is from 4.14.

-1
Lemma 4.3. If 1 </{ <2, then = 2);_61/[_2 < =

Lemma 4.4. The Green’s functions G(t,s) and Y (t,s) defined in Lemmas 4.1 and 4.2, sepa-
rately, satisfy the following properties:

(i) G(t,s) and Y (t,s) are two continuous functions for any (t,s) € [a,b] x [a,b],

(ii) for any (t,s) € [a,b] X [a,b], then

|G(I,S)| < (y ) ( 5) 5 1—5Sp—1(bp_ap)6—17
(o) (8 +y—2)°""
(iii) for any (t,s) € |a,b] X [a,b],
pl—SSp—l(bp _Sp)5—2
(@) (r—1)
Proof. (i) is obvious. We now demonstrate that (ii) holds. From the function g,(¢,s), we see
that 0 < g»(,5) < g2(s,s), (t,5) € [a,D] X [a,D]. Differentiating g;(z,s) with respect to s, we

obtain

agl(t,S) r—1
ds ) ) =0,

which indicate that g;(z,s) is increasing with respect to s € [a,t]. It follows that g(f,a) <
gi1(t,s) < gi(t,t),a <s <t <b. On account of

_ B bP —aP
@) =" —a) (0 ) (1= (5=5) ) <o,

Y (t,s)] < max{y—6,0 — 1}.

tP—sP )275(119 —aP
bP —sP P —aP

(5 1)psP (0P a0 — 92 (1

we have |g(¢,s)| < max{ max g(¢,7), max—g;(z,a)}. Observe
t€la,b) t€a,b]

hi(t) = g1(t,1) = (1P =)' (BP =1P)° 1 € [a.],

and
p_ PNyl pyS-1 P —aP\ys
ha(t) = —g1(t,a) =(b° =)'~ (1P —a?)> ! (1= (35—5)" ") 1 € [a).
Now, differentiating 4 (¢) on (a,b), one has
o0—1, tP—aP
T — P 1P — ,PNY=2(pP _ :P\O—2(1 _
(0= 1 a2 )2 (1 (O () )

Observe that /) (t) = 0 have a unique solution 7, which is given as
0 _ 4P (vy— 1/p P PV(S — 1/p
B N L
(6+7-2) (6+7-2)
Since A () > 0 on (a,7) and ) (f) < 0 on (7,b), we conclude that
(bP —aP)(y—1)\""" [ (BP —aP)(5 —1)\°"'
0+y—2 o+vy—2
_r=1"E -t
(5+y_2)5+7/—2

max /’ll(l‘) :hl(f) :(

t€[a,b)

(bP —aP)o+7172,
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Next, we need to prove that

hy(t) < hi(t). 4.6
i = o o

If y— 6 =0, inequality (4.6) is obvious. If y— 6 # 0, then

10y — ~P—=l(zp _  p\S—1/p  _p\&—2 _ y—1,,tP—al ys
(1) = piP (5P ) (1P —aP)P 2 (1= (E=2) (5=,

Observe that /) (¢) = 0 have a unique solution 7 given as
A §—1\1/r=8 lip
t:t:(ap—i—(ﬁ) (bp—ap)> .
Since h5(f) > 0 on (a,f) and #)(f) < 0 on (,b), we conclude that

(P (b — gP)O72Y O
lrer%%}hz(t) hy () =(bP —aP) =

y—1
To prove that (7)) < hy(7), we set £ = %(1 < £ < 2). By using Lemma 4.3, we obtain
5— —1\ 1/7-1
ha(f) < (<5 LV b 1) " ey
- o+y-2
(6+v-2)

(8—1)° Y (y—1)r! b _ o0
S( (§4+y—2)%t12 )<b )

=h (7).

<6— 1)51/75‘

Thus

|81(2,5)| < max{ max g,(z,1), max —g;(z,a) }
t€la,b) t€(a,b]

= h h
g g 20

(0P —aP) TG — 1)y 1)
(§+y—2)®r 2 '

=maxh(t) =

It follows that
(="' (E D" p! PP (P —aP)
(6+7-2"72  T(e)—a?)"!
_ (=01 (P —aP)? p! O
- T(a)(8+y—2)°"72 '
Finally, we indicate that (iii) holds. In fact, for any (¢,s) € [a,b] X [a,b], it can easily be

proved that 0 < y,(¢,s) < y2(s,s) = yi1(s,s). Differentiating the function y (z,s) with respect to
t, we obtain

Myit,s) 5y bP —sP\2-6  /bP —aP\2-Y
o P r=De=D _<tp—sp> +<tp—ap> =0,

G(t,s)| <
(4.7)
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which indicate that y;(z,s) is increasing with respect to ¢ € [s,b]. It follows that y(b,s) <
¥1(1,5) < ¥1(5,5) = 2(s,5), and hence
lv1(t,s)| < max{ max |y;(b,s)|, max |y (s,s)|}. (4.8)
s€la,b) [a,b]

s€la,

For any s € [a,b], it is easy to verify that y (b, s) is an increasing function. Thus

yi(b,a) <yi(b,s) <yi(b,b), (4.9)
yi(b,a) = (8 —7v)(bP —sP) <0, and y;(b,b) = (6 — 1)(bP —aP) > 0. Observe that |y (b,s)| <
max{y;(b,b),—yi(b,a)} = (bP —aP)max{y— 8,0 — 1}, which together with (4.8) and (4.9)
yields that |y, (z,s)| = (b? —aP)max{y— 6,5 — 1} Thus
(bP —sP)°2p!-OsP"!

I(a)(y—1)

This completes the proof. 0

Y (t,5)| < (0P —aP)max{y— 8,6 —1}.

4.2. Lyapunov-type Inequalities for BVPs (1.3) and (1.4).

Theorem 4.5. Let (A) hold. If x(t) is the a nontrivial continuous solution of BVPs (1.3), q(t) €
C([a,b],R), then

/ |q ((X) m( +y ) — — , (410)
AM[1+M(b) L ? o] max{aP~1,bP~1}

where

A= (=178 -1 (P —aP)? .

Proof. x(t) is a solution to BVPs (1.3) if and only if it satisfies the integral equation

/ G(t,$)q(s)x(s)ds + M(1) ¥ zw,/ G(@i,)q(s)x(s)ds.

Observe that

b m—2 b
mi</ \G(r,sﬂ|q<s>||x<s>|ds+rM<r>rgw,- | 1605l la) x(s)ids

1-6

Arp' 0P ..

ey P 2 MO L [l

<A1P1’5maX{a”*l,b‘)*l}l\XHw
(e)(8+7y-2)"7

which implies that (4.10) holds. Otherwise, BVPs (1.3) have a uniqueness solution x(¢) = 0.

This completes the proof. (]

<

(M) 20 [ lgs)ids

The following corollary 4.6 coincides with [15, Theorem 4.1].
Corollary 4.6. Consider the following Hilfer-Katugampola fractional m-point BVPs
PDa+ x(t)+qt)x(t) =0,0<a<t<b, l<a<2 p>0,

m—2
x(a) =0, x(b) = by wx(9;), 4.11)
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where q(t) € C([a,b],R) and ngf denotes the Hilfer-Katugampola fractional derivative of
order a and type L (0 < u < 1). If (4.11) has a nontrivial continuous solution, then

/ (o) lds > 2@ D p@ )PV (o)pe!
a T AL+ Qb)Y o) max{aP 1P}

(4.12)

Proof. Applying Theorem 4.5 with o« = B, y = a4+ u(2 — &), and 6 = o, one has

Ar=(a—1)"o—1+p2—a)* THEOEP —gP)* T = A
B (bP _ap)lf(%a)(lfu) B
M) = e v oieanw 20
(bp ap) Zizl wz((P,' ap)

Then (4.10) reduce to (4.12). [

The following corollary coincides with [12, Theorem 3.1].
Corollary 4.7. Consider the following Hilfer fractional m-point BVPs
DM x(t) +q(t)x(t) =0, 1 € (a,b), 1 <a <2,0< B <1,

m—2
x(a) =0, x(b)= ¥ ox(¢), (4.13)

where ¢(t) € C([a,D],R) and D;x;“ denotes the Hilfer fractional derivative of order a and type
W. If (4.13) has a nontrivial continuous solution, then

/ |q(s)|ds > 1y, : ;
Ay 1—|—Zm1 ; (b)
where
A — tim Ay _ =) E ) e
P p31(3 4y —2)7 T (8+y-2)°77
_ (a_l)a 1( _1+2‘u_a‘u)OC*I‘I»ZM*(X/J(b_a)Ot*l
(Za_2+2u_au)2a—2+2u—au !
p_ P71
T(b) = lim <b @) —

P (bP —aP) ! — X1 an(gf —aP)!
(b—a)' ~C-®-H)

T (b—a) A0 _ym2 o) -

Proof. Applying Theorem 4.5 withae = 8 and p — 1, one has
C(a)p® ' (8 +7-2)°" I(a) !

lim .
p—=1 Aq[1 +M(b) Y™ * ;) max{aP—! bP~ nooA 1+ Y™ 2o T (b)

The following corollary is consistent with in [23, Theorem 5].
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Corollary 4.8. Consider the following Katugampola fractional Dirichlet problem

{ PD% x(t)+q(t)x(t) =0,0<a <t <b, 1 <a <2,

x(a) =0, x(b) =0, (4.14)

where q(t) € C([a,b],R) and PD%, denotes the Katugampola fractional derivative of order .
If (4.14) has a nontrivial continuous solution, then

/|q [(e) (5 4p ) (4.15)

max{ap LoP=11\pP — P

Proof. Applying Theorem 4.5 with @ = 3, u = 0, and w; = 0, we obtain
» [(o)p® 1 (E+y-2)""
/ 7 ALl +M(b) Y > ;) max{aP—1,bP—1}
B [(0)p® ! (20 —2)2* 2
(a— 1) D (pp —gp)* ' max{ar—1,bP~1}
_ I'(a) ( 4p ya-1
max{aP~1,bP~1} bP —aP

One sees that (4.10) is reduced to (4.15) immediately. [

The following corollary coincides with [18, Theorem 3.7].
Corollary 4.9. Consider the following Caputo-Hadamard fractional m-point BVPs
GD% x(t)+q(1)x(t) =0,0<a<t <b, 1 <0 <2,

m—2 4.16
x(a) =0, x(b) =L (). 1o

where q(t) € C([a,b],R) and GD?. is the Caputo-Hadamard fractional derivative of order .
If (4.16) has a nontrivial continuous solution, then

RO e — L L
a ~ [(@—1)(Inb—Ina)]*! 1na+z;":]2w,1na

Proof. Applying Theorem 4.5 with @ = 8, 4 =1, and p — 0", we have

o Ra— 1) rp@- oV (g)pe!
p—0t AL +M(b) Y™ ¢ max{aP—! ,bP—1}

aa’T'(a) I p%! . (bP —aP)*~ 1 22"1 w; (9P —aP)
(a—1)*"" p=0* (bP —aP)*~ L poor (bp—ap)(1+):’”1 @) — X" 2 (P —aP)
aa’T (o) 2:”1 a)lln%

L'Hospital’s rule

[(a—1)(Inb—Ina)]*" 1na +Yon

The following corollary coincides with [9, Theorem 2].
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Corollary 4.10. Consider the following Hadamard fractional Dirichlet problem

Hp® x(t)+q(1)x(1) =0,0<a<t <b, 1 < <2,
x(a) =0, x(b) =0

where q(t) € C([a,b],R) and 1! D2, is the Hadamard fractional derivative of order o. If (4.17)
has a nontrivial continuous solution, then

b
/ lg(s)| ds > 4% Val(a) (In
a
Proof. Letoo =3, u =0, ; =0, and p — 07 in the right-side (4.10). It follows that
p D@)p? (G +y-2)"
p—0+ Aj[1+M(b) X" * o) max{aP—1,bP—1}

potfl
=4Vl (a) lim —————
p—0t (bP —aP)a

4.17)

é)l—oc‘

a

b
L'Hospital’s rule(In =)' ~*4(*~ Vg ().
a

O

Theorem 4.11. Let (B) hold. If x(t) is the a nontrivial continuous solution to BVPs (1.4) and
q(t) € C([a,b],R), then

b o—1
o o2 (y=1Dp° 'T'(x)
/a =) alolds > R @.18)

where
Ay = (bP —aP)max{y— 8,6 — 1} max{a” ' bP~'}.

Proof. According to Lemma 4.2, x(¢) is a solution to BVPs (1.4) if and only if satisfies the
integral equation

/Yts s)ds+L(t) ZA/YT[,, x(s)ds, t € [a,D].
Thus
b m—2 b
x(1)] S/a Y (2,5)llq(s)[x(s)|ds + |L(z)| ; li/a Y (1i,5)[lg(s)||x(s)|ds.

Combining with Lemma 4.4 (iii), one finds
p' 0P (bP —aP)max{y— 6,8 — 1}|x.,

m—2
x| < o)1) (1+LB) Y )
b
< [ 08— 2 gts)las
ARIE S
SW(1+L(b)Zi:1 xl’)/a (b° —aP)P2H@B) 14 (5)) ds,

which implies that (4.18) holds. Otherwise, BVPs (1.4) have a uniqueness solution x(¢) = 0.
Hence, the proof is complete. U
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The following corollary is consistent with [15, Theorem 4.2].
Corollary 4.12. Consider the following Hilfer-Katugampola fractional m-point BVPs
PDE x(t) +q(t)x(t) =0, € (a,b), 1 <a <2, p >0,

_ m=2 (4.19)
x(@) =0, 11 P Gx(r)],p = £ Awx(mi).

where q(t) € C([a,b],R) and pDZf denotes the Hilfer-Katugampola fractional derivative of
order a and type p (0 < u < 1). If (4.19) has a nontrivial continuous solution, then

[1-Q2-a)(1—w))p* 'T(a)
Ao[1+R(bD) L1 A

Y

b 2
| =) lg(s)lds >

where
Ar = (bP —aP)max{pu(2 — o), ¢ — 1} max{aP ', 0P~ '},
(bP _ap)l—(2—a)(1—ﬂ)

[1-Q2—a)(1-p)]p(br —aP)*(z’“)(I*“) — Z?L—IZ)Li(an _ap)[lf(zfa)(lfu)} '

R(b) =

Proof. Letting o = 3 in the right-side inequality (4.18), one sees that
b -1 5—11-*
[ 08— g(s)las > =D
a Ay (1+L(B)LI L)
[1-(2-a)(1-p)]p* 'T(a)
A (1+R(D)X 2 N)

O
The following result coincides with [15, Corollary 4.5].
Corollary 4.13. Consider the following Katugampola fractional m-point BVPs
PD% x(t) +q(t)x(t) =0, t € (a,b), l < <2, p >0,
(4.20)

m—2
x(@) =0, 7P Gx(t)]p = T Aux(m),

where q(t) € C([a,b],R) and PD%, denotes the Katugampola fractional derivative of order .
If (4.20) has a nontrivial continuous solution, then

[0y > T

AOA+HB) Y2 L)

where Ay = (bP — aP)max{a?~',bP~'} and
(bp _ap>06—1
- — -1
(@ —1)p(bP —aP)** = X2 L(nf —aP)”

H(b) =

Proof. Let a = 3 and u = 0 in the right-side inequality (4.18). This completes the proof.  [J
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5. CONCLUSIONS

In this paper, we provided a new definition of the bi-order Hilfer-Katugampola fractional
derivative and proved its property, which plays a vital role in the study of BVPs (1.3) and
(1.4). Based on this type of fractional calculus, some fractional Lyapunov-type inequalities
for m-point BVPs were studied. Comparing with previous work, we obtained new Lyapunov
type inequalities that utilize general fractional derivatives. Clearly, there are two special cases
of BVPs (1.3) and (1.4). If o = B,p — 0, then our results are an extension of that recently
established in [12]. If o = B, and then BVPs (1.3) and (1.4) degenerate to the results pre-
sented in [15]. On the one hand, if o = B,p — 1, then BVPs (1.3) is reduced to the result
presented in [18]. In addition, if &« = B, u = 0, then BVPs (1.3) can be viewed as an exten-
sion of the results obtained recently in [23]. Finally, as a possible extension directions for
fractional Lyapunov-type inequalities for BVPs in the future. The following problems are inter-
esting: the Lyapunov-type inequalities for bi-order Hilfer-Katugampola fractional differential
equation under Sturm-Liouville boundary conditions, the Lyapunov-type inequalities for frac-
tional Langevin equations, and the Lyapunov-type inequality for the fractional boundary value
problems associated with anti-periodic boundary conditions, and so on.
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