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Abstract. In this paper, we investigate a two-grid scheme for semilinear parabolic equations discretized by H'-
Galerkin mixed finite element method combined with Crank-Nicolson scheme. Based on the interpolation and
duality argument technique, we discuss superclose properties for two-grid method and H'-Galerkin mixed finite
element method. The interpolation theory plays an important role in convergence analysis. Theoretical results
demonstrate that the two methods have the same convergence order by choosing 4 = H?. Finally, a numerical
example is given to verify the theoretical results.
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1. INTRODUCTION

In this paper, we consider the following semilinear parabolic equations

yl_Ay:f(y)7 (X,I)EQXJ, (11)
Voo =0, (x,1) €9dQxJ, (1.2)
y(x70) :yO(x>7 XEQ7 (13)

where Q C R? is a rectangle with the boundary 0Q, J = (0,T], and f(y) = f(y,x,t) is a given
real-valued function on Q. There exists a positive constant M such that

O+ ) <M, yeR

The two-grid method was introduced by Xu [18, 19, 20] and proven to be an effective dis-
cretization method for solving nonsymmetric, indefinite and nonlinear partial differential equa-
tions. In the recent thirty years, numerous scholars applied various numerical methods com-
bined with two-grid method to solve nonlinear partial differential equations. Bi and Ginting [2]
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designed two-grid finite volume element schemes for the two-dimensional second-order non-
selfadjoint and indefinite linear elliptic problems and the two-dimensional second-order non-
linear elliptic problems. Next, they presented a two-grid scheme of symmetric interior penalty
discontinuous Galerkin method for a class of quasi-linear elliptic problems in [3]. Shietal. [17]
derived superconvergence analysis of a two-grid finite element method for semilinear parabolic
equations. Zhong et al. [21] developed several two-grid methods for the Nédélec edge finite
element approximation of the time-harmonic Maxwell equations. Dawson et al. [7] presented a
two-level finite difference scheme for the approximation of nonlinear parabolic equations. Rui
and Liu [16] proposed a two-grid block-centered finite difference method for solving the two-
dimensional Darcy-Forchheimer model describing non-Darcy flow in porous media. Chen et al.
[6] considered expanded mixed finite element approximations of semilinear reaction-diffusion
equations and designed a two-step two-grid algorithm. Chen and Chen [5] applied two-grid
method and mixed finite element method to solve nonlinear reaction diffusion equations. How-
ever, we find that there exist a few works on convergence analysis of two-grid method combined
with Crank-Nicolson scheme for nonlinear parabolic problems in the literature. Recently, Chen
et al. [4] presented a second-order accurate Crank-Nicolson scheme for the two-grid finite el-
ement methods of the nonlinear Sobolev equations. Hou et al. [11] investigated a two-grid
scheme for semilinear parabolic equations by P&-Pl mixed finite element methods combined
with Crank-Nicolson scheme.

In [15], Pani first presented H I_Galerkin mixed finite element method to discuss a priori error
estimates for parabolic equations. Compared with standard mixed finite element method, the
method does not need the inf-sup condition. Moreover, the approximating finite element spaces
for the method are allowed to be of different polynomial degree. This paper considers two-grid
method of H'-Galerkin mixed finite element method combined with Crank-Nicolson scheme
for the problem (1.1)-(1.3) and gives superclose analysis.

In this paper, we adopt the standard notation W”(Q) for Sobolev spaces on Q with a norm || -
|m,p given by Ivlihp= X HDO‘VHZP(Q)’ a semi-norm ||, , given by Vimp= X ”DOCVHZP(Q)'

lot|<m |ot|=m
We set Wy""(Q) = {v € W™P(Q) : v|yq =0}. For p=2, we denote H"(Q) = W™2(Q), HJ'(Q) =
W(;"’z(Q), and || - [[m =1 lm2, I -]l = |l - [lo,2- We define the space L*(J; W"™P(Q)) with norm
1

VIl s awmr () = (foT |[v] ];V,,,_I,(Q)dt) " for s € [1,00), and the standard modification for s = oo,
In this paper, we denote ||v||s(zwm.r(q)) BY [[v[|zs(wmr). In addition C denotes a general positive
constant.

The plan of this paper is as follows. In Section 2, we construct the fully discretized scheme for
problem (1.1)-(1.3). In Section 3, we derive the superclose estimates of order &'(h? + (At)?).
In Section 4, we present the two-grid algorithm and obtain the superclose estimates of order
O'(h* + H* + (At)?). Finally, a numerical example is demonstrated to verify the theoretical
results in Section 5.

2. FULLY DISCRETIZED SCHEME
Let
W =HL(Q), V = H(div,Q) = {v e (LX(Q))’ |div € LZ(Q)} .
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Set p = Vy, as in [15], a mixed weak form of (1.1)-(1.3) can be given by
(pr,v) + (divp,divw) = —(f(y),divw), Vv €V, (2.1)
(Vy,Vw) — (p,Vw) =0, Vw e W. (2.2)

Let T}, denote a uniform rectangular partition of Q, s denote the diameter of the element 7,

and h = mz}x hr. Let W), xV;, C W x V be the following finite element spaces
Tely,

W, = {Wh € WﬂCO(ﬁ) :Wh|1; c QLI(T), V1e %},

V= {Vh eV vyl € 010(7) xQo,1(7), VT E %}7

where O, »(7) indicates the space of polynomials of degree no more than m and n in x; and x;,
on element 7, respectively.

Now, we define the Lagrange interpolation operator (see [13]) R, : W — W},, which has the
approximation property

16 —Ruols < CH**||9]l2, s =0,1, V ¢ € H*(Q). (2.3)
Furthermore, the following inequality holds (see [12, Corollary 2.1])
(V(9 —Ri9), Vi) < CH||]|3]|Vwyl|, ¥ wy € Wy, ¢ € H(Q). (2.4)
Next, we recall the Fortin projection (see [8, 9]) I1j, : V — V,, which satisfies: for any g € V
(div(IT,g —q),divv,) =0, Vv, €V, (2.5)
lg — Mgl < Chllq|l1, ¥ g € (H'(Q))?,
|div(g —IT,q)||_s < Ch'™||divgl|;, s = 0,1, ¥ divg € H(Q). (2.6)

Moreover, the following super-approximation result holds (see [9, Lemma 2.2])
(a0, vy) < CH|lqll2[[vall, ¥ q € (H*(Q))?, vy € V. (2.7)

Let At >0,N =T /At € Z, t, = nAt, y" = y(x,t,), and dty" = (y" — "~ 1) /At. Then the
fully discrete scheme is to find (p},y}) € V), x Wy,n =1,2,--- |N, such that

Lo . L g
(dpf,va) + 5 (div(pl+ P 1), dive) = =2 (FO7) + 05, divwn), ¥o, €V, 28)

(Vy, Vwp) — (ph, Vwp) =0, V wy € Wy, (2.9)
p) = I,po. (2.10)

For the proof of existence and uniqueness of the solution for nonlinear algebraic system
(2.8)-(2.10), we refer to [1, 14].

3. SUPERCLOSE ANALYSIS
Before presenting our main results, we need the following discrete Gronwall’s inequality.

Lemma 3.1. [10] Assume that {k,} and {p,} are nonnegative sequences, and the sequence @y

satisfies
n—1 n—1

¢0§g07 ¢n§g0+zpl+zk1¢la nz= 17
[=0 =0
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where go > 0. Then {¢, } satisfies

n—1 n—1
e (B e )
=0 =0

Theorem 3.2. Let (y,p) and (y},p}) be the solutions to (2.1)-(2.2) and (2.8)-(2.10), respec-
tively. Then, for 1 <n <N,

ITTwp" = Pl + IV (Ry" = y3) 3.1
SCh2(||PHL°°(H2)+||PtHL2(H2)+ ||)’||L°°(H3))+C(Af)2||Pttt||L2(L2)~
Proof. For convenience, let
§"=ILp" —pj, " =p"—ILp",p" =Rpy" =3}, 6" =y"—Rpy".

Using (2.1)-(2.2), (2.8)-(2.9), and (2.5), for any v, € V;, and w;, € W),, we obtain the following
error equations

(A" i)+ 5 (div(E" + 1), divwy)

1
= (6" vu) = (@mn" i) = 5 (FO") = FOR) +FO" ) = FO5Dsdivwn), (B2)
(Vpn,VWh) = (én ‘H'ln,VWh) - (Ven,th), (3.3)

where 6" = dtp" — (p"" +p"~ ') /2. Choosing v, = E" +E"~ 1 in (3.2), multiplying (3.2) by 2Ar,
and summing over n from 1 to /, we derive

l l
2 ) (@g" 8"+ E A+ Y [ldiv(§" +&" | PAr
n=1 n=1
= i (6", E"+E" A — 22 dm",E" +&" At

n:

g FO7). div(E" + &)
i 1), div(§" +&"))Ar —g‘iL. (3.4)
Since €0 = 0, it is easy to see that
2 Zl:(dfgnv&“r&”l)m = 2;(“5”“2— 16"~ 11%) = 2/111%. (3.5

Now, we estimate /-1y, respectively. For I, from the results given in [4], we have

!
I < C(At)4||p,,,||i2(L2) +C Z 1€ (|2 At
n=1
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For I, using Cauchy mean value theorem, (2.7), and Cauchy-Schwarz inequality, for some
{™, we obtain

/
Z, n:(¢"), 8" +&" I)At<Ch22 lpe (8" [12118" +&" | Ar

n=1

< ChY||pil[72 42y +C Z 1§ 12Ar. (3.6)

n=1

For I3, using Cauchy mean value theorem, Cauchy-Schwarz inequality, the assumption on f,
and (2.4), for some y", we have

1
L==Y (/") (p"+0"),div(E"+E"1))Ar
n=1
<CZ 17/ G oo (0" +116"]1) - [|div(§" + &™) || Ar

l n 1 l : n n—
< O Y22y +C X 0" P+ 5 Y div(E" +E"1) A, (3.7)

n=1 n=1

Choosing wy, = p" in (3.3) and using Green’ formula, we derive

(Vp",Vp") = (", Vp") — (divn",p") — (VO",Vp"). (3.8)
From (2.6), we see that

(divn",p") < Cldivn"|_1]p"]; < CI2divp"||1]|Vp"]. (3.9)

Using (3.8)-(3.9), (2.3), Cauchy-Schwarz inequality, and Poincare’s inequality, we conclude
that

ol < ClIVp"|| < CH*(||divp" |1 +[Iy"[|3) +CIIE"]]. (3.10)

Now, substituting (3.10) into (3.7), we have

/ i
1 ) _
I3 < Ch* (N2 gy + PN 22y +C X 187 1PAr + 3 ) div(§" +&" D|*Ar. (3.11)
n=1 n=1
Similar to /5, we can estimate I as

-1 1 l ‘ -
1y < R (o, 11+ C X I871PA 4L Y [div(E" + & PAr (312)

Using the estimates of 11-14, (3.4)-(3.5) and (3.10), we obtain

VP!> + 18117 < Ch* (1P~ (a2) + 1P| o a2y + 191 i)
1
+C(At)4||Pttt||[%2(L2)+CZ ||§n||2At- (3.13)
n=1

Finally, for sufficiently small Az, applying discrete Gronwall’s inequality (see Lemma 3.1) to
(3.13), we derive (3.1). Thus, the proof of the theorem is ended. L]
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Theorem 3.3. Let (y,p) and (y},p}) be the solutions of (2.1)-(2.2) and (2.8)-(2.10), respec-
tively. If h = At, then we have

div(TTup" — pi) || < CH* (1P|l =122y + 1121 |2 2) + 13l 22 a2
+ ¥l 2=(ar3)) + C(A)? [ Put |22y, 1 <n <N, (3.14)

Proof. Letting v, = dt&" in (3.2), multiplying the resulting equation by Az and summing over n
from 1 to /, we see that

l /
X 8 1Par 5 Y (@487 divaig ")
n=1

[

l I

=Y (0",dtE"Ar =) (dm",di&")A Z FO), divdtE™) At

n=1 n=1 n:

1 . 4

=5 L O —f 057, divdrE")A =Y (3.15)
n=1 =
Now, we estimate J1-Jy4, respectively. Similar to /;-I, we can estimate J; and J, as
4 2 4 2 1 ¢ 2
J1+J, < C(Ar) Hpn[HLz(Lz) +Ch HptHLz(Hz) + 5 Z ||dtE™ || Ar. (3.16)
n=1

For J3, using Cauchy mean value theorem, we find that

/ ny __ ny __ n—1y\ _ n—1
n=ly (f(y) AR ARt >]7dw§n_l> = 100 - 100, ang)
n=2
:%né ((f’(i")—f’@"‘l))(y”—yZ)+AJ;’(§"‘1)(y"—y”‘l+yZ1 _yZ),dw§"1> A
20N ~ £, divE")
:%i<fu(y")(&”—z NO" =) divE™ ‘)At+ Z U dip divE" At
n=2 4 n—2
/
+%Z(f’(§”1)dt9",div§”I)At—%(f(yl)—f ),divE’) : ZM,, (3.17)

where 3" is located between 7 and "~ !. Notice that

e e I e i e e I e G IS N
<Ay —y" 2l =y 2l =y (3.18)
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Using (3.18), Cauchy mean value inequality, Cauchy-Schwarz inequality, the assumption on
f, (3.1) and h = At, we derive

R D R i A R /| I
mesy PN i)
n—

IN
()

IN

i "Il =y A+ =i+ =y Ty = dive" || A
= At ’

<CY. Il <||y,||o,wuy"—yzn P DIt 2l oy o74>
n=2
|divE" || Ar
<} (1 -+ L o1 ot s g
n=2
Idivg" " |l Ar
=C i " =il - lldivg" s +C Xl: WWW 24+ 1p"[lo.4) | divE" || Ar
n=2 l n=2 l
<O ¥ 2y € X5 498" e+ X (1" 1+ 199" ), (3.19)
where we also used the embedding ||v||o4 < C||v||1, interpolation theory and Poincare’ inequal-
lty;l"aking the difference in time of (3.3) and choosing w;, = dtp" to obtain

(Vdtp",Vdtp") = (dt&",Vdip") — (divdin”,dtp™) — (Vdt 0", Vdip"). (3.20)
Similar to (3.10), we derive
ldzp"|| < C||Vdip"|| < C||dr&" ||+ Ch*(||divdzp" |1 + ||d1y"[3)- (3.21)
By use of Cauchy-Schwarz inequality, the assumption on f and (3.21), we conclude that

l
My <Y | flhoolldep”| - | divg" " || Ar
n=2

[
<C Y (||dt&" ||+ k|| divdrp" ||y + h*||dey"||3) || divE" " || Az
n=2

1 . g
n=2 n=2

) )
My < Y] 0" |- 1divE" V| Ar < Ol ey +C Y IldivE™ 12, (3.23)

n=2 n=2

1 ] |
My = =3 (F'G0 —3%),divE") < Iy =3} P+ ldivE| (324)
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Now, combining (3.17), (3.19) with (3.22)-(3.24), we get

l l l
c en—112 n o " 1 "
I<CY |dive"[Far+C Y (Il =Yl + IVe ||2)Af+;1 Y llde&" | > A
n=2 n=2 n=2
) L, ..
+Ch4(!|lePzHiz(H1)+HyzHiz(Hs)+HYHiz(m))JrCHyl—yinﬂLnglV&le- (3.25)

Similar to J3, we can estimate J4 as

. . - L.
Ja SCH(|Idivpe |72 g1y + 15| T2 sy + 9122 0003)) +CIY ™ =, 1||2+5||(11V§l||2
-1 , -1 ) ) = ,
+C ) [IdivE"|[FAr +C ) (1" = vhll* + [IVe"| JAr+ ) lldr&"|I*Ar. (3.26)
n=1

Substituting the estimates of J1-J4 into (3.15), using (3.13), (2.4), Poincare’s inequality and
discrete Gronwall’s inequality, we complete the proof of theorem. 0

4. TWO-GRID ALGORITHM AND SUPERCLOSE ANALYSIS
In this section, we present the following two-grid algorithm and discuss its convergence.

Stepl: On the coarse grid 7, compute (p},,y};) to satisty the following original nonlinear
system:

1 . _ . 1 _ .
(dtply,ve) + E(dlv(p"H +py 1),dlva) = —E(f(yﬁl) + f(y 1),dlva),VVH cVy, @.1)
(Vyy, Vwr) — (P, Vwr) =0, YV wy € Wh, 4.2)
pY = upo. 4.3)

A~ on

Step2: On the fine grid .7,, compute (p7},77}) to satisfy the following linear system:
(Vy‘Z,th) — (]_)Z,th) =0, Vw,eW, 4.4)
_ | L 1 - :
(dtlyyvi) + 5 (div(By,+ By ), diven) = = (F k) + 1 ) (55 — i) divw)

1 — n— Sn— n— :
= SO D+ O =i ) diven), ¥ vy €V, (4.5)

P = I,po. (4.6)

Theorem 4.1. Let (y,p) and (¥}, p}.) be the solutions to (2.1)-(2.2) and (4.1)-(4.6), respectively.
Assume that y € L*(H?), p € L*(H?), p, € L*(H?), and py; € L*(L*). Then, for At small
enoughand 1 <n <N,

ITLp" — Pl + V(R — 51| < C(H* +h* + (At)?). (4.7)
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Proof. Let o =I1,p" — p} and y* = R;,y" — y;. Similar to (3.4)-(3.5), we conclude that

l
2o P+ Y Ildiv(e” + o) |2Ar

n=1

FOE D= OE D@ =y D div(e + o)A

/\
M~
*<

Nﬁ
L

+2Y (6" —dm", 0" +a" At
n=1
[ 3
Z Vi) = F O G — Vi) div(e" + o 1))ar = Y K. (4.8)
a1 i=1

From [6, Lemma 4.2], we know that for some function y"
O = FOR) = £ OO =y8) = F OO +7) + )0 =) /2. (49)
Similar to (3.8)-(3.10), we have
17l < ClIVY"|| < CR*([[divp”[[1 + [1Y"[I3) +Clle" |- (4.10)
Thus, due to (4.9)-(4.10), the assumption on f, and (2.4), we find that

1
Ki+K;5< Ch4(||y|!%2(H3) + HPHIZ;(Hz)) +C Z HanHzAt

l l
+CY IO = YEPIPA+ Y [[div(e + ") |PAr. (4.11)
n=0 n=1

As in (3.19), using the embedding ||v||o4 < C||v||1 and interpolation theory, we see that

16" =) 12 = 1y —

< (9" = Ruy"{lo.a + [|IREy" — Y ll0.4)*

< C(H? ). (4.12)
Now, combining (4.8), (4.11)-(4.12), Poincare’s inequality with the estimates of /;-1,, we obtain
l I
! < c(h* +HE + (M) +C Y IVRey" — i) I*At+C Y [|la”|*Ar. (4.13)
n=0 n=1

For sufficiently small A¢, applying discrete Gronwall’s inequality to (4.13), using (3.1) and
(4.10), we complete the proof of theorem. U

5. NUMERICAL EXPERIMENTS

In this section, we verify the theoretical results by a numerical example. We consider the
following semilinear parabolic equation

yt_Ay:f(y)7 (X’I)EQXJv (51)
y|9Q:07 (x,t)G&QxJ, (5.2)
y<x,0) :y()(x)7 x€Q, (5.3)
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with Q = (0,1)? and J = (0, 1]. We choose the right function
F() = (1+87%)é sin(27x) ) sin(27x,) — ¢ S2F0)sinQE02) 4 oy

and the exact solution
y(x,t) = €' sin(27x1 ) sin(27x7).

In Table 1, we show the numerical errors of ||I1,p" — p} ||, ||div(IL,p" — p})|| and ||V (Ryy" —
y7)|| solved by mixed finite element method (MFEM) with & = Ar. Next, we consider the
two-grid algorithm with 4 = At = H?, and we show the numerical errors of ||IT,p" — p7|| and
|V(Ryy" —37)|| in Table 2. The convergence order for errors are also displayed in the two
tables. We can easily see from Table 1 and Table 2 that the two-grid method and the mixed
finite element method have the same convergence order. These numerical results are coincide
with the theoretical analysis.

h= & [ [Tp" — P | Rate | [[div (" — p)[[ | Rate | [V(Rey” — )] | Rate
1/16 7.8051e-3 - 6.1360e-2 9.8605¢e-2 -
1/36 1.6126e-3 | 1.94 1.2861e-2 1.92 1.9635e-2 1.99
1/64 5.1400e-4 | 1.99 4.1047e-3 1.98 6.2211e-3 2.00
17100 | 2.1096e-4 | 2.00 1.6852¢-3 1.99 2.5491e-3 2.00
Table 1. Errors of ||IL,p" — pj ||, ||div(IT,p" — p})|| and ||V(Rpy" —y})|| by MFEM with
n=N/2.

H | h=Ar| ||TLp" —pjl | Rate | [[V(Ryy" —5;)| | Rate
/4 | 116 | 2.2606e2 | - 1.0841e-1 -
1/6 | 1/36 | 8.2922e-3 |1.24| 2.4285e2 |1.84
1/8 | 1/64 | 3.1529e-3 | 1.68 | 8.0980e-3 | 1.91
1/10 | 17100 | 1.4219e-3 [ 1.78 | 3.4166e-3 | 1.93

Table 2. Errors of ||I1,p" — p}l|| and ||V(Ryy" — 7},)|| by two-grid algorithm with n = N /2.

In Tables 3-4, we compare the computing time of two methods at the same time level, where
the computing time of two-grid method at every time level is equal to the sum of the computing
time of (4.1)-(4.2) and the computing time of (4.4)-(4.5). We can see that the computing time
for two-grid method is significantly less than that for MFEM.

Time level | Computing Time(MFEM) | Computing Time(Two-grid)
4 15s Ss
8 12s Ss
12 15s 2s
16 8s Ss

Table 3. The computing time of MFEM (h = Ar = 1/16) and two-grid algorithm
(H=1/4,h=At =1/16).
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Time level | Computing Time(MFEM) | Computing Time(Two-grid)

8 1046s 417s

16 1063s 397s
24 1078s 409s
32 1034s 381s
40 1061s 498s
48 1073s 460s
56 1214s 502s
64 1131s 523s

Table 4. The computing time of MFEM (h = Ar = 1/64) and two-grid algorithm
(H=1/8,h=At =1/64).
At last, in Figures 1-3, we plot the profiles of the exact solution y, the mixed finite element
solution of y and the two-grid solution of y on 36 x 36 triangle mesh at = 0.5 respectively.

Figure 1. The profile of the exact solution y on 36 x 36 triangle mesh at # = 0.5.

<O
OO
AN

NSNS
L SN
TONSNN

5%

0 o

Figure 2. The profile of the mixed finite element solution of y on 36 x 36 triangle mesh at
t=0.5.

All numerical experiments performance on a PC with Intel(R) Core(TM) 17-8550U CPU 2.00
GHz processor, 8GB main memory and Window operating system.
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Figure 3. The profile of the two-grid solution of y on 36 x 36 triangle mesh at # = 0.5.
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