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Abstract. In this paper, we present a new iterative scheme with a self-adaptive step size for finding
a common solution of the split null point and common fixed point problem for an infinite family of
multivalued demicontractive mappings between a Banach space and a Hilbert space. We demonstrate
strong convergence result with a self-adaptive step size without a priori estimate of the norm of the linear
operator under some suitable conditions. A numerical result is also presented to support our main results.
Keywords. Common fixed point; Multivalued demicontractive mapping; Split null point; Self-adaptive
step size; Strong convergence.

1. INTRODUCTION

Recently, fixed point methods have been investigated for various convex optimization prob-
lems; see, e.g., [2, 4, 9, 17, 18] and the references therein. The common future of these
problems is we can transfer them into a fixed point problem via their resolvents; see, e.g.,
[6, 13, 15, 16, 19] and the references therein. Let 7] and 7% be two real Hilbert spaces,
A 4 — 274 and B : 74 — 27% be multivalued mappings, and T : ¢ — %5 be a bounded
linear operator. Byrne et al. [3] considered the following Split Null Point Problem (SNPP)

ea o1 '(B7'0), x* € 4. (1.1)

For solving SNPP (1.1) with two maximal monotone operators A and B in Hilbert spaces, they
proposed and studied the following algorithms

xo € S,
{ Xny1 = I (xn +AT*(J] —)Txy), (1.2)
and
xo € 4,
{ St = 0o+ (1= 0 ) (x + AT (JE — ) Txy), (1-3)
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where U is a positive real constant , T is the adjoint of 7', A € (0, %), L=|T*T|, and Jﬁ
and Jﬁ are the resolvent operators of A and B, respectively. Under some certain conditions,
they obtained a weak convergence result for algorithm (1.2) and a strong convergence result for
algorithm (1.3).

In 2017, Eslamian et al. [7] introduced an algorithm for solving the Split Common Null Point
Problem (SCNPP) and Fixed Point Problem (FPP) between a Banach space E and a Hilbert
space 7. The proposed algorithm is as follows:

(x| € 0 is chosen arbitrarily,

Zni = Xn — M T I (Txn — Qi Txy),
tn = P 0%n + L1y Bridy 2 (1.4)
Yn = 6n70un +Z;'n:1 6n,iSiun7

[ Xn+1 = aan(Yn) + (I_ anD)yna

where the step size A, satisfies 0 < A,||T||> < 2. Under some conditions, they proved that
the sequence generated above converges strongly to a common solution of the SCNPP with
two finite families of maximal monotone operators {A;}7" | and {B;}" |, and FPP with a finite
family of single-valued demicontractive mappings {S;}/" ;.

In 2019, Pachara and Suantai [14] considered the follwing Split Common Fixed Point Prob-
lem (SCFPP):

find x € NZ_Fix(S;) such that Tx € N Fix(U;),

where T : 777 — 5% is a bounded linear operator. To solve the SCFPP, they proposed the
following algorithm in Hilbert spaces:

Vn =X+ Z?:] ﬁmil T*((l)n’i — Txn),
Un = On,0Yn +Z?:1 On,iZn,i, (1.5)
Xna1 = Euf (Xn) + (1 — &p)utn,

1-k

Where Zn,i c Si}’na (J)ml‘ I~ U1<T.xn) and A’ I~ (O, |TH2

algorithm (1.5).

We notice that the step size, A,(or 1), of the above algorithms requires prior knowledge of
the operator norm, ||7'||, which is not easy to implement because they require computation of
the operator norm, which is a difficult task.

To avoid this computation, in 2021, Wang et al. [25] introduced an algorithm for solving
(SNPP) and (FPP) for multivalued demicontractive mappings on a Hilbert space .7#. This
algorithm can be implemented easily since it has no need to know a priori information about
bounded linear operators. The proposed algorithm is as follows:

Y = I3 (= T (I = I3 Txy),
= (1= 8)yn+ 8 XY wizy | (1.6)
Xng1 = 0 Tf (xn) + (1 — CuD)ut, n > 1,

). They established the strong convergence of

where z,(li) € Siy, and




A NEW INERTIAL ITERATIVE ALGORITHM FOR SPLIT NULL POINT 3

where g,(x) = 3| (I = J2)Tx||%, Gu(x) = | T*(I = J32)Tx||?, and F,(x) = || (I —J;")x||*. Under
appropriate conditions, they obtained a strong convergence result without a priori estimate of
the norm of the linear operator.

In this paper, inspired and motivated by the works mentioned above, we propose a new al-
gorithm to solve the split null point and common fixed point problem between a Banach space
and a Hilbert space. We prove the strong convergence of the sequence generated by our algo-
rithm. A numerical experiment is also provided to demonstrate the efficiency of our proposed
algorithm.

2. PRELIMINARIES

In this section, we recall some known definitions and lemmas which will be used for our
convergence analysis in the sequel.

Let R be the set of real numbers and N* the set of positive integers. Let .77 be a real Hilbert
space with inner product (-,-) and norm ||-||. Let C be a convex, closed, and nonempty subset
of 7. We denote the weak and strong convergence of a sequence {x,} to a point x € JZ by
x, — x and x, — x, respectively. The nearest point (metric) projection of .7 onto C is denoted
by Pe, ||x — Pex|| < ||[x—y]|| for all x € 5# and y € C. P¢ is called the metric projection of .77
onto C. It is known that P is firmly nonexpansive, i.e., ||Pcx — Pey||? < (Pcx — Pey,x —y), for
all x,y € . Moreover Pex € C,(x — Pcx,y — Pcx) < Oforallx € 57, y € C.

We denote by CB(5#) the family of all bounded and closed subsets of .77°. The Pompeiu
Hausdorff metric on CB(7¢) is defined by H(A,B) = max{sup,c4 d(x,B),sup,.pd(A,y)} for
all A,B € CB(5¢), where d(x,B) = inf,cp ||x —D||.

Let T : 5 — 27 be a multivalued mapping. An element p € JZ is called a fixed point of
T if p € Tp. The set of all fixed points of T is denoted by Fix(T). We say that T satisfies the
endpoint condition if Tp = {p} for all p € Fix(T).

Definition 2.1. Let S : 77 — CB(.¢) be a multivalued. Mapping / — S is said to be demiclosed
at zero if, for any sequence {x,} C .7 which converges weakly to ¢ and the sequence {x, —uy, }
converges strongly to 0, where u, € Sx,, g € Fix(S).

Definition 2.2. A multivalued mapping 7 : 5 — CB(%) is said to be
(i) a contraction if there exists k € (0, 1) such that

H(Tx,Ty) <k|x—y|| Vx,y € H;
(i1) nonexpansive if
H(Tx,Ty) <|lx—y|l Vx,y € 7,
(iii) quasi-nonexpansive if Fix(T) # 0 and
H(Tx,Tp) < |x—p|| Vxe 2, pcFix(T),
(iv) k-demicontractive [8] if Fix(T) # @ and there exists k € [0, 1) such that
H(Tx,Tp)* < ||x—p||*+kd(x,Tx)*> Vx e, p € Fix(T).

It is known that every multivalued quasi-nonexpansive mapping T with Fix(T) # 0 is demi-
contractive, but not all multivalued demicontractive mappings are quasi-nonexpansive.

Example 2.3. Let 57 = R. For each i € N*, define
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2i 3i . .
[ H—lx l+1 ] lf )CSO,
S,’)CZ

3i 2i .
[ t+llx lJrll } if x>0.
Then S; : R — CB(R) is a multivalued demicontractive mapping, which is not quasi-nonexpansive.

Moreover, I — S; is demiclosed at zero.
3i

Proof. Ttis easy to see that Fix(S;) = {0}. Foreach 0 # x € R, H(Six,5;0)> = | — n 1x—O\2 =
I
9;2 8i2—2i—1

-0 2 2 0 2 2.
o= O 4 (g = DIl = e O 4+ |

Clearly, S; is not quasi-nonexpansive. We also have

2i 3i+1 9i% +6i+1
dlx.Six0)? = |y — (— 2 _ 20,2 _ 2
(o Six)” = b= (=79l = G T = gy
Therefore,
8i?—2i—1
H(Six, 8:0)% = [x— O + (oo )d(x, Six) -

9i2 +6i+1
Hence S§; is demicontractive with a constant k; = ¢ Jj)’ JJ (0,1). For any sequence {x,} C R,
which converges weakly to ¢ and the sequence {x, — u,} converges strongly to 0, where u, €

Sixn, X, — q and u,, — q. Also

P o 3i
———xp <up < ———x
i+ i
or
31 <, < 2i
— X Sty S — X
SO
[« 3i
i17=9="7711
or
P e i
i11=9="7 77
Therefore, g = 0 € Fix(S;). Hence I — S; is demiclosed at zero. O

be the dual space of E. We denote
the value of y* € E* at x € E by (x,y*). When {x,} is a sequence in E, we denote the strong
convergence of {x,} to x € E by x,, — x and the weak convergence by x,, — x. The modulus g
of convexity of E is defined by

[lx+ ¥l

Op(@) =inf{l — =—==[lxl| = 1 = [ly[, |x =] = ¢}.

E is called uniformly convex if 8g(¢) > 0 for any ¢ > 0. A uniformly convex Banach space is
strictly convex and reflexive. The normalized duality mapping J : E — 2E" is defined by

Jx={x* €E*: (x,x*) = ||x||* = ||x*||*} for everyx € E.

Let U = {x € E : ||x|| = 1}. The norm of E is said to be Gdteaux differentiable if for each
x,y € U, the limit
ey ]

t—0 t
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exists. In this case, E is called smooth. It is known that E is smooth if and only if J is a single-
valued mapping of E into E*. It is also known that E is reflexive if and only if J is surjective,
and E is strictly convex and reflexive Banach space, then J is a single-valued bijection and in
this case, the inverse mapping J~! coincides with the duality mapping J* on E*.

Let E be a uniformly convex and smooth Banach space and B : E — 2F be a maximal
monotone operator. Now, we consider the metric resolvent of B,

On=(I+ul'B)"!, u>o0.

It is known that the operator Qﬁ is firmly nonexpansive and the fixed points of the operator
Qﬁ are the null points of B. The resolvent plays an essential role in the approximation theory
for zero points of maximal monotone operators in Banach spaces. According to the work of
Aoyama et al. [1], we have the following property

(Qhx—x",J(x—Qhx)) >0, x€E, x* € B~(0), 2.1
if E is a real Hilbert space, then
(Jﬁx—x*,x—]ﬁx> >0,x€E, x* € B 10),

where Jﬁ = (I+uB)~! is the general resolvent, and B~!(0) = {z € E : 0 € Bz} is the set of
null points of B. It is well known that B~!(0) is convex and closed (see [21]). A Hilbert space
S satisfies the Opial’s condition, i.e., for any sequence {x,} with {x,} — x, the following
inequality holds
liminf ||x, — x|| < liminf||x, — ||,
n—yoo n—oo

for every y € ¢ with y # x, which is also equivalent to limsup,,_, ., ||x, —x|| < limsup,,_,, ||x, —
vl

Definition 2.4. Let E be a Banach space and B be a mapping of E into 2. The effective
domain of B denoted by dom(B) is given as dom(B) = {x € E : Bx # 0}. Let B: E — 2F be a
multivalued operator on E. Then

(i) The graph G(B) is defined by G(B) := {(x,u) € E XE : u € B(x)}.

(ii) The operator B is said to be monotone if (x —y,u —v) > 0 for all x,y € dom(B), u €
Bx and v € By.

(iii)) A monotone operator B on E is said to be maximal if its graph is not properly contained
in the graph of any other monotone operator on E.

Definition 2.5. A bounded linear operator G on ¢ is called strongly positive if there exists a
constant 7 > 0 such that (Gx,x) > 7||x||?, Vx € .

Lemma 2.6. [12] Let D be a self-adjoint strongly positive bounded linear operator on a Hilbert
space S with coefficient ¥ >0 and 0 < u < ||D||~". Then ||[I — uD|| < 1—u?.

Lemma 2.7. [22] For x,y € J, the following statements hold: (i) ||x+y||> < ||x||> +2(y,x+y);
(i) |+ Y11 = a1l +2Ge, ) + [y

Lemma 2.8. [5] Let 5 be a real Hilbert space, x; € 7€ (1 <i <m) and {04}, C (0,1) with
Y0 =1.Then

1Y oaxill* =Y aillxll® = ), woflxi—x;|
i=1 i=1 i,j=Li#j
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Lemma 2.9. [24] Let C be a convex and closed subset of a real Hilbert space 7€ and T : C —
CB(C) be a multivalued k-demicontractive mapping. Then,

(i) Fix(T) is closed;

(ii) If T satisfies the endpoint condition, then Fix(T) is convex.

Lemma 2.10. [26] Let {a,} be a sequence of nonnegative real numbers satisfying the condition
an+1 < (1= Y)an+ ¥,0n, n > 0, where {v,} and {0, } are sequences of real numbers such that
(i) () C [0,1] and Xz 10 — o

(ii) imsup,, ., 0, <0 0r Y~ | Yu|On| < oo.

Then, lim,, ,..a, = 0.

Lemma 2.11. [11] Let {a,}, {c,} CR", {04} C (0,1) and {b,} C R be sequences such that
ant1 < (1 —0p)an +by+c, for all n > 0. Assume Y, |cn| < oo. Then the following results
hold:

(i) If b, < B o, for some B > 0, then {a,} is a bounded sequence.

(ii) If ¥yo_ On = o2 and limsup,, ., 2 < 0, then limy, ey = 0.

Lemma 2.12. [10] Let {I',} be a real sequence which does not decrease at infinity in the
sense that there exists a subsequence {I',} of {I'y} with I, <41 for all i € N*. Define the
sequence {Q(n) }n>n, of integers by ¢ (n) = max{j <ng:Tj <T'jy1}, where ny € N* such that
{j<no:Tj<Tj1} #0. Then, the following hold:

(i) §(no) < @(np+1) < ...and ¢(n) — oo

(ii) F¢(n) S F¢(n)+1 and Fn S F¢(n)+1 Vn Z no.

3. MAIN RESULTS

In this section, we present our algorithm and discuss its strong convergence.

We make the following assumptions:

(A1) Let 2 be a Hilbert sapce and E be a uniformly convex and smooth Banach space. Let
T : 7 — E be a linear and bounded operator such that 7 # 0 and 7" is a adjoint operator of 7.

(A2) For all i € N*, assume that S; : .77 — CB(5¢) is a multivalued k;-demicontractive
mapping such that / — S; is demiclosed at zero and S; satisfies the endpoint condition.

(A3) LetA: . — 27 and B: E — 2F" be two maximal monotone operators, and let Jqf)‘n be
the resolvent of A for liminf,, . ¢, > 0, and Q,B,n be the metric resolvent of B for liminf,, . 1, >
0.

(A4) Let D: 7 — J be a strongly positive, bounded linear self-adjoint operator with
coefficient ¥ > O such that ||D|| < 1 and f : 5 — . be a contraction with coefficient p € (0,1)
and 0 <y < %.

(As) Assume that Q = A~1(0)NT 1 (B~10)NNOZ, Fix(S;) # 0.

Algorithm 3.1. Let {8,;} be real sequences in (0,1) fori=0,1,2,---,n > 2. Assume that {x, }
is a sequence generated iteratively by x|, xo € 7 and

Wp =X+ 6n<xn _xn71>7

2n = Wn — M T*JE(I — Q8 ) Twy,

=T 20, G.1)
Yn = Sn,Oun + Z?:l 6n,ivn,i7

Xp+1 = an}/f(xn) + (1_ anD))’m
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where v, ; € Siu,, and 0, is defined by
: & —1 .
6, = { mm{ st e 1 } o X0 F X

n—1 .
=T otherwise,

where 11 > 3 and the step size

gn(Wn)
A =1, ,
" nGn(Wn>+Fn(Wn)
where g,(wy) = %HJE(I_ QBn)TWnHzaGn(Wn) = | T*Je(I - QB,,)TWH“z and F,(wy) = ||(I —
Jﬁn)WnHz- If Fy(wy) = Gn(wy) =0, then w, = 7, = uy, i.e. 3.1 reduces to

Wy =Xp+ Gn(xn _xnfl)a

Yn = On,0Wn + Z?:l 5n7iVn7ia

Xnt1 = O Yf(xn) + (I — QuD)yn.
Theorem 3.2. Let the assumptions (A})-(As) be satisfied and the following conditions hold:
(Cy) Foralln>2,%" (0,;=1 andliminf, .(0,0 —k)8,; > 0, i € N*, where
k=supl{ki:ie N*} <1;
() {0} € (0,min{1, )l_,, ﬁ}), limy oo Oy = 0, Yo Oy = o0 and lim,_e, 2—’; =0;

Then, the sequence {x,} generated by Algorithm 3.1 converges strongly to a point p € Q, which
is the unique solution to the following variational inequality problem:

((yf=D)p,g—p) <0, VgeQ. (3.2)
Remark 3.3. From the definition of {6, } and the condition (C,), we have

6
lim 6,||x, —x,_1|| = 0 and lim —||x, —x,_1| = 0.
e n—eo Oty

Proof. According to the conditions (C)-(C3), some inequalities in the following proof hold
when 7 is sufficiently large.

Step 1. We show that problem (3.2) has a unique solution p € Q.

Since A and B are maximally monotone and 7" is bounded and linear, we reach the conclusion
that A='(0) and 7~ (B~'0) are convex and closed. From Lemma 2.9, we obtain Fix(S;) (Vi €
N*) is convex and closed. Hence Q is convex and closed. (3.2) is equivalent to the following
formula

(vf+(I-D))p—p,g—p) <0, VqeQ,
so we just need to prove that exists a unique p € Q such that p = Po(yf+ (I—D))p, i.e. Po(vf+
(I — D)) has a unique fixed point. For all x,y € 7, by Lemma 2.6, we have

|Pa(vf +1—D)x—Po(yf+1-D)y|
<|[(vf+1-D)x—(vf+1-D)y|
<tllfx—fyll+[(I=D)x— (I - D)yl
<(I=(F7=ve)llx =yl
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Hence, Po(yf+1— D) is a contraction on 77 . By the Banach contraction principle, there exists
a unique element p € Q such that p = Po(yf+ (I —D))p.

Step 2. We prove that {x, } is bounded.

Since p € Q, we have S;p = {p}, p = ¢ p,and Tp = anTp for all i € N*. From (3.1), we
have

20— plI> = W — pII* = 240 (Twy — Tp,Je(I — Qp YTwn) + AL | T*Je(I — Q5 YTwal*. (3.3)

From (2.1), we see that (anTwn —Tp,Je(Tw, — anTwn» >0, Tp € B1(0). Hence, we
obtain

(Twn —Tp,Je(I— Qy ) Twn)
=[e(I — Q8 YTwal|* + (Q8 Twy—Tp,Jg(I— Q8 )Twy)
>\ e (I — QF Y Twy|*. (3.4)

By (3.3), (3.4), and condition (C3), we have
120 = pII* <lwa = pII> =22 |[TE (I = Q5 ) Twal|* + AL | T*Te (I — Qf ) Twal®

2 2
_ a2 gn(wn) 2 gn(wn)
2
2 g,,(Wn)
<|jw, —p||* — T"(4_T”)Fn(wn)+Gn(wn) (3.5)
<||wn — p|*. (3.6)

From (3.1) and (3.6), we have

lun — plI* =175,z — T4, pII
<|lza — P 3.7)
<|lwn — p|I*. (3.8)

By (3.1), Lemma 2.8, and condition (C}), we have

n n
(A _P||2 SSnDH”n _PHZ + Z On,il|Vn,i _P”2 - Z 5n,05n,i||vn,i - ”n”2
i=1 i=1

<6nOHun p||2+26an S”na zp Z6n05nt||vnl MnH2
§5n70‘|un_p||2+Z5n7i(Hun_p||2+kid(un,siun)2)_Zémosn,i”vn,i_unHz
i=1 i=1

n n
<8nolltn =PI+ Y 8uillltn — pII> + kllttn — v ill*) = Y, 80.08n.illvii — un]®
i=1 i=1

n
=[lun—plI* = Y. 80,i(80.0 — k)| vni — un|* (3.9)
=1

<[Jun — p||*. (3.10)
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It follows from (3.1) that

0
1wn = Pl <lbn = pll 4 6l —xn—1[| = 120 = Pl + 0= 00 =1 |

n

By Remark 3.3, lim;,_o g—: X0 —Xxn—1]| = 0, it follows that there exists a constant M} > 0 such
that

6,
oy 1| < M

n

for all n > 2. Hence, we obtain ||w, — p|| < ||x, — p|| + oM}, which together with By (3.1),
(3.8), and (3.10) yields

o1 = pll 0l 77 (50) — Dpll + (1= € 7) s — p|
<01 (50) = 71 () |+ ll 7 (p) = Dpll + (1 = @) — |
<0u7pllxa — I+ |77 (p) = Dpl|+ (1 = ) (= pll + oM7)
-D 1— ),
1) =Dpll (1=
Y=rp Y=7p

=(1 =0 (y—P))llxn — pl| + 0t (Y —yP
<(1—=au(¥—7P))|IXn — Pl + 0u(¥— vP) M3,

where
D o,y
s s p{IWf( p) —Dp| (_ 7)
n>2 Y—7P Y—7P

Set a, = ||x, — pl|, bw = (Y—vp)M5, ¢, =0, and 6, = 0, (Y—yp). By Lemma 2.11, we have
that {||x, — p||} is bounded. Hence, {x,} is bounded. Additionally, {w,}, {z,}, {un}, and {y,}
are all bounded.

Step 3. We prove that sequence {x, } converges strongly to p.

Using (3.1) and Lemma 2.7, we have

M;}.

X1 = pII* <(1=e¥)?|yn — pII* + 20 (¥f (X4) — Dp,Xns1 — p)
=(1=a?)*|lyn — PII* + 2007 (f (xn) — £(P), Xn41—P)

+20,(Yf(p) = Dp,Xns1— P), (3.11)
and
[wa — P> =xn — P+ 6n(xn — x0—1) ||
:||xn_P||2+Gr%Hxn_xnlez*'ZQn(xn_Paxn—xn—1>
< = pII* + Onlln — X1 | (B0 — xa—1 | + 2[10 — )
§||xn—p||2+3M§6n||xn—xn_1||
0,
=lxn — plI* +3M5 0t =[x, — x4 1], (3.12)
Oy
where

M5 = sup{|lxu — ||, Onl[xn — Xp—1][}-
n>2
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Combining (3.5), (3.7), (3.9), (3.11), and (3.12) we obtain

xas1 — P

<(1- an7>2<uun—pr|2—ian,i<6n,o—k)\rvn,i—unu%
2007 () — F(P) s 1 — P) + 200 (7 (p) — Dprnss — )
< (1= P (za—plI* - ién,iwn,o—k>uvn,f—unn2>

+ 20, yP %0 — pl|[|xns1 — Pl +206:(Yf(P) — DP,Xn11 — p)

g%(wn)
Fn(Wn) + Gn(”’n)

< (1= 0 ?)*(wn = plI* = a4 — 1)

_25}11 n,0 — anz_unH )

+ 0¥ ([ — pII* + xn1 = pII) +200(¥f (P) — Dp,xns1 — p)

_ . _ 6
<(1- an7)2||xn —p||2+3M3(1 - O‘n'}’)zana_nnxn — Xn—1|

n

+ 0¥ ([0 = pII* + [lxar1 — %)

2 n
1y )2 _ gn(Wn) 1y 2 , _ 2
(1= 07— 8 B R s = (1= ) 18180 = )= v

+204,(Yf(p) — Dp,Xns1—p)-

Therefore,
-
< 0TI, e g UG Oy
— o yp I—oyp o
- %TM - T”)Fn(wf)niwg)n(wn) - (1 - Z;f))z ; (B0 = Blltn = v
T (0 (p) = Dpsi =)
S
+3M3%—n M
"y 17p I P) = Dprxne1 = p >)_% ”(4_T")Fn(wf§(+wg?)n(wn)

(1- P ¢ 2
- 5n,i(6n,0_k)||un_v"ai|’ ’
T &
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where M* = sup,,~,{|x, — p||*}. From conditions (C;)-(C3), we obtain

2 20,,(7—7pP) ) 20,,(7—17pP) (O‘rﬁ_/)z %
Xpi1—pl” (1 — ————)||xp — p||” + — M
e =Pl <0 =520l T (Zan(y—yp)
L(1—a,7)% 6, 1
+3M; ————|lxp —xu—1 | + =———=(¥f(p) = Dp,Xps1—p)) (3.13)
3 2(,)/_,}/1)) (XnH 1” 7—yp <y ( ) +1 >)
and
(1— an7)2 g,%(wn) (1— an7)2 2
— T, 4 — ” .,i\On,0 — n— Vn,i
1 — o, yp l T)Fn(wn)+Gn(Wn) 1—a,yp Gl
(1_051177)2 gz(Wn) (l_an'}_’)z - 2
<—1,(4—7, L 6n16n —k)||up —vn,i
- l—OCn'}/p b ( £ )Fn(Wn)+Gn(Wn) 1_05an lzzl 7 ( 9 )Hu " ||
206,,(7—vp) ) 2, 20(7—vp), (own?)? x
<(1 ————)xn—pII* = l|xns1 — p|I + ~ M
( 1—a,yp )l "= lbsner = 1 —oyp (206n(Y—YP)
pag D0y L ()~ Dpoven — ) G.14)
2y—yp) o Ty —yp e '

forall 1 <i<n.
Now we divide the rest of the proof into two cases.

Case 1. Let {||x, — p||} be monotonically decreasing. Then {||x, — p||} is convergent. Since
{xn} is bounded, by (3.14) and conditions (C;)-(C3), we get

2
. g,,(Wn)
1 =0. 3.15
e Fa(Wn) 4 Gn(wn) G1)

Since {wj,} is bounded, T is bounded linear, and Jgn and an are firmly nonexpansive, there
exists a constant ¢ > 0 such that F,(w,) < c and G,(w,,) < c. Thus, from (3.15), we have

2 2
gn(wn) gn(wﬂ)
0< < —0 (n— o
S SR Gy 0 )
which implies that
. .1
Jim g, (wn) = lim Z{|/k(7 - Q5 ) Twy||*> =0. (3.16)

Similarly, from conditions (C;)-(C3) and (3.14), we obtain
n
’}grgo; Sn.il[Vni — || =0 (3.17)

and

lim |[v; — ua|| =0 (i € N¥). (3.18)
n—soo
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It follows from (3.1), (3.15), (3.17), and Remark 3.3 that

HZn_WnH
=[|A.T*Je(I = QF ) Twi|
gn(Wn) * B
=1 T*Jz(I — OB \Tw
gn(wn) * B
T Je(I— O, ) Twa||
T (= Gy TwnlP + 10— T2 - /EE On) T
gn(wn) B
T*Jp(I = QF ) Twal> + [ (1 =5 Ywal)?
=GB Tt A=Y T "
gn(wn)
W*JEI OF ) Twal P>+ | (1 =Ty Jwal
—1, gn(Wn) 50 asn— oo, (3.19)
VEn(Wn) + Gu(wy)
n
r}grolouyn_unu :r}grolo; 5n,iHVn,i_unH =0, (3.20)
and
lim ||w,, —x,|| = lim 6,||x, —x,—1|| =0. (3.21)
n—oo n—oo

Since Jgn is firmly nonexpansive, from (3.1) and Lemma 2.7, we obtain

|24 _P||2 :||J$n(wn — AT JE(I - Qg,,)TWn) —J$np||2
<(Jy, (Wn— X T* T (I — Q8 YTwy) = T p,Wn — AT T (I — Qf Y Twy — p)
=(un — p,wn — M T*Je(I — OF ) Twy — p)
n
1 *
:E{””n —p||2+ [wn — 2 T*JE (I — an)TWn —p||2
— |1t = Wi+ AT T (I = Q) Tw| |}
1 *
=5{||un—p||2+ [wn =PI+ 12T *JE (I — Q5 ) Twal|?
—2(wn = p, M T Tg (I = Q3 VTW) — ||ty — wil|* = |4 T* T (I — Q) T
— 2{up — W, W T* T (I = Qp ) Twy)}
1
SE{Hun—szﬂ\wn—sz— 1t = wal1* + 2l un = p|| AT "I (I = OF )T w3,
which implies that

it — pII* <[wa = pI* — llitn = wal|* + 2|t — pIl| AT T (I — O, ) Tw]. (3.22)
n
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Combining (3.1), (3.10), (3.12), and (3.22), we arrive at
s — 2
=10 (¥ (%) = Dp) + (I = D) (v — p)II?
<(1 =) lun — plI> + o |7 (xn) = DplI> +204(1 = D) |7 (xa) = Dp|l 30 — P
<(1 =0 ?)*(Iwn = PII* = llitn = wal|* + 2t — p | 4T T (I — Q5 ) Twal)
+ 05|17/ (%) = Dp|* + 206 (1 = ) || 7 (xa) = Dpl| |y — pll

_ 0
<(1- (XHY)Z(Hxn —p||2 +3M§k0‘na_n||xn = X1 || = [[un _WnH2
n

+2ljun = pll[| AT JE (I = OF VT wall) + 07| 7/ (%) — Dp|?
+ 20, (1 = 0 7)[|7f (xn) = Dp|[[lyn — pl- (3.23)
Then from (3.19), (3.23), condition (C;) and Remark 3.3, we have

(1—- O‘n?_’)ZH”n _Wn||2

_ _ 7]
<(1- an7)2||xn _PH2 - ||xn+1 —p||2 + (1 - an}’)zg’M;an;onn —Xn+1 ||

+2(1- O‘nf/)zH”n =Pl AT I (I - an)TWnH + O‘r%”?’f(xn) _DP”2
+205(1 = 0 7)Y/ (xa) = Dp|[[lyn = pl|

_ _ 7]
=(1- OCnY)ZHXn _PH2 - ||xn+1 —p||2 + (1 - an}’)23M§an an ||xn —Xn+1 ||
n

+2(1 = 0, 7)[lun — pllllzn — wall + 07| 7/ () — Dpl|?
+20, (1 — 0, 7) || 7f (x2) — Dpl[|lyn — pll = 0, as n — .
Therefore, lim,,_,c ||u, — wy|| = 0. Also, from (3.20) and (3.21), we have
190 = %n]l = 0, [[tn — Xu| = O, [[yn—wal = 0, asn — oo. (3.24)
By (3.24) and condition (C;) , we obtain

%01 = Xul| =106 (Y (xn) = Dxn) + (I = 0aD) (yn — Xn) |
<oy ||vf(xn) — Dxnl| + (1 — 0, %) ||yn — x| = 0, asn — oo. (3.25)

Since {x,} is bounded, there exists a subsequence {x;, } such that x,, — x* and

limsup(yf(p) — Dp,x» —p) = Jlgglﬂf(p) —Dp,xn; — p) =(¥f(p) —Dp,x" —p). (3.26)

n—yoo

It easily follows from (3.24) that w,; — x*, u,; — x*, yn;, — x*. Since I —§; (VieN¥)is

demiclosed at zero and u,,; — x*, from (3.18), we obtain x* € (2} Fix(S;). Since T is bounded

and linear, we get Twy; — Tx". From (3.16) we have an Twy,; — Tx*. Since Qﬁn. is the metric
J J

Je(I— anj YTwy

resolvent of B, then we have that 7 ! e BQ% Twy;. By the monotonicity of B, it
nj nj

follows that
Je(I— Q8 )Twy,
J

J B
— Twy.) >0
Mn; “ Qn"j Wnj) 2

{v—
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, Te(I— 08, Tw,
= (vu— anj Twnj> >— m ,anj Twy; — u)
nj
IJe(I = Op )Twy,||
> — : 105, Twa; —ull,
Tlnj ]

for all (u,v) € G(B). From (3.16), liminf; . 1,; > 0, and Qﬁnj Twy; — Tx*, one has (v—0,u—

Tx*) > 0. Since B is maximally monotone, we have that Tx* € B! (0), which concludes that
x* € T~1(B~'(0)). Observe that

A A A A
i, _J¢nj”"j” <lutn; _Ja)an"jH + HJ%jwnj _J¢nj””j”
A A
SH](Panﬂj _Jq)njwﬂjH + [ wn; — |
SHZVlj_anH_|'|"’an_unj|" (3'27)

By (3.19) and (3.27), we see that ||uy, —Jg Un;|| — 0 as j — oo. Again, we have
"j
A A A A
[[utn; _J¢an*|| <ot _J¢nj”"j|| + HJ%j”flj _J¢an*H

S|‘unj_‘]$

Il
"

|| + ||y, —x
J J

Hence, we have limsup;_,., ||, —JA x*|| < limsup;_,, ||un; — x*|. It follows from the Opial
property of the Hilbert space J¢ that Jg x* = x*. Therefore, x* € A~1(0), which implies that
x* € Q. On account of (3.2), (3.25), and (3 26), we obtain that

limsup {vf(p) = Dp.Xns1 = p) < fimsup {vf(p) = Dp.xn—p) _ {¥f(p) = Dp.x"—p)
n—reo Y—vp n—soo Y—=7pP Y—vp

<0.
(3.28)

Therefore, from (3.13), (3.28), condition (C;), Remark 3.3, and Lemma 2.10, one sees that {x, }
converges strongly to p.

Case 2. Let {||x, — p||} be not monotonically decreasing. Put I, = ||x, — p||* and suppose that
there exists a subsequence {I',} C {I',} such thatI';, < Ty 4 foralli e N*. Let y : N* — N* be
a mapping for all n > ng (for some ng large enough) by y(n) = max{k <n:T} <Tyi1}. Then
we have from Lemma 2.12 that I'y,) < Ty ,y41 and Iy < Ty 41, {W(n)} is a nondecreasing
sequence that y(n) — oo as n — oo. From (3.14), conditions (C3) and (C3), and Iy, ,) < Ty 415
we obtain

2
lim 8y (n) (Wyn))
1% Fy ) Wy () + Gy (m) Wy ()
Furthermore, similar to the proof of (3.16), (3.17), and (3.18) we see that

=0.

.1
M gy () (Wy () = Jim = [1Je (1= Qq, ) Twy(w|* =

n—oo

v
Tim ¥ Sy illvyen.i — il =0,
i=1
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and

. *
B [[vy .ty =0 (i€ N).

Due to T'y(n) < Ty(n)41, We also have limy e || Xy (n)41 — Xy(n) || = 0. According to I'y(,) <
I'y(n)+1, similar to the proof of Case 1, we obtain

1
— —Dp,x* —p) <0. 3.29
7 (vf(p) —Dp,x" —p) (3.29)

<

From (3.13), we have

Z%(n)(?—YP)F +2%()(T’—YP) (Oty(m)7)?

)Y *
Ly <(1— n - M
vt =0 e T T e By (- 7)
(1= Oty () 7)* By 1
+3M; — Xy(m) — X f Dp,Xyim+1—D))-
S ey ol s F(P) = PPty 1 )
(3.30)
Set
(al//(n)_)z (1_alp(n)’}7)29 (n)
Oyin) = - M* +3M; - —Xx
YO 200,00 (7 7P) S2(7—1p) Oy by =2yt
1
+W<?’f( P) —Dp,Xy(m)+1—P)- (3.31)
By Condition (C;), Remark 3.3, (3.29) and (3.31), we conclude that
2 \2
. : LY (L= @y ¥)” By
limsup oy,(,,) =limsu - M™ +limsup3M - Xy(n) —X
vkt Hmpm()(y—yp) M 0]y ]
+11f11_§up <Yf() Dp,Xy(n)+1 = D)
1
<— —Dp,x* —
_y_ypwf(p) p,x" —p)

<0.
Thus, from (3.30) and (3.31), we have
200 (n) (Y= 7P) 20ty (n) (7= 7P) 200, (7= 7P)
y(n) v(n) v(n)
- Dy =Ty =Ty + 2 Oy(m) S 7 Oy (n):
Ry (n) VP Xy () VP Ry () VP

which implies that I'y,) < Oy,). Since limsup,,_,., Oy, < 0, we obtain limy, e L'y, = 0.
From (3.29), (3.30), Remark 3.3, and Condition (C;), we have lim,,_,c an(n)+1 = (0, and then

limy ;0 I’y = 0 due to Iy < T’y 11, i-e. the sequence {x,} converges strongly to p. This com-
pletes the proof. ([l

Remark 3.4. Theorem 3.2 extends and develops [25, Theorem 3.2] from the following acpects:

(a) Inertia techniques are used in our proposed algorithm;

(b) A Hilbert space is extended to a Banach space;

(c) A finite family of multivalued demicontractive mappings is extended to an infinite family
of multivalued demicontractive mappings.
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4. NUMERICAL EXAMPLE

In this section, we present a numerical example to demonstrate the efficiency of our algo-
rithm.

Example 4.1. Let /# = R, E = R*. For V i € N*, we define the multivalued mapping S; : R —
CB(R) as follows:

2i 3i . .
[ H—lx H—l ] lf x <0
S,‘X =

[ l—?—llx l—%—ll ] ifx>0'

We also define a bounded linear operator T : R — R® by Tx := (2x,—5x,3x)”. For each i =
0,1,2,---, n>2, let

n 11—k _, 1 . .
L)ty e i
= n — . .
’ — )= 1<i<

0, if i>n.

Let A : R — 2% be defined by

Alx) = {(ueR: P +xz—2x> (z—x)u, Vz€[-9,3]}, if x€[-9,3],
] 0, otherwise.

Define a maximal monotone mapping B : R®> — 2R by B := dg, where g : R*> — R is a function
defined by g(x) = %||Px||2, where
-6 1 5
b= ( 2 =7 8 ) ’

Define a strongly positive bounded linear operator D by Dx = x with a constant 7 = 1 and a

contraction f by flx)= éx with p = L. Furthermore, take y— 2 which satisfies 0 < y < 7 .Take

=3,& = n+1)2, O =n,= n+1’ T, = ﬂ’l, and a, = +1’ V' n > 2. Then the sequence {xn}

generated by Algorithm 3.1 converges strongly to 0.

Solution: From Example 2.3, for all i € N*, we know taht S; is a multivalued k; demicontractive

mapping with k; = ; 2+éi+% € (0,1). Thus k = supijen+ki = supicn- 912+§i+} 9 <l,and I—S;
is demiclosed at zero. By [20 Theorem 4.2], A is maximal monotone. The resolvents of A and B
can be written by Jqf)‘nx = 35,01 * and QB 7= (I+n,PTP)~'z, respectively, for all x € R and z € R>.
From the definition of 7', we can obtain T* = TT = (2, —5,3). Then, scheme 3.1 reduces to the

following form:

( Wp = Xp + Qn(xn_xnfl)y

n = Wn— %Fn(wi’)liw(’;Z(wn)_T*[l — (I+n,PTP)~"|Tw,,
1
U, = WZ}@, (4.1)
i i
= [1 = 155y (1 = 20)Jun + 150051y Limt 27Vmiis

1
| Xnt1 = Zopntn T PESBLE
for all n > 2, where

1 -
gn(wn) = [T = (I + 0P P)~)Twa |,
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Gulw) = |IT*(1 — (I+m,P"P) ) T |,
Wn 2
F = _—_—
n(Wn) Hwn 3¢n_|_1’|

and

3i .
H_ll Up, if un <0,

Vi =
—irilUn, n .

Hence, from Theorem 3.2, the sequence {x, } generated by (4.1) converges strongly to 0.

We choose different initials to demonstrates the efficiency of our algorithm.

The value of Xn
The value of Xn
IS

0.5

1 1 1 1 1 R 1 1 1 1 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Iteration number (n) Iteration number (n)
(a) Initial values x; =2, xp = 1.5 (b) Initial values x; =9, xp =7

FIGURE 1. Numerical results for Example 4.1

TABLE 1. Computational results for Example 4.1

Xn Xn

T
n=1 2 9

n=2 1.5 7

n=3 0.007867 0.072633
n=4 0.006303 -0.002082
n=>5 -0.006643 -0.002082
n==6 0.006752 0.006173
n=17 -0.006650 -0.006657
n=238 0.007012 0.006907
n=9 -0.006828 0.007094
n=10 0.007237 -0.006964
n=11 -0.007070 0.007349
n=12 0.007442 -0.007158
n=13 -0.007232 0.007520
n=14 0.007586 -0.007294
n=15 0.007520 0.007642
n=16 0.007691 -0.007393
n=17 -0.007434 0.007734
n=18 0.007772 -0.007470
n=19 -0.007502 0.007806
n=20 0.007836 -0.007530
n=21 -0.007555 0.007863

Thus, we can obtain that the sequence {x, } which is generated by (4.1) converges to 0 € Q =
{0}. And we can see both Figure 1 and Table 1 that the {x,} converges to 0. Therefore, the
iterative algorithm of Theorem 3.2 is well defined and efficient.

Funding
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