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Abstract. In this paper, by coupling the modified extra-gradient method with the Mann iteration method, we solve
variational inequalities and the fixed point problems of pseudo-contractive mappings without Lipschitz assump-
tions. Weak and strong convergence theorems are established.
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1. INTRODUCTION

Finding a point u* € ¢ such that
(u u—u") >0, Vuee, (1.1)

where % is a nonempty, convex, and closed subset of a Hilbert space ¢ and o/ : ¢ —
is a nonlinear mapping, this problem is called the variational inequality problem VIP(% <)
(the solutions of this problem is also represented by this symbol) [13], which was introduced
by Stampacchia and further studied by numerous scholars; see, e.g., [2, 5, 6, 9, 12] and the
references therein. For solving the VIP(%,.</) (1.1), a practical and effective approach is using
the projection

u' =Py U —AAu"), Yu* € VIP(€,/),YA > 0. (1.2)

This equivalent formulation of the VIP(%', <) plays a pivotal role in structuring various itera-
tive algorithms to solve the VIP(%,.</) and related optimization problems; see, e.g., [1, 3, 8]
and the references therein. Korpelevich [7] suggested the following iterative algorithm to solve
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the VIP(¥¢,47) (1.1), the extra-gradient method in R”,

vk = P (e — A ),
U1 = Py (e —Avy), k>1,

where % is a nonempty, convex, and closed subset of R" and ./ is a monotone, Lipschitz
continuous mapping of % into R".

Nadezhkina and Takahashi [11] introduced the Mann type extra-gradient method in a Hilbert
space ¢,

(1.3)
U1 = Oty + (1 — ) T Py (w — e vi),  k>1,

where .7 : € — % is a nonexpansive mapping and & : ¥ — ¢ is a monotone, Lipschitz
continuous mapping. They proved that the sequence {x;} generated by (1.3) converges weakly
to a point of Fix(.7)NVIP(%,<7). Subsequently, Yao, Liou, and Yang [15] suggested a new
algorithm which coupled the modified extra-gradient method withthe Mann iteration to solve
VIP(%, /) (1.1) and the fixed point problem in Hilbert space %

Vi = P (g — Ml uye)
Wk:@cg((l—(xk)(vk—lk%vk)), (1.4)
w1 = Pug+(1—=B)Twy, k>1,

{ Vi = P (ux — el uy,)

where 7 is an a-inverse strongly monotone mapping, and .7 is a nonexpansive mapping.
Strong convergence was obtained.

Motivated by iterative algorithms (1.2), (1.3), and (1.4), we in this paper extend these re-
sults from nonexpansive mappings to pseudo-contractive mapping incursion in non-Lipschitz
assumption and propose two iterative algorithms to solve VIP(%,/) (1.1) and fixed point
problem, weak and strong convergence of the suggested algorithms are estimated.

In this paper, by coupling the modified extra-gradient method with the Mann iteration method,
we solve variational inequalities and the fixed point problems of pseudo-contractive mappings
without Lipschitz assumptions. Weak and strong convergence theorems are established.

2. PRELIMINARIES

The inner product and norm in Hilbert space .7 are expressed as (-,-) and || - ||, respectively.
The set Fix(.7) = {u € 7 : T u = u} means the set of fixed points of the nonlinear mapping
. For any u € S, the projector P4 (), from s onto ¢, is defined as

lu— Pou|| = min{|ju—v||:veE€}.

From the relation between inner product and norm in Hilbert spaces, we summarize the prop-
erties of projections as follows.

Proposition 2.1. Givenu € 5 andw € €.

(1)w=Pgu< (u—w,v—w) <0forallves.

2)w=Pous lu—wl> < |lu—v|>—|v—w|?forallve?.

(3) (w—v, Pgu— Pgv) > || Pgu— Pgv|? for all v € A, which hence implies that Py is
nonexpansive.
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A nonlinear mapping 7 : ¢ — ¢ is said to be
(1) L-Lipschitzian if there exists L > 0 such that

| Tu—Tv|| <L|u—vl|, Yu,v e 2,

If L=1, we call .7 nonexpansive.
(2) monotone if

(u—v,Tu—Tv) >0, Yu,v € I,
(3) B-strongly monotone with 8 > 0 if
(u—v, Tu—Tv) > Bllu—v|? Yu,v € #;
(4) p-inverse strongly monotone with g > 0 if
(w—v,Tu—TV) > || Tu—Tv|?, Yu,v e .
(5) pseudo-contractive if
(u—v, Tu—Tv) < ||lu—v|?, Yu,v € €.

From the definition of pseudo-contractive mapping .7, one has the following proposition
[4]: (Tv—v, Tv—u*) < ||Tv—v|?, Y(u,u*) € H# x Fix(7). To avoid the L-Lipschitzian
property, the following assumption is needed in this paper

(Tv—v,Tv—u") <0, V(u,u*) € A xFix(T). (2.1)

Lemma 2.2. [16] Let 7 be a real Hilbert space, and let € a convex and closed subset of .
Let  : € — € be a continuous pseudo-contractive mapping. Then

(1) Fix(7) is a closed convex subset of €,

(2) (I — 7) is demiclosed at zero.

Lemma 2.3. [14] Let {a;} be a nonnegative real sequence satisfying the relation
agy1 < (1= W)ag + or, k>0,

where {Y.} C (0,1) and {o}} are such that

(]) ZZOZO }/k = oo o
(2) either limsup;_,., 7: <0orYy ookl <ee.
Then {a;} converges to zero.

Lemma 2.4. [10] Let {#;} be a real sequence. Suppose that there exists at least a subsequence
{tx,} of {tx} such that ty, <1, for all i > 0. For every k > Ny, one defines an {c(k)} as

o(k) =max{i <k:f, <tp41}.
Then 6 (k) — oo as k — oo and for all k > No, max{ts )tk } < to(k)+1-

The set of solutions of variational inequality and fixed point problems are denoted by . =
Fix(T)NVIP(€, ) # 0.

Next, we present the weak and strong convergence of the proposed algorithms in the follow-
ing two sections, respectively.
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3. WEAK CONVERGENCE ANALYSIS

In this section, we introduce our first algorithm to solve the variational inequality and fixed
point problems and analyze its weak convergence.

Theorem 3.1. Let € be a nonempty convex, and closed subset of a real Hilbert space . Let
A € — A be a U-inverse strongly monotone mapping, and let 7 be a continuous pseudo-
contractive mapping without Lipschitz assumption from € to itself. For u; € € arbitrarily,
define a sequence {uy }

{ vk = P (ug — oyl uy,) 3.1

wir1 = (1= B)ve+ B Tve, k>1,

where {Bi} is a sequence in (0,1) satisfying infy Bi.(1 — Br) > 0 and {0y} is a sequence in
(0,2u). Then {uy} yielded by (3.1) converges weakly to u, a point belongs to ..

Proof. Taking u* € ., we have u* € VIP(%¢,<7). We obtain u* = P4 (u* — aAu*) from (1.2)
for all o > 0. From the definition of <7, the definition of {0y}, and the nonexpansivity of
projector Y4, we find

Ivie— 1> < || (1 = o Y — (1 — 0oy u” ||
=l — u*||> — 200 (ug — u*, Ay — A u*) + o || o uy — ||

*112 *112 (32)
<Jux — u™[|” — o4 (20 — 04) | e — A u”||

<foag —u|.

Thus, the nonexpansivity of I — o7 is given by (3.2). By (2.1), (3.1), and condition infy, B (1 —
Br) > 0, we have

a1 — || =(1 = B lve — u*[|* + Be |- T vie — || — Be(1 = Be) lve — T v
=(1 = B)||vi — u*||* + Bx (T vk — vie, Tvg —u*)

+ B vk —u, Tvg—u*) — Be(1 = Be) [[ve — Twxl)? (3.3)
<|lvk—u*||* = Be(1 = Bi) vk — Twie)?
<|jvg — u* ).

From (3.2), we attain ||ug;1 — u*|| < ||ux — u*||. Therefore, {uy} is bounded, so is {v;}. Back-
tracking to (3.2) and (3.3), we deduce

e (2p — o) | g — /P + Be(1 = Be) vk — Tvell> < lluge — u*||* = gy — ||
By the restrictions, we have

lim || u; — /u*|| = lim ||vy — T vi|| = 0. (3.4)
n—soo n—soo
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By Proposition 2.1(3), we conclude from (3.1) that

v —u|?
<((ux — o) — (" — oI u*) vy —u™)
1 * * * *
=5 (It = o) = (" = )|+ [l = | = = vi) = (g — 7))
1 *|12 *112 N
=5 oty — (|7 + [lvie — || = || (e — vie) — o (A wy — /™) |
1 * * *
§§(|\uk—u 12 + llvie = (1> = [loage = viel|* + 200] e — vl ||/ e — 7 u|])

which turns out to be
vie—u|* < [l — || = ot = viell > + 200 — viel| | s — o/ u* |,
Again, from (3.3), we attain
letgeer — 2|1 < v =P < Jluge =012 — g — vie|1* + 2ouel e — ||| Aue — Au”]|.

Therefore,

e = viell® < oo = 0117 = Nty 1 =01+ el e = v |7 g — 7.

From (3.4), we obtain that

lim ||ug — vi|| = 0. (3.5)
k—yoo

Thus, we can choose a subsequence {vi, } of {vi} converges weakly to u for the boundedness
of {v¢}. By (3.4) and Lemma 2.2, we achieve u € Fix(7).

On the other hand, define Zx = A X+ Ngx, x€C;
0) X §é % .

Putting (x,y) € G(% ), we obtain (x — v,y — /x) > 0 for y — @/x € Nyx and v, € €. Also
from v; € €, we have

Then % is maximal monotone.

(x — v, vk — (g — o wi)) > 0,
that is, <x—vk, % +42%uk> > 0. So,

(X =i, y) > (x — vy, Fx)

Vi, — U,
Z(x—vki,,;z/x)—<x—vki, kl(x k’+%uki>
ki

:<X—Vki,$27x—%vki> + <x_vkiaﬂvk,- _duk) N <X—Vk,-7 H _Mki>

Vi, — U
> (X — vy, A vy, — L uy,) — <X—Vk,-7 lOCk ’>.

i

From (3.5), we reach (x —u,y) > 0. Since % is maximal monotone, we obtain u € % ~'(0) and
then u € VIP(%¢,</). Thus, we have u € .. This completes the proof. O
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4. STRONG CONVERGENCE ANALYSIS
We now modify algorithm (3.1) to obtain the strong convergence result.

Theorem 4.1. Let € be a nonempty, convex, and closed subset of a real Hilbert space 7. Let
A € — JH be a U-inverse strongly monotone mapping, and let 7 be a pseudo-contractive
mapping without the Lipschitz assumption from € to itself. For uy € € arbitrarily, define a
sequence {uy }

vk = P (g — Ve u)

wi = P (1= 6) (v — WP vk)) (4.1)

wepr = (1 =M)we+meTwe, k> 1,

where { Y}, {0}, and {my} are three sequences in (0, 1) satisfying infy Ny (1 —1n;) > 0, inf % (1 —
Ok) >0, Y5 o0 = oo, and limy_,0. 6 = 0, {%} is a sequence in (0,2). Then {uy} defined by
(4.1) converges strongly to & #(0).

Proof. Fixing u* € .7, one has u* € VIP(¢, <), and then u* = P4 (u* — y</u*) from (1.2) for
all y > 0. From (4.1), the definition of {};} and the nonexpansivity of ¢, proven in Theorem
3.1, we find

v —u*|1? < oo — " [|* = w2t = )| e — o |[* < [foug — " || (4.2)
Specially, choosing ¥ = ¥(1 — &), we have
uw' =P (W — (1= 8)du*) = Py (u* + (1 —6)(u* —pdu*)), k> 1.
Since both projector Z and I — .2/ are nonexpansive, we attain
Iwe — w12 < [1(1 = 8e) (v — e vi) — (8t + (1 = &) (u” — e/ ")) ||*
<8l |2+ (1= 8| (I = ped Yvi— (I = e " ||
<8l (2 + (1 = 8¢) v —u*|>
<8l [P+ (1= 8 flug — u||.
By (2.1) and (4.1), we have

4.3)

Huk+1 - “*HZ
= (1 =) lwe — u* |I* + mel| Twi — u*||* = e (1 —me) [ wie — T ||
:(1—nk)Hwk—u*]\2+nk(9wk—wk,9wk—u*) 4.4)

*||2 *HZ
+ M (Wi — ', Twe—u*) = (1= 1) [wie — Twi|?
< fwie—u*[1* = (1= 1) Wi — T we ||
From (4.3) and condition infy 0 (1 — 1g) > 0, we attain
gy 1 = |* <[lwge = 2> < Gllae[|> + (1 = 8) [l — (1 < max {J[ac” (|2, [Joey — o[} .

Therefore, {u;} is bounded, so are {v;} and {w;}. Backtracking to (4.2), (4.3) and (4.4), we
deduce

loage 1 — (1> < Sellad (> 4 (1= &) [l — u*[|* = (1 = 8) e (2 — ) || /e — 7 w*|)?
— (1= 10) e — Twi*.
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Thus,
(1= 8) (20 — W) | g — 7|+ (1= M) [ wie = T wie||?
< o= [P = g1 — ||+ S|

Next, the monotonicity analysis of the sequence {||uy —u*||} is given below.

Case 1. One assumes that there is a positive integer m that makes {||ux —u*||} monotonically
decreasing for all k > m. Thus, the existence of the limit of sequence { ||ux — u*|| } is confirmed.
So

lim ||« u; — /u*|| = lim ||wg — Twy|| = 0. 4.5)
k—roo k—roo

As proven in Theorem 3.1, by Proposition 2.1(3), we conclude from (4.1) that
1
lve —u*|* < 5 (e —u* |7+ (i — 01> = oo = vl + 2%l ek — vl |7 e — 7w

and

lwie — || <((1 = &) (v — W vie) — (" — Yo ™), wy — ut*)
:% (H(Vk— Ve Vi) — (" — Yl u*) = Se(vic = Ve Vi) |* + || wic — >
— [k = wedvie) = (" = peu*) — (W —u") — 3k(1—}’k427)vk||2>
<3 (10— e ve) — (" — el P it + g — |
— k= w) = (v = ') = 8l = % )

1
<5 (Ivie = u*|1> + St + [lwie — u*||> = |[vie— wil >
+ 2%lvie — willl| o vie — @ || + 28] [vic = wie || (1 = ne? i)
where .# > 0 is a bounded number. It follows that
[vie—u*[[> < e — 0|* = otz = viel|* + 2%l ge — viel|[| 27 e — 7",
and
[lwie — > <lvie — e ||* + &M — |[vic — wie|?
+ 2% vk — w ||| 97 vie — 2w || + 28 [|vi — wi[|[[(T — el )i
et — 0[P =l = viel > = 1vie = wiell* 4+ 29l — vi || 7 e — 0" |
+ &M + 2% ||vie — wil || F vie — U + 28| vie — wi[ | (1 — we ) vie-
Backtracking to (4.4), we deduce
lotges = 061> <[loage = 61> = e = viell® = [[ve — will® + 2l ek = v ||| 7wy, — 7"
+ &M + 2% ||vie — wil || 7 vie — U™ || + 28| vie — wi|[[| (1 — e v |-
Therefore,
e = viell >+ [[vie = wil >
< ot — |1 = ltger 1 = (> + 2% s = vi| || 7 i — 7w |
+ &M + 2| [vic — wil| || vie — || + 28 ||vie — wie[|[| (1 — e Jvie| -
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From the restrictions, we confirm
lim ||uk—vk|| = lim ||vk—wk|| =0. (46)
k—>oc0 k—ro0

Thus, we can choose a subsequence {wy, } of {wy} converges weakly to w for the boundedness
of {w¢}. By (4.5) and Lemma 2.2, we observe that w € Fix(.7).

x4+ Ngx, x€C;
0, X¢E.
Putting (x,y) € G(7'), we obtain that (x —wy,y —.e/x) > 0 for y — o/ x € Nyx and wy € €. From
wy € €, we also have

On the other hand, we define a maximally monotone operator ¥ x = {

(x—wi,wr — (1 = &) (v — %)) > 0,

that is,
— 0,
<x—wk, Wk~ Tk +£7vk+—k(vk—yk;z%vk)> > 0.
Ye Ye
So,
<X_Wk,'7y>
Z(X—Wki,%x>

Wi — Vi,

Ok,
Z(X—Wki,JZ/X>—<X—Wki, +JZ/Vk,-+y—k’(Vk,-—7k,-»‘Z{Vki)>
ki

Ye;
— v O
= (X — Wy, X — W) + (X — W, A Wi, — A vy,) — <x_Wki7%+y_:l(Vki —YkiﬁVki)>

Wi Vi 5k,-

> <x_Wki7°Q{Wki _dvkl') - <X_Wki7%+,y_(vki _Ykidvkz)>'

From (4.6), we gain (x —w,y) > 0. Since ¥ is maximal monotone, we obtain w € #» ~1(0) and
then w € VIP(¢,.</). Thus w € . and

limsup (#.5(0), 25 (0) —wi)

k—yoo
= liri sup (2.7 (0), Z.7(0) —wi)
=(Z27(0), Z5(0) —w) <0.
Finally, by the nonexpansivity of I — .47, one sees that
Iwe = 2.2(0)|?

= 2¢((1 = 8) vk — i) = P (8P 7 (0) + (1= 8§)(P#(0) — e Z.7(0)))|I
& (=Z7(0)) + (1= &) (i = i) = (P7(0) = 1 P 5(0))) ;Wi — Z.7(0))
<8(Z.7(0), Z5(0) —wi) + (1 = &) [[ve = P (0) [ [wi = 2.7 (0) |

1-9
<8(P7(0), P7(0) ~wi) + —~
which together with (4.4) results that

g1 = P (0)]]* < (1= &) |k — P 5 (0)[]* +28(2.5(0), Z.5(0) — w). (4.7)

Since inequality (4.7) satisfies the requirements of Lemma 2.3, we can deduce that {u,} con-
verges strongly to & »(0).

(Ive = 27 ) + [[we — 2. (0)|2),
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Case 2. One supposes that there is an integer n such that
lun = P70 < [luns1 = .7 (0)|

Setting 1, = {||un — Z~(0)]|}, by the assumption above, we confirm #, < #, ;. We now define
a sequence {0 (k)} by o(k) =max{l > 1:n<I<k,t; <t;11}, k >n. We see that {c(k)} is a
nondecreasing sequence satisfying limy_,., 0 (k) = o0 and Io(k) < lo(k)+1, k = n. As discussed in
Case 1, we derive that

I [lug ) = vl = M [[vo) —woll = lim [[weu — Twen | =0,

and every weak cluster point of sequence {wc(k)} is the solution of VIP(%,47). So, the set of
weak cluster points of the sequence {wq (i) } is a subset of .. Thus,

112nsup<¢@y , Z5(0)— wc(k)>§0.
—>00

By t5(x) < f5(k)+1 and (4.7), we obtain
tow) < tow < (1= 8ow)igu +28P.7(0), Z.7(0) = wor). (4.8)

It turns out to be tg(k) < 2(Z5(0), Z5(0) = wg(r))- So, limsupy_,.t5) < 0, and hence
limy ootk olk) = 0. From (4.8), we conclude limsup,_,., g(k) < limsup;_,., Zy(k)? and hence

limy, et (k)41 = 0. By Lemma 2.4, we have 0 < #; < max{ts),5(k)41}- Therefore, {#;} con-
verges strongly to 0. That is, {u; } converges strongly to & (0 ) ThlS completes the proof. [

5. NUMERICAL EXAMPLE

In this section, we give a numerical example to illustrate the theoretical results.
Let 7 =R and € = [0,+o). Define a self-mapping function Ju = u — 1+ - for all
u € C. Clearly, Fix(7) = {0} and

1 1
<9u—9v,u—v>:< — V+1,u—v>
1 2
< - - _
= (1 (u—I—l)(v—I—l)) e =l
S |M—V|2,

so, .7 is a pseudo-contractive mapping. Furthermore, .7~ meets condition (2.1), that is,

u3

(u+1)

(Tu—u,Tu—0) < — 5 <0, Vue?.

Let Au = %u foralluec@. Letyy=op =1, & = %, and By = = % We rewrite (3.1) and
(4.1) as follows, respectively,

ve =P (3u ); 5.1)
U =Ve— 2+ L k> 1,

nvk+n » =
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and
vi = Pc (3ue)
Wi = gzc (%Vk) 5 (5.2)
Up+1 =Wk—%+m, k>1.

o, T, O, Brs Vi» O and My, satisfy the conditions in Theorem 3.1 and Theorem 4.1, respectively.
Since {uy} is defined by (5.1) and (5.2), respectively, from Theorem 3.1 and 4.1, we deduce that
{u;} converges strongly to 0. Taking u; = 8, the Figure 1 illustrates Theorem 3.1 and Theorem
4.1, respectively.

8 T T T 8 * T T T

—— niialvaue 8 x
7 8 7 .
6 6

n

sequence value u,
sequence value u

il : 1 i \\
0 S T T — 0 i B

0 5 10 15 20 0 5 10 15 20
Iteration steps Iteration steps

FIGURE 1. The weak (blue) and strong (red) convergence of {u;} with initial
value 8, respectively.

Now, let us see the theoretical result in R? by Figure 2.

20
—#— initial value (20,19,11) 18}

16

T T
First component 20

—+— Second component 19 |4
—=&— Third component 11

)

141

o2 ud
Uy

121

10\

sequence value un(u

o N & o0 o
T T T T

o

Iteration steps

FIGURE 2. The strong convergence of {u} with initial value (20,19,11).
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