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Abstract. In this paper, we propose a new modified inertial simultaneous algorithm of common fixed point prob-
lems for a finite family of demicontractive mappings and obtain some strong convergence results in real Hilbert
spaces. Meanwhile, we also give a numerical example to demonstrate the efficiency of our proposed algorithm.
Our results improve and extend some corresponding known results.
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1. INTRODUCTION

In the study of the real problems in physics and control theory, the strong convergence plays
a more important role, compared with the weak convergence. Thus, in order to obtain the strong
convergence, numerous scholars justifiably devised a variety of iterative algorithms including
the Mann algorithm; see, e.g., [2, 3, 8]. Moreover, it is known that the convergence rate of
the Mann algorithm is slow. Recently, spotlight sheds on various fast algorithms, which are
significant from the viewpoint of real applications; see, e.g., [1, 5, 15] and the references therein.
In 1964, Polyak [13] first proposed an inertial type extrapolation as an acceleration process.
Since then, based on inertial extrapolation techniques, authors have introduced various new
iterative algorithms and obtained valuable results, such as, inertial forward-backward splitting
algorithms [9], inertial Mann algorithms [10], and inertial extragradient algorithms [4].

In 2008, Mainge [10] introduced the following inertial Mann algorithm with the aid of the
inertial extrapolation

{ Wn:xn+6n(xn_xn*1)= (1.1)

Xpt1 = PuWn + (1 - ¢n)T(Wn)=
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where T is a nonexpansive mapping (see below), and {5, } and {¢, } are two real sequences. He
proved that the iterative sequence {x,} defined by (1.1) converges weakly to a fixed point of T
under some mild assumptions in Hilbert spaces.

Recently, Tan, Zhou and Li [14] presented a modified inertial Mann algorithm:

Wn :xn+5n(xn _xn—l)a
Yn = Ouwn+ (1= 0)T (wy), (1.2)
Xnt1 = v+ (1 =vy)yn,

where T is a nonexpansive mapping, and {J,} and {¢,} are two real sequences. They stated
that the iterative sequence {x,} defined by (1.2) converges strongly to p = Pr(ryu in Hilbert
spaces without the aid of compact assumptions.

In recent years, the following split common fixed point problem (SCFPP) has attracted wide
attention in the community of nonlinear optimization, which is to find

x* € N_ F(Ui) and Ax"™ € 0'_ F(T)), (1.3)

where p,s > 1 are integers, A: Hy — H» is a bounded linear operator, {U,-}f’:1 :H|y — H| and
{T;},_, : H» — H, are families of nonlinear operators, and F'(U;) and F(7;) stand for the sets
of all fixed points of U; and T}, respectively.

To solve the SCFPP, Tang, Peng and Liu [16] introduced the following simultaneous iterative
algorithm, which is also called the parallel iterative algorithm:

{ g = x+ YA* Y5 M(Tj — DAxg,
xer1 = (1= og)ug + o Y2 0iU;(uy),

where ¥ is some positive real number, {e} C (0,1), {@;}7_; C (0,1), and {nj}j‘:l C (0,1)
with Zf’: ;@ =1 and Zj’:] n; =1. They obtained the weak convergence of this algorithm and
solved the SCFPP (1.3) governed by demicontractive mappings U;(1 <i< p)and 7;(1 < j <s).

Inspired and motivated by the above works, we introduce a new modified inertial simultane-
ous algorithm for a finite family of demicontractive mappings by using viscosity approximation
in Hilbert spaces. In addition, under suitable conditions, we prove some strong convergence
results. Finally, we give a numerical example to demonstrate the efficiency of our proposed
algorithm.

2. PRELIMINARIES

Throughout this paper, let R be the set of real numbers, and let H be a real Hilbert space with
inner product (-,-) and norm ||-||. Let C be a closed, convex, and nonempty subset of H. We
denote the weak and strong convergence of a sequence {x,} to a point x € H by x,, — x and
Xn — X, respectively. From now on, F(S) denotes the fixed-point set of a mapping S.

Recall that the metric (or nearest point) projection Pc from H onto C is defined as follows.
For any given x € H, there exists a unique vector in C, Pcx such that Pex := argminycc [|x —y||.
It is well-known [19] that P is a nonexpansive mapping and is characterized by

Pex € C,{(x— Pcx,y—Pcx) <0,Vy e C.
For each x,y € H, we also have some following known facts
(ar) [ +yI> < IIxlf> +2 (px+3);
(a2) [ltx+ (L =0)yl|* = e]lx]* + (1= 1) |y|> =1 (1 =) [lx = y[|*, ¥V £ € R.
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Definition 2.1. Let C be a nonempty, convex, and closed subset of a real Hilbert space H. A
mapping S : C — C is said to be
(i) contractive if there exists & € (0, 1) such that

[Sx =Syl < etfx—yl[, Vx,y € C
(i1) nonexpansive if
1S = Syl| < lx=yl[, Vx,y € C;
(iii) quasi-nonexpansive if F(S) # 0 and
1Sx =gl < lx—qll, ¥ (x,q) € CX F(S);
(iv) firmly nonexpansive if
2 2 2
182 = Syll” < [lx =y[I* = [[(1 = S)x— (I = S)y[|*, Vx,y € C;
(v) directed if
I1Sx = q[I* < [le—ql|* = [lx = Sx]*, ¥ (x,q) € Cx F(S);
(vi) u-demicontractive if F(S) # @ and there exists a constant {t € (—oo, 1) such that
2 2 2
15— g||” < [lx —¢|" + pellx = Sx[|7, ¥ (x,9) € C x F(S).
Remark 2.2. [17] Note that every O-demicontractive mapping is exactly quasi-nonexpansive.
In particular, if g < 0, then every u-demicontractive mapping becomes quasi-nonexpansive.

Moreover, we say that it is quasi-strict pseudo-contractive [11] if 0 < u < 1. Therefore, it is
sufficient to only take u € (0,1) in (vi) of Definition 2.1.

It is easy to know that every quasi-nonexpansive mapping is demicontractive. However, there
exist some demicontractive mappings which are not quasi-nonexpansive. We can see this via
following example.

Example 2.3. [18] Let H = [, and S : [, — [; be defined by Sx = —kx, for Vx € [, where k>1.
Then Sis a ,’;—}—demicontractive mapping which is not quasi-nonexpansive.

Definition 2.4. Let C be a nonempty, convex, and closed subset of a real Hilbert space H. An
operator S : C — C is said to be demiclosed at 0 if {x,} converges weakly to x, and {Sx,}
converges strongly to 0 for any sequence {x;, }, then Sx = 0.

For a quasi-nonexpansive mapping S : C — H, is I — S still demiclosed on C? The answer is
negative even at 0, which can be checked via the following example.

Example 2.5. [17] Let S : [0, 1] — [0, 1] be a mapping defined by
1
Sx = %,. xe[(:,zL
xsinzx, x€ (5,1].
Then § is quasi-nonexpansive, but / — S is not demiclosed at 0.

To prove our main results, we also need the following lemmas.

Lemma 2.6. [12] Let S be p-demicontractive self-mapping on H with F(S) # 0 and set Sj =
(1=A)I+AS for A € [0,1]. Then, S, is quasi-nonexpansive provided that A € [0,1 —u], and

1522 = gl* < llx = ql* = A(1 — = A) |x = Sx|1%, (x.q) € H x F(S).
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Lemma 2.7. [6] Let C be a nonempty, convex, and closed subset of a real Hilbert space H, and
let S : C — H be a nonexpansive mapping. Let {x,} be a sequence in C and x € H such that
Xp — x and Sx,, — x, — 0 as n — oo. Then x € F(S).

Lemma 2.8. [11] Let C be a nonempty, convex, and closed subset of a real Hilbert space H. Let
S:C — C be a self-mapping on C. If S is a U-demicontractive mapping (which is also called a
U-quasi-strict-pseudo-contraction in [11]), then the fixed point set F (S) is convex and closed.

Lemma 2.9. [7] Assume that {V,} is a sequence of nonnegative real numbers such that

{ Vn+1 < (1 _ﬁn)vn"‘ﬁnam
Vn+1 < Vn — M +.una

where {n,} is a sequence of nonnegative real numbers, {B,} is a sequence in (0,1), and
{6,} and {u,} are two real sequences such that (i) Y| By = oo; (ii) limy_se Uy = 0; (iii)
limy,—yeo tby, = 0 implies limy_,o, 0, = O for any subsequence {ny} C {n}. Then r}grolo V,=0.

3. MAIN RESULTS

Theorem 3.1. Let H be a real Hilbert space. Let U;: H — H (1 < i < s) be a t;-demicontractive

mapping and f : H — H be a contraction with constant o € (0,%). Suppose that I —

Ui (1 <i<s) is demiclosed at 0 and (\;_ F (U;) # 0. Let {X,Ei)} (0 <i<s) be a sequence

in [0,1] such that Y3_, A = 1. Let {Bn} be a sequence in (0,1), and assume that the following
conditions hold
(Dl) 1imn—>°°ﬁn =0and Z:,ozo n = °°,
(DZ) limn—wog_z ||xn — Xn—1 || =0;
(D3) lim inf 4,¥ > 13
n—oo
(D) 1imn15§°/1,§’) S0(1<i<s),
where T = maxi<;<sT;. Let xo,x1 € H be two arbitrary initials. Define a sequence via the
following algorithm:
Up = Xpn +pn(xn _xnf})7
¥ = At + X2y A Ui (), (3.1)
Xn+1 = Buf (6n) + (1= Bu)yn-
Then the sequence {x,} defined by (3.1) converges strongly to p = Po f(p), where Q=i F (Uj).

Proof. First, we prove that {x,} is bounded. In fact, from Lemma 2.8, one sees that, for any
i€{l,2,...,s}, F(U;) is close and convex, which indicates that Q is closed and convex. Since
Pq is nonexpansive, and f is contractive, we, according to the Banach fixed point theorem, can
obtain that P f is a contraction, so there exists a unique point p € Q such that p = Pof(p). By
the conditions (D), (D3), and (D4), there exists r € (0,1) and a large enough number ng > 0,
for any n > ny, QL,EO) >r+7, QL,E’) >r, 0< B, <1—a. Taking w,S” = 1fil)<°) (1 <i<s), wehave

n

i a),gi) = 1. Observe that

2y + Y 28U () = Ay + (1 — A ) Yo o (un)

i=1

ol (0 ().



VISCOSITY APPROXIMATION OF A MODIFIED INERTIAL SIMULTANEOUS ALGORITHM 5

From (3.1), (3.2), the convexity of ||.||, the condition (D3), and Lemma 2.6, we obtain

Iyl = | @ 3%+ (1= 220 Ui )~ ||
<Y 0 4%+ (1= Vsl — |
<Y o (Ju,—plP = (1=2) (4 =) [1Us () — )
=, = plP = (1= 24) (W7 =) Lo 0" U () —

=, = pII* = (2" =) Ly 241U (1) — (33)
< Jlu, — pI G4

for all n > ng, and

e, =PIl < llx, = pll + pa |, =, |- (3.5)

From (3.4) and (3.5), we obtain

[[%n41 = Pl
<Bulf (xn) =PIl + (1= Ba) [lyn — Pl
<Bullf (xn) = pll + (1= By) [lu, — pll
<Bullf (xn) = £ ()| + Bullf (p) — Pl + (1= Bu) lun — pl
<Bue|lxn = pll 4+ Bullf (p) = pll + (1= Bu) llu, — pll
<Buet|[xn = pll + B llf (P) =PIl + (1 = Bu) 1Xn — Pl + P [| %2 — 201 |

~l1= (=B gl + 1 -a) | L2 e~ 36

for all n > ny. By condition (D), we let

lF(p)=pll Pnlln = Xn 1l

M := 2max , su
-« nzl(D) (1_a)ﬁn

It follows from (3.6) that
%41 = pll < 1= (1= ) Bu] |l — pll + (1 — &) BsM
< max {||x, — p||, M}
< max {|lxa, — pll, M},

for all n > ng. Hence {x,} is bounded. From conditions (D;) and (D), we can know that
limy,—yeoPp [|Xn — xn—1|| = 0, which implies that {u,} is bounded. Furthermore, it follows from
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(3.4) that {y, } is also bounded. Therefore, it follows from (3.3), (a;), and condition (D3) that
Pnsr = plI> < (1= B llyn— pII* +2Ba{f (a) = P, Xns1 — )
< (1= Ba)lltn = pII* + 2B (f (¥0) = P X1 = p)
— (W7 =) (1= B L MU ) =
= (1= B[+ pu (5, = x,,) = pI|* +2Bulf (60) = P, a1 = p)
— (W7 =) (1= B L MU ) =
= (1= Bl = I+ P2 (1= B’ v, =, |
+20n(1 = ) (¥ — X1, %0 — P) +2Ba{f (¥a) = P, X1 — D)
— (A7 =) (1= B X AU ) — P (3.7)
< (1= B)?|en = pl* 4+ pr (1= B)*[lx, — x|
+20(1 = Bu) (%0 = %1320 — P) +2Ba(f (%) = P, a1 —p)  (3.9)

for every n > ng. We also have

2Bu(f (xn) = Ps Xnt1—P)
:2ﬁn<f(xn) ( ) Xn+1 _p> +2ﬁn<f(p) — P Xn+1 _p>
<2Bu || f (xn) — £ (P I¥n+1 — Pl +2Ba(f (P) — P, X1 — P)

B {IF (50) = £ (P> + 1 = I +2Bulf (P) = P2 X1 = )
<Buct|xo = pIP + Ball i1 — PIP +2Balf (P) = Py a1 = p). (3.9)

From (3.8) and (3.9), we have, for all n > ny,

(1= Ba) It = pIP < [ (1= Ba)? + @Ba I = pIP + 03 (1 = )’ I = a1

(3.10)
‘|‘2Pn(1 _Bn)2<xn_xn—laxn_p>+2ﬁn<f(p)_paxn—i-l _p>'
From (Dy), (3.10) can be re-written as
n 1_ — Mn
o =P < (1 PSP 2t 2 (1 ) 501
" (3.11)
2Pn
4200 (1= B) (=130 = )+ T ()= o = ),

From (3.7) and (3.9), for large enough number n, we see that
2
Pen1 = plI* < [ben = plI* 0 (1= Ba) [ln — X1 |

12_Bnﬁn< (P) = P:Xn+1—p) (3.12)

— (A7 =x) (=BT A U )t

+20n(1 = Bu) (Xn — Xn—1, X0 — p) +
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n(1—0—py
Let Sn = ||xn—p||2, Ty = 2nOpn, Tn = ﬁ(l——(gnﬁ)7

o= (347 =) (1= B L1 24710 () —
and

2, (1-B1)°

pa(1 _ﬁn)z
Bn(l _a_ﬁn) <xn_xn717xn_p>

= Bu(l—a—B)
+ﬁ<f(l’) — Py Xnt1—D)-

||xn —Xn—1 ||2 +

From (3.11) and (3.12), we have S, < (1 —2z,)S, + 2,0, and S, < S, — Ny + W,. From
conditions (D;) and (D;), we have },” ;z, = o and lim,_,..7, = 0. In order to use Lemma
2.9, it remains to prove that limy_,.1,, = 0. Thus we can deduce limsup,_,, 0,, < 0 for any
subsequence {1y, } of {n,}. Indeed, let {n,, } be a subsequence of {1n,} such that 1}590 My, =0,

which implies that
I (Ui () —un || =0(1 < i <), (3.13)
which is due to conditions (Dy), (D3), and (D4). From conditions (D) and (D;), we have

lttn, — Xy || = P [ X, — Xm—1]] — 0, as k — oo, (3.14)

Since {x,, } is bounded, there exists a subsequence {xnk} of {x,, } such that x,, — X and
J J
lim sup (f(p) — p, xn, —p) = lim (f(p) — p, x,, — p). From (3.14) , we have u,, — X. Since
J—roo J J

k—yo0

I—U; (1 <i<s)isdemiclosed at 0, we obtain from (3.13) thatx € Q =(;_, F (U;). Combining
the property of projections and p = Po f(p), we obtain

lim sup (f(p) — p, X, —p) = 111_{{10 (f(p)—p, Xy, —p)={f(p)—p,X—p) <0. (315

k—roo

On the other hand, we find from (3.13) that
[y, = ttne || < (1 —/léf)) Y o || Ui (tny) —ttn, || = 0. (3.16)

It follows that Hy,,k — Xn, H < Hy,,k — Up, H + H”nk —xnk” — 0 as k — oo. Further, using condition
(D), we see that

||x"k+1 _x"kH < B, Hf(x”k) —f(p)+f(p) _xnk” +(1—=By) H)’nk _xnkH
S B’lk Hf(x”k) _f(p)” +Bnk Hf(p) _x”kH +(1 _Bnk) Hynk _xnkH
< B[ |xa, = Pl + B |17 (P) =, || + (1= B [}, =5, | =0

as k — oo. From (3.15), we have

lim sup ( f(p) — p, Xn,+1—P)

k—ro0
:hmksup <f(p) _p7 xnk—H _x}’lk +xi’lk _p>
—>00
<1im sup { £(p) = P +1 —ng) +1im sup ( £(p) = p, xn, — p)
k—ro0 k—>o00

<lim sup ||f(p) — Pl [n+1 = Xn, ||+ (f () = p. X = p) <0.
—>00
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This together with the conditions (D), (D;), and
( pr (1-Bn)”

lim sup m ||xnk —Xni_q H =0,

n ( ﬁ” )
lim sup m<xnk —Xpy_1» X, —P) =0,

. ﬁn
1 —k < — —p) <0
L lm:i]i (I—a—Pu,) <f(p) PsXn+1 p> =
implies that limsup;_,., 6, < 0. From Lemma 2.9, we observe that lim, ,..S, = 0. Hence
X, — p as n — oo. This completes the proof. U

Remark 3.2. [14] In particular, we can set

1 é” n_] } h .
- = min /X Xn—1,
0 < pu < Pu, pn:{ ]{xn—xnwnm—l 2 1f X 7 X

n— .
PR otherwise,

where 1 > 3 and {&,} is a positive sequence such that lim,, % =0.

Remark 3.3. Theorem 3.1 improves [14, Algorithm 1.2] to viscosity approximation and ex-
tends a single nonexpansive to a finite family of demicontractive mappings.

IfU; =U,=---=Us;=U, we have from Theorem 3.1 the following corollary.

Corollary 3.4. Let H a real Hilbert space. Let U : H— H be a T-demicontractive mapping and
let f : H— H be a contraction with constant o € ( , \[) Suppose that I — U is demiclosed

at 0 and F(U) # 0. Let {A,S")} (0 <i < 1) be a sequence in [0,1] such that ¥,\_y Ay W = 1. Let
{Bn} be a sequence in (0,1) and the following conditions hold:
(Dl) lim,, ;0 3, = 0 and Z:,ozo B = oo;
(D) limn_mg—z | — xn—1]] = 0;
(D3) liminf,_0 1" > 7;
(D4) liminf, e A" > 0.
Let xo, x| € H be arbitrary initials. Define a sequence via the following algorithm:
Un = Xn + Pn(Xn — Xn—1),
i = A+ 25U (), (3.17)
Xni1 = Baf (xn) + (1= Bu)yn-
Then the sequence {x,} defined by (3.17) converges strongly to p = Pr ) f ().

Since every nonexpansive mapping is a O-demicontractive mapping, we can obtain by Lemma
2.7 and Corollary 3.4 the following result immediately.

Corollary 3.5. Let H be a real Hilbert space. Let U : H — H be a nonexpansive mapping,
and let f : H — H be a contraction with constant & € (0, f) Suppose that F (U) # 0. Let

{A,Ei)} (0<i<1) be a sequence in [0,1] such that ¥'}_y Ay W= 1. Let {B.} be a sequence in
(0,1) and the following conditions hold:
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(D) limnﬁmfg—z | — xn—1]] = 0;

(D3) liminf, A" > 1;

(Ds) liminf,_e A" > 0.

Let xo, x1 € H be arbitrary initials. Define a sequence by
Up = Xp +pn(xn _xnfl)v
v = AV, + 20 (), (3.18)
Xn+1 = ﬁnf(xn) +(1— ﬁn)yn

Then the sequence {x,} defined by (3.18) converges strongly to p = Pruy f(p).

4. NUMERICAL EXPERIMENT

In this section, in order to demonstrate the realization and convergence of algorithm (3.1), we
consider the following example in (R, |- |).
Example 4.1. Let H = R. Let f: R — R be defined by f(x) = jx. Let U;(x) = —2ix for
. 0 ' .
i=1,2,3. Choose &, = m, Bn = n%, l,g ) = 7(511), and ).,gl) = 21’2:;21) fori=1,2,3. Then
the sequence {x, } generated by (3.1) converges strongly to p = Po f(p), where Q = (>_; F(U;).

It is easy to see that Q = N}_F(U;) = {0} # 0, and f is a contraction with constant 3.

From Example 2.3, we obtain that U; (1 <i<3)isa %i;} -demicontractive mapping and I — U;

is demiclosed at 0. It can be observed that all the assumptions of Theorem 3.1 and conditions
(D1) ~ (Dy4) are satisfied. Algorithm (3.1) is reduced to the following: x| = mxn + i ns
where y, = %(xn + pn (xn —x,—1)). Hence, from Theorem 3.1, the sequence defined above
converges strongly to 0 € Q = {0}.

The value of Xn

0 5 10 15 20 25
Iteration number (n)

FIGURE 1. Numerical result for Example 4.1 with initial values xo =2, x; = 1.5
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The value of Xn

0 5 10 15 20 25
Iteration number (n)

FIGURE 2. Numerical result for Example 4.1 with initial values xo = 10, x; =5

TABLE 1. Computational results for Example 4.1

x=2,x =15 x=10,x,=5

n X Xn
n=0 2 10
n=1 1.5 5
n=3 -0.8082 -2.89153
n=4 0.41206 1.379328
n=>5 -0.16545 -0.5109
n=6 0.055223 0.419811
n=17 -0.01722 -0.03694
n=3_§ 0.006109 0.00919

=9 -0.00279 -0.00314
n=10 0.001051 0.001399
n=11 -0.00032 -0.0039
n=12 7.69E-05 9.94E-05
n=13 -1.29E-05 -1.58E-05
n=14 1.14E-06 1.48E-06
n=15 3.82E-08 4.94E-08
n=16 -1.34E-08 -1.74E-08
n=17 -2.18E-09 -2.82E-09
n=18 2.67E-10 3.46E-10
n=19 1.41E-10 1.82E-10
n=20 5.71E-12 7.39E-12
n=21 -8.49E-12 1.10E-11
n=22 0.0000 0.0000
n=23 0.0000 0.0000
n=24 0.0000 0.0000
n=25 0.0000 0.0000
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