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1. INTRODUCTION AND PRELIMINARIES

Recently, the research of fixed points of various nonlinear operators is under the spotlight
due to their wide real applications, such as image reconstruction and image processing; see, for
example, [6, 7, 8, 14, 15, 16, 19] and the references therein. In particular, numerous convex
optimization problems in various frameworks have been investigated via fixed-point methods
in metric spaces. In 1942, the notion of Menger probabilistic metric spaces (briefly, Menger
PM-space) was introduced by Menger in [17]. Since then, the theory of Menger PM-spaces
has developed in many directions. It is known that a Menger PM-space is a significant gen-
eralization of ordinary metric spaces. Numerous fixed-point results were obtained by authors
with respect to different contractive conditions for self-mappings in Menger PM-spaces; see,
e.g., [4, 11, 20, 22]. The b-metric space was first investigated by Czerwik in [9, 10]. Recently,
numerous results on fixed points on b-metric spaces have been obtained; see, e.g., [2, 3, 18, 21]
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and references cited therein. In 2015, Hasanvand and Khanehgir [12] presented a Menger prob-
abilistic b-metric space (briefly, Menger PbM-space), which is an extension of generalized 3-
type contractive mappings, introduced by Gopal et al. [11] in Menger PM-spaces, and proved
some fixed-point results.

Inspired and motivated by the recent studies mentioned above, we consider a new contraction
condition on Menger PbM-spaces, and prove some new coupled coincidence point and common
coupled fixed-point theorems for w-weakly compatible self-map pairs. We also present some
examples to demonstrate the validity of the fixed point results.

From now on, we assume that X is a nonempty set. If the function d : X x X — R™ satisfies
the following conditions: (b1) d(x,y) = 0, if and only if x = y; (b2) d(x,y) =d(y,x),Vx,y € X;
and (b3) there exists a real number s > 1 such that d(x,z) < s[d(x,y) +d(y,z)], Vx,y,z € X, then
d is called a b-metric on X and a pair (X,d) is called a b-metric space with the coefficient s > 1.
The mapping f : R — R™ is said to be a distribution function if it is non-decreasing and left-
continuous with sup, g f(¢) = 1 and inf,cp f(#) = 0. Recall that the mapping A : [0, 1] x [0, 1] —
[0, 1] is said to be a triangular norm (briefly, a #-norm) if, for all a,b,c,d € [0,1],

(A-1) Aa, 1) =a;

(A-2) Ala,b) = A(b,a);

(A-3) A(e,d) > A(a,b) whenever ¢ > a and d > b,

(A-4) A(A(a,b),c) = AN(a, A(b,c)).

Typical examples of the t-norm are Aj(a,b) = max{a+ b — 1,0}, Ay(a,b) = a-b, and
As(a,b) = min{a,b}. Clearly, the above three 7-norm examples satisfy that A} < Ay < As.

Remark 1.1. Assume that there exists a -norm A such that A(z,¢) >t for all 7 € [0, 1]. Then
A>N3> N> A1,

Proof. By virtue of A-3, forany a,b € [0, 1], one sees that A (a,b) > A(min{a,b}, min{a,b}) >
min{a,b} = As(a,b). It follows that A > A3 > Ay > Ay O

Throughout the rest of the paper, Z is borrowed to stand for the set of all distribution func-
tions, while 7 (-) stands for the specific distribution function defined by .77 (r) = 1,7 > 0, and
H()=0,1<0.

Recall that a Menger probabilistic metric space (briefly, Menger PM-space) is a triple (X, F, A),
where A is a continuous 7-norm and F is a mapping from X x X into 4. Let F, denote the
value of F at the pair (x,y). Suppose that the following conditions are satisfied

(PM1) Fy,(t) = A (t), Vt € R, if and only if x = y;

(PM2) Fy (1) = Fyx(t), Vx,y € X and € R;

(PM3) Fyy(t45) > A(Fyf(1),Fey(s)), Vx,y,z € X and 5,1 € R,

If (X,F,/\) is a Menger probabilistic b-metric space, then the following conclusion hold:

(PbM4) there exists a real number k € (0,1] such that F ,(t +s) > A(F (kt), F;(ks)),
Vx,y,z € X and s,t € RT.

The class of Menger PbM-spaces is larger than that of Menger PM-spaces. In fact, a Menger
PbM-space is a Menger PM-space when k = 1. There are examples of Menger PbM-spaces
which are not Menger PM-spaces. Let (X, F,/A\) be a Menger PbM-space and let /A be a con-
tinuous 7-norm. Recall that sequence {x,} in X is said to be convergent to x* € X (the symbol
— denotes the convergence), if, for any A € (0,1) and € > 0, there exists a positive integer
N =N(g,A) with F, +(€) > 1 — A whenever n > N, which is equivalent to lim,_,c. Fy, v+ () = 1
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for all # > 0. Recall that sequence {x,} in X is said to be a Cauchy sequence if there exists a
positive integer N = N(€,A) such that Fy, . (€) > 1 — A whenever n,m > N. If every Cauchy
sequence in X is convergent, then Menger PbM-space (X, F, /) is said to be complete. More-
over, in a Menger PbM-space (X, F,/\), a convergent sequence has a unique limit point. One
knows that a Menger PbM-space is not always a topological space. Let X = R™. By [12], define
F:XxX— Yby, Vx,y € X,

__tr t>0:
— |2 ’
rot={ TG

Observe that (X, F,/A\3) is a complete Menger-PbM space with the coefficient k = % However,

it is not a Menger PM-space. Assume that (X,F,A) is a Menger-PbM space with k € (0, 1].

From [12], one has that F is a lower semi-continuous function of points, i.e., for every fixed

t > 0 and every two convergent sequences {x,} and {y,} in X such that x, — x and y, — y as

n — oo, liminfy, e Fy, y, (t) = Fy (). In particular, if y, =y, then liminf,, . Fy, y(t) = Fy,(2).
The following example is also due to [12].

Example 1.2. Let (X,d) be a b-metric space with the coefficient s > 1. Define the distribution
function F : X x X — 2 by F(x,y)(t) = Fy(t) = H(t —d(x,y)), Vx,y € X,t € R. Then a
triple (X, F, A3) is a Menger PbM-space with the coefficient k = % Furthermore, if (X,d) is
complete, then (X, F, A\3) is also complete.

Let X be a nonempty set. By [5], the element (x,y) € X x X is called a coupled fixed point of
the mapping 7 : X x X — X if T'(x,y) = x and T (y,x) = y.

Recall the following definitions.

(i) From [13], the element (x,y) € X x X is said to be a coupled coincidence point of mappings
T:XxX—Xand g:X — X if g(x) = T(x,y) and g(y) = T(y,x), while (gx,gy) is called a
coupled point of coincidence of mappings g and T'.

(ii) From [13], the element (x,y) € X x X is said to be a common coupled fixed point of
mappings T : X xX - Xand g: X - X if T(x,y) =gx=x,T(y,x) = gy = y.

(ii1) In [1], the mappings T : X x X — X and g : X — X are said to be w-compatible if
g(T(x,y)) = T(gx,gy) whenever F(x,y) = gx and F(y,x) = gy.

Let ® be the set function ¢ : R™ — R satisfying the following conditions [11]: ¢(¢) = 0 if
and only if 1 = 0; ¢ () is nondecreasing and ¢ (1) — oo ast — oo; ¢ () is continuous in (0,0), and
¢(¢) is continuous in 0. Let (X, F, A) be a Menger PbM-space. Letg: X - X andT: X xX — X
be two given mappings, and let @ : X x X X (0,00) — (0,0) be a function. Recall from [12] that
(g,T) is a-admissible if ot(gx,gy,1) <1 = a(T(x,y),T(y,x),t) < 1, Vx,y € X, ¥Vt > 0.

Lemma 1.3. [12] Let (X,F,\) be a Menger PbM-space with the coefficient k € (0, 1], and let

¢ € ®. Letc € (0,1) and r € N. Then, for anyt >0, Fey (k"9 (1)) > Fey (K19 (1)), Vx,y € X.
Then x = y.

2. MAIN RESULTS

Theorem 2.1. Let (X,F,/\) be a Menger PbM-space with k € (0,1]. Let A\ be a continuous t-
norm such that \(v,v) > v,¥v € [0,1]. Assume that g:X — X and T : X x X — X are two given

functions with (g,T) being a.-admissible. Additionally, assume that the following conditions
hold
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(i) g(X) is complete;

(i) T(X x X) C g(X);

(iii) there exists (xo,y0) € X X X such that o(gxo,gyo,t) < 1, ¥Vt > 0;

(iv) {xn} and {y,} are two sequences in X such that o(gx,,gyn,t) < 1, Vt > 0, and there
exists (L, V) € X x X such that gx, — glt and gy, — gv as n — oo and a(gu,gv,t) < 1 for all
t>0;

(v) for any coupled coincidence point (W, V) associated with T and g, a.(gu,gv,t) <1, Vt >
0.
Moreover, let, for any x,y,u,v € X,t >0, c € (0,1), and r € N,

Oc(gx, 8Y, krt)a(gu,gv, krt)FT(Ly),T(u,v) (kr¢(t)) > M(xvyu u, V)? 2.1)

where M(x,y,u,v) =min{f |,F 2,F 3,F 4,F 5,F ¢} with

= (0 (2)). Fa= R (0 (1)

ng,T(x,y) (kr71¢ (%)) + Fgu,T(x,y) (2kr72¢(£)>

Fa= 1+ng7gu(kr_l¢(£)) ’
Fu= ng,T(y,x) (kr_l (P(%)) + ng,T(y,x) (2kr_2¢(£>)
1+ Fgy v (K19 (%)) ’
Fs= Fgu,T(u,v) (kr71¢(£)) +ng,T(u,v) (2kr72¢<£)>
1+ng7gu(kr_1¢(£)) ’
and
Fe= ng,T(v,u) (kr_l ¢(%)) +ng,T(v,u) (2kr_2¢<£)) ‘

1+ Fgy v (K19 (%))

Then, T and g have a unique coupled point of coincidence. Moreover, if T and g are ®-
compatible, then T and g have a unique common coupled fixed point of the form (u,u).

Proof. Invoking (iii), one sees that there exists (xo,yo) € X x X such that a(gxo, gyo,?) < 1 for
all 1 > 0. Combining this with (ii), one has that there exists (x1,y;) € X X X such that gx; =
T (x0,y0) and gy; = T (yo,Xo). Since (g,T) is a-admissible, one obtains that ot(gx,gy;,t) < 1
for all # > 0. There exists (x2,y2) € X x X such that gx, = T'(x1,y;) and gy, = T(y1,x1). Ina
similarly way, one has that a(gx», gy»,¢) < 1 for all # > 0. By induction, we can construct two
sequences {x,} and {y,} respectively as gx,+1 = T (X4, Yn)s &n+1 = T (Yn,xn) With

o (gxn, gyn,t) <1,V >0,n=0,1,2,--. (2.2)

Suppose that gx, # gx,1+1 or gy, # gy,+1. Otherwise, there exists n € N such that gx, = gx, 1|
and gy, = gyn+1, that is, gx, = T'(x,,,y,) and gy, = T (y,x,). In this case, (x,,y,) is a coupled
coincidence point of 7 and g. In (2.1), by taking (x,y) = (x,,y») and (u,v) = (Xp+1,Yn+1), (2.2)
yields

ngn+lvgxn+2 (kr¢ (t>) > M(xn7yn7xn+1 7))n+1)7 (2.3)
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where

. _ t _ t
M(xmyn’xn_'—l’yn_'—l) —mimn {ngmgan <kr I(P <E>> 7ngﬂ,gyn+l (k" I(P (E)) )

Forngrnt (K9 (2)) + For 1 gns 2K 20(2))
1 +ngl‘l7gxl’l+l (krilq)(%)) ,

Feyngyns (K19 (5)) + Feyi1gynen (2]"_2‘1’(%))
1+ Fyy, gyt (K7719(2)) ’ (2.4)

Fann 1,850, (K10 (£)) + Foxpgnnia (2kr_2¢(£))
1 +ngn:gxn+1 (kr—l¢(£)) ’

R (< o (%)) + Foy,.vn10 (2k"2¢ (é))
14 Fgy, gy, (K7710(2))

Using conditions (PbM3) and (PbM1), we calculate that

ngnagxn+1 (kril(p (%)) +ngn+17gxn+l (2kr72¢ (%))
1 +ngn7gxn+l (kril(l)(%))
ngnngn.t,.] (kr71¢(£))+%(2kr72¢(%)) _ ngn,gxn+1 (kr71¢(%))+1

= I+ Fgmm gy (0 19(0)) = TP, (0 10(L)) =1. (2.5)
By similar arguments as above, we can obtain that
—1 -2
Foygyn (K 9(2) + Fey, 100,00 2K 0 (2)) 1 (2.6)

L+ Foy, gy (K19(2))
Invoking condition (PbM3) and A(v,v) > v for all v € [0, 1] yields from Remark 1.1 that
ngn+l 8Xn+2 (kril ¢ (%)) + ngnvgxn+2 (2](7*2(1) (%))
1 + ngﬂ7g‘xﬂ+l (kr—l (P (%))

Fonyrginin (K7 O (%)) + Fox g0, (K¢ (£)) - Fexyat grain (K¢ (£))
1 + ngn»gxn+l (kr_l ¢ (%))

r—1 !
:ngn+17gxn+2 <k ¢ <E>> .

Fevui1.8004 (kr_l‘P(%)) + Fox,,06,12 (2kr_2¢(£)) > F, (kr,up <£>>
- Xpt1:8%n )
L+ Fen,0 (0190)) i i c

v

Thus,

(2.7)

In a similar way, we have that

ngn+1 38Yn+2 (kril ¢ (%)) + Fg)’nvgYn+2 (Zkrizd) (é))
L+ Fey, gyun (K19 (%))

> Fopnonn (K70 (2)). @8)
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By substituting (2.5)-(2.8) into (2.4), we deduce that

. _ t _ t
M(-xnyyn;xn+],yn+1) Zmln{ngmganrl (kr 1¢ <E>) 7Fg)’n:ng1+l (kr l¢ (E)) ’

(2.9)
F,

r—1 ! r—1 t
Eln+1,8%n+2 (k ¢ (E)) 7ngn+1:gyn+2 (k 0 (E)) } .

By substituting (2.9) into (2.3), we see that
. _ t _ t
ngn+17gxn+2 (kr(P(t)) Zmln {FnggXI1+l <kr I(P <E ) 7Fg)’nugyn+l (kr lq) (E)) )

r—1 ! -1 !
ngn+17gxn+2 <k (p <;>> 17 8Yn+1,8Yn+2 (kr ¢ (E)) } :
Similarly, we can prove that

. _ t - t
ngnﬂ,gynn(qu)(f)) me{ngmgynH (kr I‘P (E)) sFex, 00,01 (kr 1¢ (‘)) 3

c

r—1 4 r—1 d
Fey, 1812 <k ¢ (E)) Founrgnsz (k ¢ (E)) }

Combining (2.10) with (2.11), we immediately have that

min {ngn+1,gxn+z (KO (1)), Fay, . 1.gvnsn (k’(p(t))} > min {ngmgan <kr—1¢ (é)) ,

ngnvgYn+1 (kril(p (é)) 7F8xn+17gxﬂ+2 (kril(l) <£)> 7Fg)’n+lvgyn+2 (kril(p (é)) }

Now the rest of proof is divided into two cases
Case 1 Assume that

X r—1 t r—1 t
min {ngn7gxn+l <k ¢ <E>> 7Fg)’mg))n+1 (k ¢ (E))}
. r—1 t r—1 t
Z min {ngnJrl’ganrz <k ¢ <Z>> 7ngn+lvgyn+2 (k ¢ (;)) } .

As aresult, (2.12) leads to

min {ng11+17gxn+2 (kr¢ (t» ’ ngn+1 38Yn+2 (kr¢ (t>)}
t

> min {ngn+17gxn+2 <kr_1¢ <‘>> Fgyi1.gvmi (kr_l‘P (E)) } (2.13)

C c

(2.10)

2.11)

(2.12)

Next, one discusses the following four subcases
(a) Suppose that Fyy .| ox, ., (K0 (1)) > Fex,, 1 gx,.0 (K" ¢(%)). From this, Lemma 1.3 implies
that

8Xn+1 = 8Xn+2- (2.14)
Thus, Fgx,, 1 gv,2 (K0 (1)) = Fex.1.gmmin (K 10(L)) = 1, which together with (2.13) obtains that

Feyi1,8vm12 (K9(2)) = min { L Foy,. 1 gvuin (K9 (t))}

. r—l t r—l t
> rmn{l,ngnH%gyn+2 <k () (E>>} = Foyui1.89m42 (k () (E)) :
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Clearly, we have that
r r—1 4
ngn+lag)’n+2 (k (b(l')) = ngn+1agyn+2 <k ¢ <;)> .

Again by using Lemma 1.3, one finds that

8Yn+1 = 8Yn+2- (2.15)

By putting together (2.14) and (2.15), it yields that gx,, 11 = gxp12 = T (Xpt1,Vn+1) and gyn1 =
&Vn+2 = T (Yn+1,%n+1), which further implies that (gx,41,8V,+1) is a coupled point of coinci-
dence with respect to g and 7.

(b) Suppose that Fyy, , | av,.r (K"0()) > Fay,. 1 even (K" 10(L)). By similar arguments as (a),
we find that (gx,1,8yn+1) is a coupled point of coincidence associated with g and T .

(C) Suppose that ngn+l 18Xn+2 (kr¢ (t)) Z ngn+1 ,8Vn+2 (kri ! ¢ (%)) . Then
_ t
ngn+l ,8Yn+2 (kr(Z) (t)) Z ngn+l »8Xn+2 (kr(l) (t)) 2 ngn+l ,8Yn+2 (kr 1 (p (;) ) )

With the help of Lemma 1.3, we obtain that gy, 1 = gy,42, and hence Fgy, | oy, (K"0(1)) =
Fay, 1,092 (K19 (L)) = 1. This together with (2.13) indicates that

Foxy 1 ,81012 (K 9(2)) = min {ngn-H i (K'O(1)), 1}

. r— t r= t
> min{F,pnn (K719 (2) )11} = Fenporiona (K7'0(5) )

That is, Fyx,, | g, 2 (K'0(1)) > Fau,\ 1 ex,o (K 19(%)). Again by applying Lemma 1.3, one sees
that gx,,+1 = gx,+2. By similar arguments as (b), we can show that, (gx,11,8Vn+1) is a coupled
point of coincidence with respect to g and 7.

(d) Suppose that Fyy, , | ey, (KO (1)) > Fox,, 1 gv,» (K '9(%)). By similar arguments as (c),
we immediately find that (gx,11,gV,+1) is a coupled point of coincidence of g and T'.

Considering conditions (a), (b), (c), and (d), we conclude that g and T have a coupled point
of coincidence of g and 7 in Case 1.

Case 2 Assume that

) 1 t r—1 4
min {ngn+17gxn+2 (k ¢ <E>> Fgy, 1.gynia (k (0 (;))}
) e t r— 4
> min {ngmgxn+1 (k 1¢ <E>> s Egyngynin (k 1¢ (E)> }

With the help of (2.12), one immediately finds that
min {ngn+1 8Xn+2 (kr¢ (t) ) ’ FgYn+1 8Yn+2 (kr¢ (t)) }
. _ t _ t
2 min {ngn,gxn+1 (kr ' <E>> » Feyngynin (kr ' (‘)) } (2.16)

C

Repeating the above process, we assert that

min {F 1252 (K O () Foy, 1 gynin (K O (2 ))}
> min {ngn7gxn+l (kr_]‘l’ (é)) s Egyngynin (kr_1¢’ (é)) ’}

. r—n—1 ! r—n—1 4
> > mln{ngo,gxl (k (P <W)) 7FgY0>gYI (k " ¢ (Cn+l>> }
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From this, we infer that
min {ngn+1,gxn+z (K"9(1)), Fay, 1 .gvnin (KO (t»}
: a1 t . t
2 min {FgXO,gm (kr e (W)) » Feyo.am <kr e <Cn+1>>}' (2.17)

Now it remains to prove that {gx,} and {gy,} are Cauchy sequences in g(X). For any ¢ > 0,
by the continuity of ¢ at zero, there exists a constant s > 0 such that ¢(s) < t. Give m,n € N
with m > n. By combining (PbM3), Remark 1.1 with (2.17) and invoking the nondecreasing
property of @, one sees that

min {ngmgxm ((m - n)t)7ngn7gym ((m - n)t)}
Z min {mln {ngmganrl (kt)7ngn+lvgxm ((m —n— 1>kt>} ’
min {ngmgyn+1 (kt), Fey,,1,gy, ((m—n—1)kt) }}

=min { . min {ngn,gxn+| (kt)’ngmgyn+l (kt)} ) }
min {ng11+lagxm((m —n— l>kt)7ngn+l,gxm(<m —n— 1)kt)}
_min {Forngnnn (§I)7ngmgyn+1 (kf); ; (2.18)
min {ngn—H 8Xn+2 (k t) ) ngn+1 18Xn+2 (k t)} ’

min {F:gxm72’gx,1171 (km_n_lt) 9 ngm727gxm71 (km_n_lt) } )
min {ng’n71 »8Xm (km_nt) I ngmfl s8Xm (km_nt) }

2min Foa (K779 (7)) Fooan (4779 (5)) 1

From the fact that k' "¢ () — oo as n — oo, we find that

: : 1—n S 1-n S
fimmin { P (€770 (55) ) Fomen (K770 (55) ) 1 =1

Therefore, for any A € (0, 1), there exists ng € N such that

min { Foegr, (K779 () ) Favon (K70 <C—Sn>) f>1-2, (2.19)

C

for all n > ng. By substituting (2.19) into (2.18), we obtain that

min{ngnvgxm((m_n)t)7ngnvgYm((m_n)t)} >1 _1’7

for all m > n > ng. Since t > 0 and A € (0, 1) are arbitrary, one finds that {gx,} and {gy,} are
Cauchy sequences in g(X). With the help of the completeness of g(X), there exists (u,v) €
X x X such that (gx,,gvn) — (git,gV) as n — oo.

Next, we claim that (gu,gv) is the coupled point of coincidence of 7 and g. In fact,
for any € > 0, by continuity of ¢ at zero, there exists a constant # > 0 such that ¢(z) < €.
From the fact k € (0, 1], we have that ke —k"¢(¢) > 0. As a classical result, one infers that
Fopu () (€) = min{Fpy or (k€ —k"@(2)), Fyy, .| 7(u,v)(K"9(7))}. Recalling that gx, — gu as
n — oo, for any € € (0, 1), there exists ng € N such that Fo g, (kr —k"¢(t)) > 1—¢,Vn > no.
Hence, Fyy 7(u,v)(€) > min{l —&,Fy. 7y v) (K9())}, Vi > ng. Since € € (0,1) is arbitrary,
we get that Fyyy 7y v)(€) > For | 7(u,v) (K" (2)). By putting (x,y) = (x4, yn) and (u,v) = (1, v)
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in (2.1), with the help of condition (iv) and (2.2), we successively find that
Fgu,T(u,v) (8) ZngnH,T(u,v) (qu) (l)) = FT(xn7yn)7T(/,L,v) (kr¢ (t))
zM(xn,yn,,u,V),

where

M(XmYna,uav) :min{ Fo, g (kril(P (%)) +Feyn.gv <kr71¢ <£)> ’

c

ngmT(xn;yn) (kr_1¢ (%)) +Fg“7T(xn7yn) (Zkr_zq) (%))
1+ Fox,ou (K19(L)) ,

FgYn»T()’mxn) (kr_](]) (%)) +FgV7T(Yn>Xn) (2kr_2¢ (%))
L+ Fay,gv (K19(2)) ,

Fopr(uw) (K710 (5)) + Fox, 7(uy) 2020 (7))
1+ Fox, gu (kf—lq) (f)) 7

Fovr(va (kr_l¢ (%)) gy T(v) (Zkr_zq) (%))
1+ Foy,ov (k19 (£))
By combining (PbM3) with Remark 1.1, we check that
F,

st (4 (2)) 2 P (102 e (70 ().

ng,T(yn,xn) (2kr72¢ (2)) 2 Fgv gy, (kril‘P (é)) ‘ngn T (Yn,Xn) <kr ! 2)) )

ng"’T(“’v)(zkrz(P(é)) = Fau o <kr71¢ <£>> Fopriuv) (kr 1 (t>

2))
and
r—2 ! r—1 ! r 1 t
Frten (576 (2)) B (70 (2))-Fvrom (0 1))
By substituting (2.22)-(2.25) into (2.21), one asserts that
M(Xnvynnu'v V)

i (19 (2)) o (£70(2)) o (¢ (1)

Fannae (V710 (2)) i (K710 (5) ) v (70 (7)) -

By putting together (2.20) and (2.26), it follows that
Four(uv)(€) > hmlangx Ty (K7 0(2))

Fgu T(u, V)(qu)( )) > hrll’glo?fM(xmyn?“a V)

=min { e (K0 (2)) Fovroan (K70 (2)) 1

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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which implies that

FgN7T(N,V)( ) > Fou, T(u,v) (k o(1)) .
> min {Fgw(w) (k’—l(p (%)) Foy 1w (kr_l(p <£>>} (2.27)

Similarly, it can be proved that

Foy r(vu) (€) = Foy 7(v,u) (K'9(1)) -
ol (00 () o (0 (D)), O

By combining (2.27) with (2.28), we obtain that

min{F, o, T (1, v)( )7ng,T(v o) ( )} > min{F, ou,T (1, v)(kr‘P(t))ang,T(v,u)(qu)(t))}

>min {Fgu,T(u,v) (kr—l(P <£>> Fov (v <kr—1¢ (é)) }

By repeating this process n times, we calculate that

min{Fy, T(u, v)( )7ng,T(v 1) ( )} = min{F, T(p, V)(kr‘P( ) Fyy, T(v, u)(kr‘])(t))}
> min { Fye ) (K9 (%)) Fovrivw (K710 @)} (2.29)

2z min{ i (V0 () Fvro (70 (5)) )

Invoking lim mm{ e () (1) s Foy 7(v.u) (1) } = 1, with the help of K¢ (L) — coas n — oo,
for any l 6 (O 1), one sees that there exists ng € N such that

t t

min {Fgu,T(u,v) <kr’”¢) (—)) Fov1(v.p) (kr*"q) (c_”))} >1—A,Vn>ng.

Cl’l

By virtue of (2.29) and the above inequality, for any € > 0 and A € (0, 1), there exists ng € N
such that min{Fyy, 7(,.v)(€)), Fay,r(v,u)(€)} > 1 =4, ¥n > ng. From this, we obtain that gy =

T(u,v)and gv =T(v,u). As aresult, (gi,gVv) is a coupled point of coincidence, associated
with mappings T and g. Thus it follows from (b) that g and 7 have a coupled fixed point of
coincidence.

Next, we prove the uniqueness of the coupled point of coincidence. Assume that there exists
another pair (u*,v*) € X x X with T(u*,v*) = gu* and T(v*,u*) = gv*. For any & > 0, by
continuity of ¢ at zero, there exists a constant # > 0 such that ¢(¢) < &. As k € (0, 1], we have
that & > k"¢ (). With the help of (2.1), we obtain that

Fopgur (&) = Frouv),r(uwv) (&) = Fruv) 1w v (K9 (1))

r * * pr r * Lk (2.30)
> a(g/.l,gv,k t)a(g.u 44 7k t)FT(u,v),T(,u*,v*)(k (p(t)) ZM(,LL,V,‘U vV )7



SOME COMMON COUPLED FIXED POINT RESULTS 11

where

M, v, 0", v7)
i (%0 (£)) v (€10 (1),

Fopau (K10 (5)) + Four g 2K 20(L)) Fev ov (K1 9(£)) + Fyve ov (2K 29(£)) (2.31)
1+ Fop g (K 19(%)) 7 1+ Fevgvs (K 19(5)) ’

1+ Fop g (K19(%)) 7 L+ Fay gve (K 19(£))

On the other hand, by using Remark 1.1, we have that

v (5720 (2)) 28 (o (110 (2) o (1)

Fguﬁgu*(kr_l‘i)(%))"‘Fgugu (2K 2¢( ) Fevegve (K"~ 1¢( ))+ng,gV*(2kr_2¢(%))}.

(2.32)
(00 (2)) e (1 (1)
and
v (320 (2)) 2 (10 () v (0 (0))
o (710 () e (710 ()
By substituting (2.32) and (2.33) into (2.31), we obtain that
M(u,v,u*,v*) > min{ gl <k g ( )) Fov.ove (k 19 ( )) } (2.34)
From this, we find that
M(p,v, 1, v7) > min{ Py gee (K9 ( ) Fovave (K9 (Z)) 3 (2.35)

By substituting (2.35) into (2.30), we obtain that
t

P ) o €002 (10 (2)) e (20 (2)}

Similarly, we can show that

F8V78V*(§) = ngng* (kr¢(t)) > min {Fgwgv* <kr_1¢ (2)) 7Fg”7g“* (kr_l(P (£>> } .

c
Combining the above two inequalities, we have that

min {Fg,u,gu* (é)vngng* (5)} > min {Fgu,gﬂ* (kr(p(t)) ,ng,gv* (qu) (t))}

i (¢10(2) e (70 ()}

Via n-iterations, we deduce that
min {Fgu,gu* (8): Fevev(§ )} > min {Fgmgu* (K"9(1)), Fev,gv* (kr‘/’(t))}

= (770 (1) i (4770 (2)))
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This implies that

min { g (). Fyvv ()} = min { Fy e (070 (5)) Fovave (K70 (5) ) }- @37

By the fact k"¢ (%) — oo as n — oo, one sees that

(e (4770 () e (60 () -1

Therefore, for any A € (0, 1), there exists ng € N such that

min { Fo g (K70 () Fevire (K770 (5)) } 212, ¥z mo. 239)

c C

Combining (2.37) with (2.38), we have that min {Fgﬂ7gv(s),Fgw7gV*(£)} >1—A,Vn>ny,
which implies that gu = gu* and gv = gv*.

Next, we prove that g and 7 have a unique common coupled fixed point. For that purpose,
wesetu=gu="T(u,v),v=gv=T(v,u). By virtue of g and T are w-compatible, we have
that

gu=gT(u,v)=T(gu,gv)=T(u,v),gv=_gT(v,u) =T(gv,gu) =T (v,u).

Therefore, (gu,gv) is a coupled point of coincidence of g and T, which together with its unique-
ness, obtains that gu = gu = u and gv = gv = v. Therefore, we conclude that gu = T (u,v) =
and gv = T (v,u) = v. As a classical result, (u,v) is the unique common coupled fixed point of g
and T.

Next, we demonstrate that u = v. In fact, for any { > 0, by continuity of ¢ at zero, we can
find ar > 0, which satisfies { > ¢(r). Since k € (0, 1], we have that { > k"¢ (). It follows from
(2.1) that

Fgu,gV(C) >a(gu,gv,k't)ou(gv, gu, krl)FT(u,v),T(wu) (K9 (1)) >M (u,v,v,u), (2.39)

r—2 t
M(u,v,v,u) = min {Fgmgv (kr_](P (2)) ; Lt Fongu (20 (13;) } (2.40)

14 Foy gu (K19 (

where

Invoking Remark 1.1, we have that

c ,
e (0 () e 0

which implies that
o (1 (1
Fougr (20726 (%)) = Foug (K19 <E)> . (2.41)

c
It follows from (2.41) that

1 +ngag”(2kr_2¢(£)) > 1+ng,gu (kr—l(]) (%)) >1 (2 42)
Lt Fougu (K10 (7)) — 1+ Fongu (K10(5)) .
By combining (2.40) with (2.42), we obtain that

M(,v,,0) > Fugo (K19 (2)) . (2.43)
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By substituting (2.43) into (2.39), one sees that
Foun(€) = Faun (K 9(0)) = Foug (K10 (1)),
By repeating the above process, it is easily seen that
Foun(€) = Fouan (K 9(0)) = Foug (K10 (1)) 2+ = Fou (K70 ()
That is

Fougv(8) > Fougv (kr_”(P ( ! )) . (2.44)

c_”
Recalling that k"¢ (L) — e as n — oo, we have that ’}i_r}DloFgu,gv (k"¢ (%)) = 1. For any
A € (0,1), there exists ng € N such that

Fouan(€) = Fuugn (K70 (5)) 2 1=, Yn = np.

This yields that gu = gv, and so u = gu = gv = v, that is, u = gu = T (u,u). Consequently, T
and g have a unique common coupled fixed point of the form (u,u). This completes the proof
of Theorem 2.1. 0

By similar arguments to those in Theorem 2.1, we derive the following result.

Theorem 2.2. Let (X,F,/\) be a Menger PbM-space with k € (0,1]. Let A\ be a continuous
t-norm satisfying N(v,v) > v,¥v € [0,1]. Suppose that g:X — X and T : X x X — X are two
given functions with (g, T) being o.-admissible. Suppose that the following conditions hold

(i) g(X) is complete;

(i) T(X x X) C g(X);

(iii) there exists (xg,y0) € X X X such that o(gxo,gvo,t) < 1,Vt > 0;

(iv) {xn} and {y,} are two sequences in X satisfying ot(gxn,gyn,t) < 1, Vn € N, t > 0 and
there exists a pair (L, V) € X x X such that gx,, — gU, gy, — gV asn — oo and a(g,gv,t) <1,
vt > 0;

(v) for any coupled coincidence point (1, V) of T and g, we have that a(giL,gv,t) <1, Vt > 0.

Furthermore, for all x,y,u,v € X,t >0, c € (0,1), and r € N, it holds

a(ng 8Y, krt)a(guagvv krt)FT(x,y),T(u,v) (kr(P(t)) > M(xvyv u, V),

where
t

. r1. (1 r, ot
M(x,y,u,v) = min {ng,gu (k 1¢ (E)) 7ng,gv (k I‘P (E)) 7ng,T(x,y)(k I(P(;))’
vt 1 oo 1 R
Fou(x,) (2k 2¢(;))’ng’T(y7X) (k I‘P(;))’ ng,T(y-,X)(zk Z‘P(;))’Fgu,T(uw) (k l‘p(;))’

ng,T(u,v) (2kr72¢(£)) ng,T(v,u) (kril(])(é))? ng,T(v,u) (2kr72¢(£))} :

Then T and g have a unique coupled point of coincidence. Moreover, if T and g are ®-
compatible, T and g have a unique common coupled fixed point of the form (u,u).

By setting g = Id (Id denotes the identity mapping) and k = 1 (k is the coefficient of the
Menger PM-space) in Theorem 2.1, we have the following corollary.
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Corollary 2.3. Let (X,F,) be a complete Menger PM-space with /\ a continuous t-norm
satisfying A (v,v) > v,¥v € [0,1]. Suppose that T : X x X — X is an a-admissible function.
Suppose that the following conditions hold

(i) there exists (xg,y0) € X x X such that a(xo,yo,t) < 1,Vt > 0;

(ii) {x,} and {y,} are two sequences in X satisfying &t(xp,yn,t) <1, Vn € N, t > 0. There
exists (U,V) € X x X such that x, — W, y, = Vasn—ocoand a(u,v,t) <1, Vt > 0;

(iii) for any coupled coincidence point (L, V) of T, we find that oc(u,v,t) < 1,Vt > 0.

Furthermore, for all x,y,u,v € X, t >0, and c € (0,1), it holds that

a(x7yat)a(u7v7t)FT(x7y)7T(u7v)(q)(t)) 2 M(xayvuvv)v

where

e =min{Fn (0 (2)) 5 (0 ()

Fx,T(x,y)((p(%)) ‘I'Fu,T(x,y) (2¢(£)) Fy,T(y,x) ((p(é)) + Fv,T(y,x) (2‘1)(%))
I+ Feu((2)) ’ L+ F(6(2)) ’

Fu,T(u,v) (¢(£)) +Fx,T(u,v) (2¢(£)> Fv,T(v,u) <¢(£)) + Fy,T(wu) (2¢(£))
1+ F(9(D)) ’ L+ F0(9(L)) ‘

Then T have a unique coupled fixed point of the form (u,u).
We can state another generalization of Theorem 2.1 as the following corollary.

Corollary 2.4. Let (X,F,/\) be a Menger PbM-space with the coefficient k € (0, 1]. Let A\ be a
continuous t-norm satisfying N\(v,v) > v,¥v € [0, 1]. Supposethatg:X —X andT : X xX — X
be two given functions such that (g,T) is o.-admissible. Suppose that the following conditions
hold

(i) g(X) is complete;

(i) T(X x X) C g(X);

(iii) there exists (xg,y0) € X X X such that o(gxo,gyo,t) < 1,Vt > 0;

(iv) {x,} and {y,} are two sequences in X satisfying (gx,,gyn,t) < 1,Vn €N, ¢t > 0. There
exists (UL, V) € X x X such that gx, — gL, gyn — gV asn — oo and o(gu,gv,t) < 1, Vt > 0;

(v) for any coupled coincidence point (i, V) of T and g, we infer that a(gu,gv,t) <1, vVt >
0.

Moreover, for all x,y,u,v € X, t >0, c € (0,1), and r € N, it holds that

(8%, 8y, K1) 0 (814, £V, K1) P (1), 1) (K0 (1))
> min { Fecu (K10 (é)) Fo (K710 (é)) 3 (2.45)

Then T and g have a unique coupled point of coincidence. Moreover, if T and g are ®-
compatible, then T and g have a unique common coupled fixed point of the form (u,u).

Example 2.5. Let X = R™". Let F be given as in Example 1.2. Thus (X,F,/A3) is a complete
Menger PbM-space with k = % Define the functions 7 : X x X - X, g: X —- X, a: X x X X
(0,00) = (0,00), and ¢ : RT — R* as T(x,y) = [x—y|, g(x) = x, a(x,y.1) = 7, ¢(r) =1. By
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setting ¢ = 5. It is obvious that % (Ix—u| — |y —v|)* < max{(x—u)?, (y—v)?}

1 Lt t t
2r . 2)— 2r_
<0z > min , .
16 Lo+ [ ul by {—2,f2+<x—u>2 ﬁJr(y—v)Z}
1
7t
2r

o(gx,gu,k't)x(gy, gv, k't)
3t + (x—ul—[y—v|)?

1t 1t
. =1 ¢ =1 ¢
Zmln 1 ¢ + - 27 1 ¢t H5\2 ’
or—1 c X I/l) or—1 c + (y V)

OC(gx, 8Y, krl‘)OC(gm 8V, krt)FT(xJ),T(u,v) (qu) (t))

i (910 (1) o (0 (1) -

Then mappings 7" and g satisfy (2.45). Clearly, other conditions are also satisfied in Corollary
2.3, which by Corollary 2.4 asserts that g and T have a unique common coupled fixed in X.
Indeed, (0,0) is the unique common coupled fixed of g and T'.

Therefore

Example 2.6. Let X = R and let (X,d) be a b-metric space with d(x,y) = [x—y|” (p > 1) for
all x,y € X with the coefficient s = 2”~! > 1. Define the distribution function by & (1)=0,t<0
and Z2(t) =1—e',t > 0. For any ¢t > 0, we define a function F : X x X — R™ by

%(I)a X=Y,
Fx,y(f) = { ‘@(d(;,y)) . XAy

By taking /A = A3, one has that (X, F, A\3) is a Menger-PbM space with the coefficient k = <.
Obviously, F satisfies conditions (PbM1) and (PbM2). Now it remains to prove that F' satisfies
(PbM3).
(a) If x # y # z, it follows from d(x,y) < sd(x,z) + sd(y,z) that
1 +n h+ntb >min{ 4] 1)
d(x,y) ~ sd(x,z) +sd(y,z) ~ sd(x,z)" sd(y,z)

By the increasing monotonicity of #(t), we derive that

(i) 2 () 2 (o))

which implies that Fy ,(t] +12) > A3 (Fx,Z (%) Fy (%)) )
(b) Otherwise, we have that

Fx,y(fl +10) > A3 (Fx,z (%) Fyz <%2>> =3 (Fx,z(ktl)aF)’,z(kIZ)) .

By the above analysis, we prove that F satisfies the condition (PbM3). Therefore, (X, F, A3) is
a Menger PbM-space with the coefficient k = %

|—

D

}, Vi, > 0.

Example 2.7. Let (X, F,/A\3) be a Menger PbM-space defined in Example 1.2 with k = % (s=
27=1 p>1). Give the mappings T : X x X — X and g : X — X respectively by T (x,y) = sin |x—
y| and gx = 8sx. Define the functions ¢ : RT — R" and o : X x X X (0,00) — (0,00) by ¢ (x) = 2x
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and o(x,y,r) = 1,Vx,y € X, t > 0. Let ¢ = 1. It is easily to claim that 7(X x X) C g(X). Next,
we prove that g and T are @—compatible. Indeed, by a directly calculation, we have that

T(x,y) = gx sin|x —y| = 8px
= .
{ T(y,x) =gy { sin|y — x| = 8py
This implies that (g(0),g(0)) is the unique coupled point of coincidence for mappings 7 and g.
In addition, we have that 7'(g(0),£(0)) = g(7(0,0)) = 0. Therefore, the mapping pair (7, g) is
w-compatible. Next, we prove that the mappings 7 and g satisfy (2.45). For this, we consider
the following two cases
(i) If x =y, then Fy ,(t) = J(t) = 1,Vt > 0. Clearly, (2.45) in Corollary 2.4 is satisfied.
(ii) If x # y, we calculate that

& 8px=8py=x=y=0.

| sin e — y[ —sinfu —v[ [<| b= y[ = [u—v[|
< [ =y) = =v) [< o=yl +|u—v]

Therefore, | sin |[x—y | —sin |u—v |[[P< (|x—y|—|u—v|)? <27 (|x—u|? + |y—v|P). Thus,
forall r > 0,

2t S 1+t > t t
min )
sin|x —y| —sin|u—v||? = 2P|x —u|P + 2P|y —v|P ~ 2P| x —ulP’ 2P|y —v|P
Then
2t - k" . t-k" t-k"
- - > min ,
|sin |x —y| —sin |u—v|P 2P| x —u|P’ 2P|y —v|P

. At k] 4t ! - At -k 4t k!
1 —
(8p)P|x—ulP’ (8p)Ply —v|P |8px —8pulP’ [8py —8pv|P |’

2t k" . 4t - k1 4t - k1
min
|sin|x—y|—sin|u—v]||P ~ | 8px—8pu [P’ | 8py—8pv|P |’

that is,

which implies that

Koo K0 Ko
d(T(x,y),T(u,v)) ~ d(gx,gu)’ d(gy,gv) |

Consequently,

k-9 (1) ) : K='o(f) K1-9(L)
9 >min{ 7| ——< |, 9| ——<2 |},
(d (T(x,y),T(u,v)) ) — d (gx,gu) d(gy,8v)
thatis, Fr(y y) 7(uy) (K¢ (1)) > min { Fyx o (K19 (L)), Foyg (K '9 (L)) } - By taking oc(x,y,1) =
1,Vx,y € X,t > 0, we have that, Vx,y,u,v € X,

ou(gx, gu,k't) 0t (8y, gV, k't) Fr(x.y) 7(uw) (K 9 (1))

=i {F (K10 (3)) o (10 (0))}-

Considering the above cases, one has that 7 and g satisfy (2.45) of Corollary 2.4. Clearly, all
the conditions of Corollary 2.4 are satisfied. Indeed, (0,0) is the unique common coupled fixed
point of g and T'.
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3. APPLICATIONS TO INTEGRAL EQUATIONS

Throughout this section, we assume that X = C[0, 1] is the set of all continuous functions.
Consider the integral equation in the following system, Vx,y € X

{p)=hp) 4o [ GilpaSiaxa)da [ GlpaSar@)ds,  GD

where ¢ € I = [0,1] and @ € [0,+c0). Now we assert that the system satisfies the follow-
ing assumptions: S;: I xx — R and M;(g) : I — R (i = 1,2) are continuous with S;(g,x) <
M;(q)(i=1,2); h: I — R is a continuous function and G; : I x I — R™ (i = 1,2) is continuous
at (p,q) € I x I. Furthermore, for any p € I, it is measurable with respect of g € I, which means
that fol Gi(p,q)Mi(q)dg < K(i = 1,2). There exists L; € [0,1)(i = 1,2) such that, Vx,y € X,
| Si(q,x) —Si(q,y) |<Li | x—y| (i = 1,2). For the real number k € (0, 1], there exists ¢ € (0, 1)
such that 40?K*max{L} L3} || m ||3< ke, where || m ||= supGi(p,q),Vp,q € 1(i = 1,2).
Define the function d : X x X — R by d(x,y) = sup,¢; | x(q) —y(q) 2, x,y € X. It is obvi-
ous that (X,d) is a complete b—metric space with @ = 2. The mapping F : X x X — Z is
given by Fy,(t) = J€(t —d(x,y)),t > 0,Vx,y € X. The t-norm A : X x X — X is given by
A(x,y) =min{x,y},Vx,y € X. Hence, (X,F,/\) is a Menger-PbM metric space with the coef-
ficient s = %

Theorem 3.1. Under hypothesises, (3.1) has a unique solution.
Proof. Define the functions T : X xX — X, g: X — X, ¢ :RT - R*,and o : X x X x (0, +e0) —

(0,+<0) respectively by

T(x,y)(p)=h(p)+o /0 1 G1(p,q)S1(q,x(q))dq /O 1 G2(p,9)S2(q,¥(q))dq,¥q € I;

gx) =x,Vx€X;0(t) =t,Vt e RT;a(x,y,t) = 1,Vx,y € X,Vt > 0.

Then it easy to prove that (g,T) is an o-style admissible contractive mapping pair. By using
the conditions, we have that

T (x,y)(p) =T (u,v)(p)|

1 1
<ok | Ga(p.g)a | v(a)=vig) | dg-+ oK [ Gi(p.a)Li |x(q) —ulq) | dg

<a)Kmax{L1,L2}<(/ Gzpqdq) (/ | y(q) —v(q |2dq)
+(/ Gqudq) (/ | x(q) —ulq I2dq)>

<@Kmax{L,La} || m || (sup | y(q) —v(q) | +sup | x(q) —u(q) |)-
qel q€l
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which indicates that

d(T (x,), T (u,v)) = sup | T(x,9)(q) = T (uv)(q)

<{oKmax{Ly,La} [ m || <s;l§13 [ (q) =v(q) | sup | x(g) —u(q) |)}?

<40’K*max{L{,L3} | m |2 max{d(gy,gv),d(gx,gu)}
<kcmax{d(gy,gv),d(gx,gu)}.

It follows from the above inequality that

a(nggu,t)a(gyvg‘)?t)FT(x.,y),T(u,v) (krt> = c]Qf(krt - d(T(x7y)> T(M,V)))
> A (k't — kemax{d(gy,gv),d(gx,gu)})

- () (1)
i (710 (2)) i (470 (1)

In addition, other conditions of Corollary 2.4 hold. Invoking Corollary 2.4, we have that g and
T have a unique common coupled fixed point, that is, there exists x* € X such that x* = gx* =
T (x*,x*). Consequently,

() =hp) 40 [ Gipg)Silar @)dg [ Galp.)S:0. (@)dg.q 1= 101,020

Thus, we conclude that x* is the unique common coupled fixed point of g and 7', which is the
unique solution to (3.1). ]
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