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Abstract. The objective of this paper is two-fold. First, the essential characteristics of the iterative meth-
ods of fixed point approximation are extracted, and the convergence of sequences not linked to particular
algorithms are studied. The second aim of this paper is to present a new three-steps iterative procedure.
The convergence of the procedure for the approximation of fixed points of partial contractivities and
nonexpansive partial contractivities is analyzed. In the nonexpansive case, the results of weak and strong
convergence of the method are given when the underlying spaces are Banach and enjoy some properties,
such as uniform convexity or Opial condition.
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1. INTRODUCTION

The method of successive approximations, computing the sequence (7"x) to approach a fixed
point of a map 7', is an essential pillar of the numerical mathematics. This procedure is on the
basis of important numerical methods such as Newton and Steffensen algorithms for finding
the roots of nonlinear equations, or the Picard-Lindelof method to solve an ordinary differential
equation. However, it is known that this iterative scheme may fail to converge if the map is
not a contraction of Banach type, for instant, 7" is nonexpansive. A simple illustrative example
is given by the map 7 : [0,1] — [0,1] defined as Tx = 1 —x. T is nonexpansive and it has a
unique fixed point at x = 1 /2. However, the Picard iterations of a point xo € [0, 1] consist of the
sequence (xg, 1 —xp,x0, 1 —xo,...), only convergent for xo = 1/2. Krasnoselskii [10] observed
this lack of convergence of the Picard method for nonexpansive mappings in normed spaces,
and proposed a procedure of averages given by the recurrence x,, 1 = (x, + Tx,) /2. Afterwards,
he generalized the formula to consider a convex linear combination of x,, and Tx;, :

Xpr1 = (1 =A)x, + ATxy, (1.1)
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for 0 < A < 1. Kirk [9] extended this scheme to consider the recurrence in 1971 x,.] =
Z?:o 0;T'x,, where Z?:o o =1, a; > 0. In 1953, Mann established the following iterative
scheme

Xnt1 = (1 —ap)xn + anTxy, (1.2)
Recently, various iterative weighted averages were proposed. Ishikawa, in [7], studied a two-
step algorithm given by:

Yn = (1 - ﬁn)xn + ﬁnT(xn)a
Xn+1 = (1 — Oy) Xy + anT(yn)a
In 2000, Noor proposed the following scheme in the context of variational inequalities
Zn = (1—cn)xn+cnTxp,
Yn = (1 - bn>xn + bnTZm
Xn+1 = (1 - an)xn +anTyn>
The so-called S-iteration was presented by Agarwal, O’Regan, and Sahu in [1]:
yn = (1 =by)xn + b, Txy,
In [17], Pheungrattana and Suantai proposed the following SP-algorithm
Zn = (1 —cp)xn+cnTxp,
Yn = (1 - bn)Zn + bnTZm
Xn+1 = (1 - an)yn +anTyn7

In [8], Karakaya et al. studied a particular case of the SP-algorithm for the approximation of a
fixed point:

Zn = T-xl’h
Yn = (1 - an)zn + anTZn;
Xnt+1 = Typ.

In all the cases, the scalar range is in [0, 1]. Ishikawa and Karakaya iterations were analyzed [11]
by establishing value ranges of the parameters for the convergence of the algorithms to a fixed
point of a partial contractivity in the framework of a quasi-normed space. The convergence
values of the scalars are related to the index of the quasi-norm. The celebrated Kirk iteration
was analyzed in [13] and the algorithms were applied to the construction of new types of fractal
maps and surfaces in Hilbert and Banach spaces.

The objective of this paper is two-fold. First, we extract the essential characteristics of these
methods, and study the convergence capabilities of sequences not linked to a particular algo-
rithm. The sequence merely owns some basic conditions related to the operator 7, called the
AF and the LE properties, and these conditions provide the possibility of approximating a fixed
point of 7', specially when it is of nonexpansive type. The second aim of this paper is the
presentation of a new three-steps iterative procedure for fixed-point approaching, where the se-
quence generated enjoys the related properties. Section 2 deals with the sequences belonging to
normed spaces that enjoy two properties related to a map 7', giving sufficient conditions on the
underlying space and the operator T to obtain convergence (weak or strong) to a fixed point of
T. In Section 3, we study a particular case where map 7 is a nonexpansive partial contractivity,
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and we provide sufficient conditions of the convergence of these sequences in Banach spaces
satisfying the Opial condition [15]. Section 4 introduces a new three-steps iterative procedure
with two map evaluations and studies the properties of the sequences generated by our algo-
rithm, giving sufficient conditions for weak and strong convergence to a critical point. Section
5 is devoted to a particular type of contraction, introduced in [14], called (¢ — y)-partial con-
tractivity, and considers the convergence of Picard iterations. This type of self-maps contains
many others as particular cases (see [11, Corollary 2.2 ]). Section 6 analyzes the convergence
of the proposed iterative scheme in the case that 7 is a partial contractivity (particular case of
(¢ — y)-partial contractivity) in a normed space. Finally, a potential application of the new
method to the approximation of repelling fixed points of nonlinear mappings is presented with
two examples.

2. APPROXIMATIVE SEQUENCES OF FIXED POINTS OF NONEXPANSIVE OPERATORS

Let us consider the following definition about a sequence in a normed space X and a self-map
T (see, e.g., [2, 18]).

Definition 2.1. Let E be a normed space, C C E a subset, T : C — C a map, and (f,) CC a
sequence. Then (f,) has the approximate fixed point property (AF property) if lim, e || fr, —
T f,4|| = 0. The sequence (f;,) has the limit existence property (LE property) if limy,_,co || f — f*||
exists and is finite for any f* € Fix(T), provided that Fix(T) # 0.

In Sections 4, 5, and 6 of this article, we studied a class of sequences that enjoy these prop-
erties for nonexpansive operators.

Example 2.2. Let us consider the sequence of Picard iterates of the map 7 : [0,1] — [0, 1]
defined as Tx = 1 —x, whose single fixed point is x* = 1/2. Picard iterates x, = T"xq satisfy
the LE property since (|x, —x*|) is the constant sequence (|xo — 5|). However, it does not have
the AF property since (|x, — Tx,|) = (|2xp — 1), for n > 0, does not converge to zero except if
xo = 1/2. The n-th Krasnoselskii iteration (1.1) is given explicitly by x, = 5+ (1 —21)"(xo— 3)
and it has the LE property for 0 < A < 1. In fact, for these values of the scalar, (x,) converges
strongly to the fixed point. The Krasnoselskii iterates own the AF property for 0 < A < 1 as
well because (|x, — Tx,|) = (](1 —24)"(2x9 — 1)|) converges to zero for any xo € [0, 1].

In the following, we study the implications of the properties LE and AF for the approximation
of fixed points of the operators of nonexpansive type. Let us start with a couple of definitions.

Definition 2.3. Let X,Y be Banach spaces over the same field. Then §: X — Y is closed if
x, — x and Sx,, — y imply that y = Sx.

Let us mention the definition of weak convergence of a sequence in a normed space.

Definition 2.4. Let X be normed space. A sequence (x,) C X is said to converge weakly to
x € X if (f(x,)) converges to (f(x)) for any f € X*, where X* denotes the topological dual of
X.

From now on, — is used to denote the weak convergence of a sequence

Definition 2.5. Let X,Y be Banach spaces over the same field. Then S: X — Y is said to be
demiclosed if x, — x and Sx,, — y imply that y = Sx.
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Theorem 2.6. Let X be a Banach space, C be a compact and convex subset of X, and T : C — C
be a closed operator. If (x,) C C has the AF property, then Fix(T) # 0. If T has a single fixed
point, then (x,,) converges strongly to it. Otherwise any strongly convergent subsequence of (x,)
tends to a fixed point of T.

Proof. Since C is compact, (x,) has a convergent subsequence (x,;). Let x = lim ;e X,,,. Since
(x) has the AF property, lim;_co(I — T )x,; = 0. The hypothesis on T implies that 0 = (I —T)x
and x is a fixed point of 7. Thus, the critical point x is a subsequential limit of (x,). If Fix(T) =
{x*}, all the subsequences of (x,) converge to x* for the same reasons, and consequently (x;,)
converges strongly to it. 0J

Theorem 2.7. Let X be a reflexive Banach space, C be a bounded, closed, and convex subset
of X, and T : C — C be such that I — T is a demiclosed operator. If (x,) C C has the AF
property, then every subsequential weak limit of (x,) is a fixed point of T, that is, Fix(T) # 0. If
T has a single fixed point, then (x,) converges weakly to it. Otherwise, any weakly convergent
subsequence of (xy) tends weakly to a fixed point of T.

Proof. In a reflexive Banach space, a closed, bounded, and convex set is weakly compact. This
is a consequence of Theorem of Eberlein—Smulian (see, e.g., [5]). Then, (x,) has a weakly
convergent subsequence (x,;). Let x be the weak limit of (x,;). Since (x,) has the AF property,
lim; e (1 —T')xy; = 0. The hypothesis on 7' implies that 0 = (I —T')x, and x is a fixed point of T'.
The critical point x is a subsequential weak limit of (x,). If Fix(T) = {x*}, all the subsequences
converge weakly to it. Consequently, x,, — x. 0

An example of reflexive Banach spaces is the Bochner space %7 (Q, E), where Q is a measure
space and E is a Banach space, whenever E is reflexive and 1 < p < co. This includes the usual
Lebesgue spaces for 1 < p < o (see [3]). The following theorem is called Demiclosedness
Principle (see [6, Theorem 10.4]).

Theorem 2.8. Let X be a uniformly convex Banach space, C be a closed and convex subset of
X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed on C.

Theorem 2.9. Let X be a uniformly convex Banach space, C be a bounded, closed and convex
subset of X and T : C — C be a nonexpansive operator. If (x,) C C has the AF property, then
every subsequential weak limit of it is a fixed point of T. If T has a single fixed point then (x;,)
converges weakly to it. Otherwise any weakly convergent subsequence of (x,) tends weakly to
a fixed point of T.

Proof. According to Theorem 2.8, one has that / — 7T is demiclosed. On the other hand, a
uniformly convex Banach space is reflexive ([16]), and we have the hypotheses of Theorem
2.7. O

For the next definition, we refer to [15].

Definition 2.10. A normed space X satisfies the Opial’s condition if, for any sequence (x,) C X
such that (x,) converges weakly to x € X, liminf,,_« ||x, — x|| < liminf,_ ||x, — || for any

y #X.

There is another demiclosedness principle for reflexive Banach spaces (see, e.g., [6]).
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Theorem 2.11. Let X be a reflexive Banach space satisfying the Opial condition, C be a closed
and convex subset of X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed
onC.

Then Theorem 2.9 is also true for reflexive Banach spaces with the Opial condition.

Theorem 2.12. Let X be a reflexive Banach space with the Opial condition, C be a bounded,
closed, and convex subset of X, and T : C — C be a nonexpansive operator. If (x,) C C has the
AF property, then every subsequential weak limit of it is a fixed point of T. If T has a single
fixed point, then (x,) converges weakly to it. Otherwise, any weakly convergent subsequence of
(xn) tends weakly to a fixed point of T.

Proof. According to Theorem 2.11, we have the hypotheses of Theorem 2.7, and the result
holds immediately. ([l

3. FIXED POINTS OF NONEXPANSIVE PARTIAL CONTRACTIVITIES

Definition 3.1. Let X be a normed space. T : X — X is said to be a nonexpansive partial
contractivity if there exists ¥ : Rt — R™, w(0) = 0, such that for any x,y € X,

|| Tx = Ty|| < []x = yl| + w(min{|[x — Tx[[, [y = Ty[[}).

For y = 0, we have a nonexpansive mapping.
In the following, we give some properties of the set of fixed points of a nonexpansive partial
contractivity. The proofs of these results are similar to the given in [12, Corollaries 1, 2, 3, 4].

Proposition 3.2. Let X be a normed space, and T be a continuous nonexpansive partial con-
tractivity. Then the set of fixed points Fix(T) is a closed set.

Proposition 3.3. Let X be a strictly convex Banach space, and let C C X be a nonempty, closed,
and convex set. Let T : C — C be a nonexpansive partial contractivity. If Fix(T) # 0, then it
is closed and convex, and T is continuous on it. Consequently, Fix(T) is empty, a singleton or
infinite.

Proposition 3.4. Let X be a uniformly convex Banach space, and let C C X be a nonempty,
closed, and convex set. Let T : C — C be a nonexpansive partial contractivity. If Fix(T) # 0,
then, for any y € X, there exists a unique x* € Fix(T) such that ||y —x*|| = d(y, Fix(T)).

Remark 3.5. In particular, all these propositions are true for nonexpansive partial contractivities
defined on Lebesgue spaces X = .ZP(I) with 1 < p < co.

Proposition 3.6. Let X be a Banach space satisfying the Opial condition, C C X be nonempty,
closed and convex, and T : C — C be a nonexpansive partial contractivity, where Y is right
continuous at zero and non-decreasing. If a sequence (x,) C X converges weakly to x € C and
it satisfies the AF property with respect to T, then x € Fix(T).

Proof. Let (x,) be a weakly convergent sequence satisfying the condition AF. Then lim,,_ ||, —
Tx,|| = 0. Let x be its weak limit, and let us assume that x # Tx. Since X satisfies the Opial
condition,

liminf||x, — x|| < liminf||x, — Tx|| <liminf(||x, — Tx,|| + || Tx, — Tx||).
n—>oo n—soo n—>o0
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The fact that T is a nonexpansive partial contractivity implies that
liminf ||, —x[| < liminf(|}x, —x[[ + ¥ (||Tx —x[[)) = liminf ], —x]].
Consequently, x = Tx. O

Theorem 3.7. Let X be a reflexive Banach space satisfying the Opial condition. Let C C X
be a nonempty, closed, bounded and convex set, and let T : C — C be a nonexpansive partial
contractivity, where y is right continuous at zero and non-decreasing and Fix(T) # 0. Any
sequence having the AF and LE properties converges weakly to a fixed point x* of T. If X is a
uniformly convex Banach space and (||x,||) converges to ||x*||, then (x,) converges strongly to

x*.

Proof. As mentioned before, in a reflexive Banach space, a nonempty, closed, bounded, and
convex set is weakly compact. Let (x,) a sequence with the LE and AF properties. Since C is
weakly compact, there exists a weakly convergent subsequence (x,,j). Let x* be the weak limit
of (x4;). Then x* € C. By Proposition 3.6, one has x* € Fix(T). Thus all the subsequential weak
limits of (x,) are fixed points. If there exists another subsequence (x,,, ) converging to y* € X,
and y* # x*, by the LE property and the Opial condition,

Jim [, — ]| = Jim [, " < Jim e, =] = Jim |3 =]
and
Yimn [, =[] = Jim [, — 3] < Hm Ly, ]| = Jim [~

Hence x* = y* and (x,) converges weakly to x*. If (x,) converges weakly to x*, (||x,||) converges
to ||x*||, and X is uniformly convex, then (x,) converges strongly to x* (see, e.g., [3, Proposition
3.32)). O

Corollary 3.8. Let X be a uniformly convex Banach space with the Opial condition, and let
T : C — C, where C is nonempty, bounded, closed, and convex subset of X, be a nonexpansive
mapping. Then Fix(T) # 0. If (x,) enjoys the AF and LE properties, (x,) converges weakly to
a fixed point of T.

Proof. Browder’s Fixed Point Theorem ([4]) implies that Fix(T) # 0 (see, e.g., [4]) by the
conditions imposed on X and 7. Then Theorem 3.7 yields the result immediately. U
4. A NEW THREE STEPS ALGORITHM

In this section, we introduce a three-step algorithm with two map evaluations. The new
procedure may be advantageous when the evaluation of 7' is time-consuming, regarding the
three-steps methods present in the current literature

Zn = (1 —=cp)xn +cnTxp, 4.1
Yn = (1 - bn)xn +bnzna 4.2)
Xn+1 = (1 - an)yn +a,Tyy, (4.3)

where a,,b,,c, € [0,1] and xg € X. We call this iterative scheme N-algorithm.
This procedure generalizes Mann iteration (1.2), obtained for a, = 0 and b,, = 1, and conse-
quently the Krasnoselskii algorithm (1.1) as well, where ¢, is constant.
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Proposition 4.1. Let X be a normed space, C a closed and convex subset of X, and T : C — C
be a nonexpansive partial contractivity such that Fix(T) # 0. Then the N-iteration has the LE
property for any xg € X.

Proof. For x* € Fix(T), from (4.1) and the definition of nonexpansive partial contractivity, one
has

[lzn = x"[] = [[(1 = cn) (o = x7) + cn (T — )| < [ — 7], (4.4)
bearing in mind that, for any x € C and x* € Fix(T), ||Tx — x*|| < ||x —x*||. From (4.2) and
(4.4), one has

3 =1 = [1(1 = Ba) (5 — %) + bz — x| < [t =271 4.5)
Using (4.3) and (4.5), one has ||x,+1 —x*|| < (1 — ap)||xn — x*|| + an|xn — x*|| = ||x0 — x*]-
Consequently, ||x, — x*|| is bounded and decreasing, and there exists / := lim,_ ||x, — x*|| €
R. 0

Next lemma can be found in [19].

Lemma 4.2. Let X be a uniformly convex Banach space, and a sequence (A,) C X be such that
there exist p,q € R satisfying the condition 0 < p <A, < g <1 foralln € N. Let (x,), (y,) be
sequences of X such that limsup, .. ||x,|| < r, limsup,_...||ys|| < r, and limsup,_. .|| Anx, +
(1 — An)yn|| = r for some r > 0. Then limy,_,e | |x, — yu|| = 0.

Theorem 4.3. Let X be a uniformly convex Banach space. Let C be a closed and convex subset
of X, and let T : C — C a nonexpansive partial contractivity. Then the N-iteration such that
0 <infa, <supa, < 1 and 0 < infc, <supc, < 1, has the AF property for any xy € C.

Proof. By (4.5), one has

limsup |y, —x*[| < 1= lim ||, — "] (4.6)
n—oo n—eo

and limsup,_., || Ty, —x*|| < limsup,_... ||yn —x*|| <I. Moreover, by (4.3), we obtain that
= im [l — | = Tim [[(1 = @0) (00— °) + (T3 —3°)]|.
n—oo n—oco
Lemma 4.2 implies that 1im,, e || Ty, — yu|| = 0. From (4.3), we see that
[Pt = X" < [lyn = X"+ anl[Tyn =yl

Consequently, [ < liminf,_,e ||y, —x*||, since limy,_e ||y, — Ty4|| = 0. Bearing in mind (4.6),
we have [ = lim,, o ||y, —x*||. Then

[yn = x| < (1= bn) [0 — %" + b |20 — %71,

[|yn = X" = | = X[ < =bnl[xw = || + ba| |20 — 7,
[|yn = x| = [len = x"]]
by

and ||y, — x*|| < ||z, — x*||. It follows from [ = lim,, e ||y, —x*|| that

[1yn = x| = [ = x7[| < < lzn =" = [ — 2"

[ = 1im ||y, —x*|| < liminf|[z, —x||.
n—soo n—soo
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By (4.4), we have limsup,,_,., ||z, —x*|| <1 =1im, e ||x, —x*||. Consequently, [ = lim, ||z, —
x*||. The equality

I =lim ||z, —x*|| = lim ||(1 —¢,) (xn — X)) + cn(Tx —x¥)]|,
n—o0 n—o0

along with / = limy,_e ||x, — x*|| and limsup,_,., ||Tx, —x*|| <[ imply that, by Lemma 4.2,
lim,,_ye || Tx, — Xp|| = 0 and (x,,) has the AF property, for any xo € C. O

Let us consider now the convergence of the N-iteration for nonexpansive partial contractivi-
ties. It is very relevant to the Schauder’s Fixed Point Theorem (see, e.g., [3] for this result and
its practical applications).

Theorem 4.4. Let X be a Banach space, and let C be a nonempty closed convex set in X. Let
F : C — C be a continuous map such that F (C) C K, where K is a compact subset of C. Then F
has a fixed point in K.

Regarding the convergence of the N-iteration, we have the following results.

Theorem 4.5. Let X be a uniformly convex Banach space. Let K be a compact and convex
subset of X, and let T : K — K be a continuous nonexpansive partial contractivity. Then
Fix(T) # 0. If T has a single fixed point x*, then the N-iteration, where 0 < infa, < supa, < 1
and 0 < infc, <supc, < 1, converges strongly to x* for any xy € C. Otherwise, any strongly
convergent subsequence of (x,) tends to a fixed point of T.

Proof. The statement about the set of fixed points is a consequence of Schauder’s Fixed Point
Theorem. By Theorem 4.3, the N-iteration has the AF property in a uniformly convex Banach
space, and Theorem 2.6 yields the desired result immediately. 0

For the next result, we use the following definition.

Definition 4.6. Let X be a Banach space. A self-map S : X — X is said to be completely
continuous if, for any sequence (x,) converging weakly to x € X, the sequence of images (Sx;,)
converges strongly to Sx.

Theorem 4.7. Let X be a uniformly convex Banach space. Let C be a bounded, closed, and
convex subset of X, and let T : C — C be a nonexpansive partial contractivity such that I — T
is completely continuous. Let (x,) C C be the N-iteration where 0 < infa, < supa, < 1 and
0 < infc, < supc, < 1. Then every subsequential weak limit of (x,) is a fixed point of T and
hence Fix(T) # 0. If T has a single fixed point, then (x,) converges weakly to it. Otherwise,
any weakly convergent subsequence of (x,) tends weakly to a fixed point of T.

Proof. In a uniformly convex Banach space, the N-iteration, where 0 < infa, < supa, < 1,0 <
infb, <supb, <1 and 0 < infc, <supc, < 1, has the AF property according to Theorem 4.3.
If I — T is completely continuous, then / — T is demiclosed, and the result is a straightforward
consequence of Theorem 2.7. UJ

Definition 4.8. Let X be a normed space. A map 7 : X — X is called a strict nonexpansive
partial contractivity if there exists ¥ : R™ — R™, y(0) = 0, and, for x # y, x,y € X,

1 Tx = Tyl| < |lx = yll + y(min{|}x = Tx[[, [y = Tyl[})- 4.7)

Proposition 4.9. If T is a strict nonexpansive partial contractivity, then Fix(T) = 0 or Fix(T)
is a singleton.
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Proof. If x* € Fix(T), then, it follows from (4.7) that, for any x # x*, ||Tx —x*|| < [|x — x*||.
Consequently, x* is unique. U

Then we have the following results.

Corollary 4.10. Let X be a uniformly convex Banach space. Let K be a compact and convex
subset of X, and let T : K — K be a continuous strict nonexpansive partial contractivity. Then
Fix(T) = {x*} and the N-iteration where 0 < infa, < supa, < 1 and 0 < infc, < supc, < 1,
converges strongly to it.

Proof. 1t is a consequence of Theorem 4.5 and Proposition 4.9. 0

Corollary 4.11. Let X be a uniformly convex Banach space. Let C be a bounded, closed,
and convex subset of X, and let T : C — C be a strict nonexpansive partial contractivity such
that [ — T is completely continuous. Then the N-iteration where 0 < infa, < supa, < 1 and
0 <infc, <supc, < 1, converges weakly to the fixed point of T.

Proof. It is a consequence of Theorem 4.7 and Proposition 4.9. 0
For the spaces with the Opial condition, based on Theorem 3.7, we have the following result.

Theorem 4.12. Let X be a uniformly convex Banach space with the Opial condition. Let C C X
be nonempty, closed, bounded and convex set, and let T : C — C be a nonexpansive partial
contractivity such that  is non-decreasing and right-continuous at zero, and Fix(T) # 0. The
N-iteration with intermediate scalars a,,c, converges weakly to a fixed point x* of T for any
x0 € C. If (||xa]]) converges to ||x*||, then (x,) converges strongly to x*.

Proof. A uniformly convex Banach space is reflexive. In a uniformly convex Banach space, the
N-iteration with intermediate values of a, and ¢, has the LE and AF properties, and the result
is a consequence of Theorem 3.7. U

Corollary 4.13. Let X be a uniformly convex Banach space with the Opial condition, and
T : C — C, where C is nonempty, bounded, closed, and convex, be a nonexpansive mapping.
Then Fix(T) # 0 and the N-iteration described converges weakly to a fixed point of T for any
xo € C.

Proof. 1t is a consequence of Corollary 3.8. 0

Remark 4.14. Theorem 4.12 and Corollary 4.13 are true in particular for Hilbert spaces since
they are uniformly convex and satisfy the Opial condition.

5. FIXED POINT THEOREMS FOR (¢ — ¥)-PARTIAL CONTRACTIVITIES

In [11], the concept of (¢ — y)-partial contractivity was introduced, in the context of a b-
metric space. We recall the definition in a normed space. Then we give sufficient conditions
for the existence of fixed points of this kind of maps, which are different from the ones given in
previous articles.

Definition 5.1. Let X be a normed space. T : X — X is a (¢ — y)-partial contractivity if there
exist a comparison function @ : RT™ — R, e.g., @ is increasing and ¢"(¢) — 0 when n tends to
infinity for any 7 > 0, and y : R™ — R™ with y(0) = 0 such that, for all x,y € X,

|Tx—=Ty)|| < @([lx —y[[) + w(min{|x — Tx[[, [[y = Ty|[}).
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Definition 5.2. Let X be a normed space and C C X. T : C — C is said asymptotically regular
if lim, o0 || 7" 'x — T"x|| = O for any x € C.

Theorem 5.3. Let X be a Banach space, and let C be a compact and convex subset of X. Let
T : C — C be closed and asymptotically regular. Then Fix(T) # 0 and a subsequence of the
Picard iterates converges to a fixed point.

Proof. Let (x,) be the sequence of Picard iterations. Since C is compact, (x,) has a con-
vergent subsequence (x,,j). Let x = limj . xp,;. The asymptotic regularity of 7" implies that
(I —=T)(xn;) — 0, since I — T is closed, and x € Fix(T). O

Theorem 5.4. Let X be a Banach space, and let C be a compact and convex subset of X. Let
T :C — C be a (¢ — y)-partial contractivity, where @ is sublinear and y(t) =Bt. If 9+ Bl is a
comparison function, then T is asymptotically regular. If further T is closed, then Fix(T) = {x*}
and the Picard iterations of any point converge strongly to x*.

Proof. From [13, Proposition 2], one has, for any x,y € X,
([ T"x—=T"y|| < " ([lx—yl[) + (@ +BI)" — ¢")(||x — Tx||). (5.1)

Substituting y = Tx in (5.1), one has ||T"x — T"*'x|| < (¢ + BI)"(||x — Tx||). As ¢ +BI is
a comparison function, one sees that lim, e ||7"x — T"*1x|| = 0. If T is closed, we have the
hypotheses of Theorem 5.3 and Fix(T) # 0. Let x* € Fix(T). Substituting x by x* in (5.1), one
has ||T"y — x*|| < ¢"(||y —x*||) — O as n tends to infinity. This implies that the fixed point is
unique, and the Picard iterates of any element of X converge to it. 0

Theorem 5.5. Let X be a Banach space, and let K be a compact and convex subset of X. Let
T : K — K be a continuous (¢ — y)-partial contractivity. Then Fix(T) = {x*} and the Picard
iterates are convergent to it.

Proof. The existence of fixed points is ensured by Schauder’s Theorem 4.4. The uniqueness
and convergence of Picard iterates come from Definition 5.1, due to ||Tx — x*|| < @(]|x —x*||).
In general, ||7"x —x*|| < @"(||x —x*||) — 0. O

Theorem 5.6. Let X be a reflexive Banach space, and let C be a bounded, closed, and convex
subset of X. Let T : C — C be a mapping such that I — T is demiclosed and T is asymptotically
regular. Then Fix(T) # 0 and a subsequence of the Picard iterates converges weakly to a fixed
point.

Proof. Let (x,) be the sequence of Picard iterations of xy € C. Since C is weakly compact, there
is a weakly convergent subsequence (x,;). Let x be the weak limit of (x,;). The asymptotic
regularity of T implies that (1 —T)(xy,) — 0. Since I — T is demiclosed 0 = (I —T)x, x € Fix(T)
and a subsequence of the Picard iterates converges to it. 0

Theorem 5.7. Let X be a reflexive Banach space, and let C be a bounded, closed, and convex
subset of X. Let T : C — C be a (¢ — y)-partial contractivity, where ¢ is sublinear and y(t) =
Bt. If @ 4+ BI is a comparison function, then T is asymptotically regular. If further I — T is
demiclosed, then Fix(T) = {x*} and the Picard iterations of any point converge strongly to x*.

Proof. The proof of the asymptotic regularity of 7 is similar to that given in Theorem 5.4. Then
we have the hypotheses of Theorem 5.6 and hence Fix(T) # 0. In a (¢ — y)-partial contrac-
tivity, the fixed point is unique (in case of the existence) and the Picard iterations are strongly
convergent to it as mentioned previously. U
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Iteration | Approximate value | Error

0 0.000000 0.353553
1 0.359211 0.005658
2 0.353557 0.000004
3 0.353553 0.000000
4 0.353553 0.000000
5 0.353553 0.000000

TABLE 1. T;-fixed point approximations for xg = 0.

6. CONVERGENCE OF THE N-ITERATIVE ALGORITHM TO THE FIXED POINT OF A
PARTIAL CONTRACTIVITY

In this section, the convergence and stability of the N-iteration applied to a partial contractiv-
ity (introduced in ([11])), is studied.

Definition 6.1. Let X be a normed space, C be a closed and convex subset of X, k < 1, and
v :RY — R* be such that y(0) =0. T : C — C is said to be a partial contractivity if, for any
x,y €X, |[Tx—Ty|| < k|lx—y|[+ y(min{|[x —Tx[],|[y = Ty[[}).

Theorem 6.2. Let X be a normed space. Let C be a closed and convex subset of X, and let
T : C — C be a partial contractivity with a fixed point x* € C. Choose r € R such thatk <r < 1,
and ay, by, and c, satisfy

1—r 1—r

—1_k<an§1and %
Then the N-iteration is convergent to x* for any xo € C with rate of convergence O(r*") and
asymptotic stability.

< bpcy, < 1. (6.1)

Proof. The selection of a,,b,, and ¢, implies that
I1—(l—k)a,<r<land1—(1—k)byc, <r<1, (6.2)

The first step of Algorithm (4.1) implies that ||z, — x*|| < (1 — (1 —k)cy)||xn — x*||. It follows
from (4.2) that
[|yn = x| < (1 = bucn (1 = K)) || xn — 7. (6.3)
On the other hand, (4.3) yields ||x,+1 —x*|| < (1 — (1 —k)ay)||y, — x*||. From (6.3), we have
(o1 =[] < (1= (1 = K)an) (1 = buca(1 —k))[xn — x|

In view of (6.2), we have ||x, | —x*|| < r?||x, — x*||. In general, |x, —x*|| < r?"||xo — x*||.
Thus, for the ranges of values of the scalars given by (6.1), the algorithm is convergent with
asymptotic stability and order of convergence O(r*") at least. UJ

7. APPLICATION OF THE N-ITERATION TO THE APPROXIMATION OF REPELLING FIXED
POINTS

In this section, we present two examples of the N-iteration to the approximation of repelling
fixed points of nonlinear mappings.
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Iteration | Approximate value | Error
0 0.700000 0.346447
1 0.369132 0.015579
2 0.353582 0.000029
3 0.353553 0.000000
4 0.353553 0.000000
5 0.353553 0.000000

TABLE 2. Ti-fixed point approximations for xo = 0.7.

Iteration | Approximate value | Error
0 0.000000 0.381966
1 0.406250 0.024284
2 0.380744 0.001222
3 0.38203 0.000064
4 0.381963 0.000000
5 0.381966 0.000000

TABLE 3. T>-fixed point approximations for xg = 0.

Iteration | Approximate value | Error
0 0.700000 0.318034
1 0.376128 0.005838
2 0.382272 0.000306
3 0.381950 0.000016
4 0.381967 0.000001
5 0.381966 0.000000

TABLE 4. T>-fixed point approximations for xo = 0.7.

Example 7.1. Let us consider the map 77 : [0,1] — [0, 1], defined by Tj(x) = (1 —x2/3)3/2,

This function has a fixed point at x* = —L= ~ 0.353553. However, this point is a repellor for

2v2
the Picard iteration. Starting at xo = 0, we obtain an oscillating sequence of Picard iterates:
(0,1,0,1,...). For the rest of the initial values, the algorithm does not converge either except if
xo = x*. Let us apply the N-algorithm, presented in Section 4, by taking a,, = b, = ¢, = 1/2 for

all n. The iterative scheme to be computed is the following:

. :Xn+(1_xz/3)3/2 y :xn‘l’zn X :yn+(1_y%/3)3/2
n 2 y Jn D) y An+1 2 )
and xq € [0, 1]. For the N-operator, the fixed point acts like an attractor (see Tables 1 and 2).
Table 1 represents the first N-iterations (x,) for the starting point xo = 0. The second column
collects the approximate values of the fixed point, and the third one, the error committed. Table
2 gathers the same data, but in the case that xo = 0.7.
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Example 7.2. Consider the map 75 : [0, 1] — [0, 1], defined by 7>(x) = (1 —x)?. This function
has a fixed point in [0, 1] at x* = 3_7\6 ~ (0.381966. This point is also repelling for the Picard
iteration. Starting at xo = 0, we obtain the sequence of Picard iterates (0,1,0,1,...). For the
rest of the initial values the algorithm does not converge either, except in the case xo = x*. Let
ay = by, = ¢, = 1/2 for all n in the N-algorithm, defined in Section 4. The iterative scheme is

_Xn+(1_xn)2 _ Xnt2Zn _yn+<1_yn)2
in = D) y Yn = 2 7-xn+l_f7

and xo € [0, 1]. For the N-operator, the fixed point is attracting (see Tables 3 and 4). Table
3 represents the first N-iterations for the initial value xo = 0. The second column collects the
approximate values of the fixed point, and the third one, the error committed. Table 4 gathers
the same data, but in the case xo = 0.7.

Both examples demonstrate that the N-algorithm could be used to find "hidden” fixed points
in nonlinear dynamics.
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