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Abstract. In this paper we study and investigate the existence and uniqueness of solutions for a coupled
system of the ψ-Hilfer fractional differential equation under uncoupled non-local multi-point conditions.
By using Schaefer and Banach fixed point theorems, we prove the existence and uniqueness of solutions
to the problem. An example is provided to support our main theorems.
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1. INTRODUCTION

As systems of fractional differential equations arise in various areas of pure and applied
science, they have become a hot research filed; see, e.g., [5, 7, 12, 14, 15, 16]). Coupled systems
involving fractional differential equations are also important to study because they arise in a
wide range of real-world problems and phenomena, such as biology, chemistry, physics and so
on; see, e.g., [9, 11, 13, 20]) and the references.
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Borisut et al. [6] studied the ψ−Hilfer fractional differential equation with nonlocal multi
point conditions of the form:

Dq,p;ψ
a+ u(t) = f (t,u(t),Dq,p;ψ

a+ u(t)), t ∈ [a,b],

I1−r;ψ
a+ u(a) =

m

∑
i=1

βiu(ηi),

where q≤ r = q+ p−qp < 1, ηi ∈ [a,b], 0 < q < 1, 0≤ p≤ 1, m∈N, βi ∈R, i = 1,2, . . . ,m,
−∞ < a < b < ∞, Dq,p;ψ

a+ is the ψ− Hilfer fractional derivatives, f : [a,b]×R×R→ R is
continuous function, and I1−r;ψ

a+ is the ψ-Riemann-Liouville fractional integral of order 1− r.
The existence, uniqueness, and stability of a solution to this problem can be proved by using
Schaefer’s fixed point theorem. A coupled system of Hadamard type fractional differential
equations with uncoupled Hadamard integral boundary conditions was investigated by Ahmad
et al. [3] in 2017. The following describes the system:

Dαu(t) = f (t,u(t),v(t)), 1 < t < e, 1 < α ≤ 2,

Dβ u(t) = f (t,u(t),v(t)), 1 < t < e, 1 < β ≤ 2,

u(1) = 0, u(e) = Iγu(σ1) =
1
γ

∫ σ1
1

(
log σ1

s

)γ−1 u(s)
s ds, γ > 0, 1 < σ1 < e,

v(1) = 0, v(e) = Iγv(σ2) =
1
γ

∫ σ2
1

(
log σ2

s

)γ−1 v(s)
s ds, γ > 0, 1 < σ2 < e,

where Dδ , δ = α, β is the Hadamard fractional derivative of fractional order δ , Iγ is the
Hadamard fractional integral order γ and f ,g : [1,e]×R×R→ R are continuous functions.

The motivation of this paper is from [3, 6]. Our goal is to derive the existence and uniqueness
of a positive solution to a nonlinear fractional differential equation under nonlocal multipoint
conditions: 

Dq,p;ψ
a+ u1(t) = f1(t,u1(t),u2(t), . . . ,un(t))

Dq,p;ψ
a+ u2(t) = f2(t,u1(t),u2(t), . . . ,un(t))

...
Dq,p;ψ

a+ un(t) = fn(t,u1(t),u2(t), . . . ,un(t), t ∈ (a,b).
with the conditions

I1−r;ψ
a+ u1(a) =

m1

∑
i=1

c1
i u1(η

1
i ), I1−r;ψ

a+ u2(a) =
m2

∑
i=1

c1
i u2(η

2
i ), . . . ,

I1−r;ψ
a+ un(a) =

mn

∑
i=1

cn
i un(η

n
i ),

(1.1)

where 0 < q < 1, 0 ≤ p ≤ 1, q ≤ r = q+ p− qp < 1 m1,m2, . . . ,mn ∈ N, c1
i ,c

2
i , . . . ,c

n
i ∈ R,

η1
i ,η

2
i , . . . ,η

n
i ∈ (a,b), i = 1,2, . . . ,m, −∞ < a < b < ∞, Dq,p;ψ

a+ is the ψ− Hilfer fractional
derivative, f1, f2, . . . , fn : (a,b)×Rn→R is a continuous function and I1−r;ψ

a+ is the ψ-Riemann-
Liouville fractional integral of order 1−r. With the help of Schaefer’s and Banach’s fixed point
theorems, we establish the existence and uniqueness of the problem. Application of our research
results is demonstrated with the aid of an example.
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2. PRELIMINARIES

In this section, we review some fundamental concepts, including notations, definitions, lem-
mas, and theorems that are used to prove our main results.

Definition 2.1. [3] The Riemann-Liouville fractional integral of order q > 0 with the lower
limit zero for a function f : (0,∞)→ R is defined by

RLIq
0+ f (t) =

1
Γ(q)

∫ t

0
(t− s)q−1 f (s)ds,

where Γ(·) stands for the Gamma function.

Definition 2.2. [10] The left-sided Hilfer fractional derivative operator of function f ∈Cn[a,b]
of order n− 1 < q < n and type 0 ≤ p ≤ 1 is given by Dq,p

a+ f (t) = Ir−q
a+ DnI(1−p)(n−q)

a+ f (t),
t > a, where r = q+ np− qp. Particularly, if 0 < q < 1 and f ∈ C1[a,b], then Dq,p

a+ f (t) =

Ir−q
a+ DI(1−p)(1−q)

a+ f (t), t > a.

Definition 2.3. [17] For an integrable function f : [a,b]→ R with respect to another function
ψ : [a,b]→ R which is an increasing function such that ψ ′(t) 6= 0, for all t ∈ [a,b], (−∞≤ a <
b ≤ +∞)], the left-sided ψ-Riemann-Liouville fractional integral and fractional derivative of
order q, (n−1 < q < n) are defined as

Iq;ψ
a+ f (t) =

1
Γ(q)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))q−1 f (s)ds (2.1)

and

Dq;ψ
a+ f (t) =

( 1
ψ ′(t)

d
dt

)n
In−q;ψ
a+ f (t)

=
1

Γ(n−q)

( 1
ψ ′(t)

d
dt

)n ∫ t

a
ψ
′(s)(ψ(t)−ψ(s))n−q−1 f (s)ds.

Definition 2.4. [17] The left-sided ψ-Caputo fractional derivative of function f ∈Cn[a,b], n−
1 < q < n with respect to another function ψ is defined by

cDq;ψ
a+ f (t) = In−q;ψ

a+

( 1
ψ ′(t)

d
dt

)n
f (t)

=
1

Γ(n−q)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))n−q−1 f [n]ψ (s)ds,

where n is the smallest integer greater than or equal to q, f [n]ψ (s) =
(

1
ψ ′(s)

d
ds

)n
f (s) and ψ as in

Definition 2.3.

Definition 2.5. [18] Let n−1< q< n, n∈N, and [a,b] be an interval, where−∞≤ a< b≤+∞

and ψ ∈Cn[a,b] is a function such that ψ(t) is increasing and ψ ′(t) 6= 0, for all t ∈ [a,b]. The ψ-
Hilfer fractional derivative (left-sided) of function f ∈Cn[a,b] with order q and type 0≤ p≤ 1

is determined as Dq,p;ψ
a+ f (t) = Ip(n−q);ψ

a+

[
1

ψ ′(t)
d
dt

]n
I(1−p)(n−q);ψ
a+ f (t), t > a. Observe

Dq,p;ψ
a+ f (t) = Ip(n−q);ψ

a+ Dr;ψ
a+ f (t), t > a, (2.2)
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where Dr;ψ
a+ =

[
1

ψ ′(t)
d
dt

]n
I(1−p)(n−q);ψ
a+ f (t). In particular, the ψ-Hilfer fractional derivative of

0 < q < 1 and type 0≤ p≤ 1 can be expressed by

Dq,p;ψ
a+ f (t) =

1
Γ(r−q)

∫ t

a
(ψ(t)−ψ(s))r−q−1Dr;ψ

a+ f (s)ds,

where r = q+ p−qp, I1−r;ψ
a+ (·) is defined in (2.1), Dr;ψ

a+ f (t) =
[

1
ψ ′(t)

d
dt

]
I1−r;ψ
a+ f (t).

Now, we introduce the space E1 = {u1 ∈C1−r;ψ [a,b]} endowed with the norm ‖u1‖C1−r;ψ [a,b]=

max
{
|(ψ(t)−ψ(a))1−ru1(t)|: t ∈ (a,b]

}
, E2 = {u2 ∈ C1−r;ψ [a,b]} endowed with the norm

‖u2‖C1−r;ψ [a,b]= max
{
|(ψ(t)−ψ(a))1−ru2(t)|: t ∈ (a,b]

}
, · · · , En = {un ∈ C1−r;ψ [a,b]} en-

dowed with the norm ‖un‖C1−r;ψ [a,b]= max
{
|(ψ(t)−ψ(a))1−run(t)|: t ∈ (a,b]

}
. The product

space (E1×E2×E3× . . .×En,‖(u1,u2, . . . ,un)‖C1−r,ψ [a,b]) is also a Banach space equipped with
norm

‖(u1,u2, . . . ,un)‖C1−r,ψ [a,b]= ‖u1‖C1−r,ψ [a,b]+‖u2‖C1−r,ψ [a,b]. . .‖un‖C1−r,ψ [a,b].

Lemma 2.6. [8] Let q > 0, 0≤ r < 1 and f ∈ L1(a,b). Then Iq;ψ
a+ Ip;ψ

a+ f (t) = Iq+p;ψ
a+ f (t), a.e. t ∈

[a,b]. In particular,
(1) If f ∈Cr;ψ [a,b], then Iq;ψ

a+ Ip;ψ
a+ f (t) = Iq+p;ψ

a+ f (t), t ∈ [a,b].
(2) If f ∈C[a,b], then Iq;ψ

a+ Ip;ψ
a+ f (t) = Iq+p;ψ

a+ f (t), t ∈ [a,b].

Lemma 2.7. [1] Let 0 < q < 1, 0 ≤ p ≤ 1, and r = q+ p− qp. If f (t) ∈ Cr
1−r;ψ [a,b], then

Ir;ψ
a+ Dr;ψ

a+ f (t) = Iq;ψ
a+ Dq,p;ψ

a+ f (t) and Dr;ψ
a+ Iq;ψ

a+ f (t) = Dp(1−q);ψ
a+ f (t).

Proposition 2.8. [19] Let t > a, q≥ 0 and ρ > 0. Then, ψ-fractional derivative and integral of
a power function are given by

Dq;ψ
a+ (ψ(t)−ψ(a))ρ−1 =

Γ(ρ)

Γ(ρ−q)
(ψ(t)−ψ(a))q+ρ−1

and

Iq;ψ
a+ (ψ(t)−ψ(a))ρ−1 =

Γ(ρ)

Γ(ρ +q)
(ψ(t)−ψ(a))q+ρ−1.

Moreover, if 0 < q < 1, then Dq;ψ
a+ (ψ(t)−ψ(a))q−1 = 0.

Lemma 2.9. [4] Let 0 < q < 1, 0 ≤ p ≤ 1 and r = q+ p− qp, and let ψ ∈C1([a,b],R) be a
function such that ψ is increasing and ψ(t) 6= 0, for all t ∈ [a,b]. Then

(1) Iq;ψ
a+ (·) maps C[a,b] into C[a,b].

(2) Iq;ψ
a+ (·) is bounded from C1−r;ψ [a,b] into C1−r;ψ [a,b].

(3) If r ≤ q, then Iq;ψ
a+ (·) is bounded from C1−r;ψ [a,b] into C[a,b].

Lemma 2.10. [4] Let q > 0, 0 ≤ r < 1 and f ∈ Cr;ψ [a,b]. If q > r, then Iq;ψ
a+ f ∈ C[a,b] and

Iq;ψ
a+ f (a) = limt→a+ Iq;ψ

a+ f (t) = 0.

Theorem 2.11. [4] If f ∈Cn[a,b], n−1 < q < n, 0≤ p≤ 1, and r = q+ p−qp. Then

Iq;ψ
a+ Dq,p;ψ

a+ f (t) = f (t)−
n

∑
i=1

[ψ(t)−ψ(a)]r−i

Γ(r− i+1)
f [n−i]
ψ I(1−p)(n−q);ψ

a+ f (a),
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for all t ∈ (a,b]. In particular, if 0 < q < 1, then

Iq;ψ
a+ Dq,p;ψ

a+ f (t) = f (t)− [ψ(t)−ψ(a)]r−1

Γ(r)
I(1−p)(1−q);ψ
a+ f (a).

Moreover, if f ∈C1−r;ψ [a,b] and I1−r;ψ
a+ f ∈C1

1−r[a,b] such that 0 < r < 1, then

Ir;ψ
a+ Dr;ψ

a+ f (t) = f (t)− [ψ(t)−ψ(a)]r−1

Γ(r)
I(1−r);ψ
a+ f (a), f or all t ∈ (a,b].

Let us end this section with the following two essential fixed point theorems.

Theorem 2.12. [3](Schaefer’s fixed point theorem) Let A : E → E be a completly continuous
operator. If the set F(A) = {u∈ E : u = λ ∗Au for some λ ∗ ∈ [0,1]} is bounded, then A has fixed
points.

Theorem 2.13. [3] (Contraction Mapping Principle) Let E be a Banach space, E1 ⊂ E be
closed, and A : E1→E1 be a contraction mapping (i.e., ‖Ax−Ay‖≤ k‖x−y‖ for some k∈ (0,1))
and for all x,y ∈ E1. Then, A has a unique fixed point.

3. MAIN RESULTS

In this section, we investigate the existence of solutions to problem (1.1) by using Schaefer’s
fixed point theorem and the Banach principle contraction as the main tools.

Lemma 3.1. [2] Let f : (a,b)×R→ R be a function such that f ∈ C1−r;ψ [a,b] for any u ∈
C1−r;ψ [a,b]. A function u ∈Cr

1−r;ψ [a,b] is solution of fractional initial value problem:{
Dq,p;ψ

a+ u(t) = f (t,u(t)), 0 < q < 1, 0≤ p≤ 1,
I1−r;ψ
a+ u(a) = ua, r = q+ p−qp,

(3.1)

if and only if u satisfies the following Volterra integral equation:

u(t) =
(ψ(t)−ψ(a))r−1

Γ(r)
ua + Iq;ψ

a+ f (t,u(t)).

Lemma 3.2. Let 0 < q < 1, 0≤ p≤ 1 and r = q+ p−qp, and let f : (a,b)×Rn→R be a func-
tion such that f1, f2, . . . fn ∈C1−r;ψ [a,b] for any u1,u2, . . . ,un ∈C1−r;ψ [a,b]. If u1,u2, . . . ,un ∈
Cr

1−r;ψ [a,b], then u1,u2, . . . ,un satisfies problem (1.1) if and only if u1,u2, . . . ,un satisfies the
Volterra integral equation:u1(t) = (ψ(t)−ψ(a))r−1

Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+Iq;ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)),

(3.2)

u2(t) = (ψ(t)−ψ(a))r−1

Λ2

m2

∑
i=1

c2
i Iq;ψ

a+ f2(η
2
i ,u1(η

2
i ),u2(η

2
i ), . . . ,un(η

2
i ))

+Iq;ψ
a+ f2(t,u1(t),u2(t), . . . ,un(t)),

(3.3)

...
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Λn

mn

∑
i=1

cn
i Iq;ψ

a+ fn(η
n
i ,u1(η

n
i ),u2(η

n
i ), . . . ,un(η

n
i ))

+Iq;ψ
a+ fn(t,u1(t),u2(t), . . . ,un(t)),

(3.4)

where Λ1 = Γ(r)−∑
m1
i=1 c1

i (ψ(η1
i )−ψ(a))r−1 6= 0, Λ2 = Γ(r)−∑

m2
i=1 c2

i (ψ(η2
i )−ψ(a))r−1 6=

0, . . . ,Λn = Γ(r)−∑
mn
i=1 cn

i (ψ(ηn
i )−ψ(a))r−1 6= 0.

Proof. Consider Dq,p;ψ
a+ u1(t) = f1(t,u1(t),u2(t), . . . ,un(t)) and I1−r;ψ

a+ u1(a) = ∑
m1
i=1 c1

i u1(η
1
i ).

Lemma 3.1 yields that following solution to this problem

u1(t) =
u0

Γ(r)
(ψ(t)−ψ(a))r−1 + Iq;ψ

a+ f1(t,u1(t),u2(t), . . . ,un(t))

u1(t) =
I1−r;ψ
a+ u1(a)

Γ(r)
(ψ(t)−ψ(a))r−1 + Iq;ψ

a+ f1(t,u1(t),u2(t), . . . ,un(t)).

After making the substitution t = η1
i , we have

u1(η
1
i ) =

I1−r;ψ
a+ u1(a)

Γ(r)
(ψ(η1

i )−ψ(a))r−1 + Iq;ψ
a+ f1(η

1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )).

This implies

m1

∑
i=1

c1
i u1(η

1
i ) =

I1−r;ψ
a+ u1(a)

Γ(r)

m1

∑
i=1

c1
i (ψ(η1

i )−ψ(a))r−1

+
m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )),

so

I1−r;ψ
a+ u1(a) =

Γ(r)
Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

u1(t) =
(ψ(t)−ψ(a))r−1

Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+ Iq;ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)).

Thus we can deduce that u1(t) satisfies (3.2). By applying I1−r;ψ
a+ to both sides and making use

of Lemma 2.6 and Proposition 2.8, we arrive at

I1−r;ψ
a+ u1(t) =

Γ(r)
Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f (η1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+ I1−p(1−q);ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)).

From the fact that 1− r+q > 1− r, Lemma 2.10 yields by taking the limit as t→ a that

I1−r;ψ
a+ u1(a) =

Γ(r)
Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )). (3.5)
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Replacing t = η1
i into (3.2), we obtain

u1(η
1
i ) =

(ψ(η1
i )−ψ(a))r−1

Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+ Iq;ψ
a+ f1(η

1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )). (3.6)

Substitute ∑
m1
i=1 c1

i into both sides, we have
m1

∑
i=1

c1
i u1(η

1
i ) =

m1

∑
i=1

c1
i
(ψ(η1

i )−ψ(a))r−1

Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+
m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

m1

∑
i=1

c1
i u1(η

1
i ) =

Γ(r)
Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )).

In view of (3.5) and (3.6), we have I1−r;ψ
a+ u1(a) = ∑

m1
i=1 c1

i u1(η
1
i ). Suppose u1 ∈ Cr

1−r;ψ [a,b].
Applying Dr;ψ

a+ to both sides of (3.2), it follows Lemma 2.7 and Proposition 2.8 that

Dr;ψ
a+ u1(t) = Dr;ψ

a+
(ψ(t)−ψ(a))r−1

Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))

+Dr;ψ
a+ Iq;ψ

a+ f1(t,u1(t),u2(t), . . . ,un(t)).

Hence,
Dr;ψ

a+ u1(t) = Dp(1−q);ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)). (3.7)

Since Dr;ψ
a+ u1 ∈C1−r;ψ [a,b], (3.7) implies that

Dr;ψ
a+ u(t) =

[ 1
ψ ′(t)

d
dt

]
I1−p(1−q);ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)).

From f1(t,u1(t),u2(t), . . . ,un(t)) ∈C1−r;ψ [a,b] and Lemma 2.9 , we have

I1−p(1−q);ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t)) ∈C1−r;ψ [a,b]. (3.8)

Based on (3.8) and Definition of Cn
r;ψ [a,b], we have I1−p(1−q)

a+ f1(t,u1(t),u2(t), . . . ,un(t)) ∈
C1

1−r;ψ [a,b]. Using Lemma 2.10 and Theorem 2.11, we apply the operator Ip(1−q);ψ
a+ to both

sides of (3.7) to obtain

Ip(1−q);ψ
a+ Dr;ψ

a+ u(t) = Ip(1−q);ψ
a+ Dp(1−q);ψ

a+ f1(t,u1(t),u2(t), . . . ,un(t)),

Ip(1−q);ψ
a+ Dr;ψ

a+ u(t) = f1(t,u1(t),u2(t), . . . ,un(t)). (3.9)

By comparing (3.9) with (2.2), we determine Dq,p
a+ u1(t) = f1(t,u1(t),u2(t), . . . ,un(t)). This indi-

cates that equation ((3.2) is valid. Define the operator A : E1×E2× . . .×En→E1×E2× . . .×En
by

A =


A1(u1,u2, . . . ,un(t))
A2(u1,u2, . . . ,un(t))

...
An(u1,u2, . . . ,un(t))


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with the norm

‖(u1,u2, . . . ,un)‖C1−r;ψ [a,b]= ‖u1‖C1−r;ψ [a,b]+‖u2‖C1−r;ψ [a,b]. . .+‖un‖C1−r;ψ [a,b].

Then A has a fixed point if and only if problem (1.1) has a solution. Therefore, the proof is
completed. �

Next, we investigate the existence and uniqueness of solutions for problem (1.1) via Schae-
fer’s fixed point theorem and Banach’s fixed point theorem.

3.1. Existence result via Schaefer’s fixed point theorem. The existence of solutions to sys-
tem (1.1) is the subject of our following investigation, which is guaranteed by Schaefer’s fixed
point theorem.

Theorem 3.3. Assume that there exist real constants k1
i ,k

2
i , . . . ,k

n
i ≥ 0, ∀xi ∈ R, i = 1,2, . . . ,n

such that

| f1(t,x1,x2, . . . ,xn)| ≤ k1
0 + k1

1|x1|+k1
2|x2|+ . . .+ k1

n|xn|

| f2(t,x1,x2, . . . ,xn)| ≤ k2
0 + k2

1|x1|+k2
2|x2|+ . . .+ k2

n|xn|
· · ·

| fn(t,x1,x2, . . . ,xn)| ≤ kn
0 + kn

1|x1|+kn
2|x2|+ . . .+ kn

n|xn|.

Further, it is assumed that

M1k1
1 +M2k2

1 + . . .+Mnkn
1 < 1,

M1k1
2 +M2k2

2 + . . .+Mnkn
2 < 1,

· · ·

M1k1
n +M2k2

n + . . .+Mnkn
n < 1,

where M1,M2, . . . ,Mn are give by

M1 =
( 1

Λ1

m1

∑
i=1
|c1

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
,

M2 =
( 1

Λ2

m2

∑
i=1
|c2

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
,

· · ·

Mn =
( 1

Λ2

mn

∑
i=1
|cn

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
, respectively.

Then, system (1.1) has at least one solution on (a,b).

Proof. The proof is divided into four steps. Consider A : E1×E2× . . .×En→E1×E2× . . .×En.
Step 1. Show that A is continuous which is sufficient to prove that A1,A2, . . . ,An are continu-

ous. We first consider A1 is continuous. Let {uk}= {u1k,u2k, . . . ,unk} and {u}= {u1,u2, . . . ,un}
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be sequences such that uk→ u in Ω, where k→ ∞. Then, for each t ∈ (a,b),∣∣∣(ψ(t)−ψ(a)
)1−r[

(A1uk)(t)− (A1u)(t)
]∣∣∣

≤
∣∣∣ 1
|Λ1|

m1

∑
i=1

c1
i Iq;ψ

a+

(
f1(η

1
i ,u1k(η

1
i ),u2k(η

1
i ), . . . ,unk(η

1
i )

− f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )
)∣∣∣

+
∣∣∣(ψ(t)−ψ(a)

)r−1
Iq;ψ
a+

(
f1(t,u1k(t),u2k(t), . . . ,unk(t)− f1(t,u1(t),u2(t), . . . ,un(t)

)∣∣∣
≤ 1
|Λ1|

m1

∑
i=1
|c1

i |
∣∣∣Iq;ψ

a+

(
ψ(t)−ψ(a)

)r−1∣∣∣
×
∣∣∣ f1(η

1
i ,u1k(η

1
i ),u2k(η

1
i ), . . . ,unk(η

1
i )− f1(η

1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i )
)∣∣∣

+
∣∣∣Iq;ψ

a+

(
ψ(t)−ψ(a)

)r−1∣∣∣∣∣∣ f1(t,u1k(t),u2k(t), . . . ,unk(t)− f1(t,u1(t)),u2(t), . . . ,un(t))
∣∣∣.

Thus,∥∥∥A1uk−A1u
∥∥∥

C1−r;ψ [a,b]

≤
∣∣∣( 1
|Λ1|

m1

∑
i=1
|c1

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a))q+r−1
)∥∥∥ f1uk(·)− f1u(·)

∥∥∥
C1−r;ψ [a,b]

.

Similarly, we have∥∥∥A2uk−A2u
∥∥∥

C1−r;ψ [a,b]

≤
∣∣∣( 1
|Λ2|

m2

∑
i=1
|c2

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a))q+r−1
)∥∥∥ f2uk(·)− f2u(·)

∥∥∥
C1−r;ψ [a,b]

...∥∥∥Anuk−Anu
∥∥∥

C1−r;ψ [a,b]

≤
∣∣∣( 1
|Λn|

mn

∑
i=1
|cn

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a))q+r−1
)∥∥∥ fnuk(·)− fnu(·)

∥∥∥
C1−r;ψ [a,b]

.

Since f1, f2, . . . , fn are continuous, we have ‖A1uk−A1u‖C1−r;ψ [a,b]→ 0, ‖A2uk−A2u‖C1−r;ψ [a,b]→
0, . . . ,‖Anuk−Anu‖C1−r;ψ [a,b]→ 0 as n→∞. In this case, it is clear that operator A is continuous.

Step 2. Show that A(Ω)⊂Ω. Let Ω= {u :=(u1,u2, . . . ,un)∈E1×E2×. . .×En : ‖u‖C1−r;ψ [a,b]
≤ LM}, where LM = L1M1+L2M2+ . . .+LnMn and the positive constants L1,L2, . . . ,Ln are such
that

| f1(t,u1(t),u2(t), . . . ,un(t))|< L1

| f2(t,u1(t),u2(t), . . . ,un(t))|< L2

· · ·
| fn(t,u1(t),u2(t), . . . ,un(t))|< Ln,
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for all (u1,u2, . . . ,un) ∈Ω.

M1 =
( 1

Λ1

m1

∑
i=1
|c1

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)

M2 =
( 1

Λ2

m2

∑
i=1
|c2

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)

· · ·

Mn =
( 1

Λ2

mn

∑
i=1
|cn

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
.

Let u ∈ Ω. We show that Au ∈ Ω, that is, A1u ∈ Ω, A2u ∈ Ω, . . . ,Anu ∈ Ω. It suffices to show
that |(ψ(t)−ψ(a))1−r(A1u)(t)|≤ LM for t ∈ (a,b). Observe that

∣∣∣(ψ(t)−ψ(a))1−r(A1u)(t)
∣∣∣≤ ∣∣∣ 1
|Λ1

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))|

+ |(ψ(t)−ψ(a))1−rIq;ψ
a+ f1(t,u1(t),u2(t), . . . ,un(t))|

≤ L1

( 1
|Λ1|

m1

∑
i=1
|c1

i |+(ψ(b)−ψ(a))1−r
)

Iq;ψ
a+ (1).

It follows that

∣∣∣(ψ(t)−ψ(a))1−r(A1u)(t)
∣∣∣≤ L1

( 1
|Λ1|

m1

∑
i=1
|c1

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)

‖A1u‖C1−r;ψ [a,b] ≤ L1M1.

Similarly, we have

‖A2u‖C1−r;ψ [a,b] ≤ L2

( 1
|Λ2|

m2

∑
i=1
|c2

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
≤ L2M2,

· · ·

‖Anu‖C1−r;ψ [a,b] ≤ Ln

( 1
|Λn|

mn

∑
i=1
|cn

i |+(ψ(b)−ψ(a))1−r
)(ψ(b)−ψ(a))q

Γ(q+1)
≤ LnMn,

‖Au‖C1−r;ψ [a,b]= ‖A1u‖C1−r;ψ [a,b]+‖A2u‖C1−r;ψ [a,b]+ . . .+‖Anu‖C1−r;ψ [a,b]≤ LM.

Thus A(Ω)⊂Ω.
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Step 3. Prove that A(Ω) is uniformly bounded and equicontinuous. From Step 2, we have
A(Ω) = {Au : u ∈Ω} ⊂Ω. Thus ‖Au‖≤ LM, for all u ∈Ω. Next, we show that A1 is equicon-
tionuous. Let τ1,τ2 ∈ (a,b) with τ1 < τ2 and choose u ∈Ω∣∣∣(ψ(τ2)−ψ(a)

)1−r
(A1u(τ2))−

(
ψ(τ1)−ψ(a)

)1−r
(A1u(τ1))

∣∣∣
≤
∣∣∣(ψ(τ2)−ψ(a)

)1−r
Iq;ψ
a+ f1(τ2,u1(τ2),u2(τ2) . . . ,un(τ2))

−
(

ψ(τ1)−ψ(a)
)1−r

Iq;ψ
a+ f1(τ1,u1(τ1),u2(τ1) . . . ,un(τ1))

∣∣∣
≤
∣∣∣ 1
Γ(q)

∫
τ1

a
ψ
′(s)
{(

ψ(τ2)−ψ(a)
)1−r(

ψ(τ2)−ψ(s)
)q−1

−
(

ψ(τ1)−ψ(a)
)1−r(

ψ(τ1)−ψ(s)
)q−1}

× f1(s,u1(s),u2(s), . . . ,un(s))ds
∣∣∣

+
∣∣∣ 1
Γ(q)

∫
τ2

τ1

ψ
′(s)
{(

ψ(τ2)−ψ(a)
)1−r(

ψ(τ2)−ψ(s)
)q−1}

× f1(s,u1(s),u2(s), . . . ,un(s))ds
∣∣∣.

Since the right hand side of above inequality tends to zero as τ1→ τ2, we have∣∣∣(ψ(τ2)−ψ(a)
)1−r

(Anu(τ2))
(

ψ(τ1)−ψ(a)
)1−r

(Anu(τ1))
∣∣∣

≤
∣∣∣ 1
Γ(q)

∫
τ1

a
ψ
′(s)
{(

ψ(τ2)−ψ(a)
)1−r(

ψ(τ2)−ψ(s)
)q−1

−
(

ψ(τ1)−ψ(a)
)1−r(

ψ(τ1)−ψ(s)
)q−1}

× fn(s,u1(s),u2(s), . . . ,un(s))ds
∣∣∣

+
∣∣∣ 1
Γ(q)

∫
τ2

τ1

ψ
′(s)
{(

ψ(τ2)−ψ(a)
)1−r(

ψ(τ2)−ψ(s)
)q−1}

× fn(s,u1(s),u2(s), . . . ,un(s))ds
∣∣∣.

The right-hand side of the inequality approaches zero as τ1→ τ2. Thus A(Ω) is equicontinuous.
Step 4. Show that E = {u := (u1,u2, ·,un) ∈ E1×E2× ·×En : u = λAu, 0 ≤ λ ≤ 1} is

bounded. Let u := (u1,u2, . . . ,un) ∈ E. Then u = λAu. Given that t ∈ (a,b), we have u1(t) =
λA1(u1,u2, ·,un), u2(t) = λA2(u1,u2, ·,un), · · · , un(t) = λAn(u1,u2, ·,un). Thus∣∣∣(ψ(t)−ψ(a)

)1−r
u1(t)

∣∣∣≤ ∣∣∣ 1
Λ

m1

∑
i=1

c1
i Iq;ψ

a+ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))
∣∣∣

+
∣∣∣Iq;ψ

a+ f1(t,u1(t),u2(t), . . . ,un(t))
∣∣∣

≤M1

(
(ψ(b)−ψ(a))1−rk1

0 + k1
1‖u1‖C1−r;ψ [a,b]

+ k1
2‖u2‖C1−r;ψ [a,b]+ . . .+ k1

n‖un‖C1−r;ψ [a,b]

)
and

‖u1‖C1−r;ψ [a,b]≤M1

(
k1

0 + k1
1‖u1‖C1−r;ψ [a,b]+k1

2‖u2‖C1−r;ψ [a,b]+ . . .+ k1
n‖un‖C1−r;ψ [a,b]

)
,
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where M1 =
(

1
|Λ1|

m1

∑
i=1
|c1

i |+(ψ(b)−ψ(a)1−r)
)(ψ(t)−ψ(a))q

Γ(q+1)
and 0 < ψ(b)−ψ(a) ≤ 1. In a

similar way, we see that

‖u2‖C1−r;ψ [a,b] ≤M2

(
k2

0 + k2
1‖u1‖C1−r;ψ [a,b]+k2

2‖u2‖C1−r;ψ [a,b]+ . . .+ k2
n‖un‖C1−r;ψ [a,b]

)
,

· · ·

‖un‖C1−r;ψ [a,b] ≤M2

(
k2

0 + kn
1‖u1‖C1−r;ψ [a,b]+kn

2‖u2‖C1−r;ψ [a,b]+ . . .+ kn
n‖un‖C1−r;ψ [a,b]

)
,

and

‖u1‖C1−r;ψ [a,b]+‖u2‖C1−r;ψ [a,b]+ . . .+‖un‖C1−r;ψ [a,b]

≤M1k1
0 +M2k2

0 + . . .+Mnkn
0

+(M1k1
1 +M2k2

1 + . . .+Mnkn
1)‖u1‖C1−r;ψ [a,b]

+(M1k1
2 +M2k2

2 + . . .+Mnkn
2)‖u2‖C1−r;ψ [a,b]

· · ·

+(M1k1
n +M2k2

n + . . .+Mnkn
n)‖un‖C1−r;ψ [a,b],

which implies that

‖(u1,u2, . . . ,un)‖C1−r;ψ [a,b]≤
M1k1

0 +M2k2
0 + . . .+Mnkn

0
M0

,

for every t ∈ (a,b), where M0 = min{1− (M1k1
1 +M2k2

1 + . . .+Mnkn
1), 1− (M1k1

2 +M2k2
2 +

. . .+Mnkn
2), . . . ,1− (M1k1

n +M2k2
n + . . .+Mnkn

n)}. This clearly shows that E(A) is bounded.
According to Schaefer’s fixed point theorem, there must be at least one fixed point for A. This
means that system (1.1) has at least one solution on (a,b). This completes the proof. �

3.2. Existence and uniqueness results via Banach fixed point theorem. In this section, we
mainly investigate the existence and uniqueness of solutions based on Banach fixed point theo-
rem.

Theorem 3.4. Assume that f1, f2, . . . , fn : (a,b)×Rn→ R are continuous functions and there
exist positive constants l1

i , l
2
i , . . . , l

n
i ≥ 0, i = 0,1,2, . . . ,n such that, for all t ∈ (a,b) and u1,u2,

. . . ,un, u∗1,u
∗
2, . . . ,u

∗
n ∈ R,

| f1(t,u1,u2, . . . ,un)− f1(t,u∗1,u
∗
2, . . . ,u

∗
n)| ≤ l1

1 |u1−u∗1|+l1
2 |u2−u∗2|+ . . .+ l1

n |un−u∗n|,

| f2(t,u1,u2, . . . ,un)− f2(t,u∗1,u
∗
2, . . . ,u

∗
n)| ≤ l2

1 |u1−u∗1|+l2
2 |u2−u∗2|+ . . .+ l2

n |un−u∗n|,
· · ·

| fn(t,u1,u2, . . . ,un)− fn(t,u∗1,u
∗
2, . . . ,u

∗
n)| ≤ ln

1 |u1−u∗1|+ln
2 |u2−u∗2|+ . . .+ ln

n |un−u∗n|.
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Then system (1.1) has a unique solution on (a,b), if N1(l1
1 + l1

2 + . . .+ l1
n)+N2(l2

1 + l2
2 + . . .+

l2
n)+ . . .+Nn(ln

1 + ln
2 + . . .+ ln

n)< 1, where N1,N2, . . . ,Nn are defined by

N1 =
( 1
|Λ1|

m1

∑
i=1
|c1

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a)q+r−1)
)
,

N2 =
( 1
|Λ2|

m2

∑
i=1
|c2

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a)q+r−1)
)
,

· · ·

Nn =
( 1
|Λn|

mn

∑
i=1
|cn

i |+1
)(

Γ(r)
Γ(r+q)

(ψ(b)−ψ(a)q+r−1)
)
.

Proof. For u := (u1,u2, . . . ,un), u∗ := (u∗1,u
∗
2, . . . ,u

∗
n)∈ E1×E2× . . .×En and for any t ∈ (a,b),

we have

∣∣∣(ψ(t)−ψ(a)
)1−r{

A1(u1,u2, . . . ,un)(t)−A1(u∗1,u
∗
2, . . . ,u

∗
n)
}∣∣∣

≤ 1
|Λ1|

m1

∑
i=1
|c1

i |I
q;ψ
a+

∣∣∣ f1(η
1
i ,u1(η

1
i ),u2(η

1
i ), . . . ,un(η

1
i ))− f1(η

1
i ,u
∗
1(η

1
i ),u

∗
2(η

1
i ), . . . ,u

∗
n(η

1
i ))
∣∣∣

+
(

ψ(t)−ψ(a)
)1−r

Iq;ψ
0+ f1(t,u1(t),u2(t), . . . ,un(t))− f1(t,u∗1(t),u

∗
2(t), . . . ,u

∗
n(t))

∣∣∣,
and

∥∥∥A1(u1,u2, . . . ,un)−A1(u∗1,u
∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]

≤ N1

(
l1
1 + l1

2 + . . .+ l1
n

)(
‖u1−u∗1‖C1−r;ψ [a,b]+‖u2−u∗2‖C1−r;ψ [a,b]+ . . .

+‖un−u∗n‖C1−r;ψ [a,b]

)
.

Similarly, we have

∥∥∥A2(u1,u2, . . . ,un)−A2(u∗1,u
∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]

≤ N2

(
l2
1 + l2

2 + . . .+ l2
n

)(
‖u1−u∗1‖C1−r;ψ [a,b]+‖u2−u∗2‖C1−r;ψ [a,b]+ . . .+‖un−u∗n‖C1−r;ψ [a,b]

)
.

...∥∥∥An(u1,u2, . . . ,un)−An(u∗1,u
∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]

≤ Nn

(
ln
1 + ln

2 + . . .+ ln
n

)(
‖u1−u∗1‖C1−r;ψ [a,b]+‖u2−u∗2‖C1−r;ψ [a,b]+ . . .+‖un−u∗n‖C1−r;ψ [a,b]

)
.
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By combining the inequalities above, we obtain∥∥∥A1(u1,u2, . . . ,un)−A1(u∗1,u
∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]
+
∥∥∥A2(u1,u2, . . . ,un)−A2(u∗1,u

∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]

+ . . .+
∥∥∥An(u1,u2, . . . ,un)−An(u∗1,u

∗
2, . . . ,u

∗
n)
∥∥∥

C1−r;ψ [a,b]

≤
{

N1(l1
1 + l1

2 + . . .+ l1
n)+N2(l1

1 + l1
2 + . . .+ l1

n)+ . . .+Nn(l1
1 + l1

2 + . . .+ l1
n)
}
×{

‖u1−u∗1‖C1−r;ψ [a,b]+‖u2−u∗2‖C1−r;ψ [a,b]+ . . .+‖un−u∗n‖C1−r;ψ [a,b]

}
.

Thus ∥∥∥Au−Au∗
∥∥∥

C1−r;ψ [a,b]
≤
{

N1(l1
1 + l1

2 + . . .+ l1
n)+N2(l2

1 + l2
2 + . . .+ l2

n)+ . . .

+Nn(ln
1 + ln

2 + . . .+ ln
n)
}∥∥∥u−u∗

∥∥∥
C1−r;ψ (a,b)

.

We have that A is a contraction. According to the Banach fixed point theorem, A has a unique
fixed point. �

Next, we give an example to support our results.

Example 3.5. Consider the following fractional boundary value problems

D
2
7 ,

1
5 ; 3√t

2+ u1(t) =
sin2(t)
19+9t ·

|u1(t)|
1+ |u1(t)|

+
cos2(t)
1+7t ·

|u2(t)|
1+ |u2(t)|

+
(t2 +1)

200
|u3(t)|+1

D
2
7 ,

1
5 ; 3√t

2+ u2(t) =
|cos(t)|

100t
u1(t)+

|sin(t)|
5+5t u2(t)+

e−t

2+ t3 ·
|u3(t)|

1+ |u3(t)|
+
√

2

D
2
7 ,

1
5 ; 3√t

2+ u3(t) =
t2 +1
150

· |u1(t)|
1+ |u1(t)|

+
1

19+9t u2(t)+
cos2(t)
44+4t ·

|u3(t)|
1+ |u3(t)|

+
√

3, t ∈ (2,3),

with the conditions

I
4
7 ; 3√t
2+ u1(2) = u1(

5
2
)+2u1(

7
3
)

I
4
7 ; 3√t
2+ u2(2) =

1
2

u2(
9
4
)+

1
3

u2(
8
3
)+

1
4

u2(
7
3
)

I
4
7 ; 3√t
2+ u3(2) = u3(

7
3
)−2u3(

9
4
),

where q = 2/7, p = 1/5, r = 3/7, c1
1 = 1, c1

2 = 2, c2
1 = 1/2, c2

2 = 1/3, c2
3 = 1/4, c3

1 = 1, c3
2 =

−2, η1
1 = 5/2, η1

2 = 7/3, η2
1 = 9/4, η2

2 = 8/3, η2
3 = 7/3, η3

1 = 7/3, η3
2 = 9/4, and ψ(t)= 3

√
t.

With the given data, we find that Λ1 =−11.708, Λ2 =−2.9576, Λ3 = 8.3728,∣∣∣ f1(t,u1(t),u2(t),u3(t))− f1(t,v1(t),v2(t),v3(t))
∣∣∣≤ 1

100
|u1− v1|+

1
50
|u2− v2|+

1
20
|u3− v3|,∣∣∣ f2(t,u1(t),u2(t),u3(t))− f2(t,v1(t),v2(t),v3(t))

∣∣∣≤ 1
200
|u1− v1|+

1
30
|u2− v2|+

1
10e2 |u3− v3|∣∣∣ f3(t,u1(t),u2(t),u3(t))− f3(t,v1(t),v2(t),v3(t))

∣∣∣≤ 1
15
|u1− v1|+

1
100
|u2− v2|+

1
60
|u3− v3|,
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where N1 = 3.2812, N2 = 3.5687, N3 = 0.9359 and N1(l1
1 + l1

2 + l1
3)+N2(l2

1 + l2
2 + l2

3)+Nn(ln
1 +

ln
2 + ln

3) = 0.5348 < 1. Thus, the requirements of Theorem 3.4 are met, and its conclusion is
applicable to Example 3.5.

4. CONCLUSIONS

In this paper, we, based on the Schaefer and Banach fixed point theorems, proved that there
exists a solution to a coupled system of the ψ−Hilfer fractional differential equation under
uncoupled non-local multi point conditions. Moreover, we also provided an example to demon-
strate our results.
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