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Abstract. In this paper we study and investigate the existence and uniqueness of solutions for a coupled
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1. INTRODUCTION

As systems of fractional differential equations arise in various areas of pure and applied
science, they have become a hot research filed; see, e.g., [5, 7, 12, 14, 15, 16]). Coupled systems
involving fractional differential equations are also important to study because they arise in a
wide range of real-world problems and phenomena, such as biology, chemistry, physics and so
on; see, e.g., [9, 11, 13, 20]) and the references.
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Borisut et al. [6] studied the y—Hilfer fractional differential equation with nonlocal multi
point conditions of the form:

DIPYu(t) = ft,u(e), DIV u(r)), 1 € [a,b),
1"V u(a) = Y Bu(my),

whereq<r=qg+p—qp<1,n;€[a,b,0<g<1,0<p<1,meN, BeR, i=1,2,....m
—oo < a < b < oo, DZ’f;W is the y— Hilfer fractional derivatives, f : [a,b] x R x R — R is
continuous function, and Ialf "V is the w-Riemann-Liouville fractional integral of order 1 —r.
The existence, uniqueness, and stability of a solution to this problem can be proved by using
Schaefer’s fixed point theorem. A coupled system of Hadamard type fractional differential
equations with uncoupled Hadamard integral boundary conditions was investigated by Ahmad
et al. [3]in 2017. The following describes the system:

D%u(r) = f(t,u(t),v(r)
DPu(r) = ( () (t)

u(l)=0, u(e) =1"u(o log %t ) ds Y>0,1<o0<e,

I<t<e l<a<2,
1<t<e 1<ﬁ<2

);
);

’yi
V(1) =0, v(e) =1"v(02) = 71, he <log@> s, y>0,1< 0y <e,

where D% 8§ = o, B is the Hadamard fractional derivative of fractional order &, 17 is the
Hadamard fractional integral order y and f,g: [1,e] x R x R — R are continuous functions.

The motivation of this paper is from [3, 6]. Our goal is to derive the existence and uniqueness
of a positive solution to a nonlinear fractional differential equation under nonlocal multipoint
conditions:

(DY (1) = fi (1,1 (2),ua(2), ..., un(t))
DYy (1) = fo(t,un (1), ua(t), . .. un(t))

DZf;Wun(t) = fu(t,uy(t),uz(t),...,uy(t),t € (a,b).

with the conditions (1.1)
my
1 /!
Y Zc ur(n}), L"Vu, a):Zc}uz(n?),...,
i=1
1 —nVy, ZC (™),
\
where 0 < g<1,0<p<1,g<r=q+p—qp<lmm,....m €N, ¢l c? ... c"eR,
nhn?,...ont € (a,b), i=1,2,....m, —o < a<b< e, DZf;W is the y— Hilfer fractional
derivative, f1, f2,..., fn : (a,b) x R" — R is a continuous function and I;:r;w is the y-Riemann-

Liouville fractional integral of order 1 —r. With the help of Schaefer’s and Banach’s fixed point
theorems, we establish the existence and uniqueness of the problem. Application of our research
results is demonstrated with the aid of an example.



EXISTENCE AND UNIQUENESS OF SOLUTIONS 3

2. PRELIMINARIES

In this section, we review some fundamental concepts, including notations, definitions, lem-
mas, and theorems that are used to prove our main results.

Definition 2.1. [3] The Riemann-Liouville fractional integral of order ¢ > 0 with the lower
limit zero for a function f : (0,00) — R is defined by

1 ! ,
B ) 97 s

where I'(+) stands for the Gamma function.

ruly f(1) =

Definition 2.2. [10] The left-sided Hilfer fractional derivative operator of function f € C"[ ,b]
of order n—1 < g < n and type 0 < p <1 is given by DIPf(r) =1I'} qD"I( p)n= ()
t > a, where r = g+ np — gp. Particularly, if 0 < g < 1 and f € Cl[a b), then quf( t) =
Ir+qDI(+ P4 £ t > a.

a a

Definition 2.3. [17] For an integrable function f : [a,b] — R with respect to another function
v : [a,b] — R which is an increasing function such that y/'(r) # 0, for all 7 € [a,b], (— < a <
b < +)], the left-sided y-Riemann-Liouville fractional integral and fractional derivative of
order g, (n—1 < g < n) are defined as

Y10 = 5 [ WO = w0 7 (5)ds e

and

v _ (L AN gy
DRV = () e

1 1 d\n [* o
sl Crinb ) R ACIUOR O N (Or

Definition 2.4. [17] The left-sided y-Caputo fractional derivative of function f € C"[a,b|, n—
1 < g < n with respect to another function y is defined by

DY) = (9 p

/(1) dt
’ () A s

n
where n is the smallest integer greater than or equal to g, flgfl} (s) = (W,l(s %) f(s) and y as in
Definition 2.3.

Definition 2.5. [18] Letn—1 < g <n, n € N, and [a, b] be an interval, where —c0 < a < b < +oo
and y € C"[a, b] is a function such that y(¢) is increasing and y’(r) # 0, for all 7 € [a, b]. The -
Hilfer fractional derivative (left-sided) of function f € C” [a, D] with order g and type 0 < p < 1

is determined as D7V f(r) = I;ﬁn_q);w[w,#(t)jl} Iaq P)n=q); Y£(t), t > a. Observe

DEPVF(e) =12 VDIV (1), 1 > a, (2.2)
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1 d )" (1=p)(
y'(t)dt| “at

0 < g < 1andtype O < p <1 can be expressed by

! t r—g—1 7
[‘(r_q)/a(l//(t)_l/’(s)) =17 f(s)ds

where r =g+ p—qp, I;fr;l’/(-) is defined in (2.1), D:f’f(t) = [ﬁ%}lﬁwf(t)'

where D7V = [ Qv g (t). In particular, the y-Hilfer fractional derivative of

DIPY () =

Now, we introduce the space E| = {u1 € Ci—r,y|a, b]} endowed with the norm [|us[|c, ., (a.5]=

max{|(l//(t) —w(a)) Tu (1))t € (a,b]}, E> = {uy € Ci_,,ya,b]} endowed with the norm

lu2ler,ytas= max {| (W) — (@) wa0)]: 1 € (@b}, . Ey = {uy € Ciryla.b} en-
dowed with the norm [[us||c, _,.,,(a.5]= max{\(l]/(f) —y(a) ", (t)|: t € (a,b]}. The product
space (Ey X Ey X E3 X ... X Ey, [|(u1,u2, ... ,un)|lc, ,, ap)) is also a Banach space equipped with
norm '
H(u17u27'"7”’1)”C1,rw[ab] HMIHQ rvab]+|lu2HC1 ryla,b]: - ||un“C1 ryla,b]:

Lemma 2.6. [8] Let ¢ >0, 0<r < 1and f € L' (a,b). Thenlq l”Ip V) = Q+p VE@), aete
la,b]. In particular,

(1) If f € Cryla,b), then IZYVIZY £(6) = 1277V £ (1), 1 € [a,b)].

(2) If f € Cla,b), then IZYIZY £ (1) = 1777V f(2), t € [a,b).
Lemma 2.7. [1] Let 0<g<1,0<p<l,andr=q+p—qp. If f(t) € CLr;w[a,b], then
rY o ; 2k rVg; 1—q);
1I7YDCY £(1) = 15V DEPY £ () and DIYIEY f(0) = D2V (1),

Proposition 2.8. [19] Lett > a, g > 0 and p > 0. Then, y-fractional derivative and integral of
a power function are given by

DEY (o)~ y(@) ! = P

L(p—q)

IEY (y() —w(a)P~' = %(w(z) —y(a) TP

Moreover, if 0 < q < 1, then DY (y (1) — y(a))4~' = 0.

(w(t) — w(a)?™P!

and

Lemma 2.9. [4] Let0< g<1,0<p<1landr=q+p—qp, and let y € C'([a,b],R) be a
function such that  is increasing and y(t) # 0, for all t € [a,b]. Then

(1) IZS’/() maps Cla,b| into Cla,b).

(2) IZ;WQ) is bounded from Ci_,y|a,b] into Ci_,.y[a,b].

(3) If r < q, then IZ;W() is bounded from C_,.y|a,b] into Cla,b].

Lemma 2.10. [4] Let g > 0, 0 <r<land f € Cryla,b]. If g>r, then I"Y f € Cla,b] and
IZ;Wf( )—hmt—>a+1 f()
Theorem 2.11. [4] IffeC”[a,b], n—1<qg<n, 0<p<l,andr=q+p—qp. Then

YR 0 = 10~ 3 YL e




EXISTENCE AND UNIQUENESS OF SOLUTIONS 5

forallt € (a,b]. In particular, if 0 < g < 1, then

12D o) = i) - WO -

Moreover, if f € Ci_,.yla,b] and I;Ir;wf € C|_,[a,b] such that 0 < r < 1, then

WO =@ o e
e ), forall i€ (ab]

Let us end this section with the following two essential fixed point theorems.

C:J:VD f() f()_

Theorem 2.12. [3](Schaefer’s fixed point theorem) Let A : E — E be a completly continuous
operator. If the set F(A) = {u € E : u = A*Au for some A* € [0,1]} is bounded, then A has fixed
points.

Theorem 2.13. [3] (Contraction Mapping Principle) Let E be a Banach space, E{ C E be
closed, and A : E| — E; 0,1))
and for all x,y € Ey. Then, A has a unique fixed point.

3. MAIN RESULTS

In this section, we investigate the existence of solutions to problem (1.1) by using Schaefer’s
fixed point theorem and the Banach principle contraction as the main tools.

Lemma 3.1. [2] Let f : (a,b) x R = R be a function such that f € Ci_,yla,b] for any u €
Ci-ryla,bl. A function u € C{_,. [a,b] is solution of fractional initial value problem.:

DIPYu(t) = f(t.u(r), 0<q<1,0<p<1,
1"V u(a) = ug, r=q+p—qp,
if and only if u satisfies the following Volterra integral equation:
(w(r) - V/(a))’_l v
t) = I t
ult) _ o)
Lemma3.2. Let0<g<1,0<p<landr=q+p—qp,andlet f: (a,b) xR" — R be a func-

tion such that fi, f2,... fu € Ci—pyla,b| for any uy,uz, ... ,uy € Ci_pyla,bl. If ur,uz,... u, €
CY la,b), then uy,uy, ..., u, satisfies problem (1.1) if and only if uy,uy,...,u, satisfies the

(3.1)

1—ry
Volterra integral equation:
I/tl(l) = chlg+wfl n; Jll(nz ) u2<rlil)7--'aun<rlil)) (3.2)
+IZ+ fl (ta l/t]( )7”2(t>7 s ,Mn(t>),
o) = YL Y o () ) )
+HEY f2(ta”l( ),uz(t),---,un(t)),
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un(t) = ZC?IZ+an (s ur ('), u2(n7'), - un (1))
+IZ+ fn(laul< )7 2(1),...,Mn(t)),

where Ay =T(r) = X" cl(w(n}) —w(a)) "' #£0, Ay =T(r) = X7 cHw(n?) — w(a) ' #
0,...,A =T(r) = X" f(y(nf) — w(a)) ' £0.

Proof. Consider DZ’f;wu] (l‘) = fi (l‘, Ui (Z), uz(t), . ,un(t)) and I;;r;wul (a) = Zz 1 G u1 (T[l )
Lemma 3.1 yields that following solution to this problem

(3.4)

u (1) = %(W(f) (@) I fi(tun (1), ua(1), . un (1))
I;;r;l’/ul(a)

ui (1) = T(V’(f) — (@) I fi(tun (1),u2(), (1))
After making the substitution t = nil, we have

1 _I;r;wul(“) 1 s | 1
”1(771')_T(W<ni)_w< a) " I fi(n! () (), ua ().

This implies
1—r; m
Zc w(n!) = ”;—f;(“)i_ilc}w(n}) ~y(a)"
+ ;c?IZi‘”ﬂ(n},ul(nB),uz(n}% o un(n)),s
SO !
I'Yuy(a ch IEY fi(l () we(n), o ua(n))

—wla)) ™ 1 m
ul(t):(l,/(t) A";( ) chlg+wfl nhu(n)),ua(nl), . u(n))

+Iaq;+wf1(t,u1(t),u2(t),...,un(t)).

Thus we can deduce that u; (¢) satisfies (3.2). By applying Ialf ¥ to both sides and making use
of Lemma 2.6 and Proposition 2.8, we arrive at

T(r) §

Y (0) = =0 Y e f () w () ua()
i=1

1—p(1—q);
+Ia+p( 9 Wfl(t;ul(t)vl’tZ(t)?'"7un(t)>'
From the fact that 1 —r+¢ > 1 —r, Lemma 2.10 yields by taking the limit as ¢t — a that

L(r) ¥

I(;”I/ 1(“) = A_]Z 1113+Wf1(nilaul(nil)vu2<nil)7'"7un(ni1))' (3.5)
i=1
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Replacing t = 77,-1 into (3.2), we obtain

1\ a)) 1 my
() = LV e i nd sl (1)

+ITY it (), ua (), - ua(m)). (3.6)

Substitute Zl 1Cz into both sides, we have

my my Iy _ a r—1 my
Y clui(n)) = Zc} (v(n)) ~ y(a)) Zc,ljﬁ”f nhu(nh),ua(nl), . un(nl))
i=1 i

Aq
+Zc,IZ+‘”f1 ntoui(n}),ue (), un(n}))

mi
Y clui(n}) = Zc, 1Y fi(mf ur (), ua (), un(n})).
i=1

In view of (3.5) and (3.6), we have Ia;r;wul(a) =YY" clui(n}). Suppose u; € Ci_,.yla,b].
Applying D;f to both sides of (3.2), it follows Lemma 2.7 and Proposition 2.8 that

. . £) — a)) 1 my
Dai”ul(t)zDa;‘”("’() A"II( ) Zc313+"’f1 ntw(n),ua(n), - ua(nl))

+Dr l’/Iq Vi (¢, ul(t),uz(t), ooy un ().
Hence,
DY ur(t) = D2V £ (1,1 (1), ua (1), un(2)). 3.7)
Since D""Yuy € C_pyla,b], (3.7) implies that

DYu(t) = [wl()jt]f U=V (i (1) 1a(0), . 0n(E)).

From fi(t,ui(t),us(t),...,un(t)) € Ci_r,yla,b] and Lemma 2.9 , we have
LYY A (1),00(0). . un(t)) € Cr_pyla, b, (3.8)

Based on (3.8) and Definition of C7,[a,b], we have I Nt f1 (t,uy (2),ux(2),...,un(t)) €

C}_r;w[a,b]. Using Lemma 2.10 and Theorem 2.11, we apply the operator 15 flfq);w to both
sides of (3.7) to obtain

PPOVDEY () = 12OV DY £ (g (1), u0(0), . (2)),

1—q); ;
PV DY) = £t (1), ua(0), - . tta(1)). (3.9)
By comparing (3.9) with (2.2), we determine D u; (t) = f1(t,u1(t),uz(t),.. ., u,(t)). This indi-
cates that equation ((3.2) is valid. Define the operatorA: E; X Ey X ... X E, - E; X Ey X ... X E,
by

Al(ul,uz,...,un(t))

A Az(ul,uz,‘. . .,un(t))

An(u17u27 . '7un(t))
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with the norm

[(ur,uz, - un)lley o fab)= lutlle, o) w2l lap) -+ lunllc, oy lap)-

Then A has a fixed point if and only if problem (1.1) has a solution. Therefore, the proof is
completed. U

Next, we investigate the existence and uniqueness of solutions for problem (1.1) via Schae-
fer’s fixed point theorem and Banach’s fixed point theorem.

3.1. Existence result via Schaefer’s fixed point theorem. The existence of solutions to sys-
tem (1.1) is the subject of our following investigation, which is guaranteed by Schaefer’s fixed
point theorem.

Theorem 3.3. Assume that there exist real constants kil,kiz, k! >0,V eRi=1,2,...,n
such that

|f1(t,x1, %0,y x)| < ké%—kﬂx]\—I—ké]xz\—i—...—i-k,ﬂxnl
|t x1,%x0,...,x0)] < k%+k%|x1|+k%]x2|+...+k5|xn|

[t 21, %2, 20 )| < Ko KT [ Ra a4 Ky e

Further, it is assumed that

Mk} + Mok 4 ..+ MK} < 1,
MykY 4+ Mok3 + ...+ Mk < 1,

Mk} 4+ Mok + ...+ Mok < 1,

where M\,M,, ..., M, are give by

e <AL1§1|C} [+(w(b) — llf(a))l_r> (W(llizq_fl()a))q,
M, = (iﬁlcfl#l{/(b) - I//(a))l—r> (W(llz)(;+ll/1(;))qa
e (Aizilc?|+(u’(b) - ‘l’(a))lir> (W<1lz>(cl_+ll/1(;l))q7 respectively.

Then, system (1.1) has at least one solution on (a,b).

Proof. The proof is divided into four steps. ConsiderA: Ey X Ey X ... X E, = E1 X Ey X ... X E,,.
Step 1. Show that A is continuous which is sufficient to prove that Aj,A»,...,A, are continu-
ous. We first consider A is continuous. Let {u;} = {uyg, uzk, - . ., up } and {u} = {uy,us, ... u,}
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be sequences such that u; — u in Q, where k — oo. Then, for each 7 € (a,b),
(v -v@) [0 - @mo)]
_MMZMﬂ@mMMJmWNWMﬁ
~ filnl ()l ua(n)) |
| (w0~ w@) 1 (1 0k0) tie0). ot 6) — 0 (0,020, 0))|
|A\Z“ 1Y (v -v(@) |
< A k) wx D), = A0 (),
(w0 = w@) |0, 0)s k) = il (0)0200), 1))

Thus,
HAluk —Aiu Ciryla]
<| <ﬁ §|c}|+1> (r(r;(i>q) (w(e) = y(a)™) | ) _fl”(')Hcl_r;ma,b}‘
Similarly, we have
HAzuk —Awu Crrylat)
<| <® é'cﬂJ’l) (r(rr(fq) (i) =@ [ fan ) = ) Ciorylad]
‘Anuk—Anu Cr ol
< (o K1) (g o) =@ ) = )

Since f1, f2,. .., fu are continuous, we have [|Ajux —Avullc, . jap) = 0, [[A2u—Aoullc, 1o p)—
0,....[[Anug —Apu|lc, . (ap)—> 0asn — co. Inthis case, it is clear that operator A is continuous.

Step 2. Show that A(Q) C Q. Let Q= {u:= (u1,u2,...,un) € Ey X Ex X ... X Ep :[[ul[c; . 1a]
<Ly}, where Lyy = LiMy +LyM, + . . .+ L,M,, and the positive constants L;,L;, ..., L, are such
that

|fi(t,un(2),un(t),. .. un(t))| < Ly
|fa(t,ur (), ua(t), ... un(t))| < L2

‘fn(tvul(t)7u2(t)>'-wun(t))‘ <Ly,
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for all (uy,uy, ..., u,) € Q.

1 my A (w(b) —y(a))d
_ (E;]c}IJr(ll/(b)—‘l’(a))l ) T(g+1)
a2 my A (w(b) —wy(a))?
_ (E;|c,-2|+(ll/(b)—‘lf(a>)l ) T(g+1)

= (5 L+ )= wiay )

Let u € Q. We show that Au € Q, thatis, Aju € Q, Aouc Q,...,A,u € Q. It suffices to show
that |(y(¢) — w(a))' =" (A1u)(¢)|< Ly for t € (a,b). Observe that

(w() = w(@) " (A (<\‘A12c313+‘”f1 N (), w2 (nd), o un(n))|
(W) = w(@) I i (0, 0200), 00 (0))]
1 - —r >
<1 LIl F+ (v 0) — (@) ) ).

It follows that

(w(b) — y(a))!

—r 1 al —r
(v ()~ i) a)o)| < 1 ([ Ll (w(e) — yia) )

Ig+1)
[Aulle, . wp) < LiM).
Similarly, we have
I 1—\ (W(b) — y(a))
<Ly(— Y| _ <
20l e < La (o Bl (w(b) = wi@)! ™) e EEE < bt

(w(b) —y(@)?
Lg+1) — "

1 el n —r
An0le,_yfos < a7 L Ief+(v(6) ~ w(a)' )
nij=1

Aullc, ., (5= [lA1ullc, ., o+ lA20llc, . fapt -+ 1Anulle, . wn < Ly

Thus A(Q) C Q.
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Step 3. Prove that A(Q) is uniformly bounded and equicontinuous. From Step 2, we have
A(Q) ={Au:u e Q} C Q. Thus ||Au||< Ly, for all u € Q. Next, we show that A is equicon-
tionuous. Let 71, 7> € (a,b) with 7] < 7 and choose u € Q

(vie)—vi@) ) - (vie) - v@)
<| (v - v@) I A (@) n(@) ()
- (v —v(@) A (@) () ()

ﬁ v {(v(e) - v(@) ]_r("’(”) —v()

(v —wi@) (W) -y} Al ) ws) - un(s)ds

o L vel(ve-v@)  (ve-ve)" )

><fl(s,ul(s),uz(s),...,un(s))ds‘.

Since the right hand side of above inequality tends to zero as Tj — T», we have
(w(m) - w(a)) (@) (vm) @) (Aa(m)|
\% v (v —v@) (v - i)
- (w(e) - via) ”(w(n) ()" b falsr(),10(6), s (5)) s
" \F(l Sy (v @) (v -ve)"

q
X fls, ul() 2(s),. ..,un(s))ds‘.

The right-hand side of the inequality approaches zero as T; — 7,. Thus A(Q) is equicontinuous.

Step 4. Show that £ = {u := (uj,up,-,uy) € Ey X Ex X - X E, :u=AAu, 0 < A < 1} is
bounded. Let w := (uj,up,...,u,) € E. Then u = AAu. Given that t € (a,b), we have u; (1) =
AA (U up, - uy), up(t) = AAg(uy,up, - uy), - un(t) = AAp(uy,up, -, uy,). Thus

(v -wi@) | < |5 zc,zgﬁ”fl () s (), i)

(Aru())]

q—1

[S—

a

q—1

r

_|_

1Y file, 0 (1), 02(0), o0 0))|
<My ((w(b) = w(@)) k) + K e,y oy

1 1
+Rlalle, ylan Kl yfan )

and

| |
luille, .y lan)< M (ko +hilluille,, o tealluale,, aot -+ klln Hcl,r;w[a.,b]> ,
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(w(r) —w(a))?
I'(g+1)

where M| = <|Al—1| ikz’l |+(y(b) — l//(a)l_’)> and 0 < y(b) —y(a) <1.Ina

similar way, we see that

2 2 2 2
lualle, oy lan) < M2 (ko +killwille, .y lanthallulc, .y lapt -+ ||Mn\|c1,,;w[a,b}) :

2
[unllcy_pylab) < Mo (ko +& utlle, . wpHRalluzlle, .y fapt -+ K ||un||C1,r;,,,[a,b]) ;

and

luille, oyl H2lle, yap -+ lunlle, a0
< Mk + Mok§ + ... + M, kg

+ (Miki 4+ Mok + ..+ Mok i llc,

+ (Miky +Moks + ...+ M) [,

+ (Miky + Maky + ...+ Mok [tnlc, 0]

which implies that

Mk + Mok + ..+ MykS
My ’

||(I/t1,bt2, s 7ul1)||C1_r;v,[a,b}§

for every t € (a,b), where My = min{1 — (Mlk} +M2kf +. MK, 1— (Mlké —1—M2k% +
o F M), 1 — (MoK + Mok2 + ...+ Muk?)}. This clearly shows that E(A) is bounded.
According to Schaefer’s fixed point theorem, there must be at least one fixed point for A. This
means that system (1.1) has at least one solution on (a,b). This completes the proof. 0

3.2. Existence and uniqueness results via Banach fixed point theorem. In this section, we
mainly investigate the existence and uniqueness of solutions based on Banach fixed point theo-
rem.

Theorem 3.4. Assume that f1, f2,..., fn: (a,b) Xx R" — R are continuous functions and there
exist positive constants 1!, [? LI'>0,i=0,1,2,...,n such that, for all t € (a,b) and uy,u,

FN
* % *
ooy Upy U U, Uy €ER,

(e, ) = fi(tu 16, )| < D =i g — 6|+l — )]

ot un ) = fo(t,ui 165, )| < By — |G e — 3 L — ]

fa(t ursua, o un) = (0,00, u)| < Bun —ui |+ ug = wp| 4 Ly — .
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Then system (1.1) has a unique solution on (a,b), if Ny(I} + 1 + ...+ I +No(B+ 5+ ...+
) +...+Ny(I?+ 18 +...4+1") < 1, where Ny, Ny, ..., Ny are defined by

M= (g Lt 1) (g (V) — vl ).

N = (mgcﬂﬂ) (Firr g (VO - v ),

o= (g Zr1) (g (W8~ vl ).

*

Proof. Foru:= (uy,uy,...,u,), u*:=
we have

(uj,u3,...,uy) €E; xEy X ...xXE, and forany r € (a,b),

\(w@ _ w(@) lr{Al(ul,uz,...,un)(t) —Al(uf,u;,...,u;;)}‘
|A ) Z\lelq y

+(w(t)—w(a))l T il (0,00, (1)) = (1,060, 050) 5 1)

(), wa(m)s () = i i () s ()i (n)|

and

s, ) —ArGu s,
1-ryld,
<M (i) (i =wtlle, iz =1 le, yfast -

+ ||M}’l - u:(l||C1—r;l,/[a7b]> '

Similarly, we have

HAz(ul,uz, ceylty) — A (Ul U5, .. uy)
Cl*r;W[avb}

<Ny (B +B+ 48 (I = uilley s +luz =uslle, yias -+ Nt = uillcy yfan)-

n(u,un, .. uy) — Ay (Ui, u5, ... u,)

Cl*r;v[avb}

<Na (B8 8) (i = w3yt i = 3l yiasy -+ Nt = 3yl )
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By combining the inequalities above, we obtain

HAl(ul,uz,...,un)—Al(u’l‘,uﬁ,...,u*)

+HA2 Up,uz,..., n)-Az(MT,M;,...,M:;)

Ci—ryla.b] Ci_pyla,b]

An(uy u, .. uy) — Ay (uj,u3,. .. u,)

r'n

C —ry [a,b]

< {Nl(l}+121+...+l,{)+N2(111+l§+...+l,1)+...+Nn(111+1§+...+l,§)}><

[l =l el =8l yfas+ -+ =il pian )

Thus

HAu — Au*

< {Nl(lll ) S | S (N - WU o
ler;v[‘hb}

+Nn(?+zg+...+zg)}Hu—u*

Ci_rylab)
We have that A is a contraction. According to the Banach fixed point theorem, A has a unique
fixed point. 0

Next, we give an example to support our results.
Example 3.5. Consider the following fractional boundary value problems

Dwé Vi (1) = sin®(e) (1) | cos*(r)  ua(1)] (f2+1)|
1949 1+ ui(r)] 147 1+ |up(r)] 200
RING |cos(7)] [sin(?)] e |us(t)]
1) = —2uy (1) + ——Lus (1 : 2
2 nlt) = Hog )+ SO+ s ) V2
21.3 241 |uy(z 1 cos(t us(t
D;S\ﬂu3(): . ’1(>’ ZMZ() (2 |3<)‘
150 1+ |ui(r)] 1949 14 T+ (0]

u3(t)|+1

+v3, re(2,3),

with the conditions

where g=2/7, p=1/5,r=3/7,cl=1,c1=2,c3=1/2,3=1/3,3=1/4, ¢} =1, =

-2, m{=5/2,m,=7/3,n{=9/4,13=8/3,13=7/3, n{ =7/3, 13 =9/4, and y(r) = V.
With the given data, we find that A} = —11.708, A; = —2.9576, A3 = 8.3728,

Sr(t ur(2),uz(t),uz(t)) — fi(t,vi(t),va(t),v3(t))| <

1 1
< 100\u1—v1|+ ‘uz—VQH- |u3 3‘

Satun (£),ua (1), u3(2)) = fa (2,1 (), v2(2),v3(1)) | <

1 1
< 200|M1 —V1|+ \uz—V2|+1062\u3—V3|

St ur(t),ux(t),uz(t)) — f3(t,vi(t),v2(),v3(t))| < |M2—V2|+ : |u3 —v3l,

|I/t1—V1|+

15 100
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where Ny =3.2812, N, = 3.5687, N3 =0.9359 and Ny (I} + 13 +1}) + No (12 + 12 + 13) + N, (I +
5+ lg’) = 0.5348 < 1. Thus, the requirements of Theorem 3.4 are met, and its conclusion is
applicable to Example 3.5.

4. CONCLUSIONS

In this paper, we, based on the Schaefer and Banach fixed point theorems, proved that there
exists a solution to a coupled system of the y—Hilfer fractional differential equation under
uncoupled non-local multi point conditions. Moreover, we also provided an example to demon-
strate our results.
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