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1. INTRODUCTION

Convex feasibility problems, which consist of find a common point in finite convex sets,
were studied extensively in Hilbert spaces due to its wide applications in various problem,
such as signal processing, image recovery and so on; see, e.g., [16, 17, 18]. Recently, various
resolvent-based iterative algorithms were introduced and studied; see, e.g., [8, 12, 13, 14] and
the references therein.

In this paper, we consider the following convex feasibility problem, which consists of finding
x € H such that

xe A 1 0)nB~1(0), (1.1)

where A : D(A) C H — H, and B: D(B) C H — H are maximal monotone operators.
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To solve problem (1.1), the alternating resolvent algorithm (abbreviated as ARA) was proposed:
For any initial guess xo € H,

x2n+1:-]£n(x2n+en)u n:O,l,Z,...,

Xon :Jﬁn(xzn_l +e), n=1,273,...,

where Jgn = (I+B,A)~" and Jﬁn = (I+ u,B)~" are resolvents of A and B, respectively, with
Bu, Un >0, and {e, } and {e),} are error sequences.

The ARA is an extension of the celebrated proximal point algorithm (abbreviated as PPA),
which was used to solve problem (1.1) with only one maximal monotone operator. However, PPA
generally only has weak convergence [10] in the framework of infinite dimensional spaces. In
order to improve the strong convergence (the convergence in norm) of PPA, researchers proposed
several modifications; see, e.g., [3, 4, 5, 7, 11, 15, 20, 22, 23, 25]. One modification is the
contraction proximal point algorithm (CPPA), which was introduced by Xu [23],

Xpt1 = Opuu~+ (1 — a”)‘]gn (xn) +en, n >0, (1.2)

where u, xo € H, oy, € (0,1), B, € (0,), and {e,} is an error sequence. He proved the strong
convergence of algorithm (1.2) under the following error criterion

Y. llen|l < oo (1.3)
n=0

In 2010, Boikanyo and Morosanu [3] generalized the results and further discussed the strong
convergence of algorithm (1.2) under the error criterion

llenll/ 0t — 0. (1.4)
In 2008, Yao and Noor [25] generated PPA by the rule
Xnt+1 = anu+6nxn+YnJgnxn‘|‘en7 n>0, (1.5)

where u, xo € H, @y, 8, 1n € (0,1), B, € (0,00), &t + 6, + ¥, = 1, and {e, } is an error sequence.
They proved the strong convergence of algorithm (1.5) under error criterion (1.3).
In 2017, Cui and Ceng [7] extended (1.5) as

Xn+1 = anf<xn) + anxn + Ynjgnxn +e,, n=>0, (1.6)

where xo € H, o, € (0,1), 8, € (—1,1), 1, € (0,2), B € (0,00), 0ty + S +% =1, f:H—H
is a g-contraction for some ¢ € [0,1) and {e,} is an error sequence. They proved the strong
convergence of algorithm (1.6) under error criterion (1.3) and (1.4).

Similar to PPA, ARA is also weakly convergent. Inspired by the modifications of PPA,
researchers [1, 2, 6, 19] modified the ARA to make it also have strong convergence.

In 2012, Boikanyo and Morosanu [3] modified ARA in the following form

Xont1 = Ot + 8pX0n + Ve Xon+ €5, n=0,1,...,

B !
X2n :)fnu‘i'pannfl+anunx2n71+em n=172,...,
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where u, xo € H, 04, 6, Yn, An,Pn, On € (07 1)’ O+ 6 +%=1,+p+0,=1,B, U, >0
and {e,}, {€),} are error sequences that satisfy any of the following conditions:

Y llenll <o, Y llenll < oo (1.7)
n=0 n=1
and ||e,||/ 0, — 0, ||e,||/An — 0. (1.8)

They also gave the strong convergence of the algorithm. This algorithm unifies the results in
[5, 22, 25].

In 2013, another modification was proposed by Boikanyo and Morosanu in [6]. They modified
the ARA into the following form

Xon+1 = Jgn(anu + (1 - an)XZn +en)7 n> 07

Xop = Jﬁn(lnu—l— (1= Ap)xon_1+€,), n>1,

where u, xo € H, 04, Ay € (0,1), B, Wy € (0,0), {e,} and {e],} are error sequences that satisfy
(1.7) and (1.8). They proved the strong convergence of the sequences generated by the above
algorithm.

In 2015, Wang and Xu [19] modified the ARA into the following form

Xoni1 = Ot + 8px2, + }/njgn(xzn +en), n=0,1,..., 1.9)
X2 = ﬂ,nu—FanQn_l + GnJﬁn (.in_l + e;), n=1,2,..., .

where u, xo € H, @y, 8n, Vo, Any P, On € (0,1), €y + 8+ Y =1, Ay+pn+0, =1and B,, u, >0,

and {e,} and {e},} are error sequences which satisfy the following error criteria

lenll < MallJg, (x2n + €n) = xan[[With Y 1, < oo,
n=0

¢ (1.10)
e} < M2 Ceanc + )~ [with Y i < oo
n=0
and
A 712
llen|l < nnHJﬁ (x20 +en) —x24|, lim == =0,
n n—eo Oy,
_ (1.11)
llenll < MallJf (xan—1+€)) —X2n71||,,}i%n<}o% =0.

They proved the strong convergence of algorithm (1.9) under error criteria (1.10) and (1.11).
In 2019, Boikanyo and Makgoeng [1] modified ARA into the following form

Xon+1 = anf(XZn) + YuXon + 571-]2" (x2n +en)7 n= 07 17 ceey
Xon = nf(x2n—l) + PnXon—1+ Gn-]ﬁn (x2n—1 + e;z)J n= 1727 ceey

where f : H — H is a g-contraction for some g € [0,1), xo € H, 04,4, € (0,1), %, pn € (—1,1),
On, 0, € (0,2),and 0, + ¥+ 6, = 1, 4y +pn+ 0, = 1, {e,} and {e},} are error sequences. They
proved that this algorithm is strongly convergent under the error criterion (1.10).



4 B. YAO, Y. WANG

In this paper, inspired by the results of Boikanyo and Morosanu [2], we consider a viscosity
of ARA with over relaxed factors. The algorithm that we study in this paper is stated as below:

Xowi1 = O f (X2n) + 8pXon + Va§ Xon +€n, n=0,1,..., (1.12)
Xon = nf<x2n71)+pnx2nfl+Gn‘]5nx2n71+e;n n= 1725---7 (1~13)

where f: H — H is a g-contraction for some ¢ € [0,1), ¢, A, € (0,1), 8,, pn € (—2,1),
Yo, On € (0,2) satisfying o, + 8, + % =1, An+pn+0, =1, and {e,} and {e]} are error
sequences. We will give the strong convergence of the algorithm under more error criteria and
some mild conditions.

2. PRELIMINARIES

Throughout this paper, H is borrowed to denote a real Hilbert space with inner product (., .)
and norm ||.||. The symbol x,, — x presents that {x,} weakly converges to x in H and x, — x
denotes that {x,} strongly converges to x in H. One uses C to stand for a nonempty, convex, and
closed subset of H, and uses F¢ to denote the nearest point projection onto C from H. That is,
for any x in H, its projection point satisfies:

|lx = Pel| = min [lx—y].
yeC
Recall a mapping A is called monotone if
(x=x,y=y) =0, V(xy),(x,y)€G@A),

where G(A) = {(x,y) € H xH : x € D(A),y € Ax}. We say an operator A is said to be maxi-
mal monotone if, in addition to being monotone, its graph is not properly contained in the graph.
Note that if A is maximal monotone, then A~! is maximal monotone. One says that a mapping
T is said to be nonexpansive if, for all x and y in H, ||Tx—Ty|| < ||x—y||; and T is said to be
firmly nonexpansive if

|Tx=Ty|* < =yl = (1 = T)x— (1 = T)y* 2.1

Letx € H,y € C. Then y = Pex if and only if (y —x,y —z) <0 forall z € C.
Next, we present some lemmas that are helpful in the subsequent analysis.
Lemma 2.1. Letx,y € H, and o € R. Then
() =1 < [l + 200+ 3). 2 2
(i) flox+ (1 —a)y[” = af|x]|* + (1 = o) Iy[|* — (1 — &) x =y

Lemma 2.2. [24] Let A be a maximal monotone operator in H. Then ||x — ngH <2|x— Jg,xH,
forall0 < B < B’ and forallx € H.

Lemma 2.3. [9] Let C be a nonempty, convex, and closed subset of H. Let T : C — H be
an nonexpansive mapping and Fix(T) # 0. If {x,} is a sequence in C such that x, — x and

(I—T)x, — 0, then (I—T)x=0, i.e, x € Fix(T).
Lemma 2.4. [23] Let {s,,} be a sequence of nonnegative real numbers such that
Sn+1 < (1= Q) Sn + Opby +cny >0,
where {0, }, {b,}, and {c,} satisfy the conditions:
(i) o, € (0,1), with Y77 0, = oo;
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(ii) limsupb, <O0;
n—oo

(iii) ¢, >0, foralln >0 with Y, ¢y < oo.
Then lim,,_,. s, = 0.

3. MAIN RESULTS

In this section, we prove the convergence of the sequence generated by (1.12) and (1.13) under
more error criteria. We assume that problem (1.1) is consistent, and use S to denote its solution
set. We begin by proving the strong convergence of the algorithm which associated with the
following exact iterative process

Von+1 = O‘nf(v2n)+6nv2n+%l-]g”v2n7 n:O,l,..., (3.1)
Von = )Lnf<v2n—l) + PnVon—1+ anﬁnVZn—la n= 1727 ceey (3.2)
where f : H — H is a g-contraction for some ¢ € [0,1), o, 4, € (0,1), 8,, pn € (—2,1),
Yu, On € (0,2) satisfying o, + 8, + % =1, Ay +pp+0, = 1.
Theorem 3.1. Let A: D(A) C H — H and B : D(B) C H — H be maximal monotone operators
with S = A=1(0)NB~1(0). If {v,} is the sequence generated by (3.1) and (3.2). Then {v,}
converges strongly to Psf(z), which is also the unique solution of the variational inequality:
z€S, (I—f)z,v—2)>0, veS,
provided that the following conditions are satisfied:
(i) lim o, =0, Y~ o, = and lim A =0, Y0 oAy =o0;
(ii) ﬁn>[3>0 ,Ltn>,u>0f0ralln>0
(iii) limsupy, < 2 and limsupo, < 2;
)

n—so0 n—oo
(iv) lim O‘”HL” =0and lim % —
n—oo n—soo n
Proof. Let z = Psf(z) and denote C, = * a , G =1 "Aﬂ, yn =(1 =Cp)vay +CnJl§‘nvzn, and y), =

(1=Cp)van—1+CpJf vau—1. It follows that
Vont1 = O f (Van) + (1 — ) yn,
Von = Anf(Vanl) + (1 - )vn)y;z
In order to prove the strong convergence, we next divide it into the following steps.

Step 1. Prove {v,} is bounded.
By (2.1), we have

HJénvzn—ZHz < flvan =22 = [[van — g 20 ’ (33)
From Lemma 2.1 (ii), we have
= 2l* =(1 = C) [van— 21> + CullJg,van — 2
—Ca(1=C) |95, van — vaull. (3.4)

Substituting (3.3) into (3.4) yields
lyn = 2l* < [[van —2lI> = Ca(2 = o) 15, v2n — vaul|*. (3.5)
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From the definition of C,, and C), and condition (iii), we deduce that

limsupC, < 2, limsupC,, < 2. (3.6)

n—o0 n—oo

Hence, ||y, — z||* < ||van — z||*. In particular, we have ||y, —z|| < ||[v2n —z]|. In view of (3.1), we
find that
[Vant1 =zl SOullf(van) = f() ]+ (1= 06)[lyn — 2l| + 0| .f (2) — 2]

<(1 = 0u(1=q))|[van — 2|l + el f(2) = 2.
Take a similar approach, we have
Van =zl < (1= Au(1 = @) [van—1 =zl + Aallf (z) — 2]l- (3.8)
Substitute (3.8) into (3.7) yields

[Vant1 —zl] <(1— (1)) [(1 —2Au(1 —q))|[van—1—2]]
+ Al f(2) = 2ll] + ol £ (2) — 2]
<(1=aa(1=q))(1 = Au(1 = g))|[van—1 —zl| + (1 — 0t (1 — 9)) A | f(2) — 2|
+ 0| f(2) — 2]l
=(1—0(1—¢))(1 = (1 —g))[[van—1 —2|

(3.7)

F[ 1= (1 =0(1—¢)(1 = (1 ~9q)) ]—”fizz;ZH
1/ (z) =z
gmax{Hvl—zH, ﬁ} (3.9)

Thus, by induction, we obtain that {v,,} is bounded. By inequality (3.8), we see that {v,, } is
bounded too. Theus {v,} is bounded.
Step 2. Prove the following inequality

vanit —2zl1> < (1= 6,)[[van_1 — 21> + Oubn, (3.10)
where
0, = O‘n(l _Q) ‘f‘ln(l _CI) - O‘nln(l _4)2
and
2—-C c,2—C
b= =BG gy P PG (1 (1= g)) [ 7B vy —van P
6, " 0,
(0/% An
+29—<f(z>—z,vzn+1 —z>+29—(1 —0,(1—=q))(f(z) —z,v2n —2).
n n

It follows from (3.1), (3.5) and Lemma 2.1 (i) that

Vani1 =2l <N 0(f(van) = £(2)) + (1= ) (v — 2)|I> + 206 (f(z) = 2,vans1 —2)
< 0| f (van) = F@IP + (1= ) [[yn — 2> + 200 (£ (z) — 2, Vans1 —2)
<(1 = a(1 =) [van —2I* + 200 (£ (2) — 2, v2n11 —2)
— (2 = Ca) [ T5,v20 — vaul*.

(3.11)
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Taking a similar approach, one also has

[van —z))* < (1= 2u(1 = @))|[van—1 — 2| * +22a(f(2) — 2,v2n — 2)

(3.12)
—Gn(Z—C;)HJEHVQ,l,I — Von—1 H2
Substituting (3.12) into (3.11), one can deduce that
V2nt1 —2”2
<(1= (1 =) [(1 = (1= @) [[van—1 —2l* + 22 {f (z) — 2,v20 —2)
— (2= CIIf van—1 = van-1l*]
+206,(f(2) =2, V2041 —2) — Yu(2 _Cn>||J§,,V2n _"211”2
2—-C (3.13)
T A
n
c,(2-C
-G (1)) [ s v P
n
oy, An
+29—(f(z)—z,vz,l+1 —z)—1—29—(1—ocn(l—q))(f(z)—z,vzn—z>].
n n

Step 3. Prove that {b, } is a bounded sequence in H. In particular, it satisfies

—0 < limsupb, < Hoo.
n—oo
In view of the definition of b, the definition of 6,, (3.6), and the boundedness of {v,}, we

have 3", g—z (0, ﬁ) and

o, A
supby, <sup[2—= |1 £(2) — zllllvans1 — zll + 277 (1 = (1 — 9))[|.f(2) — 2ll[[van — ][] < ee.
n>0 n>0 9}1 en

Now we prove that —8 < limsupb,. If limsup,_... b, < —&, then there exits ng such that, for all
n—yoo

n > ng, b, < —38. According to (3.10), it can be concluded that
v2ns1 = 2l* < (1= 6n)[vau-1 —2* — 6.
From the condition (i) and the definition of 6,, it can be inferred that ), , 6, = +co. Thus

Va1 = 2l? <21 —2l* = Ou(llvan-—1 — 2> +6)

<|van_1—2z|* — 6,6
n

<|lvy —z|I* =) 6:6.
i1

We immediately have limsup,_,., || vant1 —2 |*<[| vi —z ||> = £, 6:8 = —oo, which contra-
dicts the fact that ||v5,, —z||* is nonnegative. Thus lim SUP,,_,0, Py 1s finite.
Step 4. Prove that {v,} converges to z = Psf(z).
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By Step 3, we can take a subsequence {rn;} such that

. . . Yo (2—C
imsupt = i, =P 1 v,
0, (2—C )
= 2 (1= 4, (1-9)) (18, van 1 —van 1 P
o & (3.14)
+ 2 (2) — 2, vam+1 — 2)
0,
+ 257 (1= 0, (1-9))(f(2) = 2,v2m, = 2)].
nj
According to the boundedness of {v,} and g"" , zﬂ € (0, l%q) without loss of generality, we
nk Ilk
assume these two limits
. A0
]}g{}oze—n:(f(z) — 2,V 1 — 2)s
. A’nk
lim 222 (1 — o, (1 — ) (f(2) — 2, v2m, — 2)
k—yoo n
exit. By (3.14), we know that these two limits
. ynk (2 B C’lk) A 2
A o v I
. Ony, (2 - C;z ) B 2
kll_Ing I ity Vame—1 = Va1 l
exit, so there exit Ki, K, > 0 such that
T (2—Cn) \ 1a 2
Q—nk I Jﬁ,,k"2nk —vo, [|"< K,
0, (2-C) 5
kank H ]5nk\)2nk_1 —Vop,—1 H < Kz.
.. 1 1 .
From the definition of 6, , we have 2 —C,, > m (3m > 0) and G > g (o T 2) from which

we can immediately obtain that
m'}/nk
(1—q) (0, +An,)
In view of condition (iv), we have

174 van —van, | < Ki.

. A .
]}1_{130 | Jﬁnkv%k —van || =0.

Similarly,
. B
kll_r;olo 1, Var—1 = vame—1 [ = 0.
By Lemma 2.2 and condition (ii), we have
[Van, = Igvan | < 2l[van, —J4, vanll =0 (as k — o).

Similarly,
HVan—l _Jﬁv%k—lH < 2"\/2,1,(_1 —JﬁnkVan_l H —0 (as k— 00).
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Lemma 2.3 implies that any weak cluster point of {V2nk} belongs to A~!(0) and any weak cluster
point of {vy,, 1 } belongs to B~!(0). Based on the definition of {vy,, 11}, it can be inferred that

Vanet1 = Vanll < 0y || £ (Vane) = vone|| + Yo HJgnkank —van || = 0 (as k — o).

This implies that any weak cluster point of {v,, } belongs to S. Without loss of generality, we
assume that {v,, } converges weakly to v* € S. In view of (3.14) and z = Psf(z), we have

limsupb, = hm 0 by, < lim [2—<f(z) — 2, Vo1 —2)

n—oo k—>oo e
+2%(1—ank(l—q))<f(2)—z,Vznk—z>] (3.15)
S%ff(z) BV —Z>+%]<f(Z)—z,v*—z>§0.

Consequently, we conclude from (3.10), (3.15) and Lemma 2.4 that ||vp,+1 —z|| = 0 (as n — o0),
which together with condition(i) and (3.8) yields ||vz, — z|| — 0 as n — . Thus ||v, —z|| — 0 as
n— oo, O

Inspired by [2], we next consider the error-sequenced version of algorithm (3.1)-(3.2), i.e.,
algorithm (1.12)-(1.13). By the arguments of the proof of Theorem 3.1 above and the ideas in
[2] and [21], we can obtain the following strong convergence result.

Theorem 3.2. Let {x,} be the sequence generated by (1.12)-(1.13). Assume that
(i) r}grolo 0, =0, Y (0, =00 and r}grolokn =0, Y oAy =00,
(ii) Bp>B >0, w, > u >0, foralln > 0;
(iii) limsup,_,., ¥» < 2 and limsup,_,,, 0, < 2;
(iv) lim 1 — oo%ths — 0 and Tim,, e 3% =0,

Then {x,} converges strongly to Psf(z), which is also the unique solution of the variational

inequality: find z € S such that (I — f)z,x—z) > 0 for all x € S provided that any of the following

error criteria is satisfied:

() Lo llenll < oo, Koo llenl < oo
(b) Xalollen]| < o and fle /0 — O
(¢) Yoo llenll < o and ||} [|/A, — O;
(d) llenll/0m — O and Loy [ley|| < oo
(€) llenll/An — 0 and Y0 [ley ]| < oo
(£) llenll/ 0t — 0 and [[e, |/ 0 — O;
(@) llenll/ o — 0 and [|e, |/ 2 — 0;
(h) |len|l/An — O and |€,|| /0t — O;

)

)

(i) [len|l/An — O and |e,]|/An — O;
() llenll/ 0t — 0 and |lep|| /oty —1 — O;
(k) [len—1ll/An — O and ||e, ||/ ctu—1 — O;
() llen- 1[[/An — 0 and [|e, || /An — O;
(m) Y ollen]| < ooand [le)]|l/ -1 — O;
(n) llen-1][/An — O and Y7, [ej || <o
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Proof. Denote C, = 1 an and C), = . By the definition of {x,}, {v,} and Theorem 3.1, we
have limsup,,_,..C, <2, limsup,, _mC,g <2, and

%2041 = Vant1 | Sl (f(x2n) — f(van)) + 8n(x2n — vau) + }’n(JEnmn _sz‘,l"Zn)H + [|en|]
<04q|1x2n = vau | + (1 = 0 [|(1 = Cu) (x20 — v2n) (3.16)
+Cn (Jﬁ X2n _Jﬁ van)|| + [len]l -

Since Jlg‘ is z—averaged we have Jg =11+ Tn, where T;, is nonexpansive for every n € N,
so (3.16) can be transformed into

%2041 — Vot 1]l 0q[x2n —vanl| 4 (1 — 06)[[(1 = Cp) (x20 — v2n)
1 1
‘I’CH[E(XZH — Vo) + E(Tx% —Tvo)]|| + llenl|
C
S(XnQHXZn - V2n|| + (1 - an)(l - 7’1)||x2n - V2n|| (317)

(1= ) 2T~ Tvaall + e
<(1 = 0t(1—q))l[x2n = vanl| + [len]| -
Similarly,
20 = vaull < (1= 2u(1 =) X201 = van—1]l + ||er]|- (3.18)

Substituting (3.18) into (3.17) yields

201 = vans1l < (1= 061 =) (1 = Aa(1 = q)) X201 = van—i ]|+ lleal| + [|en ]| (3-19)
It follows from condition (i) and Lemma 2.4 that ||xp,+1 — v2n+1]| — 0 as n — oo. Similarly,

%20 = van|l <(1 = &p—1(1 = q))(1 = An(1 = q)) [|x2n—2 — vou-2]
+ llenztll + [|en|| = 0 (as n— oo).

This completes the proof of the theorem. 0

Remark 3.3. Theorem 3.2 gives the strong convergence of the ARA with viscosity and over
relaxed factors. The convergence of the ARA is accelerated under the influence of the over-
relaxed factors. This result can be seen as a generalization of the results in [2, 6].

If we replace the contraction map with u € H in (1.12)-(1.13) and the variation ranges of other
parameters are kept unchanged, we have the following algorithm

Xopt1 = Ol + SuXop + ynjg Xomten, n=0,1,.., (3.20)
Xon = Aplt + PpXxon—1 + G,,J“”xzn_l +el, n=1,2,.., (3.21)

where u € H is given, A and B are maximal montone operators, &,, A, € (0,1), 6,, p, € (—2,1),
Y, On € (0,2) satisfying o, + 6, + % = 1, Ay + pn+ 0, = 1, and {e,}, and {e},} are error
sequences.

Corollary 3.4. Let {x,} be the sequence generated by (3.20)-(3.21). Assume that
( ) hmn—><>o an O Zn 0 an —= o0 and hm )L 0, Z::ZO A'n = oo;

(ii) B, > B >0, ,LLnZu>Of0ralln>0
(iii) limsup,_,., ¥» < 2 and limsup,_,,, 0, < 2;
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(iv) limy, e 0 and 1im,,_se0
Then {x,} converges strongly to Psu, which is also the unique solution of the variational
inequality: z € S, (z—u,x—z) > 0 for all x € S, provided that any of the following error criteria

is satisfied:
(2) Xolollenll < oo X llenl| < oo
(b) X llenl| < oo and [les | /0m — O;
(c) Xnrollen]| <ooand [le;||/An = 0;
(d) llenll/ 0t — 0 and Y7 [lep | < oo;
)
)

(X,H—/’L — OCn-F)Ln — 0
n On :

(€) llenll/An — 0 and X7 [ley|| < oo
f) |len||/ 0t — 0 and ||e},|| /04 — O;
llenll /0 — 0 and ||}, || /An — O;
lenll /2 — 0 and ||e, ||/ & — 0;

(
(g
(h

)
)
(i) [lenll/An — 0 and [|e; || /An — O;
(i) llenll/ 0t — O and [l€, |/ 06,1 — O;
(k) llen-1[l/An — 0 and [le, ||/ 0tp—1 — O;
(1) llen-1]l/An — 0 and |le /A, — 0;

) X

)

(m) Y llen|| < oo and [le, ]|/ 01 — O;
(n) flen-1[l/An — O and Y77, [le | < oo.
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