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Abstract. In this paper, we consider the Tykhonov well-posedness of discontinuous n-person non-
cooperative games. By giving a new sufficient condition, we prove that several classes of discontinuous
n-person non-cooperative games have the Tykhonov well-posedness property, which means that, for any
approximate solution sequence of these games, we can find a convergent subsequence whose limit point
is a Nash equilibrim point. The results of this paper improve the corresponding results in the existing
literature.
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1. INTRODUCTION

The concept of Tykhonov well-posedness introduced by Tykhonov [28] is a kind of stability
on optimization problems. Tykhonov well-posedness requires existence and uniqueness of the
minimum solution which is continuously dependent on the problem’s function value. The other
main concept of well-posedness is Hadamard well-posedness [11], which needs that the unique
solution is continuously dependent on the problem’s data. In 1993, Dontchcv and Zolezzi [8]
presented a comprehensive research on these well-posedness noitons in a series of optimization
problems and calculus of variations. For more research on these notions, we refer to [16] and
the references therein. In addition, many concepts on well-posedness were introduced and
studied for various problems recently, such as fixed points [9, 10, 24], variational inequalities
[5, 10, 12, 13, 32], equilibrium problems [2, 3, 4, 35], and so on.

In recent years, the well-posedness on Nash equilibria was under the spotlight of research.
Patrone [22] gave some results on Tykhonov well-posedness for two-person games, which have
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a unique solution. Chicco [6] used generalized Tykhonov well-posedness to study the two-
person games with not only a unique Nash equilibrium and gave the metric characterization
of this property. Yu et al. [32] proved that a class of discontinuous games was Tykhonov
well-posed and Hadamard well-posed, which was equipped with conditions: (i) Y7, u; (s) was
upper semicontinuous; (ii) for any player i and strategy s, u; (s;, -) is lower semicontinuous. Yu
[33] gave a new method to study various well-posed properties of several problems by using
the model of bounded rationality. Scalzo [26] considered more weaker payoff conditions and
proved that pseudocontinuous and better-reply secure games had the Hadamard well-posedness.
In addition, well-posedness was also studied in multiobjective games (see, e.g., [15, 18, 23, 30])
and games with a-core (see, e.g, [14, 31]) and so on.

On the other hand, the study of discontinuous games is also a hot topic. The main purpose
of it is to find more sufficient conditions for the existence of Nash equilibria for those games
whose payoff functions are discontinuous. Reny [20] proved the existence of Nash equilibria for
games whose payoff functions are better-reply secure. Then Morgan and Scalzo [17] introduced
pseudocontinuous games and proved that if a game was pseudocontinuous it must be a better-
reply secure game. More sufficient conditions can be found in, for example, [19, 21, 25, 27, 29]
and the references therein. As far as we know, most of literature about discontinuous games
mainly focuses on the existence and the Hadamard well-posedness of Nash equilibria. Only
few researches considered the Tykhonov well-posedness of discontinuous games, however.

Motivated by the works above, we prove that pseudocontinuous and better-reply secure
games are Tykhonov well-posed by a new sufficient condition in this paper. In the next sec-
tion, we review some notions of discontinuous games. The Tykhonov well-posedness of the
two classes of discontinuous n-person games is studied in Section 3. Finally, some conclusions
are presented in Section 4.

2. PRELIMINARIES

Assume that G = (S;,u;);en is a n-person non-cooperative game, where N = {1,---,n} repre-
sents the all players, S;, for all i € NV, is the set of player i’s strategy, S = [ [;cn Si, and the bounded
function u; : S — R is player i’s payoff function. For all i € N, we denote that —i = N\{i}. A
strategy s* € S is a Nash equilibrium (NE) of the n-person non-cooperative game G if, for each
player i € N, u;(s?,s* ;) = maxy,es, ui(si,s*;). It is obvious that all players cannot make them-
selves get more benefits by changing their own strategies at the NE.

Let us review two classes of discontinuous n-person non-cooperative games which guarantee
the existence of NE.

Definition 2.1. [20] A game G = (S;,u;);en is better-reply secure (BRS) iff for any (s*,u*) in
the closure of the graph of the payoff function u if s* isn’t a NE, then there is some player i,
5; € S;, a positive real number &, and some open neighborhood O (s* ;) of s*; such that

U; (Ei,sl_,') > u;k + E,VS/_,' €0 (S*_i).

Definition 2.2. [17] Assume that S is a topological space and « : S — R is a real valued function.
The function u is lower pseudocontinuous (LPC) at 5o € S if, for any s € S such that u(s) <
u(so), u(s) <lim,,y u(z); The function u is upper pseudocontinuous (UPC) at s if u (s) >
u(so), then u(s) > lim, ,5, u(z). The function f is pseudocontinuous (PC) at sy if it is both
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LPC and UPS at sg. Furthermore a game G = (S;,u;);en is PC if the payoff function u (s) =
(uy (s),uz(s), -+ ,un(s))is PC on S. In other words, for each player i, u; (s) is PC on S.

Remark 2.3. If a game G = (S;,u;);en is PC, it must be a BRS game. But the converse is not
true (see [17, Proposition 4.1]).

The following is an important proposition of PC functions, which make a crucial role in the
proof of Tykhonov well-posedness.

Proposition 2.4. [17] Let S be a topological space, and let u : S — R be a real valued PC
function. Forall s,z € S, if u(s) < u(z), then there exists a positive real number &y such that
lli_mu(s') + & < li_mu(z/).
s'—s 77
Next, we review the continuity of set-valued mapping. Let S and T be Hausdorff topology
spaces, and let K : S — Py (T) be a set-valued mapping, where Py (T) is the collection of all
non-empty subsets of 7. K(-) is upper semicontinuous at s if, for any open set G, G D K (s),
there exists an open neighborhood O (s) of s such that G D K (s) for all s' € O (s). K(-) is lower
semicontinuous at s if, for any open set G, GN K (s) # 0, there exists an open neighborhood
O (s) of s such that GNK (s") £ @ for all s' € O (). K(-) is continuous at s if it is not only upper
semicontinuous but also lower semicontinuous at s.
In the following, we review a definition of discontinuous functions to obtain a sufficient
condition of Tykhonov well-posedness.

Definition 2.5. ([1]) Let S be a Hausdorff topology space, and let u : S — R be a real valued
function such that 0 € u(S). We say that u(-) is O-lower pseudocontinuous (0-LPC) at s if
u(s) > 0, then limy_, u(s') > 0.

Remark 2.6. It is obvious that if function u(-) is LPC on S and 0 € u(S), then u(-) must be
0-LPC on S. But the inverse may not true. See the following counterexample.

Example 2.7. Let QO be the set of all rational numbers. Consider the function u : § — R, where

S=10,1],Vs €S,
0 s=0
u(s)=¢ 1 se(0,1]NQ .
2 others

for any s € [0,1], we have liminfy_,;s' = 1 and limsupy_,, s’ = 2. So it is obvious that u(-) is
0-LPC on S, but u(+) is not LPC at any irrational number point in S.

3. TYKHONOV WELL-POSEDNESS

Let S be a metric space, and let u : S — R be a real valued function such that infycgu (s) > —oo
and the optimization problem infscgu (s) only has a unique solution so. We say that the opti-
mization problem infscsu (s) is Tykhonov well-posed if, for any sequence {s,}, where u (s,) —
infgegu(s), s, — so. Similarly, the following is the Tykhonov well-posedness in game theory.
For a n-person non-cooperative game G = (S, u;);cn, we define a real valued function ¢ : S — R
as

:Z sup u; (wi,s—i) —u; (si,s—i) | - (3.1)
i=1 | Wi€S;
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The approximate solution set is denoted by E (G, €) = {s € S|¢ (s) < € }, where € is a positive
real number. Let E (G,0) = E (G), which represents the precise solution set. The game G
is generalized Tykhonov well-posed if, for any approximate solution sequence {s,}, where
sn € E (G, &,) and g, — 0, there exists a subsequence {s,, } such that s,,, — s, where s is a NE of
G (s € E(G)). The game G is (briefly) Tykhonov well-posed if G is generalized Tykhonov well-
posed and has a unique NE. Furthermore, we say that a game G has Tykhonov well-posedness
property if it is (generalized) Tykhonov well-posed.

We study Tykhonov well-posedness of BRS and PC games in two models, which are denoted
as model (A) and model (B). In model (A), we concern a n-person non-cooperative game with
fixed feasible strategy set for all players, but in the model (B), we concerns that each player i’s
feasible strategy set can change with other players’ strategies.

The following lemma gives a sufficient condition of Tykhonov well-posedness.

Lemma 3.1. Assume that G = (S;,u;)icy is a game with at least a NE, and S = [];en Si is
compact. If the real valued function ¢ : S — R defined by equation (1) is O-LPC on S, then G is
(generalized) Tykhonov well-posed.

Proof. Due to the definition of the Tykhonov well-posedness, for any sequence {s,}, where
sn € E (G, €&,) and €, — 0, we just need to prove that there is a subsequence {s,, } whose limit
is a NE. Since s, € E (G, ¢,), we have ¢ (s,) < &,. When g, — 0, it is obvious that ¢ (s,) — 0.
Since S is compact, we have a subsequence {s,, } such that s,, — s € S and @ (s,,) — 0. In the
following, we prove that ¢ (s) = 0, so s is a NE. We argue by contradiction. If s ¢ E (G), then
there exists a player i and §; such that u; (5;,s_;) — u; (s) > 0. By equation (3.1), we have

@ (s) > sup u; (wi,s—i) — u;i (si;5—i) = u; (Si,5-i) —ui(s),
w;ES;
which implies @ (s) > 0. Since ¢ (+) is 0-LPC, we have lim,, 1 @ (55, ) > 0. Since ¢ (s, ) — 0,
we reach a contradiction. Therefore s is a NE. The proof is completed. UJ

3.1. Tykhonov well-posedness for model (A).
Model (A): let G = (S;,u;);cn be a compact and quasiconcave non-cooperative game, where
(a) G is compact which means that if, for each player i € N, S; is a nonempty compact subset
of X;, where X; is a Hausdorff locally convex topological linear space;
(b) G is quasiconcave which means that if S; is convex for each player i, and u; (-,s_;) is
quasiconcave on S; for Vs_; € S_;.
In order to prove that BRS games are Tykhonov well-posed for model (A), the following
proposition is needed.

Proposition 3.2. Let X be a topological space. Let S be a nonempty subset of X, and let cg (u)
be the closure of the graph of the real valued function u : S — R. Then the following equation

holds Sup ;) ecq(u) {4} = MaX (g ur)eco(u) 14} -

Proof. Let sup, ecs(u ) {u'} = c. We need to prove that ¢ € {u'[ (s,u) € cg (u)}.

@ Ifc=u(s ) it is obV1ous that c € {u/| (s,u’) € cg(u)};

(ii) If ¢ # u(s), by the definition of ¢, we have ¢ > u(s).

Next, we prove that ¢ € {u/|(s,u’) € cg(u)}. In other words, there exists a sequence {sq }
such that s, — s and c is a limit of {u (sq)}.
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We only need to prove that, for any open neighborhood O(s) of s and any positive real
number &, there exists a s’ € O (s) such that |c —u(s)| < €. Since sup( 't =c, we
find ug € {u/| (s,u’) € cg (u)} such that

lc —ug| < £/2. (3.2)

Ecg

Since ug € {u'|(s,u’) € cg(u)}, then there exists sq — s such that u (sq) — u(s). Hence, there
exists 0 such that |u(sq) —uo| < €/2 for all & > qp. It is obvious that {sq } ¢, o, MO (s) # 0.
Then we can find s’ € O (s) such that
|u(s") —uo| < /2. (3.3)
We also have the following triangle inequality
’c—u (s')’ = ‘c—uo—}—uo—u (s’)! <|c—uo|+ |u (s’) —uo‘ . (3.4)
Combining (3.2), (3.3), and (3.4), we obtain that |c —u(s’)| < €. The proof is completed. [

Theorem 3.3. Let G = (S, u;)ien be a compact and quasiconcave n-person game. If G is BRS,
then G has the Tykhonov well-posedness property.

Proof. The existence of NE for game G = (S;,u;);cy was proved by Reny [20], so 0 € ¢(S). We
only need to prove that the corresponding real value function ¢ (s) of game G is 0-LPC, which
means that if ¢ (s) > 0,then limy_,; ¢ (s) > 0 for any sequence {s'} (where s’ — s).

If @ (s) > 0, in light of (3.1), then there exists a player j such that

sup u; (wj,s_j) —uj (sj,s_j) > 0.
WjESj
Hence s is not a NE. Since game G is BRS, Vu/; € {u/;| (s,u’) € cg(u)}, we can find a player i,
5; € Si, s—i, an open neighborhood O (s_;) of s_;, and a positive real number € such that
ui (5,5 —i) >u'i+e V'€ 0(s). (3.5)

Since /; € c¢g (u;), by Proposition 3.2, we can assume that

sup {u}— max {u b =1€cg(u).
(s,u')ecg(u) u';)Ecg(u;)

In light of (3.5), if we assume that u; =1, then u; (5;,5' ;) > ¢+ € forall s _; € O(s'_;). Since
Sup,.cs, Ui (Xi,s'—i) > u; (5i,8' ), we have sup,, g u; (wi,s' ;) >t+¢€ forall s ; € O(s' ;).
Since the payoff functions of game G are bounded, for any sequence {s'}, where s’ — s, without
losing the generality, we can assume that {s'} C O(s'_;). It follows that

lim sup u; (wi,s'—;) >1+€. (3.6)

s —swiES;
In light of (3.1), the following inequality holds:
lim ¢ (s) > lim { sup u; (wi,s' i) —u; (s )} > lim sup u; (wi,s' ;) — hm wi(s'). (3.7
s'—s s'—s | wi€S; s/ —swiE€S; s'—s
We also have that
limu; (s) < sup {u }= max {u )= (3.8)

s'—s (s.u')Ecg(u) w'p)ecg(u;)
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Combining (3.6), (3.7), and (3.8), we deduce that limy_,, @ (s') > &€ > 0. Hence game G is
(generalized) Tykhonov well-posed. U

For a n-person non-cooperative game, if it is PC, it must be BRS. In light of this theorem, we
have the following result.

Corollary 3.4. Let G = (Si,u;)ien be a compact and quasiconcave n-person non-cooperative
game. If G is PC on S, then G is (generalized) Tykhonov well-posed.

3.2. Tykhonov well-posedness for model (B).
Model (B): let G = (S;,u;, K;)icn be a quasiconcave non-cooperative game, where

(a) S; is a compact Hausdorff locally convex topological linear space;

(b) G is quasiconcave means that if, for each player i, S; is convex and u; (-,s_;) is quasicon-
caveon S; forany s_; € S_;;

(c) for any player i, the feasible strategy set is denoted by a set-valued mapping K; : S_; —
Py (S;).

The concept of social equilibria for a non-cooperative game was introduced by Debreu [7].
§=(81,52,---8,) € S is said to be a social equilibrium of G if, for any player i, we can find
5; € K; (.S_‘,,') such that u,—(fi,fﬂ-) = maX,,ck;(5_;) u,-(w,-,sl,-).

We define the real valued function ¢ : S — R as

o(s)= Z sup  u; (wi,s—;i) —u; (si,s—i)| - (3.9)

Lemma 3.5. Assume G = (S;,u;,K;)icn is a game with at least a NE, and S = [|;en Si is com-
pact. If the real valued function ¢ : S — R defined by equation (10) is O-LPC on S, then G is
(generalized) Tykhonov well-posed.

Similarly, from the proof of Lemma 3.1, the desired conclusion is easy to obtain, so we omit
the proof here.

Theorem 3.6. Let G = (S;,u;,K;)icn be quasiconcave n-person game. If G is a PC game and
for any player i, K; (+) is continuous on S_; and K; (s—;) is compact, then G has the Tykhonov
well-posedness property.

Proof. The existence of social equilibria for game G = (S, u;, K;)icy Was proved by Scalzo [26],
so 0 € @(S). Similarly in light of Lemma 3.5, we just need to prove that the corresponding real
value function ¢ (s) of G is O-LPC on S. If ¢ (s) > 0, we can find from (3.9) a player j such that

sup Mj(Wj,S_j)—Ltj(Sj,S_j)>0.
WjEKj(S,j)

Hence s is not a social equilibrium of G, and then there exists a player i and §; € K; (5_;) such that
u; (5i,s—;) > u;(si,s—;). Since the set-valued mapping K;(-) is lower semicontinuous on S_;. For
any sequence {s'}, where s’ — s, we can find a sequence {7’;} such that 7/; — §;,7; € K; (s'_;).
Since G is PC, in light of Proposition 2.4, there exists a positive real number & such that

lim u (z’i,s/_,-) > 1/1_1‘11 u (s') + &. (3.10)

5 s'—

(i —i) = (55— s
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Since the payoff functions of G are bounded, and ~ sup — u; (w;,s'—;) > u(Z;,s'_;), the follow-

W[GK[(S/,[)
ing inequality holds:
lim  sup u;(wi,s'j) > lim u(Zi,s'=i). (3.11)
s'—swieKi(s'_;) (208" i) = (S5 —i)

From (3.9), we have

lim ¢ (s') > lim < sup u; (wi,s',i) —u; (s') > lim sup u; (wi,s',,-) — lim u; (s'). (3.12)

s'—s s'—s | wiek; s'—swieK; s'—>s
Combining (3.10), (3.11), and (3.12), we deduce that lim ¢ (s") > &) > 0. Hence the game G is
s'—s
(generalized) Tykhonov well-posed. UJ

4. CONCLUSION

By the definition of the 0-lower pseudocontinuity for real valued functions, we pointed that a
game was (generalized) Tykhonov well-posed if the real valued function ¢ : § — R is 0-LPC on
S (this condition is weaker than Theorem 8.2.1, given by Yu [34]). We obtained a new sufficient
condition of Tykhonov well-posedness, by which we further obtained that

(i) a pseudocontinuous or better-reply secure game is (generalized) Tykhonov well-posed in
model (A);

(ii) a pseudocontinuous game is (generalized) Tykhonov well-posed in model (B).

The results of this paper develop the studies of Reny [20] and Morgan and Scalzo [17], who
proved that these discontinuous games had the Hadamard well-posedness. In this paper, we
proved that these discontinuous games also have the Tykhonov well-posedness, which enriches
the study of well-posedness.
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