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Abstract. This study addresses a fractional-order iterative system
D('L)‘+ [Déﬁrt(q)} +0(q)he(re1(q)) =0,0<g< 1,1 < iy,ip <2,

satisfying two-point integral boundary conditions

. 1
re(0) = D2 1 (0) = 0, 1 (1) = /0 A()re(3)d3
and
. 1 .
D re(1) = | AG) (D re(3))ds

Here, we consider the system where t is an integer from 1 to tv, and ry,41 equals r; and o(q) belongs
to the Lebesgue space LP[0, 1] for 1 < p < e and may exhibit singularities within (0,1/2). The study
employs Riemann-Liouville fractional derivatives of orders i; and i, denoted as D5+. By leveraging
fixed-point index theory within a Banach space cone, the existence of infinitely many positive solutions
to this problem is established. Furthermore, in the specific case where tv equals 1, sufficient conditions
for a unique solution are derived by using Rus’s theorem within a complete metric space.

Keywords. Fractional boundary value problems; Iterative equation; Positive solutions; Rus’s theorem;
two fractional derivatives.
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1. INTRODUCTION

Fractional calculus has emerged as a valuable tool across diverse fields, including econom-
ics, life sciences, and engineering. Its ability to model systems with memory and hereditary
properties has led to widespread applications in areas, such as control theory, materials science,

*Corresponding author.
E-mail address: snrao@jazanu.edu.sa (S.N. Rao).

Received December 2, 2024; Accepted April 11, 2025.
(©2025 Journal of Nonlinear Functional Analysis



2 S.N. RAO, M. KHUDDUSH, M. Z. MEETEIL M. A. ORSUD

and biophysics; see, e.g., [3, 7, 8, 15, 16]. Fractional order differential equations(FDEs) have
become instrumental in describing complex phenomena that exhibit non-local behavior [4]. A
substantial body of research has focused on establishing the existence and uniqueness of solu-
tions to fractional differential equations, particularly in the context of boundary value problems
(BVPs). Various theoretical frameworks have been employed to address these challenges. For
example, Abbas et al. [1] discussed Hadamard fractional integral equations with random ef-
fects. This work is relevant as it lays the foundation for understanding stability in fractional
systems, especially those involving stochastic elements, which are crucial when tackling itera-
tive boundary value problems. Ahmad et al. [2] contributed by presenting results on fractional
differential equations of arbitrary order with nonlocal integral boundary conditions. Their work
strengthens the framework for addressing non-local behaviors in fractional BVPs, which is cen-
tral to the discussion in this paper. Additionally, Alzabut et al. [6] explored fractional order
nonlocal thermistor boundary value problems on time scales, providing a connection between
fractional models and their applications in physical systems, thereby supporting the iterative
system approach employed here. Ferreira’s results [9] on the existence and uniqueness of solu-
tions for two-point fractional boundary value problems directly underpin the theoretical analy-
sis in this paper. Meanwhile, Guswanto and Suzuki’s work [10] on mild solutions for fractional
semi-linear differential equations complements the present discussion by outlining conditions
pertinent to semi-linear systems, which are also considered in this paper. In 2017, Mahmudov
and Matar [12] investigated hybrid differential equations with arbitrary fractional orders. Their
approach aligns closely with the extension of differential equations to hybrid forms, a theme
explored here. In a similar vein, Rao et al. [13] addressed positive solutions for nonlinear iter-
ative systems of fractional boundary value problems, which forms a key part of the theoretical
exploration in this work. In 2019, Vivek et al. [19] introduced hybrid fractional differential
equations with complex orders, which is crucial for the advanced discussion on fractional mod-
els and their applications in this manuscript. Furthermore, Toyoda and Watanabe [18] made
significant strides by establishing the existence and uniqueness theorem for a fractional order
BVP, which is given as:

D¢ (Dgx(q)) = h(g,r(q)),0< g < L,

r(0) =r(1) = D2 r(0) =D r(1) =0,

where 1 <ij,ip <2,3<i;+ip <4and Dg+ is the Riemann-Liouville(RL) fractional derivative
of order x € {ij,i»}. The two fractional order derivatives with boundary conditions are a rich
and evolving area of research with significant potential for advancing our understanding of
complex systems. Their study involves tackling mathematical challenges and leveraging new
techniques to address real-world problems more effectively. Drawing on previous research, this
paper establishes the existence of infinite positive solutions for an iterative system of fractional-
order BVPs described by

Dy (DG re(a)) + (@)fie (rer1(q)) = 0,0 < q < 1’} (1.1)

rni1(9) =ri(q),0<qg <1,
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r;(0) =0, ry(1 /A r(3)d3,
(1.2)

Dt+rt(0) 0, DLer»c /A 0+rt 3))d3,

where t € {1,2,---,w},3 < i;+ip <4and D, is a Riemann-Liouville fractional derivative of
order x € {i1,i2}, 0(q) € LP[0,1](1 <p < ) has singularities in (0, 1/2), by an application of
fixed point index theory (in cone) in a Banach space. Also, we derive sufficient conditions for
the existence of unique solution of the problem by Rus’s theorem in a complete metric space.
Studying iterative fractional-order BVPs offers significant advantages compared to traditional
non-iterative differential equations, particularly in their application to complex models. For
instance, iterative fractional BVPs are more suitable for accurately modeling phenomena such
as infectious disease dynamics and the motion of charged particles with delayed interactions.
These types of problems are often inadequately described by standard non-iterative differential
equations, highlighting the need for fractional-order models to capture their unique behaviors
and interactions. Through the article, we presume that the conditions below hold:

(Hy) hyg:[0,400) — [0,400) and A : [0, 1] — [0, +o0) are continuous,

(Hp) there exist a sequence {qs}%_;, with 0 < gs41 < s < %, limg e qs = q° < %, and

limg—q, 0(q) = +oo, s € N, There also exists 0* > 0 with 0* < 0(q) < o a.e on [0, 1].
(H3) for B € {i1,in}, 0 < Ag < 1, where Ag = [y 3° ' A(3)d3

2. PRELIMINARIES

Let y € €[0, 1]. To analyze the BVP (1.1)-(1.2), we begin by examining the following linear
BVP

D0+r1(q)+y(q) =0,0<qg<1, (2.1)
ri(0) =0, r( / A(p)r1(p)dp, 2.2)

Lemma 2.1. Linear BVP (2.1)-(2.2) possesses a unique solution ri(q) = fol Ui, (q,p)y(p)dp,
where

g~
GLz(qap) :%2(q7p) 1_ QLZ(p)
I [ a2 (1—p)=! q<p
I, (q,p) = =—— e o1 i -
o(a:9) r(Lz){ g2 (1=p)= = (a—p)> " p<q,
and
1
Qu(p) = | (. pOARR.
Proof. The proof is trivial, so we omit the details here. 0

Lemma 2.2. The function 5€,(q,p) exhibits the below characteristics:
(i) 74,(q,p) > 0 and continuous on [0,1] x [0,1],

(i) A, (q,p) < 7, (p,p) for q,p € [0, 1],
(iii) 127" 4, (p,p) < A4, (a.p) for g € .1 —n],p € [0,1] and for some n € (0, 7).
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Proof. The proof of (i) is straightforward. Observing the behavior of %, (q,p), it decreases as
q increases for p < g and it is increases as ¢ increases for q < p. This confirms (ii). We now
proceed to prove (iii). For the case p < q, we have

Hp(a,p) _ a2 (1 =p)> = (q—p)=t g2 I(1-p)=T!

N i i . >
i, (p.p) pT(1—p)i S Pl I(1—p T =
and
K (q,p) g2 (1 —p)-! gl 1
%E(P,p) T opeI(1—p)! = o1 >n2""forqgem,1—n],pe(01].
This completes the proof. -

Lemma 2.3. Define Qi (p) = 4, (p,p) + =+—Qu, (). Then the kernel function Uy, (q,p) ex-
L
hibits the following characteristics:

(i) U, (q,p) is nonnegative and continuous on [0, 1] x [0, 1],
(i) Oy, (q,p) < Q(p) forq,p €[0,1],
(iii) n°7'Q;, (p) < By (a.p) for g € n, 1 —n),p € [0,1] and for some n € (0, 3).

Proof. Points (i) and (ii) are straightforward. To establish (iii), considern € (0, ) and p € [0,1].
According to Lemma 2.2, we obtain the following inequality

ir—1 . -1 .
Ui, (a,p) =, (q,p) + 1q_ QQ( ) >0 A (pp) + T A Qtz( ) =110 (p).
U
Lemma 2.4. Consider x € €[0,1]. The BVP given by
Dy (Dgri(a)) +x(q) =0,0<q <1, (2.3)
1
n(0)=0n() = [ n(ds,
* (2.4)
D 1(0) = 0.5y (1) = | AG) (DG r1(3))4ds
has a unique solution
1 1
= /O Gy, (9,p) { /O Uu(p,z)X(a)dz} dp, (2.5)

where Ui, (q,p) is defined in Lemma 2.1 and

qil—]

iy (,p) = A4, (9,p) + 7
1L et 0-p)t—(a—p)"~", p<q,

L(i) | a" (1 —p) q<p,

Qll (p>

I, (4,p) =

and

1
(p) = [ (PRI
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Proof. Letyi(q) = Déﬂrl (q) for 0 < g < 1. Then the boundary value problem
D¢ (Dri(q)) +x(q) =0, 0< q< 1,
D2 r(0) = 0, D r (1 l/ AG)(DEr1(3))d3
is equivalent to the problem

D()+y1(q)+x(q) =0,0<q<1,

1 (2.6)
210 =031 = [ AGIn()ds

Equation (2.6) has a unique solution y;(q) = fol Ui, (q,p)x(p)dyp according to Lemma 2.1. That
18,

D211 (g /Z%qp )dp. 2.7)

@) = [ Balan) | [ B pa)x(o)ds] .

is the only solution to the differential equation (2.7) with boundary conditions

Also,

1
r1(0) =0 and ri(1) = [ AGri(s)ds.
according to Lemma 2.1. That brings the proof to a close. U

Lemma 2.5. The properties of the function 7€, (q,p) are as follows:

(i) 74, (q,p) is non-negative and continuous on [0, 1] x [0, 1],
(i) 4, (q,p) < 4, (p,p) for q.p € [0, 1],
(iii) N2~ %, (p,p) < 4, (a,p) for g € n, 1 =n],p € [0,1] and for somen € (0, 3).

Lemma 2.6. Define Q; (p) = 7, (p,p) + =5 Qu, (p). Then kernel function Uy, (q,p) exhibits
gl
the following characteristics:

(i) Uy, (q,p) is non-negative and continuous on [0,1] x [0, 1],
(11) U.'Ll(qvp) < Qfl (p)fort,p € [0’ 1]?
(i) n27'QF, (p) < Uy, (q,p) for g € 0,1 —n],p € [0,1] and for somen € (0, 3).

A solution to system (1.1)—(1.2) is equivalent to an to-tuple (ry,rp,- - ,Iy) satisfying

ri(q) = /OlUtz(q,m) [/OlUu(m,pz)o(pz)ﬁ] [/OIU-Lz(pz,pg) [/OIU-LI(m,m)o(m)hz

1 1
P —1 [/0 OLz(pZm—ZaPZm—l)[/o Oy, (P210—1,P210) 0 (P2 ) P (11 (pZm))dPZm}dPZm—l"'dPZ dp

and

0= [ Balan) | [ B0 (p.5)0(6 (s (@) dp. £ =23, 0
Fus1(9) = F1(0).0< 9 < 1.
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Let & represent the Banach space %(]0,1],R) with the norm |[|r| = m[ax] Ir(q)|. Forn €
0,1
(0,1/2), the cone &, within Z is defined by

,@n:{re%’:r( )>0, min r(q)>n 'trluru},
q€M, 1-n]

For any r; € &, define an operator X : &, — % by

<)@ = [ Oulapn[ [ Outnpiotean [ [ Outenps)[ [ O spiotean

1 1
Fi—1 [/o Ui2<p2m—27p2m—l)[/o Uy, (pZm—l7p2m>0(p2m)ﬁm<rl(pZm»dPZm}dPZm—l"'dp2 dp;.

Lemma 2.7. For every 1 € (0,1/2), the operator X maps & into itself and is completely
continuous on .

Proof. Letn € (0,1/2). Since h (ry1(p)) is nonnegative for p € [0, 1], it follows thatr; € Z,.
Given that Ui, (q,p), Ui, (q,p) are nonnegative for all #,p € [0, 1], we have X (r;(q)) > 0 for all
q € [0,1] with r; € Z%,. Consequently, by applying Lemma 2.3 and Lemma 2.6, we obtain

min (Xr)(q)
qgem,1-n]

= min {/OlUiz(q,pl)[/oth (p1,p2)o(p2) A [/01&2(]327133) [/OIU'LI (p3,p4)0(pa) o

qeMm,1-]

| i
T —1 {/0 Uy, (P2rw—2,P20-1) [/0 Ui, (P2ro—1,P210) 0 (P2 ) oo (11 (plm))dPZm}dPZm—l '”dpz} dpl}

Zﬂizl/ol Q;, (1) [/OIULI (p1,p2)0(p2) iy [/01 O, (p2,p3) [/OIU'LI (P3,p4)0(pa) iz

! 1
To—1 /ULZ(sz—zapqu) /O'Ll(p2m—laPZm)G(pZm)ﬁm(rl(pZm))dPZm}dPZm—l"'dpz}dpl

N2~ max {/ Ui, (q,p1) /Uq p1,p2)o(p2)h /UQ P2,93) /ULl (03,94)0(pa) 2

q€(0,1]

1 1
Too—1 {/0 Ui, (P2rw—2,P2r0—1) [/0 Gy, (pmel7P2m)U(P2m)hm(rl(pZm))dP2m}dPmel"‘dpz} dm}

>n®"! max |Xri(q)]-
qel0,1]

Therefore, X maps 7, into itself. As a result, X is a completely continuous operator, which
can be established using classical methods and the Arzela-Ascoli theorem. 0

3. INFINITE POSITIVE SOLUTIONS

The specific theorems below are used to support the existence of infinite positive solutions

for the BVP (1.1)—(1.2).

Theorem 3.1 ([11]). Let % be a Banach space and & be a cone within B. For r > 0, define the
setE,={re Z:|r| <r}. Suppose that X : Z NE, — P is a completely continuous operator
with the property that Xr # r for all r € JE,.

(@) If || Xrx|| < ||r|| for all ¥ € OE,, then i(X,E,, Z) = 1.
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(b) If || Xr|| > ||r|| for all ¥ € JE,, then i(X,E,, &) =0

Theorem 3.2 ([11]). Let & be a retract of a real Banach space A. For any bounded, relatively
open subset E of &2 and any completely continuous operator X : E — & that has no fixed points
on JE (relative to ), there exists an integer i( X | E, &) that satisfies the following properties:

(h1) **Normalization®*: If X(r) is constantly equal to some r( € E for every r € E, then
i(X,E, &) =1.

(hy) **Additivity**: If E| and Ep are disjoint open subsets of E such that X has no fixed
points on E\ (E| UEy), then i(X,E, &) = i(X,E|, Z) +i(X,Ep, P).

(h3) **Homotopy Invariance**: If § : [0,1] X E — £ is a completely continuous operator
such that §(q,r) # r for any (q,r) € [0,1] X JE, then i(F(q,-),E, Z?) is independent of
q€10,1].

(hs) **Permanence**: If F is a retract of & and X (E) CF, then i(X,E, &) =i(X,ENF,F).

(hs) **Excision®**: If Eg is an open subset of E and X has no fixed points in E\ Ey, then
i(X,E, &) =i(X,Eg, P).

(he) **Existence of Solutions**: If i( X ,E, &) # 0, then X has at least one fixed point in E.

Moreover, i(X,E, &) is uniquely defined.

Theorem 3.3. (Hélder’s Inequality) Let h € LP[0, 1] and g € L3[0,1], where p > 1 and q > 1,
with %4—% = 1. Then, hg € L'[0,1] and the inequality ||hg|1 < ||h||p||g|lq holds. Additionally,
ifh € L'[0,1] and g € L™[0,1], then hg € L'[0,1] and ||hg||1 < ||Al1]/g]|o-

In this study, we prove the existence of infinitely many positive solutions for three scenarios

involving o € LP[0, 1]: specifically when0 < p < 1,p=1, and p = oo.

We begin by examining the case where p < 1.

Theorem 3.4. Assume that conditions (Hy) through (H3) are satisfied. Let {ns}>_, be a se-
quence such that qs1 <Ms < qs for s = 1,2,3,.... Define sequences {Bs}s_| and {As}3_,

such that
Boi1 <N2 'Ag < Ag < LAg < Bg, and LAg < OBg, k € N,

bh+i—2 >k =m * I=m * -
L= maxd i 2o [ g an | [ was] |1
1 1

Further, assume that hy satisfies
~1
(#1) he(r(q)) < O1Bsforall 0 < r(q) <Bgandq€[0,1], where 0; < [HQ;‘I Hquprol sz(p)dp]

( #2) hi(r(q)) > LAg foralln? 1A, < r(q) <Asand q € ns,l —1sgl.
Then the iterative system described by (1.1)—(1.2) has infinite solutions {(r1 ,r[zk], rg]) o

and satisfies rt](q) >0o0n(0,1) forallt=1,2,...,10 and k € N.

where

Proof Let {Es}2_, and {Fs}%_, be sequences of open subsets within the space %, defined by

Es={re % :|r|| <Bs}and Fs ={re Z:|r| <As}. Cons1der the sequence {ns}2_, as stated
in the assumptions, noting that q* < gs;1 <Ns <qs < 3 L holds for every k in N. Next, we define
the cone &, as

Py, = {re,%’ r(q)>0and min r(q) >n2" 1||r||}
q€Mms, 1-ms]
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For a fixed k and ry € JE, one has

Ae=rill =ri(q) >  min  ri(q) > N2 ey || >n2 A,
qe[ﬂsJ*‘f]s]
By (_73), for pap—2 € [Ns, 1 —Ng], we have

1 1
/()Uiz(pZm—27p2m—l>[/() U'L](pZm—l7P2m)0(p2m)ﬁm(rl(pzm))dPZm}dp2m—l
) 1 1
211;21/0 QTZ(PZm—l)[/O Oy, (pZm—lapZm)G(pZm)hm(rl(PZm))dPZm]dPZm—l
1 1-ns L1 1-ns
>0 [ o) 18 [ QG (paw) (b i (1 (P2 | A

. . 1-ms 1-ms
Zﬂg_lﬂ?_l/ sz(szl)[LAsG*/ Q;, (sz)dpzm}dpszl
Ms

s

bh+i1—2 _x I=m * I=m *
> LAgn; o / Q(Z(PZm—l)dP2m—1[/ Qil(sz)dlﬂzm]
1 1
> Ag.

A corresponding argument applies for poy,—4 € [Ns, | — 1] leading to the conclusion that

| |
/()ULZ(sz4,P2m3)[/O U, (Par—3,P2rw—2) 0(P2rw—2)

1 1
X Pio—1 [/0 O, (Por—2,P2m0-1) [/0 Oy, (h200—1,P210) 0 (P2r)
X ﬁm(rl(PZm))dPZm} dem—l} dlﬂzm—z] dpow—3
. 1 1
Zn?_l/o sz(P2m3)[/0 Ui, (P23, P2w—2) 0(P2rw—2)

1 1
X Fiy—1 [/0 O, (Porv—2,P2m0-1) [/0 Oy, (h200—1,P210) 0 (P2r)
X Ty (1] (PZm))dPZm} dp2m—l} dPZm—Z] dpow—3

i1 I-ms " 1-ms
>ng / Q;, (P2w-—3) [/ Uy, (P2r0—3,P2r0—2) 0(P2r—2)
s

s

1 1
X fiy—1 [/O Ui, (P2w—2,P2r0—1) [/0 Uy, (P2r—1,9210) 0 (P2
X iy (r1<p2m))d132m} dPZm—l} dpszz] dpo-—3

. l—ms . s
anl/ QZ(PM%)[ Ql/ Qf, (P2w—2) 0 (P2w—2) Xﬁm—l(As)dpzm—z]dpzm—s
Ms s

. . l—ﬂs l_ns
>n2 Iny ! / Qi (P2wo—3) [LAS o / Q;, (pZm—Z)dPZm—Z] dpan -3

S

b+i1—2 I=m * = *
>LAn? 120 / 0, (P2w-3)dpoe 3 | / 0, (P22 2|
i

i
> As.
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Proceeding with a step-by-step refinement process, we arrive at

xo0@ = [ Gotaen) | [ Ouerp)oten [ [ Outpapn)| [ Orsipe)-

1 1
ﬁm—l[/o U'Lz(pZm—vaZm—l)[/o Ui, (P2r—1,P2r0) 0 (P210)

X ﬁm(rl(PZdePZm}dPZm—l - -dpz} dpy = As.
Therefore, || Xr;|| > ||r;||. Consequently, by invoking Theorem 3.1, we obtain
i(X,Eq, Z,.) =0. (3.1)

On the other hand, let r| € JFs. Then ri(p) < Bs = ||ry|| for all p € [0,1]. By (_#1) and
0 < prp—2 < 1, we have

| I
/OULZ(sz—z,sz—l)[/o U'Ll(pZm—l7p2m>6(p2m)ﬁm(rl(pZm)>dP2m}dem—l
I I
S/o QZ(PZm—I)[/O QEKI(sz)G(sz)ﬁm(l‘l(sz))dpzm}dlﬂzm—l

1 1
< ﬁlBs/O QTZ(sz—l)[/O Q;, (sz)G(sz)dlﬂzm]dlﬂzm—l-

1 1
Let q > 1 be such that — + — = 1. Using Holder’s inequality, we derive
qQ P

1 1
/0 U-Lz(pszz,pzmq)[ /0 6L1(pszl7p2m>0(p2m)ﬁm(rl(pZm))dPZm}demfl
1 1
< 01Ba [ (o )dpo- | [0 (baw)opm)dpa]

1
< 0,8, /O 05, (P21 )P 110}, [l 0]l
< Bs.

A corresponding argument applies for pay,—4 € (0, 1), leading to the conclusion that

/01 Oty (P2ro—4,P210-3) [/OlUil (P2r0—3,P2r0—2) O (P2rw—2)
X i1 [/OlUiz(pzm—z,sz—l) {/OIULI (P2ro—1,P210) O (P2rw)
X iy (l‘l(PZm))dlﬂzm} dp2m71] dPmez} dpon-—3
< /01 Oy, (P2ro—4,P2rw—3) [/OIU'H (sz—s,sz—z)G(pzm—z)ﬁm—1(Bs)dlﬂzm—z] dpo—3
< ﬁlBs/olQEZ(sz—s) [/OIQTI (pZm—2)G(P2m—2)dp2m—2} dpan-3

1
< 0B, /O G5, (P2 1)dpoe1 1G] llq 1ol
Bs.

IA
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Proceeding with a step-by-step refinement process, we arrive at

(xr)(@) = [ Butarn)] [ O orpowin | [ Oulean)] [ i lospiotpat

1 1
To—1 [/0 U'Lz(p2m—2;132m—l) [/0 Oy, (P2rw—1,P2r) 0 (P2w)

X ﬁm(rl(pZm))dPZm]dPmel“'dpz] dpi < Bs.
Since Bg = ||ry]| for r; € dFs, we obtain || Xr|| < ||r;||. Thus Theorem 3.1 implies that
i(X,Fs, Zy,) =1 (3.2)
Given that Ag < Bg for all k € N, utilizing the results from equations (3.2) and (3.1), we can
apply the additivity property of the fixed-point index, (#,) to conclude that i( X,Fg\ Eg) = 1 for
all k € N. Consequently, by the fixed-point property (hg), X possesses a fixed point r[lk] within

Fs \Es, where r[lk] (q)>0 ovc[ar] (0,1) [f(])r k € N. Setting ry,+1 = ry, we derive an infinite sequence
k k

of positive solutions {( Ty, Ty ) }o for system (1.1)—(1.2), which are iteratively defined
by
1 1
q) = /0 CHCRY Vo Giy (p:3)ie(re41(3))ds | dp,  where t =m0 —1,...,2,1.
Thus the proof is concluded. UJ

For the cases where p = 1 and p = oo, theorems are established as follows.

Theorem 3.5. Consider the conditions (H;) through (H3) and suppose that {ns}=_, is a se-
quence where sy <Ms < s for s =1,2,3,.... Assume further that {Bs}3_| and {As}3_,
satisfy the inequalities: Bg 1 < T].LSTIAS < Ag < LAg < Bg and LAg < O»Bg, for k € N. Assume
also that hy, fulfills condition (_#>) and

(_73) he(r(q)) < 02Bg forall 0 <r(q) <Bg and q € [0, 1], where

1 -1
0> <min{ [llamlwllolh/o QZ@)dP} vL}'

Then, system (1.1)—(1.2) has an infinite number of solutions {(r1 ,r[zk}, r,[,];]) ~_|» Where

r¥(q)>0fort=1,2,... wandkeN.

Theorem 3.6. Suppose that conditions (H;)-(H3) hold. Let the sequence {ns}s_, be such
that qs41 <Ms < qs for s =1,2,3,.... Consider sequences {Bg}%_ and {As}3_, that satisfy
the following conditions: Bg1 < n? 1A < LAg < Bg and LA < O3Bg, where k € N. Assume

additionally that hy satisfies condition ( 7 ), along with the following condition:
(_Z4) The inequality hy(r(q)) < O3Bg holds for all 0 <r(q) < Bg and q € [0, 1], where

1 -1
Z <min{ 12 ol | 2] ,L}.

Under these condmons the iterative system defined by (1.1)—(1.2) possesses an infinite number

of solutions {(r1 ,r[zk], r,[,];]) | Such that r,[ck](q) >0fort=1,2,...,;oand k € N.
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4. EXISTENCE OF THE UNIQUE SOLUTION

This section establishes sufficient conditions for the unique solvability of the BVP

. . A
Dy [D(‘)ﬂr(q)} +£(9,r(q)) =0,0<q< 1,1 <if,ip <2,
r(0) = D% r(0) / AG . @.1)

0+l‘ / A )d37

We employ Rus’s fixed point theorem, utilizing two distinct metrics, to achieve this. For a de-
tailed exposition of Rus’s theorem, we refer to [5, 17]. The following assumption will underpin
our subsequent analysis:

(Hyg) £:[0,1] X [0,4c0) — [0,4-o0) is continuous and there exists a M > 0 such that

Ve

[£(p,y1) —£(p,y2)| <Mly1 —y2| for all y1,y2 € [0, +e0).

Let 2" = C([0,1]) denote the space of all continuous real-valued functions on the interval
[0,1]. For functions x1,x, € £, we introduce two distinct metrics on 2"

d(Xl,Xz) = max ’Xl(t) —Xz(l‘)‘, 4.2)
t€[0,1]
pletza) = | [0~ xatPar] " p> 1. @3

The pair (C([0,1]),d), where d is defined as in (4.2), is known to be a complete metric space.
Meanwhile, the pair (C([0,1]),p), with p given in (4.3), also forms a metric space. The con-
nection between these two metrics within the space 2~ can be described by

p(x1,%x2) <d(x1,x%p) forall x1,x3 € 2. 4.4)

Theorem 4.1 (Rus [14]). Let 2 be a nonempty set equipped with two metrics, d and p. Assume
that (% ,d) is a complete metric space. Suppose there is a mapping X : 2~ — Z that is
continuous with respect to the metric d and satisfies the following conditions for all x|,x, € Z :

d(X(x1), X(x2)) < ap(x1,%2), (4.5)
for some o« > 0, and
P(R(x1), R(x2)) < Bp(x1,%2), (4.6)

where 0 < 3 < 1. Under these conditions, there exists a unique element x* € 2 such that
N (x*) =x"

Theorem 4.2. Define Uj) as U}, = fol O, (p,p)dy. If (H1) and (Ha) are satisfied, and p > 1,
q > 1 are fixed constants w;th + ~ =1, and
! C
ULt [ /0 |G (p,p)[2 dp} <1, (4.7)

then the BVP (4.1) has a unique nontrivial solution in 2.
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Proof. Letr € 2", and define X : 2~ — A by

(0)(0) = [ Balan) | [ B o9)50.6))d5] .

Then, by Lemma 2.4, it can be seen that the fixed point of X is a solution to problem (4.1). Let
ri,r; € C([0,1]) and q € [0, 1]. Applying Holder’s inequality, we obtain

[(Xr1)(1) — (Xr2)(1)]
= '/OIUQ(q,p) {/01611 (p,3) [£(3:11(3)) —f(z,rz(z))]dzl dp‘

< ["up) [ [ Buamie ) —r2<a>|da} dp

1
P

<o [ o] [ o) oo

1 a
<o | [0 )b plrvr) “®

Define

1
1 q
o= UMy UO Uy, (p,p)lqdp} :
Then we have
d(Xry, Xrp) < ap(ry,ra), (4.9)

for some « > 0 and for all ri,r, € 2. Thus, inequality (4.5) from Theorem 4.1 is satisfied.
Applying (4.4) to (4.9), we obtain

d(Xry, Xrp) < ap(ry,rz) < ad(ry,r).

Given any € > 0, choosing & = €/« ensures that d(Xrj, Xry) < € whenever d(r;,r;) < 9.
Hence, X is continuous on .2~ with respect to the metric d.

Finally, to show that X is a contraction mapping on 2~ with respect to p, we refer to (4.8).
For each pair ry,r; € 27, we consider

[/Ol |<xr1><r>—<xrz><r>|Pdt]‘l’
/01

1 q
<o [ [ 0w pirir)

p P
dt]

1
1 a
<| [ oun [ [ wutepica] pten

That is

1

1 q
p(xr,xra) <O | [ 4 (p)ap)| (e
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Given the condition (4.7), we obtain p(Xry, Xrp) < 3p(ry,rz), where 3 < 1 and for all ry,r; €
Z". According to Theorem 4.1, this implies that the operator X has a unique fixed point in .2 .
Consequently, the BVP (4.1) has a unique nontrivial solution. U

In the special case where p = 2 and q = 2, Theorem 4.2 simplifies to the following result.

Corollary 4.3. Assume that conditions (Hy) and (Ha) are satisfied, and Gi M \/ I 164, (b, p) 2 dp <
1. Then BVP (4.1) has a unique nontrivial solution in Z .

5. EXAMPLES

We present two illustrative examples to showcase the practical implications of our primary
findings.

Example 4.1. Examine the fractional order BVP defined as

D3 (D3re(q)) + o(a)ie(res1 (1)) = 0.0 < g < 1, £ = 1,2,} 50
r3(q) =ri(q), 0 <qg <1,
1
r(0) = 0,re(1) = [ AG)r()ds,t= 1.2
o (5.2)
3 3 3
Dir.(0) =0, Dro(1) = | AG) (DIre(s)) ds. v = 1.2,
0
where A(3) =1, 0(q) = m For j = 1,2, consider
(11 x 1074, re (1074 4o0),

280x 10~ *+2) 11 x10~% (x— 10_4k> 11 % 1074,

10— (4k+2) _10—4k
re [10—(41{—{—2), 10—4k] ,

A(r) =hy(r) =4 280 x 10-#+2) re <51% x 10~ (4k+2), 10—<4k+2>>,

280x 10~ (“4+2) 11 x 10~ (“4k+4) (4ktd (4pra
L X 10~ (#k+2) — 10~ (@k+4) (x—10 ( )) +11x10( ),

s1/
re (10—(4/(-!—4)751_1/2 > 10—(4k—|—2)],
| 0, r=0,
Let
31 S 1 1
= . 4 = = s 5 :172537""
Js 64 — 4(}’4—1)47 Ms 2(q8+q +1> S
Then
15 1 15
M=z <

32 648 32
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and

1
Js+1 <Ms < (s, MNs > g

Therefore,

1
ir—1
ng >SS T 1,2,3,-

It is easy to see that

15 < 1 1 123
= — — — = — . S = o
q1 32 3’ Js — qs+1 4(]+2)47 3Ly 9y
T Y/
Since L =9 and 112 z —, it follows that

* = lim ———Z 4—7—ﬂ—4 !
T T T A1) 64 3605

Also, 0™ =3, @7, (p) = Q}, (p) = 3(1—p)"/2. So,

L2+Ll - m S
‘o / / Q;, (v)dp| ~ 0003571565744,
1 i

I-my 1—m —1
L:max{ {T];zﬂ' 20*/ sz(p)dp[/ sz] (p)dPH ) 1}
ni ni

— {279.9892461,1} = 279.9892461,

1
1}, |2 ~ 0.9428090414, /O QL (p)dp ~ 0.9,

and
~1

1
[HQTI I ||GHP/ foz(p)dp} ~ 12.50034791 forp =q = 2.
0
Take 0 = 12. By taking Bg = 10~* and A, = 10~ *+2) we have

_ 1 _
Bs+1 =10 (4k+4) < m % 10 (4k+2) T]Lz 1A

< Ag=10"+2) - = 107%,

LAg = 279.9892461 x 10~ (*+2) « 12 x 10~% = ¢Bs, s = 1,2,3, --- . Furthermore, #; and #»
meet the defined growth criteria:

i(r) =ha(r) <OBs = 12x 107% re {0, 10—4"}

fi (r) = Fip(r) >LAg = 279.9892461 x 10~ #+2) r ¢ {511/2 x 10~ 4+2) 1o (4k+2) |
Since all the conditions of Theorem 3.4 are met, Theorem 3.4 guarantees that the BVP (5.1)—
(5.2) possesses infinitely many positive solutions rl¥ ::1. Each solution ¥l satisfies the inequal-
ity 10~(4+2) < ||rld|| < 10~% for every s = 1,2,3,....
The plots were generated using Python, specifically utilizing the numpy, matplotlib, and
scipy packages to compute and visualize the solutions of (5.1)-(5.2). The behavior of the
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1000 ¢ — 4 =15.;;=18
h=1.8,1=19
— i =14,5=17

— 4 =17,13=1.95
800 - L 2

600

rlq)

400

200 4

VAN J

0 f T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. Solution curves for different fractional orders, showing how the so-
lutions vary with changes in i; and i within the range of 0 to 1000

— =15,;=18
1=18,1;=19
—_— 1 =14,=17

14 A
12

— 4 =17,1;=1.95

10 4

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2. Solution curves for different fractional orders, showing how the so-
lutions vary with changes in i; and i, within the range of O to 15

solution curves varies significantly depending on the fractional orders (i1, i2) used. Higher frac-
tional orders result in smoother and more stable solutions, reflecting the influence of memory
in fractional calculus, while lower orders introduce more oscillatory behavior. The # function
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effectively smooths the solutions, especially when r(q) is small, ensuring that the boundary con-
ditions are met and preventing large discontinuities. Near q = 1/3, the o(q) function introduces
noticeable peaks due to its singularity, but the solutions remain bounded due to the clamping
mechanism applied to o(q). Overall, the solutions start from zero at ¢ = 0 and exhibit varying
degrees of oscillations before converging near q = 1, with higher fractional orders producing
more gradual changes and lower orders leading to more pronounced oscillations.

Example 4.2. We examine the fractional order BVP given below:

D% (D2r(q)) +£(q.r(q)) =0,0< g < 1, (5.3)

(0)=0.r(1) = [ AN
pir(0) =0, Dir(1) = [ AG) (D (r(s)) .

where £(q,r) = q+ccosr, A(p) = p. Then

(5.4)

[\ST[o%}

1
o, :/O B, (p,p)dp ~ 1355165229

and
/0 54 (b, ) 2dp ~ 3.223245968.
By Mean value theorem, there exists a € (ry,r;) such that
[£(q,11) — £(q,12)[ = [¢[[sin B][r) — 12| <cffr; —ra.

So, we have, forp =q =2,

1
UZM]\/{/O |0y, (p,p)|2dp] = |c| x 2.432982437

By Theorem 4.3, there exists a unique solution for (5.3)-(5.4), for all values of ¢ such that
lc] <0.4110181746.

CONCLUSION

In this study, we established the existence of infinite positive solutions for an iterative sys-
tem of singular fractional BVPs. By employing the fixed point index theory within a cone in a
Banach space, we demonstrated the conditions under which these solutions exist. Our results
extend the existing body of research on fractional differential equations by addressing systems
characterized by singularities and iterative boundary conditions. This work not only broadens
the theoretical understanding of fractional boundary value problems but also provides a frame-
work for future investigations into more complex systems involving non-local behaviors and
hereditary properties.
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FUTURE WORK

Future research could explore several avenues to build upon our findings. One potential
direction is to investigate the uniqueness and stability of the positive solutions for different
classes of singular fractional boundary value problems. Additionally, applying the established
theoretical framework to practical scenarios in engineering, biology, and physics could yield
valuable insights into real-world systems with fractional dynamics. Another area of interest
is the numerical approximation of the solutions, which would facilitate the application of our
theoretical results to computational models. Finally, extending the study to multi-dimensional
fractional boundary value problems could open new pathways for understanding complex sys-
tems in higher dimensions.

NOVELTY AND APPLICATIONS

The novelty of our findings lies in the innovative use of fixed point index theory in cone
for the iterative system of singular fractional boundary value problems, which, to our knowl-
edge, has not been previously explored in this context. This approach allows for the handling
of singularities within the system, providing a robust method for establishing the existence of
solutions. The applications of our work are diverse and impactful, potentially influencing fields
such as materials science, where understanding the behavior of materials with memory and
hereditary properties is crucial, and in control theory, where fractional dynamics play a signifi-
cant role. Our results offer a new perspective and tools for researchers and practitioners dealing
with complex systems governed by fractional differential equations.
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