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Abstract. In this paper, we study the existence of normalized solutions to the following p-Kirchhoff
equation

—(a+be3 Wu]l’dx)Apu—&—lu =g(u), in R,
Jgs lul?dx = m,

where a > 0, b > 0, and m > 0 are constants, p* = Npr is the critical Sobolev exponent, A is a Lagrange
multiplier, Apu = div(|Vu|[P~2Vu), 2 < p < N = 3, and the nonlinear term g satisfies certain conditions.
Under the right conditions, we study that the p—Kirchhoff equation has a positive normalized solution
(A,uy) € (0,400) X erag(R:‘;) for any m > 0.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we mainly consider the following equation

{—(a—l—bea|Vu\pdx>Apu—i—7Lu:g(u), in R,

fRS |u|2dx =m,

(1.1)

which possesses a positive normalized solution under the mass subcritical case, where a >

0,b >0, and m > 0 are constants, p* = A],V—’; is the critical Sobolev exponent, A is a Lagrange

multiplier, Apu = div(|Vu|P~2Vu), and 2 < p < N = 3.

The Kirchhoff equation was first proposed in 1883 by Kirchhoff in order to describe the
transversal free vibrations of a clamped string [7]. It is related to the free vibration problem of
elastic strings in the famous D’ Alembert wave equation. It is worth mentioning that a functional
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analysis approach was introduced by Lions in the pioneer work [8]. In [12, 13], Ye studied the
existence of the canonical ground state solution of the Kirchhoff equation and pointed out that
L? critical index p :=2+ ]% was the threshold index of the Kirchhoff equation at f(u) = |u|P~2.
In 2014, Liang used the topological degree theory and variational methods to study the existence
of positive solutions to a class of Kirchhoff type differential equations with asymptotic nonlinear
terms [9]. In [4], the normalized solution of the Kirchhoff equation was studied when the
nonlinear term was non-homogeneous and the mass was supercritical. In 2021, Chen et al. [2]
studied the normalized solution of the Non-autonomous Kirchhoff equation under subcritical
and supercritical conditions. Zhang et al. [14] used the Pohozaev identity to study the existence
of gauge solutions for a class of critical Kirchhoff type equations in R3. In addition, many
scholars focused their attention on the situation of the p—Kirchhoff equation. For example,
Huang et al. [5] applied the fountain theorem to obtain the existence result of infinitely many
solutions for a class of p—Kirchhoff type equations. Rasouli proved the existence of the sign
change solution of the P—Kirchhoff equation by using the deformation lemma [11]. Zhou and
Song [15] used the classical Kranoselski genus method to study a class of critically growing
p—Kirchhoff type problems, and obtained an infinite number of non-trivial solutions to the
problems.

In particular, ifa > 0, b > 0, m > 0, and p = 2, then equation (1.1) is reduced to the Kirchhoff
equation below

{—<a+beN\Vu|2dx)Au+7Lu:g(u), in RV, (1.2)

fRN |u|2dx =m.

Zhang et al. [16] studied that Kirchhoff equation (1.2) possesses a positive normalized solution
(A,u) € xH'(RV) based on a global branch approach and the Azzollini’s correspondence.
Andifa=1,b =0, m > 0, then equation (1.1) is reduced to the p—Laplace equation below
—Apu+Au=g(u), in R
) (1.3)
Jgr3 lu|*dx = m.
In [10], Li and Niu mainly studied the existence of non-trivial solutions to the following
nonlinear p—Kirchhoff type equations with critical growth

{— (a—i—bf]RN ]Vu|1’dx)Apu = [ul?" Put puf () uld?u, xRV, (1.4)

uc Whr(RN),

wherea>0,b>0,1<p<N,1<qg<p,p*= IQTPP >0, and A,u = div(|Vul?~2Vu). They
proved it using Ekeland’s variational principle and the Mountain pass theorem equation (1.4)
has at least two nontrivial solutions under appropriate conditions.

We also study problem (1.1) by searching for its solutions satisfying the mass constraint.
From thie viewpoint, the mass m > 0 is prescribed, while the frequency A is unknown and will
come out as a Lagrange multiplier. Hence, we call it fixed mass problem and the solution u
is called a normalized solution. Normalized solutions to (1.1) are critical points of the energy
functional

a

b 2
. p P _
J(u) : p/]R3 |Vu| dx+2p</R3\Vu] dx) /R3 G(u)dx,
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on the constraint
Swi= (e W@ [ uPdx=m>0}.
R

In studying the positive normalized solutions via a global branch approach, the main ingredi-
ents are the study of the asymptotic behaviors of the positive solutions as A — 0" or A — +oo
and the existence of an unbounded continuum of solutions in (0, 4-0) x W7 (R3?). We remark
that under assumptions (G1)-(G3), the authors in [6] obtained a connected positive solutions set

& . +o gl (RN . - —0 T e
S1:={(A(s),v(s,x)) e R" xH, ,(RY) : 5 € ]R,sgrllool(s) = O,SETWA(S) = oo},
We also can obtain a connected positive solutions set
So:={(A(s),v(5,x)) €ERT x WP(R3) : s € R, lim A(s) =0, lim A(s) = 4o}  (1.5)
§—r—00 §—r+-o0

to equation (1.3). And we also make clear the behavior of positive solutions of equation (1.3)
as A — 0" as well as A — +oo in Section 2.

For the convenience of discussion, we put out the conditions involved in this work. For g(s),
the nonlinear term, we always assume the conditions as follows

(G1) g € C'([0, +)), g(s) > 0 for s > 0;

(G2) There exists some (a, 8) € R? satisfying

3
p<aB<pi="— if 3>p,
3—-p
such that
/ /
. g(s) . g(s)
Jim 5 =m(a=1)>0 and  lim S5 = (B —1)>0.

(G3) —A,u = g(u) has no positive radial decreasing classical solution in R3.

Remark 1.1. It is easy to check that the following function g(¢) satisfies the conditions of
G(D)-G(3),

t|*%, 0<t| <0,
g(t) = B2
[P, fr > 8,

where 0 is a constant.

We also denote

2 2
2
L = (p,p-l— %) and J| = (p,p-l——g ).
For simplicity, we write K11 := I X Jj.

Now we state our main result as follows.

Theorem 1.2. Leta > 0,b> 0,2 < p <N =3 and (G1)-(G3) hold. If (a,B) € K11, then ,for

any give m > 0, equation (1.1) possesses a positive normalized solution (A,uy ) € (0,+o0) X
Lp m3

w2 (R?).

rad

In this work, our arguments are based on a global branch approach and the Azzollini’s cor-
respondence. We establish some preliminaries for N = 3 and give the proof to Theorem 1.2 in
Section 3.
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2. PRELIMINARIES

Referring to the method in [1], we have the solution of the p—XKirchhoff equation (1.1) as
follows.

Theorem 2.1. Fixa>0,b>0,1 >0,and2 < p <N =3.u € C*(R})NWP(R3) is a solution
to equation (1.1) if and only if there exist v € C*(R3) "W 1P (R3) solving —A,v+Av = g(v) in
R3 and t > 0 such that

t"’a—Hz"’_3b/3 |Vv|Pdx =1 and u(x)=v(tx).
R

Proof. We first prove that u is the solution to equation (1.1). Suppose v € C>(R3) nW1P(R?)
and 7 > 0 are as in the statement of the theorem and set u(x) = v(tx) = v;(x) € C2(R*) N
W1P(R3). We compute
—Apu(x) = —tPA,v(tx)
=17 (g(v(tx)) — Av(tx))
g(v(tx)) — Av(tx)
a-+btP=3 [p3|Vv|Pdx
_ 8(u(x)) — Au(x)
a+b [p3 |VulPdx
Hence, u is the solution to equation (1.1).
Now we prove the tPa + 1?7 73b [3 |[Vv|[Pdx = 1. Suppose that u € C2(R})nW!P(R3) is a

solution of equation (1.1) and set t¥ = W, and v(x) = u(%x) =iy (x), where ¢ > 0.
Moreover | .
—Apv(x) = —t—pAth(;x)
1 gu(Gx) = Au(gx)
1P a+ b fps [Vu(tx)|pd(Lx)
=g(v(x)) —Av(x)
and
b 1 _ 1
a+b [g3|VulPdx — a+btP=3 [p3 |Vy|Pdx
Hence, tPa+ 1P 73b [g3 |Vv|Pdx = 1. O

Theorem 2.2. Let N = 3 and assume that (G1)-(G3) hold. Let U € C,70(R3) be the unique
positive solution to

~AU+U =mU*" in R? (2.1)
andV € ero(l[@) be the unique positive solution to
—AV AV =wVPT in R 2.2)
where C (R3) denotes the space of continuous radial functions vanishing at o. Then it holds,
(i) If {un}oo_, € WHP(R3) are positive solutions to (1.3) with A = A, — 0%, then

Tim || Vit |, =0
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and

p2

07 O‘<P+?a
. 2
hm lu,||; = IWUlp, a=p+5,

S—>—+oo 2
)4

(i) If {un}_; C WIP(R3) are positive solutions to (1.3) with A = A, — +oo, then

i [| Vi | = -+

Proposition 2.3. Let N = 3 and assume that (G1)-(G2) hold. Let u be a non-negative classical
solution to (1.3) with A > 0, which vanishes at infinity. Then, up to a translation, u is radially
symmetric and decreases with respect to |x|.

Proof. We assume u(xg) = max g3 u(x). Since u is a non-negative classical solution to (1.3),
we can obtain that

—Apu(xo) +Aulxo) = g(u(xo))-

Since u(xp) is the maximum, we have Vu(xg) = 0. Then A,u(xp) < 0 and Au(xg) < g(u(xp)).
We have g(u) > 0 for u > 0. Hence, u(xp) > 0. Since u reaches its maximum at xo and vanishes
at infinity, applied the maximum principle, we obtain that u is constant on the sphere centered
on xg. Then, up to a translation, such that x is the origin. Therefore, u is constant on the sphere
centered at the origin. We have that u is radially symmetric. We can express u as u(x) = u(r),
where r = |x|. Since u is a radial solution, then u(r) is positive in [0, +o0) by the maximum
principle and it solves

~((lu' (r)|P~2u (r))’

which implies that (r2|u/(r)[P~2u/(r))’ < 0. Hence, r*|u’(r)|P~2u'(r) is decreasing in [0, 4-o0).
By 2|/ (r)|P~2u(r)|,—0 = 0, we see that r*|u/(r)|P~2u/(r) < 0 for r > 0. Hence, u/(r) < O for
r>0. 0J

3(p—1)
3-p

2

r

(| (r) P72 () + Au(r) = g(u(r)) > 0,

Proposition 2.4. Let 1 < g < py, and pps = Ni(vp—_pl) -

. Then the inequality
—Aju>ul, xeR? (2.3)

does not possess any positive classical solution.

Proof. Take & € W(By),0 <& <1, with & =1 for |x| < %, and let m = qu‘q’_l. Fix R > 0 and
define @g(x) = £™(x/R). We observe that

Ap@r =mP "' R7P[(m—1)(p— 1)EM=D=D=1yg|p 4 gm=DP=DA £](x/R).
Hence

e (p—1)— 1
Ay x| < CRPEM VPV /R, ray = CR PO oy
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Multiplying (2.3) by @, integrating by parts, and using Holder’s inequality, we obtain

/]R3 u‘l(dex§ _/]R3 uAp(dex

<CR? / uol/ dx
- R/2<|x|<R Pr (24)
< CRYa-1/a p(/ uq(dex> '
o R/2<|x|<R
In particular, it follows that
/ u? Qrdx < CR3~P4/\a—p+1), (2.5)
R3

If g < pgg. ie.,3—pq/(g—p+1) <0, then this implies u = 0 upon letting R — oo. If g = p,
then (2.5) implies [ps u?dx < oo. Therefore, the right-hand side of (2.4) goes to 0 as R — oo and
we conclude that u = 0. [

The case of A — 0. Our first lemma gathers some properties of g that hold under (G1)-(G2).
Its proof is by direct computations.

Lemma 2.5. Let N = 3 and assume that (G1)-(G2) hold,

(i) Timg o+ 4% = and Tim 4% = o

(ii) There exists some C > 0 such that g(s) < C(s* ' + sﬁ_l), s € R" and for any M > 0, there

exists some Cyy 1 > Cy 2 > 0 such that CA,LZSO‘_1 <g(s) < CM,lsﬁ_lfor all s € [0,M].
(iii) There exists some C > 0 such that G(s) < C(s*+sP), s € RT, where G(s) := [ g(t)dL.
(iv) If a > B, we have, for some D > 0, g(s) < DsP-1,

Lemma 2.6. Let N =3 and g € (RT,R™) be such that,

liminf& >0, forsome 7Yy>p. (2.6)
s—04 s7-1

(i) If N = 3 assuming that y—1 < NI(VPT;I), (1.3) has no nontrivial non-negative classical
solution when A = 0.
(ii) If N =3 assuming that y—1 < I\U’I\]_fA:Lp and sg(s) < p*G(s) in R™, (1.3) has no nontrivial

non-negative radial classical solution when A = 0.

Proof. (i) Suppose that u > 0 is a classical solution to (1.3) with A = 0. From (2.6) and the fact
that u belongs to L(IR?) we can find a constant C > 0 such that —A,u > Cu”~! in R3. Under
our assumption on Y > p, the conclusion follows by Proposition 2.4.

(ii) We first remark that if u # 0 is a radial solution, then u(r) is positive in [0,+co) by the
maximum principle and it solves

{—(!u’!”‘zu’)’ —2(lW P2y = g(u), r>0,

u'(0) = 0. (1)

Also, u decreases with respect to r € [0, +o0). Indeed,

—((lu' (N7~ (r))' + %(!u’(r)l”zu’(r))) = g(u(r)) >0,
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which implies that (72|« (r)[P~2u/(r))’ < 0. Hence, r*|u’(r)|P~2u'(r) is decreasing in [0,4-o0).
By 2|u (r)|P~2u (r)|,—0 = 0, we see that r2|u/(r)|P~2u/(r) < O for r > 0. Hence, |u/(r)|P~2u(r) <
0 for r > 0. This implies that 7 := lim u(r) > 0 exists. Since

rﬁ—ﬁ—oo
. _ 2 _
g() = tim —((|u/ ()"~ (r))" + < (ju/ (r) [P~ (1)) = O,
we have that 7 =0, i.e., lim,_, 1 u(r) = 0. The corresponding Pohozaev function is defined by
/(2 \P 3 ! p—2,/
P(r) = r3(u (r) +G(Ll(r))+ pu(r)(|u (r)| u (r))>. (2.8)
p p r

It is of class C'[0, +o0) and satisfies P(0) = 0. A direct computation shows that

P(r):=r <3G(u(r)) 3 1_7 pu(r)g(u(r))), Vr>0.

Hence, under our assumption sg(s) < p*G(s) in RT, we see that P(r) is non-decreasing in
[0, +-o0).

Let us now prove that r(|u/(r)[P~2u/(r)) +u(r) > 0. It holds for r = 0. Suppose there exists
some rg > 0 such that

T := ro(|u (ro)|P 24 (r9) ) + u(ro) < 0.

By —A,u>0and u/(r) <0, we obtain [r(|u' (r)|P~2u (r)) +u(r)] <0. Thatis, r(|u’(r)|P =24/ (r)) +
u(r) is non-increasing in R™. Thus

r(j (NP~ (r)) 4 u(r) <T <0, Vr>rn.

For s >t > rg, since u is positive, we have

T 1
0 [WEr@ac< [ —de=T(p- 17T -7,

TrP—

Let s — +oo. Since T < 0, we obtain a contradiction. Hence, r(|u'(r)|P~2u/(r)) +u(r) > 0 for
all r € [0,+o00) and thus

W2 <0 rso. 2.9)

.
Using the fact u(r) is decreasing in [0, +e0), it follows from (2.7) and (2.9) that

) = 2/00 u/(t)pdt —u/(r)p_lu(r)

1) /
<2/ (2.10)
P )
t)r-1 p—1
<c <2,),pl dr < M’
rootpT rp=T

Since u € L”(R?), under our assumption on y > p, there exists a constant C > 0 such that
G(u(r)) > Cu(r)?, for all r > 0. Thus, using (2.10), we obtain that

u(r) < Cor 1o-0-r T 2.11)
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for r large enough. Then by (2.9), we have that

y(p—1)

|| (r) [P~ 2 (r)] < Cyr~ 707 2.12)

for r > 0 large enough. From (2.8), (2.10), (2.11), (2.12) and y < ;—pp, we conclude lim P(r)=

r—r—+oo
0. Hence, the monotonicity of P(r) implies that P(r) = 0. Thus P'(r) =0 in r € [0,+o0).
Namely,

u(r)g(u(r)) = p*G(u(r)), rel0,+e0). (2.13)
By the Hospital’s rule, (2.11) and (2.13) lead to
0<b:= tim B _ jip YOO _ pp, 16Ll0)
s—0+ s7 s—0+ §Y F—>—+oo u(r)y
o Rswu)  Je@s g
r—s—oo u(r)Y s—0+  sY pr
which implies that Yy = p*, a contradiction. O

Lemma 2.7. Let N = 3 and assume that (G1)-(G2) hold. Let {u,} | C WP (R3) be positive
solutions to (1.3) with A = A, — 0T, Then limsup,,_, ., |un||e < +oo.

Proof. For any M > 0, there exists Cy; > 0 such that for any non-negative solution u € W17 (R?)
to (1.3) A € (0,M). We proceed by assuming that there exists a sequence (A, u,) € (0,M) X
WP(R3), where u,, € WP (IR?) is solution to (1.3) with A = A, and

maxu,(x) — 4o as n— +oo.
x€R3

We follow a blow up procedure introduced by Gidas and Spruck [3]. Without loss of generality,
we may assume that M), := u,(0) = max i, (x). Now we perform a rescaling, setting x = —
xeR

B—p
o1 y
oz

M, ?
Then i, (0) = maxii,(y) = 1 and

and defining i, : R?> — R by

x€R3
~ g(Mnﬁn) A«n ~
—Ayii, = — iy
phn Mr[l}—l Mf_z n
If a < B, since ||it, || = 1 and M, — +o0, we obtain from Lemma 2.5 that
Mnﬁn B ~o— ~B_ O — B_ I
8l ﬁl) <CME Pt vab Y <c@d ' +ab ) e L(RY).
M
If a > 3, we also have that
sMnin)  COMn)" " _ g,
Mf_l Mr[li—p—i-l
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We also remark that

%ﬂn € L”(R?).

My
Hence, applying standard elliptic estimates, and passing to a subsequence if necessary, we may
assume that @, — i in Wl:)’f(R3), where 7 is a nontrivial and non-negative bounded radial solu-
tion to —A,il = ,uzzzﬁ_l in R3. At this point, Lemma 2.6 provides a contradiction. We have that

maxu(x) < Cy. O
x€R3

Lemma 2.8. Let N = 3 and assume that (G1)-(G2) hold. Let {u,}?_; C WHP(R3) be positive

solutions to (1.3) with A = A, — 0. Then liminf,, o W > 0. Furthermore, if (G3) holds,
then

|ltnllew =0 as n— +oo. (2.14)

Proof. For any sequence (A,,u,) with A, — 0" and
—Apttn+ Aguy = g(uy) in R, O<u,€ Wl’p(]R3), (2.15)

thanks to Lemma 2.7 and the invariance of (1.3) under translation, we may suppose that u,,(0) =
|tn || < M,Vn € N. Setting

i ()= [
) = 1) (W)

we have i1, (0) = ||ity || = 1 and
1
_ 2—p- N
—Apun +l/ln(0) pun = Wg(un(())un) in R°. (216)

By standard regularity arguments, i, is a classical solution to (1.3). Taking x = 0, we obtain

1n(0)277 = 1, (0)2 P13, (0) < —Apitn(0) + 1, (0)* i, (0)

Hence,

a—p 2—p
iming el = o 4n(0)

> 0.
n—te A, Cum

Suppose now that liminf,, . u,(0) > 0. Since g(u,) — Ay, € L(R?) in (2.15), passing to a
subsequence, we may assume that u, — u in Wllocp (R3) with u(0) = max, g3 u(x) >0 and u a
non-negative bounded radial decreasing function which solves —A,u = g(u) in RR3. Hence, by
(G3), we obtain that u = 0, a contradiction to u(0) > 0. O

Lemma 2.9. Let N = 3 and assume that (G1)-(G2) hold. Let {u,}_; C WIP(IR3) be positive

Huan—p

solutions to (1.3) with A = A, — 0" Then limsup,_, ., e < oo
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Proof. We argue by contradiction and assume there exists a sequence {u,}>_; C WHP(R3) of
positive solutions to (1.3) with A = 4, — 0" such that

letnle”"

An
Without loss of generality, we can suppose that u,(0) = ||uy]|, Vn € N. Setting

- 1 X
ul’l(x) = Un a—p 9
24| ||un||oop

we have ii,(0) = ||iiy || = 1 and

— o0

() = SWtnlloin) _An 2.17)

leall &= Nunf| &2

In view of Lemmas 2.5 and 2.7, the right hand side of (2.17) is in L”(R?). Passing to a sub-

sequence if necessary, we may assume that i, — i in Wli’f (R3). Using (2.14), we obtain that

i, 1s a non-negative bounded solution to —Aii, = (1% in R3. Thus Lemma 2.6 provides a
contradiction to #(0) = ||ii||. = 1. O

Lemma 2.10. Let N = 3 and assume that (G1)-(G3) hold. Let {u,};_, C WP (R3) be positive
radial solutions to (1.3) with A = A, — 0T Defining

1 ()= [
iy (x) == in(0) n<m>, (2.18)

then ii,(x) — 0 as |x| = 4o uniformly in n € N.

Proof. By Lemmas 2.8 and 2.9, up to a subsequence, we may assume that

Take £ > 0 small such that Coue*~! < 1. We argue by contradiction. We suppose there exists
a sequence r, — oo such that i, (r,) = €. By changing the origin to r, and passing to the limit,
we obtain a nontrivial solution i of the following equation,

—Apity + un (0> P, = Coua®~',  reR, (2.19)

with i(0) = €, @ > 0 and bounded. By Proposition 2.3, we obtain that i is decreasing on R.
Hence, i has a limit i at r = 40 and a limit &_ at r = —oo. In particular, i+ solve

—un(O)z_pﬁi +C0u1ﬁ§”:_1 =0, rekR.

So by iy < € <, we obtain that ity =0 and

1
_— Cour \°°
B un(0)2-P '

Then, from (2.19), we have that —A,ii, < 0 on R necessarily i’ (0) < 0. Using again that
—Apii, < 0on (—eo,0] we get a contradiction with the fact that i is bounded. UJ
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Lemma 2.11. Let N = 3 and assume that (G1)-(G3) hold. Let {u,};_, be positive radial solu-

1
tions to (1.3) with A = A, — 0T Defining v,(x) :== A *uy, < {’/X/T> and passing to a subsequence

if necessary, it holds v, — U in Cryo(]R3) as n — +oo, where U is given by Theorem 2.2.

Proof. By Lemmas 2.8 and 2.9, we have

. up(0)% P Up
0 < liminf —*—— < limsu
n—poo A - n%oop A

< oo, (2.20)

Note that v, solves the equation

1

= g(knrp Vn)

—Apvn+ A vy = in R (2.21)

a1
)«na_p
By standard regularity argument, it is easy to see that {v,} is equi-continuous on bounded
1
sets. On the other hand, we remark that v,(x) = u,(0)A," " i, (x), where i,(x) is given by
(2.18). Hence, by Lemma 2.10 and (2.20), we see that {v,} decay to 0 uniformly at co. Hence,
{v,} is pre-compact in Cy (R3). Passing to a subsequence if necessary, we may assume that
vy — U € Cro(R?), where U € C,o(R?) solves (2.1) with U (0) = max, .3 U (x) > 0. O

Lemma 2.12. Let N = 3 and assume that (G1)-(G3) hold. Let {u,},{An},{vn}, and U be given
by Lemma 2.11. Then v, — U in WHP(R?).

Proof. We can rewrite (2.21) as

a—p+1
a—p
A Vn

By the proof of Lemma 2.11, we know that v, is pre-compact in C,yo(R3). In view of Lemma
2.5, we can find some R > 0 large enough such that

g(ﬁfnﬂvn)

1
2-p ALEP
—Apvn+ A" (1 - M) v, =0 in R>. (2.22)

1
1_W>§’ V‘X‘ZR, Vn € N.
A ®" vy
Then we have
27 ]
—Apvn(X)+ 24,7 Evn(x) <0, V|x|>R, VneN.

It follows by the comparison principle, Lemma 2.11, and v, — U in Cr7o(R3) that one can find

some C1,C, > 0 such that v, (x) < Cle_CZ‘x‘ in R3 for all n € N. Then, for n large, we can write
(2.22) as

2-p
~Apva -+ va(1 = (1 +o(1))uyf A7 %) =0
By (2.16), we compute

p
1
p — p—a X
19001y = o [T ( W)

o

= p ot p
dx =M T Jes |Vin (x)|Pdx = A [Vunll}
n
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p
L X
P — p — p-a
||Vn||p_/R3|vn| dx_/RS }Ln un<m>

Since we can obtain that
1+ 52

p» 3
IVunllp = 2“7 [V vallp,
p_3
letallp = 20" " vall-
We known that ||v, || and ||Vv,||5 are comparable. There exist some C3,Cy4 > 0 and Cs,Ce > 0
such that

and

L+§
dx=A""“ p||un||g

(2.23)

G < |5 <Csy, VNEN and Cs5<|Vvy|h <G

which implies that v, is bounded in W' (R3). Without loss of generality, we can assume that
v, — U in WIP(R?). By the Lebesgue dominated convergence theorem, we see that v, — U in
LP(R?). So U solves

~AU+0 = 0% in R with lim U(x)=0.

|x| =0

Hence U = U and it follows by (2.23) that ||Vv,||5 — ||[VU||5. which implies that v, — U in

WP (R3).
Proof of Theorem 2.2 (i)
Step 1. Let us prove that
2
0, a<p+i,
tim_[lnllf = {015, @=p+

§—r—+00 2
too, a>p+E.

3
By (2.23), we have that |[u,||, = A,"" 7||va|/. Let us further analyze according to the value
range of o

2
0, a<p+%2:>a%p—%> :
Jim Jlllp = W0I5, - a=pt b= g5 =5 =0,
3
oo, > ptlm 30,

Step 2. lim,,_, 4 | Vi, ||, = 0. By Lemma 2.11, we obtain that
IVvall, = |IVU|l, in Cro(R?) as n— oo

and U (x) is a positive solution. Hence, we have that ||VU]||, is finite. By (2.23), we have that
14523 14+525-3
Vil = Ay 7 7||Vvp||hand A, “7 7 — 0as A, — 0. Hence, ||Vu,||5 — 0. We obtain

that || Vu,||, — 0. O

The case of A — 4o

Lemma 2.13. Let N = 3 and assume that (G1)-(G2) hold. Let {u,}_; C W1'P(R3) be positive
solutions to (1.3) with A = A,, — +o0. Then

minf|[1]|o = o0 (2.24)

n——4-oo



NORMALIZED SOLUTIONS FOR P-KIRCHHOFF EQUATIONS 13

and

[

liminf > 0. (2.25)

n——+oo )vn

Proof. By regularity, for any fixed n, u, € W!'?(R3), we may suppose that 1, (0) = ||u|... We
let i7,, be given as in the proof of Lemma 2.8. Thus (2.16) holds. Taking x = 0, by Lemma 2.5,
we obtain that

(0277 = 1, (0)2 P i1, (0) < —Apiin (0) + 14 (0)2 i1, (0)

< Wgwn(o»

< O +un(0)F7
Since A,, — +e and min{a, B} > p, we obtain (2.24). Furthermore, if o < 3, (2.25) trivially
holds. If a > B, by Lemma 2.5, g(s) < CsP~1 s € R, and we obtain (2.25). O

Lemma 2.14. Let N = 3 and assume that (G1)-(G2) hold. Let {u, };_, C WP (R3) be positive

'B_
solutions to (1.3) with A = A,, — +oo. Then limsup,,_, ., H"”;Ll: ’ < oo,

Proof. As in the proof of Lemma 2.9, we argue by assuming that there exists a sequence
{un}o_; € WHP(R3) of positive solutions to (1.3) with A = A,, — oo such that

14|57
An

Without loss of generality, we suppose that u,(0) = ||uy||, Vn € N. Setting

— oo, (2.26)

we have i1, (0) = ||iiy || = 1 and

- _ 8(|[un||otin) An
—Apiiy(x) = |ﬁ*1 — e Hﬁfzun. (2.27)

A

By Lemma 2.5, the right hand side of (2.27) is in L*(R?). Passing to the limit, we may assume
that i, — @ in Wli)f(R3) where ii is a non negative bounded solution to —Aii, = poiP 1 in
R3. Here, Lemma 2.6 provides a contradiction to ii(0) = 1. O

Lemma 2.15. Let N =3 and assume that (G1)-(G2) hold. Let {u,};_, C WP (R3) be positive
radial solutions to (1.3) with A = A, — —+oo. Defining

Vp(x) = l,flﬁun< i > (2.28)

and passing to a subsequence if necessary, one has v, —V in Cr,O(R3) as n — +oo, where V is
given by Theorem 2.2.
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Proof. By Lemmas 2.13 and 2.14, one has
(0)B—p 1 (0)B—P

0 < liminf 2" < limsup "

< oo
n—reo A n—yoo A ’

which implies {v,} is uniformly bounded in L*(R?). We note that v, solves

1
3= g(lnﬁip Vn)

—Apvn+ A Py = — in R>. (2.29)
AT
If a < B, by Lemma 2.5 and A,, — +oo, we have that
1
g()tnﬁipvn) g%ﬁ B—1

B—1 SC(AH Vr?_l +Vn )7

AT
which implies the right hand side of (2.29) is in L=(R?). If a > B, still by Lemma 2.5, we have
that

1

B—p

gULn Vn) -1

S <ol
B—p

n

the right hand side of (2.29) is also of L*(IR?). Thus, in view of standard elliptic estimates, we
may assume that v, — V in Wli’f (R3). Hence, {v,} is equi-continuous on bounded sets. Also,
proceeding exactly as in the proof of Lemma 2.10 we may check that {v, } decay to 0 uniformly
at . Hence, {v,} is pre-compact in C,o(R?) and v, — V in C,o(R?) where 0 <V € C,o(R?)

solves (2.2). ]
Now, adapting in a straightforward way the proof of Lemma 2.12, we also have the following.

Lemma 2.16. Let N = 3 and assume that (G1)-(G2) hold. Let {u,},{An},{vn} and V be given
by Lemma 2.15. Thenv, —V in W'P(R3).

Proof of the Theorem 2.2 (ii)
By Lemma 2.15, we obtain that ||Vv,||, = ||[VV], in C.o(R?) as n — +oo and V(x) is a

positive solution. Hence, we have that ||[VV||, is finite. By (2.28), we have that ||Vu,||) =
p p 3

1+42- -3 145232
Ao P77 T\ Vvllh and A, P77 — oo as A, — 4oo. Tt follows that ||Viu,||h — +oo. We
obtain that ||Vuy||, — +oo.

3. PROOF OF THE MAIN RESULTS

Lemma 3.1. Leta>0,b>0,and2 < p < N = 3. For any v € WP (R3), there exists a unique
ty > 0 such that t, solves tPa+1t*=3b [p3 |Vv|Pdx— 1= 0. Furthermore, t, depends continuously
onveWUP(RY) and tf = 1(140(1)) as |Vv||, — 0, while tv2p_3be3 |Vv|Pdx =1+0(1) as
V||, = oo

Proof. For any v € WP (R3), we set

1) =ta+77% [ [Volrdz—1€C([0,+<)).
R
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Sincea >0,b>0,2 < p <N =3, we have
7(6) = pat? ' + (2p— 3)t2p—4b/% VylPdx>0, >0,
R‘

which implies that f(r) increases strictly in [0,+eo). On the other hand, by N = 3, we see that
f(0)=—-1<0and lli)rilwf(t) = +oo. Hence, there exists a unique #, > 0 such that f(r,) = 0,
f(t) <Ofort €[0,t,), and f(¢) > 0 fort > t,.

Let v, — vo in WHP(R3), we have that | Vv, ||h — [|Vvo||} as n — . By the definition of ,,,
it is easy to see that {7, } is bounded in R. Up to a subsequence, still denoted by ¢,,, we may
assume that t, — f > 0. Hence,

af? + 27 3b / Vooldx—1= tim_[af 4123 / Vvn|Pdx—1] =0,
R3 n—-+too n " R3

which implies that #,, = 7. That is, t,, — t,,.
In particular, if v, — 0 in W7 (R?), we have that

bt?r—3 /]1%3 |Vv,|Pdx = o0(1)

since {t,, } is bounded. Thus #;, = 1(1+0(1)). If |Vv||, = +oo, then by b > 0 we have that
ty, — 0. Thus, il Jr3 |Vvu|Pdx — 1 asn — eo. Assume thata > 0,5 >0,and 2 < p <N =3.
Let S, be the connected positive solutions branch given by equation (1.5). For any s > 0, let
1,(s,x) be the unique number determined by Lemma 3.1 and denoted by #; for simplicity. Put
u(s,x) := v(s,tex). Let v(s,x) € WHP(R?) be given in equation (1.5). There exists some s* € R.
Let us introduce the function

PR, (A(s),uls)) > luls, )1
]

We divide the proof of Theorem 1.2 into two steps.

Step 1. ¢ := {(A(s),u(s,x)) : s € R} is a connected positive solution branch of equation
(1.1).

For any s € R, since (A(s),v(s,x)) is a positive solution to equation (1.3), by the definition of
ts and u(s,x), Theorem 2.1 implies that (A(s),u(s,x)) is a positive solution to equation (1.1).

Next, we prove that € is connected in R x W1»(R3). Indeed, for any s* € R and s, — s*, it
follows that A (s,,) — A(s*) since S, is connected. Furthermore, v(s,,x) — v(s*,x) in WhP(R3).
So [|Vv(su, ) |15 = [[Vv(s*,-)||5 as n — +oo. It follows by Lemma 3.1 that t,, — f,, as n — oo
Combining with v(s,,,x) — v(s*,x) in , WP (R?), we obtain that u(s,, x) — u(s*, x) in WP (R3).
Hence, ¢ is connected in R x W17 (R3).

Step 2. p is onto. In other words, Vm > 0, 3(A,u) € S, such that p(A,u) = m.

For (a, ) € K11, by Theorem 2.2, we have that ||Vv(s,-)||, — 0 as s — —co. By Lemma 3.1,
we have that 1/ — % as s — —oo. A direct computation shows that

IVuls, )l = [ (Vals. ) Pdx= [ [9(s,e)lPdx =22 [9o(s. )l
and

luts. )l = [ s P = [ wls.olPdx =13 (s, )5 G
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Combining with || Vv(s,-)||, — 0 as s — —oo, we have || Vu(s,-)||5 — 0 as s — —oco. By Theorem
2.2, we have that

2
lim_v(s:)lp =4 1UlIp,  @=p+ i,

§—r+oo

By equation (3.1), we obtain that

p_) 2 p _
Jim s )= S aF U], a=p+ 5,

Hence, there exist {s,} C R? with s, — —co and ||u(s,,)||> — O.
Next, by Theorem 2.2, we have that ||Vv(s,)||, — +oo as s — +oo. Thus Lemma 3.1 implies
that
Is

1
1 2p-3
B o V(s Pl

Recall from equation (2.28) and Lemma 2.16 that

—1 as s§s— +oo.

1
O(s,x) :=A(s)rPv|s, X )=V WEP(RY)  as s— 4oo
A(s)
and a direct calculation shows that

IVo(s.)llp = [ Vo(s,)

P
= V?L(s)ﬁv s, T dx
R3 A(s)
Pﬁ—/ |Vv(s,-)|Pdx
B3
= A(s) 7P [[V(s, )l
and
196,05 = [ lo(s. )1
A (s, —=— || 4
= P
- (s)r=Pv s,m X
L+§ p
= A(s)P PP v(s, )l
Observe that

{HVV(S,-)H?— ()T (s, ).

(s, )15 = A(s)B7 7 |9 (s,)][5-

'B\DJ
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Then,
P — lim tP3 Y[V
Jim [[Va(s, [l = Tm 7= Vv(s, )l
3=p
= i NP 2p=3 R4
Jgim (b [ 9v(s ) T 96l
3 pTre
~ lim sz—"a / |Vv(s,~)|pdx 2P ’
s—>-o0
( L,Q)L
_b21’ 3(HVVH ) hm ﬂ,( ) B-r p’)2p3
= +o
and
P — 3 p
Jm [lu(s, [l = Tim 27 v(s, )|l
1 3
=1 AP
sffw(bfmwv( )|de> Ivis: )l
575 tim ([ [Fv(slPdx) 7 ols, )l
a S%H:IO—loo R3 VAS * VAS; p
o ART 3 1423, 3 p_3
=b2»3 lim ( |VV|Pd> [/l(s) B-p P]2p3/ |V|pdxl(s)ﬁ,,, >
§—> o0 R3
=b2p3—3</ IVV|Pdx 2”3/ VIPdx Tim A(s)FF B w5t
R3 R3 S— oo
3 3
:b2”3</ WV\pa’x> / [V|Pdx lim A(s)®,
R3 R3 S—> o0
where
3 3 3 2p?P-3(B-
G::<1+L__>. L P 3_2r=3B-p)
B-p p/ 2p=3 B-p p (2p-3)(B-p)
Note that
2
>0, B<p+k,
2
64=0, ﬁ:p'i'%;
<0, B>p+L.
Hence,
+°°7 ﬁ <p+ 2%7
3 3 2
Jim_flu(s.)lE = o7 (VYIS VIE, B =p+3%,
2

Hence, there exists {s,} C R with s}, — 40 and ||u(s),,-)||h — +oo. Since ¥ is connected, it
follows that p is onto. In other words, Vm > 0, 3(A,u) € S such that p(A,u) =
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