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Abstract. This paper proposes a second order convergent discretization scheme in both space and time
for parabolic optimal control problems (OCPs). For the state and co-state, the BDF2 scheme and finite
elements (FEs) are used for the temporal and spatial discretization, respectively. The control is obtained
by variational discretization. The second-order convergence results of all variables in the L2-norm are
rigorously derived. Superconvergence between the projections of the state and co-state and their numer-
ical solutions is established. Two numerical examples are provided to confirm the theoretical analysis
results.
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1. INTRODUCTION

Constrained parabolic OCPs plays an increasingly important role in economics, biologic, so-
cial sciences, engineering physics, etc. Numerical solutions of parabolic OCPs were studied
extensively. A systematic introduction can be found in [1, 2, 3, 4]. Many numerical approaches
were successfully applied to solve parabolic OCPs, such as finite difference [5], multigrid
method [6, 7], FE [8, 9], mixed FE [10, 11, 12], immersed FE [13], least-squares FE [14],
finite volume element [15, 16], spectral method [17, 18], and so on. However, due to the low
regularity of the control variables, most of the above methods only obtain first-order conver-
gence results O(k+h) by using backward difference and piecewise constant functions discrete
time and space variables, respectively. To improve the accuracy of the FE for solving elliptic
OCPs, Meyer and Rösch [19] obtained a superconvergence result O(h2) by post-processing
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techniques, and Hinze [20] obtained a convergence result O(h2) by using the variational dis-
cretization (VD). Recently, in order to improve the time error to O(k2), the Crank-Nicolson
scheme [21, 22, 23] and the BDF2 scheme [24] have been used to solve parabolic OCPs.

The primary contributions of this paper are threefold: (1) Design of a combined BDF2
scheme and VD approximation for parabolic OCPs with control constraints; (2) Rigorous second-
order convergence results in L2-norm for control, state and co-state are achieved in both time
and space; (3) Derivation of superconvergence for the state and co-state in the spatial H1-norm.

We focus on the following parabolic OCPs:

J(u,y) = min
u∈Uad

1
2

∫ T

0

(
‖u‖2 +‖y− yd‖2)dt (1.1)

subject to 
yt−div(AAA(xxx)∇y)+ c(xxx)y = u+ f , ∀ t ∈ I,xxx ∈Ω,

y(t,xxx) = 0, ∀ t ∈ I,xxx ∈ ∂Ω,

y(0,xxx) = y0(xxx), ∀xxx ∈Ω,

(1.2)

where I = (0,T ] with T > 0 and Ω ⊂ Rn (n = 2,3) is a bounded convex polygon or polyhe-
dron with boundary ∂Ω. Let c∗ ≥ c(xxx)≥ c∗ > 0, yd, f ∈ Ũ with Ũ = L2(I;U) and U = L2(Ω),
AAA(xxx) = (ai j(xxx))n×n ∈W 1,∞(Ω)n×n be a symmetric and positive definite function matrix satisfy-
ing c∗‖XXX‖2 ≥AAAT AX ≥ c∗‖XXX‖2, ∀XXX ∈ Rn. The control set is defined by

Uad =
{

u ∈ Ũ : u∗ ≥ u(t,xxx)≥ u∗, a.e. in I×Ω,u∗,u∗ ∈ R
}
. (1.3)

From now on, we denote standard Sobolev spaces on Ω by W m,p(Ω) with a semi-norm | · |m,p
and a norm ‖ · ‖m,p. For p = 2, we set Hm(Ω) =W m,2(Ω), H1

0 (Ω) = {ϕ ∈ H1(Ω) : ϕ|∂Ω = 0},
‖ · ‖m = ‖ · ‖m,2, and ‖ · ‖= ‖ · ‖0,2. Let Ls(I;W m,p(Ω)) be the Banach space of all Ls integrable
functions from I into W m,p(Ω) with norm

‖ϕ‖Ls(I;W m,p(Ω)) =
(∫ T

0
‖ϕ‖s

W m,p(Ω)dt
) 1

s for s ∈ [1,∞).

In addition, C > 0 denotes a generic constant independent of the mesh-size k or h.
This article is structured as follows. In Section 2, we construct a combined BDF2 scheme

and FEs discretization for problem (1.1)-(1.3). We derive second-order convergence results of
all variables by introducing some projection operators and auxiliary variables in Section 3. We
study superconvergence between numerical solutions and projections of the state and co-state
in Section 4. To support our theoretical results, two examples are provided in Section 5, the last
section.

2. BDF2 WITH FES APPROXIMATION OF PARABOLIC OCPS

We construct a combined BDF2 scheme and FEs discretization of (1.1)-(1.3) in this section.
To fix the idea, we set Ṽ = L2(I;V ) with V = H1

0 (Ω) and

K = {u ∈U : u∗ ≥ u(xxx)≥ u∗, a.e. in Ω} .
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Moreover,

a(v,w) =
∫

Ω

[v · v ·w+(AAA∇v) ·∇w] , ∀v,w ∈V,

(v,w) =
∫

Ω

v ·w, ∀v,w ∈U.

According to the assumptions on AAA(xxx) and c(xxx), we have

|a(v,w)| ≤C‖v‖1‖w‖1, ∀v,w ∈V

and c∗‖w‖2
1 ≤ a(w,w) for all w ∈V. Then a weak form of the parabolic OCPs (1.1)-(1.3) reads:

J(u,y) = min
u∈Uad

1
2

∫ T

0

(
‖u‖2 +‖y− yd‖2)dt,

(yt ,v)+a(y,v) = (u+ f ,v), ∀ t ∈ I,v ∈V,

y(0,xxx) = y0(xxx), ∀xxx ∈Ω.

(2.1)

It is known [1] that (2.1) has an unique solution (u,y), and (u,y) ∈Uad× (Ṽ ∩H1(I;V )) fulfills
(2.1) if and only if there exists a co-state z ∈ (Ṽ ∩H1(I;V )) such that (u,y,z) satisfies:

(yt ,v)+a(y,v) =(u+ f ,v), ∀ t ∈ I,v ∈V, (2.2)

y(0,xxx) =y0(xxx), xxx ∈Ω, (2.3)

−(zt ,w)+a(w,z) =(y− yd,w), ∀ t ∈ I,w ∈V, (2.4)

z(T,xxx) =0, xxx ∈Ω, (2.5)

(z+u,v−u)≥0, ∀ t ∈ I,v ∈ K. (2.6)

As in [20], variational inequality (2.6) equals to u = max{u∗,min{u∗,−z}}. Partition I into
0 = t0 < t1 < · · ·< tN = T with k = T/N and tn = nk, n = 0,1, · · · ,N. For any function ψ(t,xxx),
we set ψn = ψ(tn,xxx),

dlψ
n = ψ

n−ψ
n−l, l = 1,2,

D+
t ψ

n =
3ψn−4ψn−1 +ψn−2

2k
,

D−t ψ
n =−3ψn−4ψn+1 +ψn+2

2k
and time-dependent discrete norms

‖ψ‖ls(I;W m,p(Ω)) =

(
N−l

∑
n=1−l

k‖ψn‖s
m,p

)1/s

, 1≤ s < ∞

with standard modification for s = ∞, where l = 0 or 1. Furthermore, we set ‖ · ‖ΘΘΘ = ‖ ·
‖l2(I;L2(Ω)), ‖ · ‖ΞΞΞ = ‖ · ‖l2(I;H1(Ω)), and ‖ · ‖ΓΓΓ = ‖ · ‖l∞(I;L2(Ω)).

Let Th be regular triangular subdivision of Ω and h = max
E∈Th
{hE} with hE = diam(E). The

piecewise linear function space [25] associated with Th can be defined as

Vh :=
{

vh ∈C(Ω̄) : vh|E ∈ P1(E),vh|∂Ω = 0,∀E ∈Th
}
.
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Then a combined BDF2 scheme and FEs discretization of (2.1) is as follows:
J(uh,yh) = min

un
h∈K

k
2

N−1

∑
n=0

(
‖un

h‖
2 +‖yn

h− yn
d‖

2) ,(
D+

t yn
h,vh

)
+a(yn

h,vh) = (uh + f n,vh) , ∀vh ∈Vh,n = 1,2, · · · ,N,

y0
h = Phy0,

(2.7)

where y−1
h and Ph will be specific later. It follows from [1, 20, 24] that (2.7) has an unique

solution
(
un

h,y
n
h

)
,n = 0,1, · · · ,N, and

(
un

h,y
n
h

)
∈ K×Vh,n = 0,1, · · · ,N fulfills (2.7) if and only

if there exists a co-state zn
h ∈Vh,n = N, · · · ,1,0 such that

(
un

h,y
n
h,z

n
h

)
satisfies:(

D+
t yn

h,vh
)
+a(yn

h,vh) =(un
h + f n,vh) , ∀vh ∈Vh,n = 1,2, · · · ,N, (2.8)

y0
h =Phy0, (2.9)

−
(
D−t zn

h,wh
)
+a(wh,zn

h) =(yn
h− yn

d,wh) , ∀wh ∈Vh,n = N−1, · · · ,1,0, (2.10)

zN
h =0, (2.11)

(zn
h +un

h,v−un
h)≥0, ∀v ∈ K,n = 0,1, · · · ,N. (2.12)

This process is not self-starting. Like [24, 26], we can add initial conditions y−1
h = Ph

(
−k f 0)

and zN+1
h = Ph

(
−k
(
yN

h − yN
d

))
. Similar to (2.6), inequality (2.12) is equivalent to

un
h = max{u∗,min{u∗,−zn

h}} , n = 0,1, · · · ,N.

3. CONVERGENCE

We derive convergence of (2.8)-(2.12) in this section. For the need of error analysis later, we
introduce the projection operator [25] Ph : V →Vh with

a(Phv− v,vh) = 0, ∀vh ∈Vh,v ∈V,

‖Phv− v‖+h‖∇(Phv− v)‖ ≤Ch2‖v‖2, ∀v ∈ H2(Ω) (3.1)

and auxiliary variable
(
yn

h(u),z
n(u)

)
∈Vh×Vh, n = 0,1, · · · ,N fulfills(

D+
t yn

h(u),vh
)
+a(yn

h(u),vh) =(un + f n,vh) , ∀vh ∈Vh,n = 1,2, · · · ,N, (3.2)

y0
h(u) =y0

h, y−1
h (u) = y−1

h , (3.3)

−
(
D−t zn

h(u),wh
)
+a(wh,zn

h(u)) =(yn
h(u)− yn

d,wh) , ∀wh ∈Vh,n = N−1, · · · ,1,0, (3.4)

zN
h (u) =0, zN+1

h (u) = zN+1
h . (3.5)

Lemma 3.1. Let
(
yn

h,z
n
h

)
and

(
yn

h(u),z
n
h(u)

)
with n = 0,1, · · · ,N be the solutions of (2.8)-(2.12)

and (3.2)-(3.5), respectively. Then

‖yh− yh(u)‖ΓΓΓ +‖yh− yh(u)‖ΞΞΞ ≤C‖uh−u‖ΘΘΘ. (3.6)

‖zh− zh(u)‖ΓΓΓ +‖zh− zh(u)‖ΞΞΞ ≤C‖uh−u‖ΘΘΘ. (3.7)

Proof. For simplicity, we set

α
n
y = yn

h− yn
h(u),n =−1,0, · · · ,N,

β
n
z = zn

h− zn
h(u),n = 0,1, · · · ,N +1.
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From (2.8)-(2.12) and (3.2)-(3.5), we have(
D+

t α
n
y ,vh

)
+a
(
α

n
y ,vh

)
=(un

h−un,vh) , ∀vh ∈Vh,n = 1,2, · · · ,N,

α
0
y =0, α

−1
y = 0,

(3.8)

−
(
D−t β

n
z ,wh

)
+a
(
wh,β

n
z
)
=
(
α

n
y ,wh

)
, ∀wh ∈Vh,n = N−1, · · · ,1,0,

β
N
z =0, β

N+1
z = 0.

(3.9)

According to the definitions of dlψ
n and D+

t ψn, we obtain

2
(
dlα

n
y ,α

n
y
)
= dl‖αn

y ‖2 +‖dlα
n
y ‖2, l = 1,2

and

k
(
D+

t α
n
y ,α

n
y
)
=2
(
d1α

n
y ,α

n
y
)
− 1

2
(
d2α

n
y ,α

n
y
)

=d1‖αn
y ‖2− 1

4
d2‖αn

y ‖2 +‖d1α
n
y ‖2− 1

4
‖d2α

n
y ‖2.

(3.10)

Summing n from 1 to Ñ (Ñ ≤ N), we have

Ñ

∑
n=1

(
d1‖αn

y ‖2− 1
4

d2‖αn
y ‖2
)
=

3
4
‖α Ñ

y ‖2− 1
4
‖α Ñ−1

y ‖2− 3
4
‖α0

y ‖2 +
1
4
‖α−1

y ‖2. (3.11)

Since d2αn
y = d1αn

y +d1αn−1
y , we derive

Ñ

∑
n=1

(
‖d1α

n
y ‖2− 1

4
‖d2α

n
y ‖2
)
≥

Ñ

∑
n=1

(
‖d1α

n
y ‖2− 1

4
(
‖d1α

n
y ‖2 +‖d1α

n−1
y ‖2))

≥1
2

Ñ

∑
n=1

(
‖d1α

n
y ‖2−‖d1α

n−1
y ‖2)

≥−‖α0
y ‖2−‖α−1

y ‖2.

(3.12)

In view of α0
y = α−1

y = 0, (3.10)-(3.12) yield

k
Ñ

∑
n=1

(
D+

t α
n
y ,α

n
y
)
≥ 3

4
‖α Ñ

y ‖2− 1
4
‖α Ñ−1

y ‖2. (3.13)

Taking vh = αn
y in (3.8) and multiplying both sides of (3.8) with 4k

3 , then using (3.13) and
ε-Cauchy inequality, we arrive at

‖α Ñ
y ‖2 +

4c
3

Ñ

∑
n=1

k‖αn
y ‖2

1 ≤
1
3
‖α Ñ−1

y ‖2 +
4
3

C(ε)
Ñ

∑
n=1

k‖un
h−un‖2 +

4ε

3

Ñ

∑
n=1

k‖αn
y ‖2. (3.14)

Then (3.6) follows from (3.14) and the Poincaré inequality. Choosing wh = αn
z in (3.9), we can

derive (3.7) from (3.6) and (3.9) analogously. �

Lemma 3.2. Let (u,y,z) and
(
yn

h(u),z
n
h(u)

)
with n = 0,1, · · · ,N be the solutions of (2.2)-(2.6)

and (3.2)-(3.5), respectively. Suppose that y,z, f ∈ l2(I;H2(Ω)), yt ,zt ∈ L2(I;H2(Ω)), yttt ,zttt ∈
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l2(I;L2(Ω)) and y0 ∈ H2(Ω). Then

‖y− yh(u)‖ΓΓΓ +‖z− zh(u)‖ΓΓΓ ≤C
(
k2 +h2) , (3.15)

‖y− yh(u)‖ΞΞΞ +‖z− zh(u)‖ΞΞΞ ≤C
(
k2 +h

)
. (3.16)

Proof. For convenience, we set

η
n
y = yn−Phyn, θ

n
y = Phyn− yn

h(u),n =−1,0, · · · ,N,

η
n
z = zn−Phzn, θ

n
z = Phzn− zn

h(u),n = 0,1, · · · ,N +1.

Choosing t = tn in (2.2), subtracting (3.2), then utilizing the definition of Ph, we obtain

(
D+

t θ
n
y ,vh

)
+a
(
θ

n
y ,vh

)
=
(
D+

t yn− yn
t ,vh

)
−
(
D+

t η
n
y ,vh

)
, ∀vh ∈Vh,n = 1,2, · · · ,N. (3.17)

Similar to (3.13), we can derive

k
Ñ

∑
n=1

(
D+

t θ
n
y ,θ

n
y
)
≥ 3

4
‖θ Ñ

y ‖2− 1
4
‖θ Ñ−1

y ‖2− 7
4
‖θ 0

y ‖2− 3
4
‖θ−1

y ‖2. (3.18)

From Taylor expansions, we obtain

D+
t yn− yn

t =
3yn−4yn−1 + yn−2

2k
− yn

t =
k2

3
yn−1

ttt +O(k3). (3.19)

Moreover,

Ñ

∑
n=1

k‖D+
t yn− yn

t ‖2 ≤Ck4
Ñ

∑
n=1

k‖yn−1
ttt ‖2 ≤Ck4‖yttt‖2

ΘΘΘ
. (3.20)

From the definition of D+
t ηn

y =
3d1ηn

y−d1ηn−1
y

2k , (3.1), and the Cauchy inequality, we arrive at

Ñ

∑
n=1

k‖D+
t η

n
y ‖2 ≤3

2

Ñ

∑
n=1

k
∥∥∥d1ηn

y

k

∥∥∥2
+

1
2

Ñ

∑
n=1

k
∥∥∥d1ηn−1

y

k

∥∥∥2

≤3k2

2

Ñ

∑
n=1

∫ tn

tn−1

‖(ηy)t‖2dt +
k2

2

Ñ

∑
n=1

∫ tn−1

tn−2

‖(ηy)t‖2dt

≤Ch4
( Ñ

∑
n=1

∫ tn

tn−1

‖yt‖2
2dt +

Ñ

∑
n=1

∫ tn−1

tn−2

‖yt‖2
2dt
)

≤2Ch4‖yt‖2
L2(I;H2(Ω)).

(3.21)
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Thus

‖θ Ñ
y ‖2 +

4c∗
3

Ñ

∑
n=1

k‖θ n
y ‖2

1 ≤
4
3

C(ε)
Ñ

∑
n=1

k‖D+
t yn− yn

t ‖2 +
4
3

C(ε)
Ñ

∑
n=1

k‖D+
t η

n
y ‖2 +

8ε

3

Ñ

∑
n=1
‖ηn

y ‖2

+
1
3
‖θ Ñ−1

y ‖2 +
7
3
‖θ 0

y ‖2 +‖θ−1
y ‖2

≤4
3

C(ε)
(

k4‖yttt‖2
ΘΘΘ
+h4(‖yt‖2

L2(I;H2(Ω))+‖y0‖2
2 +‖ f 0‖2

2
))

+
1
3
‖θ Ñ−1

y ‖2 +
8ε

3

Ñ

∑
n=1
‖ηn

y ‖2.

(3.22)

Let ε be small enough. From (3.22) and Poincaré inequality, we obtain that

‖θy‖ΓΓΓ +‖θy‖ΞΞΞ ≤C
(
k2 +h2) . (3.23)

From (3.1), (3.23), and the triangle inequality, we find that

‖y− yh(u)‖ΓΓΓ ≤ ‖ηy‖ΓΓΓ +‖θy‖ΓΓΓ ≤C(k2 +h2) (3.24)

and

‖y− yh(u)‖ΞΞΞ ≤ ‖ηy‖ΞΞΞ +‖θy‖ΞΞΞ ≤C(k2 +h). (3.25)

Selecting t = tn in (2.4) and subtracting (3.4), we have

−
(
D−t θ

n
z ,wh

)
+a
(
wh,θ

n
z
)
=
(
D−t η

n
z ,wh

)
+
(
zn
t −D−t zn,wh

)
+
(
η

n
y ,wh

)
+
(
θ

n
y ,wh

)
, ∀wh ∈Vh,n = N−1, · · · ,1,0.

Similar to the derivation process of (3.23), we can obtain

‖θz‖ΓΓΓ +‖θz‖ΞΞΞ ≤C
(
k2 +h2) . (3.26)

From the triangle inequality, (3.1), and (3.26), we derive

‖z− zh(u)‖ΓΓΓ ≤ ‖ηz‖ΓΓΓ +‖θz‖ΓΓΓ ≤C(k2 +h2) (3.27)

and

‖z− zh(u)‖ΞΞΞ ≤ ‖ηz‖ΞΞΞ +‖θz‖ΞΞΞ ≤C(k2 +h). (3.28)

Then (3.15)-(3.16) follows from (3.24)-(3.25) and (3.27)-(3.28) immediately. �

Theorem 3.3. Let (u,y,z) and (uh,yh,zh) be the solutions of (2.2)-(2.6) and (2.8)-(2.12), re-
spectively. Suppose that conditions in Lemma 3.2 are satisfied. Then

‖u−uh‖ΘΘΘ ≤C(k2 +h2), (3.29)

‖y− yh‖ΓΓΓ +‖z− zh‖ΓΓΓ ≤C
(
k2 +h2) , (3.30)

‖y− yh‖ΞΞΞ +‖z− zh‖ΞΞΞ ≤C
(
k2 +h

)
. (3.31)



8 J. PAN, Y. TANG, Y. HUA

Proof. Taking v = uh with t = tn in (2.6) and v = un in (2.12), for n = 0,1, · · · ,N, we have(
zn +un,un

h−un)≥ 0 and
(
zn

h +un
h,u

n−un
h

)
≥ 0. Thus

‖u−uh‖2
ΘΘΘ
=

N

∑
n=1

k (un−un
h,u

n−un
h)

≤
N

∑
n=1

k (zn
h(u)− zn,un−un

h)+
N

∑
n=1

k (zn
h− zn

h(u),u
n−un

h) .

(3.32)

According to (2.8)-(2.11) and (3.2)-(3.5), we have
N

∑
n=1

k (zn
h− zn

h(u),u
n−un

h) =−‖yh− yh(u)‖2 ≤ 0. (3.33)

From (3.15) and the ε-Cauchy inequality, we obtain
N

∑
n=1

k (zn
h(u)− zn,un−un

h)≤C(ε)
N

∑
n=1

k‖zn
h(u)− zn‖2 + ε

N

∑
n=1

k‖un−un
h‖

2

≤C(ε)
(
k2 +h2)2

+ ε

N

∑
n=1

k‖un−un
h‖

2.

(3.34)

Then (3.29) follows from (3.32)-(3.34) immediately. From Lemmas 3.1-3.2, the triangle in-
equality, and (3.29), it is easy to obtain (3.30)-(3.31). �

4. SUPERCONVERGENCE

Superconvergence between the projections and numerical solutions of the state and co-state
is analyzed in this section.

Theorem 4.1. Let (u,y,z) and (uh,yh,zh) be the solutions of (2.2)-(2.6) and (2.8)-(2.12), re-
spectively. Suppose that conditions in Lemma 3.2 are satisfied. Then

‖Phy− yh‖ΞΞΞ +‖Phz− zh‖ΞΞΞ ≤C
(
k2 +h2) . (4.1)

Proof. For the sake of simplicity, we set

ρ
n
y = Phyn− yn

h, ρ
n
z = Phzn− zn

h, n = 0,1, · · · ,N.

From (2.2)-(2.5) and (2.8)-(2.11), we find by the definition of Ph that(
D+

t ρ
n
y ,vh

)
+a
(
ρ

n
y ,vh

)
=
(
D+

t yn− yn
t ,vh

)
+(un−un

h,vh)+
(
D+

t η
n
y ,vh

)
,

∀vh ∈Vh,n = 1,2, · · · ,N, (4.2)

ρ
0
y =0, ρ

−1
y = 0, (4.3)

−
(
D−t ρ

n
z ,wh

)
+a
(
wh,ρ

n
z
)
=
(
zn
t −D−t zn,wh

)
+
(
D−t η

n
z ,wh

)
+
(
η

n
y ,wh

)
+
(
ρ

n
y ,wh

)
,

∀wh ∈Vh,n = N−1, · · · ,1,0, (4.4)

ρ
N
z =0, ρ

N+1
z = 0. (4.5)

Note that ρ0
y = ρ−1

y = 0. As (3.13), we obtain

k
Ñ

∑
n=1

(
D+

t ρ
n
y ,ρ

n
y
)
≥ 3

4
‖ρ Ñ

y ‖2− 1
4
‖ρN∗−1

y ‖2. (4.6)



ERROR ANALYSIS OF A BDF2 SCHEME COMBINED WITH FINITE ELEMENTS 9

Combing (3.20)-(3.21), (3.29), (4.2)-(4.3), (4.6), and the ε-Cauchy inequality, we obtain

3
4
‖ρ Ñ

y ‖2 + c∗
Ñ

∑
n=1

k‖ρn
y ‖2

1 ≤C(ε)
(

k4‖yttt‖2
ΘΘΘ
+h4‖yt‖2

L2(I;H2(Ω))+
(
k2 +h2)2

)
+

1
4
‖ρ Ñ−1

y ‖2 +3ε‖ρy‖2
ΘΘΘ
.

(4.7)

Let ε be small enough. It follows from the Poincaré inequality and (4.7) that

‖Phy− yh‖ΞΞΞ ≤C
(
k2 +h2) . (4.8)

Analogously, according to (3.1), (4.4)-(4.5), (4.8), and the Poincaré inequality, we derive

‖Phz− zh‖ΞΞΞ ≤C
(
k2 +h2) . (4.9)

Then (4.1) follows from (4.8)-(4.9). �

5. NUMERICAL EXPERIMENTS

We perform some experiments to support the previous theoretical analysis in this section. Let
T = 1, Ω = (0,1)× (0,1), AAA(xxx) to be the identity matrix and c(xxx) = 1. The numerical example
is realized by AFEPack [27]. The discretization scheme is as described in (2.8)-(2.12).
Example 1. The data is given by:

u∗ =−0.25, u∗ = 0.5,

y(t,xxx) = t sin(2πx1)sin(2πx2),

z(t,xxx) = (1− t)sin(2πx1)sin(2πx2),

u(t,xxx) = max{u∗,min{u∗,−z(t,xxx)}},
f (t,xxx) =−div(∇y(t,xxx))+ yt(t,xxx)+ y(t,xxx)−u(t,xxx),

yd(t,xxx) = zt(t,xxx)+div(∇z(t,xxx))− z(t,xxx)+ y(t,xxx).

Fixed h = 1
100 , errors ‖u−uh‖ΘΘΘ, ‖y− yh‖ΓΓΓ, ‖z− zh‖ΓΓΓ, ‖y− yh‖ΞΞΞ, ‖z− zh‖ΞΞΞ, ‖Phy− yh‖ΞΞΞ and

‖Phz−zh‖ΞΞΞ based on k = 1
10 ,

1
20 ,

1
40 ,

1
80 are presented in Table 1. Temporal error convergent rates

are reported in Figure 1. Fixed k = 1
100 , errors based on h = 1

10 ,
1

20 ,
1

40 ,
1
80 are provided in Table

2. Spatial error convergent rates are reported in Figure 2.

TABLE 1. Errors of Example 1 with h = 1
100 .

k 1/10 1/20 1/40 1/80
‖u−uh‖ΘΘΘ 4.3561e-02 1.1092e-02 2.7730e-03 6.9325e-04
‖y− yh‖ΓΓΓ 3.5145e-02 8.8053e-03 2.2013e-03 5.5033e-04
‖z− zh‖ΓΓΓ 4.0137e-02 1.1034e-02 2.7585e-03 6.8963e-04
‖y− yh‖ΞΞΞ 8.8053e-02 2.2135e-02 5.5338e-03 1.3834e-03
‖z− zh‖ΞΞΞ 9.2405e-02 2.3285e-02 5.8213e-03 1.4553e-03
‖Phy− yh‖ΞΞΞ 7.3163e-02 1.8307e-02 4.5768e-03 1.1442e-03
‖Phz− zh‖ΞΞΞ 8.5268e-02 2.1542e-02 5.3855e-03 1.3464e-03
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FIGURE 1. Temporal error convergence rates of Example 1 with h = 1
100 .

TABLE 2. Errors of Example 1 with k = 1
100 .

h 1/10 1/20 1/40 1/80
‖u−uh‖ΘΘΘ 5.3078e-02 1.3145e-02 3.2863e-03 8.2156e-04
‖y− yh‖ΓΓΓ 3.9275e-02 9.8187e-03 2.4547e-03 6.1367e-04
‖z− zh‖ΓΓΓ 5.1434e-02 1.2858e-02 3.2146e-03 8.0365e-04
‖y− yh‖ΞΞΞ 2.8646e-02 1.4323e-02 7.1614e-03 3.5807e-03
‖z− zh‖ΞΞΞ 2.9263e-02 1.4631e-02 7.3156e-03 3.6578e-03
‖Phy− yh‖ΞΞΞ 1.4912e-02 3.7257e-03 9.3141e-04 2.3285e-04
‖Phz− zh‖ΞΞΞ 1.6535e-02 4.1086e-03 1.0272e-03 2.5679e-04
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FIGURE 2. Spatial error convergence rates of Example 1 with k = 1
100 .

Example 2. The data is given by:

u∗ =−0.75, u∗ = 0.75,

y(t,xxx) = t2x1(x1−1)(1− x2)x2,

z(t,xxx) = (1− t)2x1(x1−1)(1− x2)x2,

u(t,xxx) = max{u∗,min{u∗,−z(t,xxx)}},
f (t,xxx) =−div(∇y(t,xxx))+ yt(t,xxx)+ y(t,xxx)−u(t,xxx),

yd(t,xxx) = zt(t,xxx)+div(∇z(t,xxx))− z(t,xxx)+ y(t,xxx).



ERROR ANALYSIS OF A BDF2 SCHEME COMBINED WITH FINITE ELEMENTS 11

-2 -1.9 -1.8 -1.7 -1.6 -1.5 -1.4 -1.3 -1.2 -1.1 -1

log
10

(h)

-4

-3.5

-3

-2.5

-2

-1.5

-1

lo
g

1
0
(e

rr
o

r)

||u-u
h
||

||y-y
h
||

||z-z
h
||

||P
h
y-y

h
||

||P
h
z-z

h
||

slope=2

-2 -1.9 -1.8 -1.7 -1.6 -1.5 -1.4 -1.3 -1.2 -1.1 -1

log
10

(h)

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

lo
g

1
0
(e

rr
o

r)

||y-y
h
||

||z-z
h
||

slope=1

FIGURE 3. Convergence rates of Example 2.

TABLE 3. Errors of Example 2.

h = k 1/10 1/20 1/40 1/80
‖u−uh‖ΘΘΘ 5.9105e-02 1.4806e-02 3.7015e-03 9.2536e-04
‖y− yh‖ΓΓΓ 4.5738e-02 1.1504e-02 2.8760e-03 7.1901e-04
‖z− zh‖ΓΓΓ 5.8304e-02 1.4606e-02 3.6515e-03 9.1287e-04
‖y− yh‖ΞΞΞ 3.5882e-02 1.7804e-02 8.9010e-03 4.4485e-03
‖z− zh‖ΞΞΞ 3.7560e-02 1.8709e-02 9.5245e-03 4.7515e-03
‖Phy− yh‖ΞΞΞ 2.4728e-02 6.1820e-03 1.5455e-03 3.8637e-04
‖Phz− zh‖ΞΞΞ 2.5457e-02 6.3643e-03 1.5911e-03 3.9765e-04

In this example, we take gradually decreasing mesh sizes h = 1
10 ,

1
20 ,

1
40 ,

1
80 and the time

step size k is taken as k = h. Numerical errors and their convergence rates for different h are
displayed in Table 3 and Figure 3. It is clear that numerical results are in good agreement with
the theoretical results in Theorem 3.3 and Theorem 4.1.
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