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Abstract. This paper studies the existence and uniqueness of positive solutions for a Caputo fractional
system involving with two parameters. By using a fixed point result for two increasing operators in
ordered Banach spaces, some results on the existence and uniqueness of positive solutions depending on
two parameters are obtained. By taking any initial point in a special set, we obtain a sequence which
approximates the unique solution. Finally, a concrete example is present to validate the main conclusion.
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1. INTRODUCTION

In past decades, the theory of fractional calculus, which finds wide applications in engineer-
ing, biology, and physics, was intensively investigated by numerous authors. In particular, the
existence of solutions or positive solutions for various fractional problems is now under the aca-
demic spotlight. For some recent results on the fractional equations or systems and their appli-
cations, we refer to [1]-[16] and the references therein. There are various fractional derivatives,
and the Caputo fractional derivative is one of important fractional derivatives. Indeed, this de-
rivative has been used to construct differential equations or inclusions in various fields including
physics, engineering, electrochemistry, biology mathematics, and so on; see [17, 18, 19, 20, 21]
and the references therein.

Recently, many authors investigated various Caputo fractional differential equations or sys-
tems. For example, in [21], Ma and Cui investigated the following problem involving with
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Caputo derivative

‘D°p(t)+ul(t,p()) =0, t€l0,1],
p(0)=p"(0) =0,
p(1) = [y p(1)dA(),

where “DC is the Caputo fractional derivative (CFD for short) operator of order ¢ € (2,3), and
§ :[0,1] x [0,4+e0) — [0,+e0) is continuous, and p > 0 is a parameter. By applying the Guo-
Krasnoselskii fixed point theorem, the existence and non-existence results for positive solutions
to this problem were proved.

In [22], Li and Chen considered a new Caputo fractional system

Dy’ p(7)+61(7,p(7),4(7) = a1 (1), 7

Dy q(7) + (7, p(7),4(7)) = aa(7), 7
p(0) = p"(0) = 0,p(1) = o p(7)dA (7).
4(0) = ¢"(0) = 0,4(1) = Jy 4(7)dA>(7),

where 6; € (2,3),i=1,2; CDgi,i: 1,2 are the CFDs; i, &5 : [0, 1] X (—e0, 4-00) X (—o0, 4-00) —
(—oo, 4-c0) are continuous; ay,ay : [0,1] — [0,+e0) also are continuous; two functions Aj,A;
are bounded variation with positive measure, and B; = fol TdA;(t) < 1,i = 1,2. This system
includes two Caputo fractional equations and Riemann-Stieltjes integral conditions which is a
new form. To obtain the existence and uniqueness of positive solutions for this Caputo sys-
tem, they investigated a fixed-point method: fixed point theorem of increasing ¢-(h, e)-concave
operator by Zhai and Wang [23].

In [24], a Riemann-Liouville fractional system was studied, and this system involves p-
Laplacian operators and two parameters as the follows:

<<pp1<D‘*‘ (7)) + AL (2, p(7),4(7)) = 0,7 € (0,1),
D% (9p, (DP2 g(2))) + (7, p(2),4(7)) = 0,7 € (0,1),
P p(
1

S
S

<> p(1) = p'(0) = p'(1) = 0,D5 p(0) = Dﬁ‘p(1>=c1D§ip(ﬁ)
4(0) = gq(1) = ¢'(0) = ¢/ (1) = OD‘*Z q(0) = 0,0 g(1) = 2D (1),

where o; € (1,2], B € (3,4], Djt, Dg"+ are the Riemann-Liouville derivatives, @,.(s) =| s |2,
(1 %)

pi>1 @l = 1 =1,5€(0,1),ci€ (0,57 "),i=1,2x:[0,1] x [0,4e0) x
[0,4oc0) — [0,+00), and A, > 0. The solutions of this system depend on two parameters. By
utilizing a fixed point theorem of monotone operators in partial order spaces, the existence and
uniqueness of positive solutions was established.

Inspired by [21, 24], we investigate a different fractional system involving with CFDs:

—<DO p(1) = A¢; (7, p(1),4(7)), 7 € [0,1],
—<D%q(1) = u@(r p(7),q()),7 € [0,1],
p(0) = p"(0) =0,p(1) = fy p(t)dA;(7),
q(0) = 4"(0) =0 q( ) = Jy q(t)dAs(),

(1.1)
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Where DY is the CFDs; &; : [0,1] x [0, +o0) x [0, 4+00) — [0, +o0) is continuous; 6; € (2,3); A;
is bounded variation with positive measure, B; = [ TdA;(t) < 1,i=1,2; A > 0 and y > 0 are
parameters. We study the existence and uniqueness of positive solutions.

In [25], Li and Chen studied the case of system (1.1) when A = u = 1, and by using fixed-
point index theory, they established the existence results of multiple positive solutions. Com-
pared with [25], the main aim of this paper is to demonstrate the existence and uniqueness of
positive solutions for the system (1.1) involving with CFDs and two parameters by the method
in [26]. The rest paper is divided into several sections. Section 2 lists some necessary definitions
and preliminary facts about fractional calculus. Section 3 is our main results. The existence and
uniqueness of solutions for (1.1) is given, and a concrete example is present to validate the main
conclusion in this section.

2. PRELIMINARIES

This section gives some needed concepts and lemmas for the further discussion.
Let p € C"[0,+o0). The CFD of order 6 > 0 is defined as (see [1])

T
ﬁ/ (t—5)" 0 1p"(s)ds,n—1< 6 <n.
- 0

Lemma 2.1. [21] Let g € C"[0,1] and 6,6, € (2,3). Then the solution p of the following
equation involving with CFD

‘Dp(1) =

Dp(t)+q(1)=0, t€l0,1],
p(0) = p"(0) =0,
p(1) = fy p(t)dAi(T),

can be shown by the integral form p(t) = fol Gi(t,5)q(s)ds, where

Gir) = [T =9% = [[(7-9° A (D] - (s-9)%", 0<s<e<L,
(T,8) = =—— ’
’ L(6) | 55 [(1—9)%" =[] (z—9)%1dA, ()], 0<t<s<I,
@2.1)
and B; = [, tdA;(t) < 1,i=1,2.
Lemma 2.2. [22] The Green’s function Gi(t,s), i = 1,2, satisfies:
(i) Gi(t,s) > 0 and G,(t,s) is continuous for t,s € [0,1];
(ii)
t(1—5)%" [) (t— 2% 1)dA(1) (1 —s5)%!
<Gi(71,5) L =7, 7,5€|0,1].
[(6)(1- 5, R (R
Now, (E,|| - ||g) is a real Banach space, 0 is the zero element in E, P C E is a cone, and it

induces a partial order “<”. For p,q € E with 8 < p < ¢, if AN > 0 satisfies ||p||z < N||q||e,
then P is called normal. Take /o > 6, define a set P,, = {p € E | Aoho < p < Hoho, A, o > 0}

Obviously, P, C P. Let a vector hy = (h\"), h{®)), and h") h{) € P with b h{") +# 6. Then
ho€ P:=PxP. Obviously, P is normal=- P is normal.

Lemma 2.3. [26] Elo = {(p,q) :pE Ph(1),q € Ph(z)} and ﬁho = Ph(l) X Ph(z).
0 0 0 0
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Lemma 2.4. [26] Let E be a Banach space, P be a normal cone and hy = (h(()]) ,h(()z)) ePxP

with hé]),héz) # 0. Let operators Ly,L, : P X P — P be increasing and satisfy
(Cy) ForVp,q € P, there exist @1, ¢, : (0,1) — (0, 1) such that

Li(tp;iq) = ¢1()La(p,q), La(1p,19) = ¢2(1)La2(p,q), prq € P,
where @;(1) > 1,1 € (0,1),i=1,2;
(C2) There exists (e1,€2) € Py, such that Li(e1,e2) € P, ), La(er,€2) € P o).
0 0
Then

(1) Li: 1)><P —>P(1), L22Ph1 XP —>P(2), and E|p1,(]1€P ,pz,quP
0 0 O

pe(0,1), such thatp(qhqz) (p1,12) <(q1,92), 1 <L1(p1,pz) <q1, P2 <Lz(p1,pz) <qz,
(2) for VA, > 0, the equation (p,q) = (AL1(p,q),uL2(p,q)) has a solution (p} u’q/l “)

and it is unique in Py,

For any fixed point (po,qo) € Py, If (Pn:Gn) = (ALt (Pu-1,dn-1): KL2(Pn—1,Gn-1)),n = 1,2, -,
then ||p, — pl’”H — 0and ||gn — quH — 0asn— oo.

3. MAIN RESULTS

This section presents our main results in a Banach space E = C[0, 1] with its norm

Ipll = sup{| p(7) |: T € [0,1]},

Let ||(p,q)||le = max{]|p|,||q|l}, for (p,q) € E X E. Then (E X E,||(-,-)||) is also a Banach
space. Let P={p € E|p(t) > 0,7 €[0,1]}, acone in E. Then

P={(p,q) € ExE|p(1),q(t) > 0,7 € [0,1]},
also is a cone. Clearly, P=PxPCE xE is normal. Naturally,

(p1,q1) < (p2,2) <= p1(7) < pa(7) and g1 (7) < g2(7),7 € [0,1].
Applying Lemma 2.1, the positive solution of (1.1) has the following forms

{p(r) — A L Gi(1,9)81 (5, p(s5),q(s))ds,
q(t) = 1 Jo G2(7,5) Ca(s, p(s), q(s))ds.

Theorem 3.1. Let 6; € (2,3), i\ (t) = 7, i{? (1) = 1, and © € [0, 1]. Assume

(Hy) €1,82:10,1] x [0, 400) X [0, +00) — [0, +o0) are continuous, §;(7,0,0) Z0, {>(7,0,0) #
0, 7€[0,1];

(H,) €1, &y are increasing about the second and third variables, i.e., 1 (T, p1,q1) < §1(7, p2,92),
G (T,p1,q91) £ & (T, p2,92) for T € [0,1], 0 < p1 < p2,0 < g1 < qo;

(H3) for Y1 € (0,1), there exists ¢;(1) € (0,1),i = 1,2 such that ¢;(1) > 1 and {;(t,1p,1q9) >
@1(1)&(7,p,9), &(T,1p,19) = ¢2(1)82(7, p,q), for T€[0,1], p,q € [0, +e0);

(Hy)) 0<R= fol(r —1%1)dA;(1) < 1,i = 1,2, where function A; is bounded variation.

Then,

(1) There exist p1,q1 € Ph(()l), P2,q2 € Ph(()z), p € (0,1) such that p(q1,92) < (p1,p2) < (q1,92)

and

p1(7) < /01G1(Tvs)Cl(Sapl(S)m(S))dS <qi(17),7T€10,1],
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pa(1) < /0] Ga(7,5)6a(s, p2(s), 2(s))ds < q2(7),7 € [0,1];

(2) Let A, 1 > 0 be fixed. Then (1.1) has a unique solution (pjl’ﬂ,q;{#) S tho, where hy(T) =
(3) For any (po,qo) € Py, set

P (D=2 [ G558 (5pa(5)an(s)ds.n =0.12...,

1
qnt1(7) = u/o Ga(7,5)8a(s, pu(s),qn(s))ds,n =0,1,2....
Then
[Pn =Py pull = 0, llgn — g3 |l — 0,1 — oo

Proof. Define operators L} : PXP —E, L, :PxP—E,andL: PxP — E X E by

/ G1(7,)41 (5, p(s),q(s))ds, T € 0,1],

Lo(p,q)(7) = /0 Ga(7,5)Ca(s, p(s),q(s))ds, T € [0,1],
and

L(p,q) = (AL(p,q),uL2(p,q)),¥(p,q) € P x P,
where G1(7,s) and G»(,s) are from (2.1). Obviously, L; : P—sPL,:P—sP,andL: P —
P. So, one can see that, if (p,g) € P is a solution to (1.1), then (p,g) is a fixed point of operator
L.
Firstly, we show that conclusion (1) is true.
For for any p;,q; € P,i = 1,2, and p; < p; and ¢q; < ¢, we have p;(7) < p2(7), q1(7) <
q2(7), T €[0,1]. By using (H,) and Lemma 2.2, we have

Lipea(®) = [ Gi(es)(spi(s)an(s)ds
< [ G1EDG 600 = L (p2)(0),

and

L(pa)(®) = [ Galr.9) (s pi(s).a1(6))ds
< [ Gale.9)a(s.p2(5).02(5))ds = L, 42)(2),

Thus Ly (p1,q1) < Li1(p2,92) and La(p1,91) < La(p2,92)-
We show that L; and L, satisfy (C;) of Lemma 2.4. For 1 € (0,1) and Vp,q € P, one has

Lpag)®) = [ Gi(s)(sip(s).1q)ds

> i) [ iz pls)g(s))ds
= oi1(1)Li1(p,q)(1),
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and

L(tp1a)() = [ ol s, tpls) 1g(s))ds

Saay ' Ga(,5)Gals5,pls), 4(s))d

= q)z(l)LZ(p7q)(T)7

thatis, L (1p,1q) > @1(1)L1(p,q) and Ly (1p,1q) > ¢2(1)La(p,q) forall p,g € P,1 € (0,1). Let
ho = (h", n$?), iV (1) = 7, and AP (1) = 7,7 € 0, 1]. Then (A", AY)) € By, In addition, by
using (H;) and Lemma 2.2, we can obtain

LV i) = /0 G (5.5)C (5,7, )ds

Izl _S)Glfl fol(,c_ ‘Ee'*l)dAl(r)
I L(60)(1-B1) 1(5,0,0)ds

T ! 0,—1
m/o R(1—)~1¢,(s,0,0)ds

! (x)

1
_ m/o R(1—$)%1¢,(s,0,0)ds,

v

and

1
Li(h hP) (1) = / Gi(1,5)Ci (5,7, 7)ds

911
< 1,1
< /ml b

1
= r@E b ("Gl

W e
m/o(l—S> Ci(s,1,1)ds.

Let

112 /RI—S 91 1C1<S00)

r'e;)(1 —31
and

I =

1
m/o (1=9)%""8i(s,1,1)ds.

From conditions (H;), (H;), and (Hy4), we have
R(1-1)%71¢(7,0,0) £0
and
(1-0)% ¢ (7, 1,1) £0.
Thus 1y,l, > 0 with [ < b, and 1,a{" (2) < Ly (h{" ,n{?)(1) < LA{" (7). © € [0,1], that i,
L (h(()l),hgz)) € P ). Similarly, we can obtain Lz(h(()l),h(()z)) € thf)’ Using Lemma 2.4, we

obtain that conclusion (1) is true.
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Secondly, from the above process, we see that (p,q) = (AL1(p,q), UL2(p,q)) has a unique
solution(u}i?“,vjh“) € Py,, where A, > 0. Thus one obtains (p}i’u,q};“) = (lLl(piﬂ,q;u),
ULy (p; u,q}i #)) System (1.1) has a positive solution (p3 “,qj{ #) and it is unique in P,,. That
1s, conclusion (2) is true.

Finally, for (po,qo) € Py, putting

1
pn+1(r) = )L/O G1<T7S)C1(S7pn(s)vqn(s))ds7n = 07 172"' 5

and |
01 (5) = 1 [ Ga(®,9)a(s.pas),n(s))dsn = 0,1,2---
we have
lim [ py = pj |l = lim [lgn — g3 | = 0.
That is, conclusion (3) is true. ]

If A = u =1, we have from Theorem 3.1 the following result.

Corollary 3.2. Let (Hy) — (Hy) be satisfied. Then the conclusion (1) of Theorem 3.1 is true and
(i) For following system

—D% p(1) = & (1, p(1),4(1)), T € [0, 1],

—D%q(t) = & (7, p(1),4(T)), T € [0,1],

p(0) = p"(0) = 0,p(1) = [y p(t)dA; (1),
0

there exists a solution (p*,q*) and the solution is unique in lgho, where hy(t) = (7,7),7 € [0,1];
(ii) For any (po,qo) € Py, if

i (7) = /01 G (1,5)C1(5, pu(s), qn(s))ds,n = 0,1,2...
and
1
0r1(2) = [ Ga(®.9)a(s.pa(s).an(6))ds,n = 0,1.2....

then
|pn— P || = 0,|lgn —q"|| = 0,n — oo.

Example 3.3. Consider the following system:

—“D3p(t) = A(p? +¢2 +%),7 € [0,1],
—D3g(7) = u(p3 +¢5 +21%),7 € [0,1], 3.0
p(0) = p"(0) = 0,p(1) = fy sp(T)dr, '
9(0)=¢"(0)=0,¢(1) = Jy 39(7)d",
where {1 (7,p,q) = p% —i—q% +72and {(T,p.q) = p% —I—q% +2173. Take 6, = 6, = % A(t) =
Ax(t) = 7, and By = B, = 7, A, > 0. Obviously, {1, : [0,1] X [0,+00) X [0, +00) —
[0, +00), 1 (7,0,0) = 7> # 0, and & (7,0,0) =273 £ 0,7 € [0, 1]. Since p%,p%,q%, and q% are
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increasing in [0, +o0), it shows that §; (7, p,q) and {,(7,p,q) are increasing about the second
and third variables in [0, +o0).

In addition, setting ¢;(1) = 12 and (1)
0i(1) = 17> Leo(1) = 15> 1,
1 1 1 1 1 1 1
Cl(f,lp,lQ) = (lp)j + (lq)7 +72 > lz(pj +q§)+l§7’-2 = 17C1(T,p,Q) = (Pl(l)CI(TaP7Q)7

and

1

13, 1 € (0,1), one has ¢(1),¢:(1) € (0,1),

Go(t,up,1q) = (1p)F + (1)} +27° > 13 (p3 +¢%) + 1327 = @2 (1) (1, p, ),

where 7 € [0,1], p,g € [0,+o0).
For (3.1), one sees by Theorem 3.1 that there exists a solution (p} w q; u) and it is unique in

Py, Let (po,qo) € B, and ho(t) = (7,7), for 7 € [0, 1]. Setting

1
Pus1 = A /0 G1(%,5)((pa(s))

[SIE

+ (qn(s))% +s5%)ds,n=0,1,2...

and |
1 1
i1 :[J/O G2(7,5)((pn(8))3 + (gu(s))3 +25°)ds,n=0,1,2...,

where

1 [42[(1—s)2 = [" Lz —5)3dt] — (t—5)3, 0<s<t<I,

Gl(T,S):Gz(T,S):—S Z [( )§ j:sl%( )§ ] ( ) =9 =
[(3) |37l(1—9)2— [ 5(T—s)2d7], 0<t<s<l,

one has

lim [|pp—p; |l = lim [lg. — 3 , | = 0.
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