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1. INTRODUCTION

In this paper, we investigate the following nonlocal elliptic boundary value problem with
(p, q)-Kirchhoff type

( 1 -1

= M1 o Vi) |* Apur + [Ms (s () Pd) | a1 () 201 = Gy (10, 12)
in Q,
[0 (o Vuaf)| " A + My atin) | a2 = G (10,10
in Q,

(U1 =u=0 on dQ,

(1.1)
where | < p < ]\f’TNp, 1<g< jg—ivq, Nis ainteger with N > max{p,q}, Ayuy = div(|Vu1|P~>Vuy),
Aguz = div(|Vup|972Vu,), Q is a bounded domain of RV with smooth boundary 0Q, M; : RT —
R, i = 1,2,3,4 are continuous functions, and a; € C(Q,RT), i = 1,2.

In 2011, Cheng, Wu and Liu [13] investigated the following nonlocal elliptic system of (p, q)-
Kirchhoff type with a parameter A:

—1
. [Ml (o |vu|de)}p Aptt = AFy(x,u,v) in Q,

—1
~[M2 (o IV¥1%a) | Ay = AR (xv) in €, (12)
u=v=0 on dQ,

where Q C RV (N > 1) is a bounded smooth domain, A € (0,+), p >N, g >N, M; :RT — R,
i = 1,2 are continuous functions with bounded conditions. Under some reasonable conditions,
by using a critical point theorem due to Bonanno in [4], they obtained that system (1.2) has
at least two weak solutions. By using an equivalent formulation [5, Theorem 2.3] of a three
critical points theorem due to Ricceri in [22], they obtained that system (1.2) has at least three
weak solutions.

Subsequently, Chen et al. [12] and Massar and Talbi [20] both investigated the following the
following nonlocal elliptic system of (p, ¢)-Kirchhoff type with two parameters A and p:

-1
- [Ml (Jo |Vu|pdx)}p Apu = AF,(x,u,v) + uGy,(x,u,v) in Q,

q—1
—[Mz(fQ|Vv|qu)} Agv = AF,(x,u,v) + UG, (x,u,v) in Q, (1.3)
u=v=0 on dQ.
Under different conditions for F and G, by using a critical point theorem due to Ricceri in
[23], they obtained that system (1.3) has at least three weak solutions and they generalized the
corresponding result in [13]. Then, the results of [12] were extended to a Dirichlet boundary

problem involving the (py, ..., p,)-Kirchhoff type systems in [15].
Moreover, in [9], Chung investigated the following system with a parameter A:

—M (Jo|VulPdx)Apu = Aa(x) f(u,v) in Q,
—M> ([q |Vv|9dx) Agv = Ab(x)g(u,v) in Q, (1.4)
u=v=0 on dQ,
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where a,b € C(2). By using sub and supersolutions method, under some reasonable conditions
for f and g, the author obtained that system (1.4) has a positive solutions when A > A* for some
A* > 0. For problem (1.4), there are many similar results. We refer to [24, 25] for pertinent
results. As pointed out in [13], (1.2) is related to the Kirchhoff equation:

%u Py E [L 2 0%u
Par<z+zﬂ ) o =

where p, Py, h, E, and L are parameters with special meanings. Kirchhoff problems were
studied extensively and numerous interesting results were obtained by using variational method
recently; see, e.g., [2, 3, 6, 10, 11, 19, 26].

However, existing studies on (p,q)-Kirchhoff systems have the following gaps: First, the
results in [9, 12, 13] only proved finite solutions (one, two, or three solutions) via Bonanno
/ Ricceri theorems or sub and supersolutions method (there are no results on infinitely many
solutions). Second, previous works rely on the conditions: either external parameters (e.g., A, i
in [12]) or sub-(p,q) growth of nonlinear terms (nonlinearity grows slower than |z;|P + |z3]9)
(e.g., [12] and [13]) which excludes asymptotically-(p,q) case (the nonlinearity grows almost
uniformly like |z1|P + |z2]9). Third, tools like sub-supersolution methods or Bonanno/Ricceri
theorems in [4, 22] are unsuitable for infinite many solutions, while Ding’s theorem [14] for
infinitely may critical points has not been applied to (p, ¢)-Kirchhoff systems.

In this paper, motivated by [13, 12, 20], we investigate the existence of infinitely many solu-
tions for system (1.1). Via a critical point theorem due to Ding in [14], we establish two results
when the nonlinear terms satisfy the asymptotically-(p,q) conditions. To be precise, we obtain
the following results:

@
ox

Theorem 1.1. Assume that the following conditions hold:
(M) there exist positive constants 0 € (0,min{p,q}), m,, and m* such that

1 1
Omaxaj(x)\ T /Omaxa(x)\ ¢!
Yy xeQ X€
— >maxg | ——— N
m pmina; (x) gminas(x)
x€Q x€Q

and

m, < Mi(s) <m* Vs >0,i=1,2,3.4;
() a; € C(Q,R") and igfai(x) >0,i=1,2;
(GO) G(x,0,0)=0and G(x,z1,22) = G(x,—z1,—22);

(GI) G(x,21,22) € C'(Q x R x R,R) and there exist constants c1,cs > 0, s € [p, (’;\T_I;N) and
N

§2 € [q, (q]\?_ p ) such that

|G, (x,21,22)| < ect(1+ |z ]t), forallx e QxR xR,
|Gy (x,21,22)| S e2(1+22f?),  forallx e QxR XR;
(G2)

p—1. f g—1 . f
G mi inf ay(x) my  inf ap(x)
(x,21,22) < min xeQ , xeQ uniformly for x € Q;

lim ————~
21 [+l | =0 |21 [P + |22|2 14 q
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(G3) there exist y1 € [1,p), 72 € [1,q) and C* > 0 such that
G(x,z21,22) > C*(|z1|" + |22|%), forall (x,z1,722) € QX R x R;
(G4) there exists a function h € L' (Q,R) such that
0G(x,z1,22) — Gz, (%,21,22)21 — G, (¥,21,22)22 > h(t)  fora.e. x € Q,
and

lim [0G(x,z1,22) — Gy, (x,21,22)21 — Gy, (%,21,22)22) = +oo, fora.e. x € Q.
|21|+|z2| oo

Then system (1.1) has infinitely many nontrivial solutions.
Theorem 1.2. Assume that (A ), (<7 ), (GO), (G1), (G3), (G4) and the following condition hold:
(G2)

i p—1 . q—1 .
G(x,21,22) — min min{m,, n, ;élsflm(X)} min{m., m; ;&flaz(x)}
9

hm _—
21| +|z2| oo [21]P 4|22 PTpp 4744

uniformly for x € Q, where T, , and 1, 4 are the embedding constants in WO1 P(Q) — LP(Q) and
WO1 9(Q) «— LI(Q), respectively. Then system (1.1) has infinitely many nontrivial solutions.

2. PRELIMINARIES

Letr > 1. On Wol’r = Wol’r

1/r
lull1 = (/ |Vu\’dx+/ |u]rdx> .
Q Q

Then (WO1 "(Q),] - |l1.-) is a reflexive and separable Banach space. It is well known that there
exist {v, }neny € Wy () such that Span{v,;n € N} = W, " (). Let X,.; = Rv;. Then W, " (Q) =
®j>1Xp,j. Define

(Q), we define the norm

2)

() _ .k 2 _ =
Erk =D er’ Erk - @j>er7j'

=1
Then W, "(Q) = E\,) @ E} (see [18]). Let # = W, ”(Q) x W, /(). Then
1 2 2
v =(EleEg) < (Bl oE]) - (;3 £)) o (B1%E]).
On %', we define the norm

[Carsu2) [| = Nl [ ,p +lluzll1q;
where u; € WO1 P(Q) and u, € Wol’q(Q). Then (#, || - ||) is also a reflexive Banach space.

Lemma 2.1. [1] Wol’p (WO] 1) is compactly embedded in L" := L"(Q )for p<r<y— (q <
N N N

r< ]\?—N) and continuously embedded in LN 1= LN () (Lf\%q = LV (Q)> and hencefor

every p <r < 35— (q <r<y > there exists T, > 0 (.., > 0) such that

il < Tpllulliy (ule < Togllullg). Vo€ WP (u € W39,

where | - |, denotes the usual norm in L” for all p <r < pN <q <r< qu)
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Define
@ = [ ds w0 = [t

t t
Ms(t) = / M3 ()P~ \ds, Ma(t) = / Ma(s))7"'ds, Vi >0.
0 0
On %, we define the functional 7 : #" — R by
I(u) =1(uy,up)
= @(u) +y(u)
= @(u1,u2) + y(uy,uz)

1 1 .
=——M, (/ |Vu1|pdx) ——M, (/ |Vu2|qu)
p Q q Q

1 .. 1 .
— —M; </ al(x)|u1|pdx> — My (/ az(x)|u2|qu) -l—/ G(x,uy,up)dx,
p Q q Q Q

for all u = (u,up) € #', where

and
y(u) = y(up,u) = /QG(x,ul,uz)dx, Vu= (uj,uz) € ¥

Lemma 2.2. Suppose that the following condition holds:
(G1) G(x,z1,20) € C1(Q x R x R,R) and there exist constants cy,c; > 0, 51 € [p, %)
and sy € [q, %) such that

G, (x,21,22)| <er1(1+ 1)), forallx € QxRxR,

G, (x,21,22)| S e2(1 4+ |22]*), forallx € QxR xR.

Then w € C' (W ,R) and W' : W — W* is compact, and hence ¢ € C'(# | R). Moreover,

— p_l
(0'(u,0), (v1,v2)) = = [M ( /Q |vu1|de)] /Q Vi [P~2(Vuy, Vv, )dx

- -1
— | M, (/ |Vu2|qu) ]q / \Vus |92 (Vuy, Vvo)dx
L Q Q
_ p—1 L
— | M3 /Qal(x)|u1|pdx ] /Qal(x)|u1|p (uy,vy)dx

N :M4 (/g as(x) |u2|qu> ] . /Q ar (%) ua| 7% (2, v2)dx,

W' (u1,u2), (vi,n)) = /QGZ](x,ul,uz)vldx+/QGzz(x,ul,uz)vzdx
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and

(I'(u1,u2), (vi,v2)) = (@' (ur,u2), (v1,v2)) + (¥ (u1,u2), (v1,v2)) (2.1)
forall (uy,uz),(vi,v2) € # and critical points of I are solutions of system (1.1).

Proof. The proof is essentially identical to that of Proposition B.10 in [21]. Hence we omit the
details. O

Remark 2.3. Obviously, (G1) implies that (G1)'. Hence, Lemma 2.2 also holds under (G1).

Lemma 2.4. [14] Let E be an infinite dimensional Banach space and let f € C'(E,R) be even,
satisfy (PS), and f(0) = 0. If E = E| & E», where E| is finite dimensional, and f satisfies

(f1) f is bounded from above on E,,

(f2) for each finite dimensional subspace E C E, there are positive constants p = p(E) and
0 =0(E) such that f >0 on By NE and f\aBme > o where Bp = {x € E; ||x|| < p},

then f possesses infinitely many nontrivial critical points.

Remark 2.5. As demonstrated in [7], a deformation lemma can be proved with replacing the
usual (PS)-condition with the (C)-condition introduced by Cerami in [8], and it turns out that
Lemma 2.2 are true under the (C)-condition. We say that ¢ satisfies the (C)-condition, i.e.,
for every sequence {u,} C E, {u,} has a convergent subsequence if ¢(u,) is bounded and
(L4 flunl) ]| @' () || — O as n — oo.

Lemma 2.6. [17, Lemma 2.3] Let Q C RN be a bounded domain with C' boundary, 1 < r < oo,
and let X be a closed subspace of the Sobolev space W' (Q) satisfying Wol’r(Q) CXCWhr(Q)
(where WO1 "(Q) denotes functions in W' (Q) that vanish on dQ in the trace sense). Let B €
L*(9Q) be a nonnegative function (i.e., B > 0 almost everywhere on dQ), and define the C'-
functional G : X — R by:

G = | (Vul'+[udx+ | Blul'ds,

where Vu is the weak gradient of u, dx denotes the Lebesgue measure on €, and ds denotes
the surface measure on dQ. Let G' : X — X* (with X* the topological dual space of X ) be the
Fréchet derivative of G, and define the operator B: X — X* as B = %G’ . The duality pairing of
B with any v € X is given by:

(Bu,v) = / (|Vu\r_2Vu.Vv+ |u|r_2uv) dx+/ Blu|"uvds.
Q aQ
Then, for any u,v € X, the following assertions hold:
(1) Inequality property:
(Bu—Bv,u—v) = ([lu " = [v"=1) (llull = [I[1)
where |Jul| = ([o(|Vu|"+ |u|r)dx)l/r is the standard norm on W' (Q), which is consis-

tent with the norm definition in [17] (Lemma 2.3);
(2) Equality condition: (Bu— Bv,u—v) =0 if and only if u = v almost everywhere in €.
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3. MAIN RESULTS

Lemma 3.1. Assume that (G2) holds. Then I is bounded from above on W' .

Proof. It follows from (G2) that there exist positive constants

m?Vinf a; (x) m? " inf ap(x)
€ < min xXeQ xeQ
4 q
and ry > 0 such that
G(x,z1,22) < €(|z1]P + |z2|?), forall |z1|+ |z2| > rp and all x € Q. (3.1)

Then (3.1) and the continuity of G imply that there exists a positive constant Cy such that
G(x,z1,22) < €(|z1]P + |z2|7) + Co, forall (x,z1,22) € QX R x R. (3.2)
Hence, by (#), (<), (3.2), and Lemma 2.1, for all u € #', we have
I(u) = @(u1,u2) + (ur,uz)

1 . 1.
=——M, (/ |V, |pdx) ——M,; </ \Vu2|qu>
p Q q Q
1 . 1 .
o (/ al(x)|u1]pdx> Ly </ az(x)|u2\4dx> +/ G(x,u1, 12)dx
p Q q Q Q
p—1 qg—1
< R / Vi, m
P Q

p—1 g—1 3.3
S [l =" [ a ol o
p Ja q Jo

+8/ |u1|pdx—|—£/ lup|%dx + CoQ

m? 1nf ap(x Vinf a(x

*
< - / lup|Pdx — ———— reQ /|u2|qu

+8/ |u1|pdx—|—£/ lup|%dx + CoQ.
Q Q

Note that
m? U inf a;(x) m?~" inf ap(x)
€ < min xeQ xeQ
4 q
Hence, (3.3) implies the conclusion holds. [

Lemma 3.2. Assume that (G2)' holds. Then I is bounded from above on ¥ .
Proof. It follows from (G2)' that there exist positive constants
min{m,,m? " inf a; (x)} min{m.,m? " inf ar(x)}
xeQ xeQ

£ < min ,
PTp.p 47q.q
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and r; > 0 such that
G(x,71,22) < €'(|z1]|P + |z2]9), forall |z1| + |z2| > r{, and all x € Q. (3.4)
Then (3.4) and the continuity of G imply that there exists a positve constant C;, such that
G(x,z1,22) < €' (|z1]P +1z2|?) + Cy, forall (x,z1,22) € QxR x R. (3.5)

Hence, by (%), (<7), (3.5), and Lemma 2.1, for all u € #', we have

1 1.
I(u) = ——M, (/ \Vu1|pdx) ——M, (/ |Vu2|qu)
p Q q Q

1. 1.

— —M; (/ al(x)|u1|pdx) ——M, (/ az(x)|uz|qu) +/ G(x,u1,uz)dx
P Q q Q Q
m? md

. .
/ Vity [Pdx— / Vita|9dx
p Jo g Jo

mP! md~!
* /al(x)|u1|pdx— /az(x)|u2|qu
Q Q

p
+8'/Q\u1]”dx+8’/g\uzlqd)H—C(’)Q

S_

1 mP Vinf -1 mi
' p=1 ;ggal(x) , | et
< —min , ][y, — min ) 2]

p p

+ &' |uillf, + €' lluall?, +CoQ.

Note that

min{m,,m?” " inf a;(x)} min{m,,m?"
/ . xeQ
¢’ < min :
Plpp 4%.q

1 .

Hence, (3.6) implies the conclusion holds. ]

Lemma 3.3. Assume that (G3) holds. Then, for each finite dimensional subspace #' C ¥, there
exist positive constants p = p(#') and 6 = (W) such that 1 > 0 on B, "W and I|aBme~ > 0.

Proof. Since # is finite dimensional, all norms on % are equivalent. Hence there exist d; =
di(#) > 0,i=1,2,3,4 such that, for all u = (uj,uz) € ¥/,

I/n
il < ([ bafrar) < aalal,

and

1/n
alhelia < ( [ effar) < dsliel
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It follows from (G3) that

1 . 1 .
I(u) = ——M, (/ |Vu1|pdx> ——M, (/ |Vu2|qu)
p Q q Q
1 . 1.
L, ( / a1<x>|u1|de) L, ( / az(x)|uz|qu) + [ Gl )
P Q q Q Q

x\p—1 *\g—1
Z_M/ |Vu1|pdx—(m—>/ Vo | Tdx
p Q q Q
*\p—1 *\g—1
S [ @l = ol
p Q q Q

+c*/ ]u1|7’1dx—|—C*/ luz | dx
Q

*\p—1
> _m) (1+maxa1 ) (/ |Vu1|pdx+/ |u1|pdx)
p
*\g—1
_ ) (H—ma_xaz(x)) (/ ]Vuzlqu—k/ ]uz\qu>
q x€Q Q Q

+Cdl | |1, +C P |ua 7,
(m*)p—l

=y (1 —|—ma_xa1(x)> ||“1||117p -
xXeQ 7

p
+Cd}' | |[f}, +Cd w1,

m* p—1
= - (1 maan )
D xeQ

(m*)q—l

(1+ma_xa2(X)) il
xeQ ’

. m* q—1
e = (1 maxaato) ) el e,
q xeQ ’
Let
1/(p—n) 1/(g—1)
* 7Y * 12
p=—-ming 1 pCdy qC"d;
2 ’ ’
oyt (14 maxan (o) et (14 maxas(o)
xeQ xeQ

Then p € (0,1) and ||u1]|1 < 1 and |juz||1 4 < 1 for all u € B, N# . Thus

*dYI C*dYZ
P, + = wallP, = G, + lull?,)

Co (757 4 gl )

2~ max{n ey (|luy l,p‘l'Hl/lzﬂLq)maX{%’yz}
27 max{n Bl ey ||| mex{n v}

I(u) >

v

v

Vv
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crd!! c d? ..
where C1 = min{~— >-}. Let 0 =27 maX{YI’YZ}ClpmaX{W’@}. Therefore, from (3.7), it is
easy to see that /| Byn# Z o > 0. This completes the proof. O

Lemma 3.4. Assume that (G2) and (G4) hold. Then I satisfies the (C)-condition.

Proof. For every sequence {u"},cy = {(u[1 ,u[zn])}neN C #/, assume that {I(u"))} is bounded
and (1 + [ul”] ||> |1’ (u")|| = 0, as n — oo. Then there exists a constant C; > 0 such that

(™| = 1, ul)] < s, (1 + flul! ||> 17 ()| < Gy, forall n € N. (3.8)

Then, by (#),

(0+1)C,
> 01(ul™y — (I (", ul"l)

~ % </ \vu[l"]ypdx) A </ \Vu[zn]!qu) i, (/ al(x)|u[1"]\”dX)
p p e
=it ([ o |de) +0 [ Gl
Q
] _ —1
+ [y (/ |Vu[1”}|pdx) / |Vu[1"]|pdx+ [Mz (/ |Vu[2"]|qu) }q / |Vu[2n]|qu
L Q Q Q Q
r ] p p=1 ]\ p
ity ([ alarax) ] [ allras
L Q Q

‘ g\ 17 Ly
+ M4 a(x)|uy ' |dx ar (x)|uy ' |dx
Q Q

/GZl X ”1 U u[ln]dx /GZ2 X u[l],u[z})u[zn]dx

0 (m*)P~ ! maxa; (x)

0 *\p—1 0 *\g—1 o
> _O0m) / \Vu[l"]|pdx— 6m) / ]Vu[zn]\qu— xeQ / ]u[ln}]pdx
p Q q Q P Q

6(m*)?~" maxas(x)
- ) / 1 j9dx+ 0 / (e, Y+ mP ! / (Vu" P dx
q Q Q ?

+mg—1/ |Vu[2"}|qu—|—mf:1millal(x)/ P

—l—mz_lmlnaz /\uz |9dx — /GZl X ”1 ,u2 ul]dx /GZ2 X u[ln],u2 de

ZG/Gxu[ln],u2 Ydx — /GZl xu[ln],u2 ”1 ldx — /GZ2xu1 7u[2n] sl
Q
3.9)

Next, we prove that {u"]} = {(ugn} , u[zn])} is bounded. Assume that

™| = (| |1+ [l ][ 4 — o0, as n— oo, (3.10)
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Let
[] [n]
=t = (i)
g {11 Nluz ll1g
Then ||z[1"} 1p=1 ||z[2"] 1,4 = 1 and hence |z = 2, where
[] n
A= Uy A= ”[2}
e T
1 Lp 2 g

So there exist subsequences, still denoted by {z[l"}} and {z[z"} }, such that z[ln] — z; and z[zn} -2

on W) and W14, respectively. Then by Lemma 2.1, we have
0 0 Y y y

z[ln]—ml inL forp<r<

and a.e. x € Q (3.11)

and

]

N
7, —zinL forg <r< Né] and a.e. x € Q. (3.12)

It follows by (3.2) that
I(u["})

= —lMl </ |Vu[1n]|pdx) — le (/ |Vu[2n]|qu>
p Q q Q

1 A n 1 A n n n
it ([ rlaf?pax) - 2ot ([ aatolud!ar) + [ G’ udhas

p
p—1 . q—1 .

-1 f ~1 f
) e infan () ] p et e infax(x) ] g
S —min ) [} ||1p_m1n ) [ ||1q

p p ’ q
+6/ |u[1"]|pdx+£/ |u[2n}|qu—|—C0measQ

Q Q
p—1; g—1 .

-1 f —1 f
B I S A Sl W It
< —min , . (1, + 14, )

p 4 q q ’ ’

—1—8/ |u[1n]|pdx—|—£/ |u[2"}|qu+C0measQ.
Q Q

Thus
p—1. g-1.
I(ul") - mP=1 M ;ggfzal(x) a1 M ;&fzaz(x)
ey 17+l 19, P P q g
£ Jo |u}" [Pdx £ Jo |y [4dx

e A T P R A
ComeasQ2

a1+ 19,




12 Z.LL W. QL X. ZHANG

ComeasQ

p—1 g1
[t o infan(x) gor mi inf aa(x)
< —min , , ,
p p q q
e [oul"Pdx & [ |ul" |[9dx ComeasQ
Q 1 Q 2 ()meaS
et 17, las 19, N+ s 1
p—1 g—1 .
[t e infar(x) go1 mi inf aa(x)
= —min s y 5
p p q q
ComeasQ
te / Pdxt e / &t — R
Q Q g (17, + Nz 5,
. p—1 . f o q—1 . f
[t e infan(x) go1 mi inf aa(x)
= —min y s s
P P q q
+8/Q|Z[1n}—Zl+Z]|pdx—|—8/Q|Z[2n]—22+Zz|qu+
SR P SR G R S
S —min y s s
P P q q

+2P—1s/9|z[1"]—z1|de+2P—1e/Q|z1|de+2q—'e/Q|z[2”]—z2|qu

ComeasQ

e 17+l 17,

—1—2‘118/Q |z2|9dx +

In view of (3.8), (3.11), (3.12), and (3.13), we have

p—1. g—1 .
p—1 my infaj(x) g¢-1 my infap(x
. Ny xeQ ( ) Ny x€Q ( )
min , , ,
4 4 q q

< (2p71 +2q71)8 (/ ’Z1’pdx—l—/ |Z2‘pdx> )
Q Q

Then it follows that [ |21|Pdx+ [q |z2|9dx > 0, so z = (z1,z2) # 0.
Next, we claim that the following three conclusions hold:

(1) Hu[ln} [1,p = o0 if z1 # 0 and z5 = 0;
(i) [|ul |1 4 — o0 if 20 # 0 and 7 = 0;
(i) [|ul™]] 1., — o0 or [|ul ||, — o0 if 21 # 0 and 2, # 0.

Indeed, for conclusion (i), if ||u[1"} ||1,p is bounded, then [, |u[1"] |Pdx is also bounded

ey 17, + s |

p
l,q

(3.13)

. Hence, by
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(3.10), we have

B p—1 - £ _ q—1 . f
NN O S L St O e
P P q q ey 17+ ™14,
1
p—1 g—1 .
—1 f —1 f
< —min mb— 1 ;ggal(x) mi~t ;39612(36) 8f9|”[zn]|qu

which implies that |, |z2|%dx > 0. This contradicts zo = 0. Similar to the argument of conclusion
(1), it is easy to obtain conclusion (ii). For conclusion (iii), if ||u[1”] ||l1,p and ||u[2"} ||1,p are bounded,
then [, ]u[ln} |Pdx and [ |u[2n] |Pdx are also bounded. Hence, (3.10) yields

p—1 mlinfai(x) g1 m?infay(x)
0 < min M xeQ M XEQ
— ) Y ) )
P p q q

which is a contradiction.
Let

S={xeQ: Ilim [0G(x,z1,22) — G, (x,21,22)21 — G, (x,21,22)22] = +o0}

|z1]+|z2|—e0

and
={xeQ:z(x) = (z1(x),2z2(x)) # 0}.
Then by (G4), we have meas S > 0. Then conclusion (i), (ii), and (iii) imply that

tim ([ o)+ 1y ()]) = Tim (o) ]+ B0 i) = 4o (314)
forx € §;. Let
Jn(x) = 0G(x, u[ln} (x), u[zn] (x)) — G, (x, ”[1 ](x) [2n] (x))u[ln} (x) — G, (x, u[ln} (x), u[zn] (x))u[zn} (x).
Then (3.14) and (G4) imply that
li_r>n Jn(x) = 4oo forx € S;. (3.15)

It follows from (3.15) and [27, Lemma 1] that there exists a subset S, of §; with meas S, > 0
such that

lim J,,(x) = 4o uniformly for x € S5. (3.16)

n—yoo

By (G4), we have
9/ (x ”1 ,u2 )dx — /GZl X ”1 ,u2 ]dx /GZz xu[ln],u2 Ju de
= /S[GG(x u[ln],u[z]) G, (x, u[ln],u[zn])u[l} G, (x, u[l},u[zn])u[z]]dx
2

+ s [GG(x,u[ln},u[zn}) G, (x, ”[1]7”[2}) In] — G, (x, u[ln],u[zn])u[z}]dx
2

> / [6G(x, u[ln],u[zn]) G, (x, u[lnl,u[z])u[1 7] — Gy, (x, ”[1 },u[zl) [n]]dx—l— h(t)dt.
\Y) Q/SZ
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From Fatou’s lemma and (3.16), we have

[ 106! = Gy (el ! = G ey = o

which contradicts (3.9). Hence {u"} = {(u[ln],u[zn})} is bounded, so {u[ln]} and {u[zn]} are also
bounded in WO1 7 and WO1 . respectively. We may assume

] ]

W™ — uy in WyP and uy — uy in Wy 9. (3.17)
Lemma 2.1 yields
W 5wy in LP(Q)  and ul? = up in L9(Q). (3.18)
By (2.1), we have
(' () ] [n]) (u] [n] —u, ”[2] —w))

= — Ml /\Vu |pdx) /]Vul |P~ Z(Vu[l},Vu[n] Vuy)dx

|
§

- M2 (/ \Vu |qu) B /|Vu[2n]|q_2(Vu[2n],Vu[2n}—Vuz)dx

arax) " a2l s

A (/Q |M[ ]|qu)] / |”z 9™ 2(u[2n]’u[2} —up)dx

+/£2Gzl(x,u[1n},u[2n])(u[ln] —ul)dx-i—/ Gzz(x,u[ln},u[zn})(u[zn} — up)dx. (3.19)

The boundedness of {u[ln]} and {u[zn]} and I’(u[1 L ul! ]) — 0 as n — oo imply that
1 "), G = w1y — ) | < (™ [ = 3" — ) | 0 (3.20)

as n — oo. Moreover, by (G1) and Holder inequality, we have

[EXTr -

< /Qc1<1+ru1 ) — |k

. 1/p' . 1/p
(/ch (l—l—\ul S1yP ds) (/Q\uln —ullpdx>
Sl . 1/p' 1/p
< 27 ¢ (/Q(l —I—\u[ln]\ps‘)dx) (/Q\u[ln] —ul\pdx) : (3.21)

Since p's; < = p where p’ > 1 satisfies - » —|— ~ =1, then Lemma 2.1 and the boundedness of
{”1 ]} imply that Jo |u[n |P'S1dx is bounded. Thus by (3.18) and (3.21), we obtain that

IN

/GZl ol YWl —up)dx — 0, asn— oo, (3.22)
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Similarly, noting that ¢’s; < A’,ITN, where ¢’ > 1 satisfies % + ‘ll = 1, we obtain that
/Gzzxu1 ,u2 ) (u H—uz)dx—>0 as n — oo, (3.23)
Note that a; € C(Q,R). Then by (.#) and Holder inequality, we have

n p—1 nl p— n n
[ fpntolae) | oy -

< (m*)P~ 1maxa1 /|u[n]|p 1|u ui|dx

I/p
< (m*)? 'maxa (x (/ |u[n |pdx) (/ |u[1n] —u1|de) .
x€Q Q

Then Lemma 2.1 and (3.18) imply that

n p—1 nl p— nl [n
(o] i o

Similarly, we also have

My ([ a0l ax )1 [ an(o)a 12l ) — )
Q Q

Thus, (3.19), (3.20), (3.22), (3.23), (3.24), and (3.25) imply that
—1
([t it St
Q Q

-1
+[M2 ( /Q yvu[Z”]\CIdxﬂq /Q Vi 1972Vl Vil — Vuy)dx

— 0, as n — oo. (3.26)

— 0, asn—oo. (3.24)

— 0, asn— oo, (3.25)

Then by (#'), we have

1 [n] p P_l/ 1] p—2 [n] 1]
max{(m*)P~1, (m*)4—1} [Ml (/Q| iy | dx) \Vui"|P~*(Vui”, Vuy" — Vuy)dx

1 Inl|q / -2 ]
+max{(nfk)lv*l,(m*)qfl} [Mz (/Q|Vu2 | dx) \VU | Vu2 ,Vu2 —Vuy)dx

§/ |Vu[1n]|P_2(Vu[1"},Vu[ln] —Vul)dx+/ |Vu2n |q_2(Vu[2n},Vu[2"} —Vuy)dx
Q Q

! _ [Ml (/Q|Vu[1n]|pdx) /|V P2Vl Vil — Vi )dx

~ min{(m.)P~!, (m.)a1}

1 ]| B -2y, 1 v, ]
+min{(m*)P_1,(m*)q_1} [Mz </Q|Vu2 |9dx /Q|Vu2 97 (Vuy ", Vuy ' — Vup)dx.
which together with (3.26) implies that

/ |Vu[ln} ]pfz(Vu[ln],Vu[ln] - Vul)dx+/ ]Vu[zn] \qu(Vu[zn},Vu[zn] —Vuy)dx—0  (3.27)
Q Q
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as n — oo. Moreover, by Holder inequality, we have

‘/Q|u[1n]|p_2(u[ln],u[ln}—ul)dx—i-/g|u[2n}|q_2(u[2n},u[2n]—uz)dx
</ |u["]|p_1|u["]—u1|dx+/ |u[n}|q_1||u["]—u2|dx
= /1" 1 o2 2

L

1 1
< |u[n]\pdx ’ \uw —uy|Pd ’ "]\q —uy|?
= 1 1 1fhax |+ |uy”|?dx |”2 up|?dx
Q Q Q

Then (3.18) implies that

/|un]\p 2( u1 ,u —u1 dx+/ ]u |q 2(u[z},u[z}—uz)dx—>0 as n — oo, (3.28)

1
Ju) = - </ |u1|pdx+/ ]Vu1|pdx> + - (/ |u2|qu+/ ]Vu2|qu>
P Q Q q Q Q
= Ji(u) +a(u2),
1 1,p
=— /|u1|pdx—|—/ \Vui|Pdx |, Yuy € Wy,
P \JQ Q
1
J2<u2):-</ |u2|qu—}—/ |Vu2|qu), Yy € W,
qg \J/Q Q

Set

where

Then we have

<J/<u[n})’u[n} _ I/t> [n]  [n]

™y, (! — )

{/
= /(\u1]|p2u[1n],u[1n} —ul)dx—l—/ (\Vu[ln]|p*2Vu[]n],Vu[ln]—Vul)dx
Q Q
(|u D=2l )+ / (V|92 Vil — Viy)dx
Q
[1 n

- <J1<u"]>,u£]—u1>+<J§<u£"]>,u£’”—uz>

')l ) = (7 (), (= s — )
_ / (Juen [P~ 2™ — )+ /Q (Var [P~ Vg, Vil — Vuuy )
+/ (lua]?™ zuz,uz —up dx+/ (|Vu2|q_2Vu2,Vu[2n}—Vuz)dx
Q
= (i)l =)+ (), 03" — ).
In view of (3.27) and (3.28), one has that
@yl =y = (@)l — )+ (B i — ) 50, asn— e (3.29)
and (3.17) implies that
(), ul —u) = (7] (), ul™ = ug) + (B (), ul — uz) = 0, as n — oo, (3.30)
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By Lemma 2.6, we know that

™) =T ) =) > 0 = el Qe — N llp) B3D)
and

(") = Ty (ua) sy’ —u) > (a4 = Nl (s 1.g — e2lfrg)- (B32)
Then it follows from (3.31) and (3.32) that

-1 —1 -1 -1
0 < (a1 = e 17, ) Cled ™ Hp = Noea D)+ s 14, = e 1, ) a3 1. — a2 ]1.0)

< () = ()l =),

which, together with (3.29) and (3.30), yields Hu[ln}Hlyp — ||lut||1,p and Hu[zn}
n — oo. Note that Wo] P and WO1 ! are reflexive and uniformly convex (see [1]). Then it follows
from Kadec-Klee property (see [16]) that u[ln] — up strongly in Wo] 7 and u[zn] — up strongly in

Wol’q and so ul"l — u strongly in %#'. Thus we have verified that / satisfies the (C)-condition.
This completes the proof. U

1g = lluallig as

Lemma 3.5. Assume that (G2)' and (G4) hold. Then I satisfies the (C)-condition.
Proof. The proof is the same as that of Lemma 3.4 by replacing (3.2) with (3.5). UJ

Proof of Theorem 1.1. Obviously, by (G0), we have I(0) =0 and [ is even. Let E =%/,

E| = E;(;ll) X E;ll) and E, = E;zl) X Eq(zl). Then E; is finite dimensional. Combining Lemma
3.1, Lemma 3.3, and Lemma 3.4, we obtain that system (1.1) has infinitely many nontrivial

solutions.

Proof of Theorem 1.2. The proof is the same as that of Theorem 1.1 by replacing Lemma 3.2
with Lemma 3.1 and replacing Lemma 3.4 with Lemma 3.5.

4. CONCLUSION

This paper studies infinitely many nontrivial solutions for (p,g)-Kirchhoff type elliptic sys-
tems via variational methods and Ding’s critical point theorem in [14]. The key contributions
are summarized as follows:

(1) Unlike previous works (e.g., [12] and [13]) that only obtain two or three weak solutions,
we obtain infinitely many nontrivial solutions for the (p,q)-Kirchhoff type elliptic sys-
tem (1.1) without parameters.

(2) Unlike the works in [12] and [13], the nonlinear terms in system (1.1) satisfy the
asymptotically-(p,q) condition rather than the sub-(p,q) condition because of the ap-
pearance of the following two terms in system (1.1):

p- q-
Ms (Jgan (9l |Px) | an ()] |72y and | My (Joya2(x) o} 9dx) |t () a2,
(3) Our results can be extended to higher-dimensional (py, ..., p,)-Kirchhoff systems or
unbounded domains if more restrictions on a;(x),i = 1,2 are added.
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