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GLOBAL WELL-POSEDNESS FOR THE 2D INCOMPRESSIBLE
CAHN-HILLIARD-MHD EQUATIONS WITH MIXED PARTIAL VISCOSITY,

MAGNETIC DIFFUSION, AND MOBILITY

CHENHUA WANG, FUYI XU∗

School of Mathematics and Statistics, Shandong University of Technology, Zibo 255049, China

Abstract. This paper focuses on the Cauchy problem of the 2D incompressible Cahn-Hilliard-MHD
equations. We construct the global well-posedness of strong solutions to the model without full viscosity,
magnetic diffusion, and mobility.
Keywords. Cauchy problem; Incompressible Cahn-Hilliard-MHD equations; Global well-posedness.

1. INTRODUCTION

The incompressible Magnetohydrodynamics (MHD) equations describe the motion of an
electrically conducting fluid in the presence of the magnetic field which essentially needs to
consider the interaction between the fluid velocity and the magnetic field [5, 6, 13]. The classi-
cal incompressible MHD system takes the following form

∂tu+u ·∇u−ν∆u+∇p = B ·∇B,

∂tB+u ·∇B−η∆B = B ·∇u,

divu = divB = 0,
(1.1)

where u, B, and p describe the velocity field, the magnetic field and the pressure respectively,
ν ≥ 0 is the kinematic viscosity and η ≥ 0 is the magnetic diffusivity. Here, it should point
out that system (1.1) is only a single-phase MHD model. However, there is a variety of differ-
ent multi-phase flow phenomena in real-world applications, such as the Aluminum electrolysis
cells, metallurgical industry, pump accelerators, MHD generators and fusion reactors [15, 27].
Thus one needs to study the interaction of electromagnetic fields with two incompressible, im-
miscible and electrically conducting fluids, i.e., a two-phase MHD problem. For example, in
metallurgy processes, bubbles are always injected into the molten metal for stirring and homog-
enizing the liquid metal and the magnetic field is imposed to control the bubble motion in a
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contactless method. In MHD generators and pump accelerators, some experimental and analyt-
ical studies on the flow of two immiscible fluids in a channel under an external magnetic field
are carried out [28, 30]. At present, one fundamental problem for two-phase MHD problem is
the interfacial dynamics between two different incompressible fluids. In numerous situations, it
may not be convenient or accurate for the classical sharp interface model to describe the topo-
logical transitions of interfaces, such as self-intersection, pinch-off, reconnection and splitting
during the evolution of interface [2, 16]. In the last decades, the diffuse interface (phase field)
method has been widely applied to model and simulate the topological transitions of interfaces.
This method assumes that the fluids are mixed and store the mixing (elastic) energy within the
thin layer of finite thickness. The surface tension force on the fluids was extensively derived via
the variational approach (see, e.g., [9, 23, 37]). It was known that the sharp interface model can
be recovered in the limit as the interface thickness approaches zero [3, 26]. For the extensive
study on the phase field approach, we refer to [14, 24] and the references therein. For the phase
field ϕ , the free energy of two-phase fluids is

E(ϕ) =
∫

Ω

(
1
2
|∇ϕ|2 + 1

ε2 F(ϕ)

)
dx,

where F(ϕ) models the immiscibility of the fluid components. The two minima of F(ϕ), i.e.,
ϕ =±1, correspond to two stable phases of the fluids. The first term (i.e., the gradient energy)
and second term (i.e., the bulk energy) of E(ϕ), respectively, represent the hydrophilic and
hydrophobic parts of the free energy. It is known that the Allen-Cahn equation is the L2-gradient
flow of the free energy E(ϕ) and the Cahn-Hilliard equation is the H−1-gradient flow of E(ϕ)
[17]. To preserve the mass conservation, i.e., d

dt
∫

Ω
ϕ(x, t)dx = 0, one needs to consider the

following Cahn-Hilliard equationsϕt = div
(

κ∇
∂E
∂ϕ

)
= κ∆µ,

µ = ∂E
∂ϕ

=−∆ϕ + 1
ε2 f (ϕ),

where µ represents the chemical potential which is given by the variational derivative of the
energy E with respect to ϕ , f (ϕ) = F ′(ϕ), and κ , ε denote the mobility of the mixture and
width of the interfacial layer, respectively.

Then combining the physics of MHD fluids and the phase field approach, researchers [11,32]
proposed a new diffuse interface model to describe the flow of two incompressible, immiscible
and electrically conducting fluids with different viscosities and electric conductivities, which is
called the Cahn-Hilliard-MHD ( CH-MHD for short) model. The governing equation consists
of the Cahn-Hilliard equations, Navier-Stokes equations, and the Maxwell’s equations, which
are coupled through convection, stresses, and Lorentz forces. More precisely, the CH-MHD
system reads as follows

∂tu+u ·∇u−ν∆u+∇p = B ·∇B−λ div(∇ϕ⊗∇ϕ),

∂tB+u ·∇B−η∆B = B ·∇u,

ϕt +u ·∇ϕ = κ∆µ,

µ =−∆ϕ +
1
ε2 f (ϕ),

divu = 0, divB = 0,

(1.2)
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where the surface tension div(∇ϕ⊗∇ϕ) is often called the Korteweg force, and λ is capillary
coefficient. From the viewpoint of partial differential equations, system (1.2) is a highly non-
linear coupled system. Such a model has extensive application prospects in the fields of nuclear
fusion, metallurgy, liquid metal magnetic pumps, aluminum electrolysi,s and so on [13,22,27].
We here point out that system (1.2) includes several important models as special cases. When
B = 0, it turns into the known incompressible Navier-Stokes-Cahn-Hilliard ( NS-CH for short)
system, which was studied by many researchers (see, e.g., [1, 4, 18, 21]) and the references
therein. When ϕ is absence, system (1.2) reduces the classical incompressible MHD equations
(1.1). Due to its mathematical challenges and broad physical applications, there are extensive
results on the well-posedness of solutions for this system (see, e.g., [10, 33, 36]). At present,
the study on the CH-MHD model can be traced back to [11, 32], which mainly focused on the
numerical scheme (see, e.g., [11, 34, 35]).

However, to the best of our knowledge, there is no result regarding on the mathematical anal-
ysis of system (1.2). Recently, there are numerous results focusing on the global well-posedness
of the anisotropic viscosity for the incompressible fluids, for example, MHD equations [8, 10],
Boussinesq equations [7, 12] and Navier-Stokes-Cahn-Hilliard system [4]. It should be also
emphasized that experimental evidence [25,29] shows that, in certain regimes and after suitable
rescaling, the vertical/horizontal mobility is negligible with respect to the horizontal/vertical
mobility. Therefore, these results motivate us to study the global well-posedness of the follow-
ing 2D CH-MHD model in R+×R2:

ut +u ·∇u+∇p = ν1uxx +ν2uyy +B ·∇B−λϕ∇µ,

Bt +u ·∇B−B ·∇u = η1Bxx +η2Byy,

ϕt +u ·∇ϕ = κ1µxx +κ2µyy,

µ =−∆ϕ +
1
ε2 f (ϕ),

divu = 0, divB = 0,

(1.3)

where the term λϕ∇µ in (1.3)1 is the continuum surface tension force in the potential form
[16,23,26], which is more convenient to get energy estimate (see, e.g., [1,19,20]) and originates
from the phase induced force in the stress form

λ div(∇ϕ⊗∇ϕ) = λ∆ϕ∇ϕ +
λ

2
∇|∇ϕ|2 = λϕ∇µ +∇

(
λ

ε2 F(ϕ)−λ µϕ +
λ

2
|∇ϕ|2

)
,

where ∇ϕ⊗∇ϕ is the induced elastic stress due to the mixing of the different phases. Then, the
pressure in (1.3)1 is given by p+ λ

ε2 F(ϕ)−λ µϕ + λ

2 |∇ϕ|2 (still denote by p for simplicity).
Here, we are concerned with the Cauchy problem of the system (1.3) subject to the initial data

u|t=0 = u0, B|t=0 = B0, ϕ|t=0 = ϕ0. (1.4)

The goal of the this paper is to establish the global regularity and uniqueness of strong solution
to Cauchy problem (1.3) -(1.4). We first assume the following conditions on the regular potential
F :

(i) F ∈C3(R,R) satisfies

lim
|s|→∞

inf
F(s)

s2 > 0.
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(ii) f = F
′
satisfies lim|s|→∞ inf f

′
(s)> 0, and there exists a constant s0 > 0 such that, for all

|s|> s0, | f ′′(s)|6C f |s|p, for some C f > 0 and p> 1.
Now we state our main results as follows.

Theorem 1.1. Consider the 2D system (1.3) with ν2 = κ2 = η1 = 0, ν1 > 0, κ1 > 0, η2 > 0.
Assume that (i)-(ii) hold. For any initial data (u0,B0,ϕ0) ∈H1

div(R
2)×H1

div(R
2)×H2(R2), the

Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u,ϕ,B) which satisfies the
equations in the sense of distributions. Moreover,

(u,ϕ,B) ∈ L∞([0,∞);H1(R2)×H1(R2)×H2(R2))

∂tϕ ∈ L2([0,∞);L2(R2)), µ ∈ L∞([0,∞);L2(R2)),

µx, µxx ∈ L2([0,∞);L2(R2)), ωx, hy ∈ L2([0,∞);L2(R2)),

where ω = ∇×u, h = ∇×B represent the vorticity and the current density, respectively.

Theorem 1.2. Consider the 2D system (1.3) with ν1 = κ1 = η2 = 0, ν2 > 0, κ2 > 0, η1 > 0.
Assume that (i)-(ii) hold. For any initial data (u0,B0,ϕ0) ∈ H1

div(R
2)×H1

div(R
2)×H2(R2),

Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u,ϕ,B) which satisfies the
equations in the sense of distributions. Moreover,

(u,ϕ,B) ∈ L∞([0,∞);H1(R2)×H1(R2)×H2(R2))

∂tϕ ∈ L2([0,∞);L2(R2)), µ ∈ L∞([0,∞);L2(R2)),

µy, µyy ∈ L2([0,∞);L2(R2)), ωy, hx ∈ L2([0,∞);L2(R2)).

Theorem 1.3. Consider the 2D system (1.3) with ν1 = κ2 = η2 = 0, ν2 > 0, κ1 > 0, η1 > 0.
Assume that (i)-(ii) hold. For any initial data (u0,B0,ϕ0) ∈ H1

div(R
2)×H1

div(R
2)×H2(R2),

Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u,ϕ,B) which satisfies the
equations in the sense of distributions. Moreover,

(u,ϕ,B) ∈ L∞([0,∞);H1(R2)×H1(R2)×H2(R2))

∂tϕ ∈ L2([0,∞);L2(R2)), µ ∈ L∞([0,∞);L2(R2)),

µx, µxx ∈ L2([0,∞);L2(R2)), ωy, hx ∈ L2([0,∞);L2(R2)).

Theorem 1.4. Consider the 2D system (1.3) with ν2 = κ1 = η1 = 0, ν1 > 0, κ2 > 0, η2 > 0.
Assume that (i)-(ii) hold. For any initial data (u0,B0,ϕ0) ∈H1

div(R
2)×H1

div(R
2)×H2(R2), the

Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u,ϕ,B) which satisfies the
equations in the sense of distributions. Moreover, we have

(u,ϕ,B) ∈ L∞([0,∞);H1(R2)×H1(R2)×H2(R2))

∂tϕ ∈ L2([0,∞);L2(R2)), µ ∈ L∞([0,∞);L2(R2)),

µy, µyy ∈ L2([0,∞);L2(R2)), ωx, hy ∈ L2([0,∞);L2(R2)).

2. PRELIMINARIES

We first need to fix some notation. Throughout this paper, the Lp−norm is denoted by ‖ · ‖p,
the Hs−norm by ‖ · ‖Hs and the norm in the Sobolev space W s,p by ‖ · ‖W s,p . 〈·, ·〉2 and 〈·, ·〉Hs

denote the usual scalar product in L2 and Hs, respectively. Let Hs
div(R

2) = the closure of {u ∈
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C∞
0 (R2) : div u = 0} with respect to Hs(R2)-norm for any s > 0 (of course, the convention is

that H0 = L2). In order to establish sufficiently strong a priori estimates for solutions of Cauchy
problem (1.3) -(1.4), the following elementary inequalities play an important role.

Lemma 2.1. [10] Assume that f ,g,gy,h, and hx belong to L2(R2). Then, the following estimate
holds: ∫ ∫

| f gh|dx dy6C‖ f‖2‖g‖
1/2
2 ‖gy‖1/2

2 ‖h‖
1/2
2 ‖hx‖1/2

2 . (2.1)

Lemma 2.2. [12] (i) Assume that f ∈ H1(R2). The following inequality holds:

‖ f‖4 6C‖ f‖1/2
2 ‖ fx‖1/4

2 ‖ fy‖1/4
2 . (2.2)

(ii) Assume that f ∈ H2(R2). The following inequalities hold:

‖ f‖6 6C‖ f‖5/12
2 ‖ fx‖1/4

2 ‖ fy‖1/4
2 ‖ fxx‖1/48

2 ‖ fyy‖1/48
2 ‖ fxy‖1/24

2 , (2.3)

and for f ∈ Hs(R2) with s = max(s1,s2)> 0,

‖ f‖∞ 6C
(
‖ f‖2 +‖∂ s1

x f‖2 +‖∂ s2
y f‖2

)
, (2.4)

for any s1,s2 > 0 such that 1/s1 +1/s2 < 2.

3. MAIN RESULTS

This section is devoted to proving Theorem 1.1. For a clear presentation, we split the proof
into the following three propositions. For the sake of simplicity, we now set ε = 1.

Proposition 3.1. Under the assumptions of Theorem 1.1, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3) -(1.4). Then

‖u(t)‖2
2 +‖ϕ(t)‖2

H1 +‖B(t)‖2
2 +

∫
R2

F(ϕ)dx dy+
∫ t

0

(
ν1‖ux(s)‖2

2 +κ1‖µx(s)‖2
2 +η2||By||22

)
ds

≤ QT
(
‖u0‖2 +‖ϕ0‖H1 +‖B0‖2

)
,

(3.1)

for all t ∈ [0,T ], where the positive monotone function QT depends only on ν1,κ1, η2.

Proof. Taking the inner product in L2(R2) of (1.3)1 with u, after integrating by parts, and owing
to divu = 0, we obtain

1
2

d
dt

∫
|u|2dx =−ν1

∫
|ux|2dx+

∫
B ·∇B ·udx+

∫
µ∇ϕ ·udx. (3.2)

Similarly,
1
2

d
dt

∫
|B|2dx+

∫
u ·∇B ·Bdx =−η2

∫
|By|2dx. (3.3)

Taking the inner product in L2(R2) of (1.3)4 with ∂tϕ , after integrating by parts, and owing to
F ′ = f , we see that ∫

ϕt ·µdx =
1
2

d
dt

∫
|∇ϕ|2dx+

d
dt

∫
F(ϕ)dx. (3.4)

Taking the inner product in L2(R2) of (1.3)3 with µ , after integrating by parts, we see that∫
ϕt ·µdx+

∫
u ·∇ϕ ·µdx =−κ1

∫
|µx|2dx. (3.5)
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By summing (3.2), (3.3), (3.4), and (3.5), we arrive at

d
dt

(
‖u(t)‖2

2 +‖∇ϕ(t)‖2
2 +‖B(t)‖2

2

+2
∫
R2

F(ϕ)dx dy
)
+2ν1‖ux(t)‖2

2 +2κ1‖µx(t)‖2
2 +2η2‖By(t)‖2

2 = 0.
(3.6)

Integrate now (3.6) over (0, t) and recall that CF,1|s|2 6 F(s) 6CF,2|s|p+3, for all |y| > y0, for
some CF,1,CF,2 > 0 (these inequalities are an immediate consequence of assumptions (i) and
(ii)). It then follows from the fact H1 ⊂ Ls(s> 2) that

‖u(t)‖2
2 +‖∇ϕ(t)‖2

2 +‖B(t)‖2
2 +2

∫ ∫
R2

F(ϕ(t))dx dy

+
∫ t

0
(2ν1‖ux(s)‖2

2 +2κ1‖µx(s)‖2
2 +2η2‖By(s)‖2

2)ds6C,

for all t ∈ [0,T ]. Moreover, taking the inner product in L2(R2) of (1.3)3 with ϕ and integrating
by parts, we obtain

d
dt
‖ϕ(t)‖2

2 =−2κ1〈µx(t),ϕx(t)〉2 6 κ1(‖µx(t)‖2
2 +‖ϕx(t)‖2

2). (3.7)

Finally, integrating (3.7) over (0, t), the desired inequality (3.1) follows easily in view of the
preceding estimate. �

In order to deduce higher-order dissipative estimates, we need exploit some estimates for the
chemical potential µ as follows.

Proposition 3.2. Under the assumptions of Theorem 1.1, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for all t ∈ [0,T ],∫ t

0
‖∆ϕx(s)‖2

2ds6C, (3.8)

where the positive constant C depends only on ν1,κ1,η2,T , and the initial data.

Proof. First, multiplying (1.3)4 by ϕxx, integrating over R2, and employing the assumption (ii),
Hölder’s and Young’s inequalities, we conclude by (2.2) that

‖∇ϕx‖2
2 6C

(
‖ϕxµx‖1 +‖( f (ϕ))xϕx‖1

)
6C

(
‖µx‖2

2 +‖ϕx‖2
2 +‖ϕ‖

(p+1)
2(p+1)‖ϕx‖2

4
)

6C
(
‖µx‖2

2 +‖ϕx‖2
2 +‖ϕ‖

2(p+1)
2(p+1)+δ‖ϕx‖4

4
)

6C
(
‖µx‖2

2 +‖ϕx‖2
2 +‖ϕ‖

2(p+1)
2(p+1)

)
+Cδ‖ϕx‖2

2‖ϕxx‖2‖ϕxy‖2.

Taking a sufficiently small positive δ and using H1 ⊂ Ls(s> 2) and (3.1) imply that

∇ϕx ∈ L2([0,T ];L2(R2)). (3.9)
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In order to deduce a proper upper bound for the L2-norm of ∆ϕx, we exploit equation (1.3)4
once more. Using (3.1) and (2.2), and recalling the fact that f satisfies the bound (ii), we have

‖∆ϕx‖2
2 6C(‖µx‖2

2 +‖( f (ϕ))x‖2
2)

6C‖µx‖2
2 +C‖ϕ‖2(p+1)

4(p+1)‖ϕx‖2
4

6C‖µx‖2
2 +C

(
1+‖ϕxx‖2

2 +‖ϕxy‖2
2
)
,

which together with (3.1) and (3.9) implies that (3.8) holds.

Proposition 3.3. Under the assumptions of Theorem 1.1, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for all t ∈ [0,T ],

‖ω(t)‖2
2 +‖ϕ(t)‖2

H2 +‖h(t)‖2
2 +

∫ t

0
(ν1‖ωx(s)‖2

2 +κ1‖µxx(s)‖2
2 +η2‖hy(s)‖2

2)ds6C, (3.10)

where the positive constant C depends only on ν1,κ1,η2,T , and the initial data.

Proof. Observe that ω,h and j = ∆ϕ solve the following system
∂tω +u ·∇ω = ν1ωxx−d ·∇ j+B ·∇h,

ht +u ·∇h = η2hyy +B ·∇ω +2∂xB1(∂xu2 +∂yu1)−2∂xu1(∂xB2 +∂yB1),

∂t j+κ1∆ jxx +u ·∇ j+d ·∇ω =−2∇u1 ·∇ϕx−2∇u2 ·∇ϕy +κ1∆( f (ϕ))xx,

(3.11)

where d = ∇⊥ϕ, ∇⊥ = (∂y,−∂x). Denote

E (t) := ‖ω(t)‖2
2 +‖ j(t)‖2

2 +‖h(t)‖2
2, R(t) :=C(1+‖ jx‖2

2 +‖ux‖2
2 +‖By‖2

2).

Taking the L2-scalar product of (3.11)1, (3.11)2, and (3.11)3 with ω , j and h respectively, we
conclude that

d
dt

E (t)+2ν1‖ωx‖2
2 +2κ1‖∇ jx‖2

2 +2η2‖hy‖2
2

=−2
∫ ∫

(∇u2 ·∇ϕy) j dx dy−2
∫ ∫

(∇u1 ·∇ϕx) j dx dy+2κ1

∫ ∫
∆( f (ϕ))xx j dx dy

+2
∫

[∂xB1(∂xu2 +∂yu1)−∂xu1(∂xB2 +∂yB1)]h dx dy

, I1 + I2 + I3 + I4.
(3.12)

We bound term by term above in what follows. For I3, we integrate by parts twice and divide I3
further into the following two terms:

I3 = 2κ1

∫ ∫
f
′
(ϕ)∇ϕx ·∇ jxdx dy+2κ1

∫ ∫
f
′′
(ϕ)ϕx∇ϕ ·∇ jxdx dy

, I31 + I32.
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Using (2.1), (2.2), the assumption (ii) on f , Young’s inequality, H1 ⊂ Ls(s> 2), and (3.3), we
obtain

|I31|6C‖∇ jx‖2‖ f
′
(ϕ)‖1/2

2 ‖ f
′′
(ϕ)ϕy‖1/2

2 ‖∇ϕx‖1/2
2 ‖∇ϕxx‖1/2

2

6
κ1

8
‖∇ jx‖2

2 +C‖ f
′′
(ϕ)‖2‖ f

′
(φ)ϕy‖2‖∇ϕx‖2‖∇ϕxx‖2

6
κ1

8
‖∇ jx‖2

2 +C(1+‖ϕ‖p+1
2(p+1))

× [C‖ϕ‖p
4p‖ϕy‖1/4

2 ‖ϕxy‖1/4
2 ‖ϕyy‖1/4

2 ]‖∇ϕx‖2‖∇ϕxx‖2.

It follows from (2.1), (2.2), (2.3), assumption (ii) for the function f and Young’s inequality,
thanks to H1 ⊂ Ls(s> 2) and (3.3), we deduce that

|I32|6C(‖∇ϕ‖4‖ϕx‖2‖∇ jx‖2 +‖φ‖2p+1
12(2p+1)‖∇ϕ‖4‖ϕx‖6‖∇ jx‖2)

6C‖∇ϕ‖1/2
2 ‖∇ϕx‖1/4

2 ‖∇ϕy‖1/4
2 ‖∇ jx‖2

+C‖ϕ‖2p+1
12(2p+1)[‖∇ϕ‖1/2

2 ‖∇ϕx‖1/4
2 ‖∇ϕy‖1/4

2 ‖ϕx‖5/12
2 ‖ϕxx‖1/4

2 ‖ϕxy‖1/4
2 ]

×‖ϕxxx‖1/48
2 ‖ϕxyy‖1/48

2 ‖ϕxxy‖1/24
2 ‖∇ jx‖2

6C‖∇ jx‖2‖ j‖1/2
2 +C‖ j‖2‖∆ϕx‖1/12

2 .

In order to deal with the term I1, we split I1 into the following two parts:

I1 =−2
∫ ∫

u2xϕxy j dx dy−2
∫ ∫

u2yϕyy j dx dy, I11 + I12.

Applying (2.1) to I11 yields

|I11|6C‖ j‖2‖u2x‖
1/2
2 ‖u2xx‖

1/2
2 ‖ϕxy‖1/2

2 ‖ϕxyy‖1/2
2

6C‖ j‖3/2
2 ‖u2x‖

1/2
2 ‖ωx‖1/2

2 ‖∆ϕx‖1/2
2

6
ν1

8
‖ωx‖2

2 +C‖ j‖2
2‖u2x‖

2/3
2 ‖∆ϕx‖2/3

2 .

Using (2.1) to I12 again and the incompressible condition ∂xu1 +∂yu2 = 0, we have

|I12|6C‖ j‖2‖u2y‖
1/2
2 ‖u2yy‖

1/2
2 ‖ϕyy‖1/2

2 ‖ϕxyy‖1/2
2

6C‖ j‖3/2
2 ‖u2y‖

1/2
2 ‖ωx‖1/2

2 ‖∆ϕx‖1/2
2

6
ν1

8
‖ωx‖2

2 +C‖ j‖2
2‖u1x‖

2/3
2 ‖∆ϕx‖2/3

2 .

In what follows, we bound the term I2 on the right-hand side of (3.12). We rewrite I2 into the
following form

I2 =−2
∫ ∫

u1xϕxx j dx dy−2
∫ ∫

u1yϕxy j dx dy, I21 + I22.

For I21, employing Lemma 2.1, (3.3) and (3.8), we deduce that

|I21|6C‖ j‖2‖u1x‖
1/2
2 ‖u1xy‖

1/2
2 ‖ϕxx‖1/2

2 ‖ϕxxx‖1/2
2

6C‖ j‖3/2
2 ‖u1x‖

1/2
2 ‖ωx‖1/2

2 ‖∆ϕx‖1/2
2

6
ν1

8
‖ωx‖2

2 +C‖ j‖2
2(1+‖u1x‖2

2 +‖∆ϕx‖2
2).
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In order to estimate I22, we split it into two parts and integrate by parts twice

I22 = 2
∫ ∫

(u1y j)xϕydx dy = 2
∫ ∫

u1xy jϕydx dy+2
∫ ∫

u1y jxϕydx dy

= 2
∫ ∫

u1xy jϕydx dy−2
∫ ∫

u1 jxyϕydx dy−2
∫ ∫

u1 jxϕyydx dy

, I221 + I222 + I223.

Due to the incompressible condition ∂xu1 +∂yu2 = 0, thanks to (2.1) and (3.1), we have

|I221|6C‖u1xy‖2‖ j‖1/2
2 ‖ jx‖1/2

2 ‖ϕy‖1/2
2 ‖ϕyy‖1/2

2

6C‖ωx‖2‖ j‖2‖∆ϕx‖1/2
2

6
ν1

8
‖ωx‖2

2 +C‖ j‖2
2‖∆ϕx‖2.

Similarly,

|I222|6C‖ jxy‖2‖u1‖
1/2
2 ‖u1x‖

1/2
2 ‖ϕy‖1/2

2 ‖ϕyy‖1/2
2

6C‖∇ jx‖2‖u1x‖
1/2
2 ‖ j‖1/2

2

6
κ1

4
‖∇ jx‖2

2 +C‖ j‖2‖u1x‖2,

and

|I223|6C‖ϕyy‖2‖u1‖
1/2
2 ‖u1x‖

1/2
2 ‖ jx‖1/2

2 ‖ jxy‖1/2
2

6C‖ j‖2‖u1x‖
1/2
2 ‖∆ϕx‖1/2

2 ‖∇ jx‖1/2
2

6
κ1

4
‖∇ jx‖2

2 +C(‖ j‖2
2‖u1x‖2 +‖∆ϕx‖2

2),

Let us turn to the estimate of I4. Denote

I4 =
∫

∂xB1∂xu2hdx dy+
∫

∂xB1∂yu1hdx dy

+
∫

∂xu1∂xB2hdx dy+
∫

∂xu1∂yB1hdx dy

, I41 + I42 + I43 + I44.

For I41, due to the incompressible condition ∂xB1+∂yB2 = 0, thanks to (2.1) and (3.1), we have

|I41|=
∣∣∣∣∫ ∂xB1∂xu2hdx dy

∣∣∣∣
=

∣∣∣∣−∫ ∂yB2∂xu2hdx dy
∣∣∣∣

6C‖∂xu2‖
1/2
2 ‖∂xxu2‖

1/2
2 ‖h‖

1/2
2 ‖hy‖1/2

2 ‖∂yB2‖2

6
ν1

8
‖∂xxu2‖2

2 +
η2

8
‖hy‖2

2 +C‖∂xu2‖2‖∂yB2‖2‖h‖2

6
ν1

8
‖ωx‖2

2 +
η2

8
‖hy‖2

2 +C‖ω‖2‖∂yB2‖2
2‖h‖2,
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|I42|=
∣∣∣∣∫ ∂xB1∂yu1hdx dy

∣∣∣∣
=

∣∣∣∣∫ (u1∂xyB1h+u1∂xB1hy)dx dy
∣∣∣∣

6C‖u1‖
1
2
2 ‖∂xu1‖

1
2
2 ‖h‖

1
2
2 ‖hy‖

1
2
2 ‖∂xyB1‖2

+C‖u1‖
1
2
2 ‖∂xu1‖

1
2
2 ‖∂xB1‖

1
2
2 ‖∂xyB1‖

1
2
2 ‖hy‖2

6C‖u1‖
1
2
2 ‖∂xu1‖

1
2
2 ‖h‖

1
2
2 ‖hy‖

3
2
2 +C‖u1‖

1
2
2 ‖∂xu1‖

1
2
2 ‖∂xB1‖

1
2
2 ‖hy‖

3
2
2

6
η2

8
‖hy‖2

2 +C‖u1‖2
2‖∂xu1‖2

2‖h‖2
2 +C‖u1‖2

2‖∂xu1‖2
2‖∂xB1‖2

2

6
η2

8
‖hy‖2

2 +C‖u1‖2
2‖∂xu1‖2

2‖h‖2
2,

|I43|=
∣∣∣∣∫ ∂xu1∂xB2hdx dy

∣∣∣∣
=

∣∣∣∣∫ ∂yu2∂xB2hdx dy
∣∣∣∣

=

∣∣∣∣∫ (u2∂xyB2h+u2∂xB2hy)dx dy
∣∣∣∣

6C‖u2‖
1
2
2 ‖∂xu2‖

1
2
2 ‖h‖

1
2
2 ‖hy‖

1
2
2 ‖∂xyB2‖2

+C‖u2‖
1
2
2 ‖∂xu2‖

1
2
2 ‖∂xB2‖

1
2
2 ‖∂xyB2‖

1
2
2 ‖hy‖2

6C‖u2‖
1
2
2 ‖∂xu2‖

1
2
2 ‖h‖

1
2
2 ‖hy‖

3
2
2 +C‖u2‖

1
2
2 ‖∂xu2‖

1
2
2 ‖∂xB2‖

1
2
2 ‖hy‖

3
2
2

6
η2

8
‖hy‖2

2 +C‖u2‖2
2‖∂xu2‖2

2‖h‖2
2 +C‖u2‖2

2‖∂xu2‖2
2‖∂xB2‖2

2

6
η2

8
‖hy‖2

2 +C‖u2‖2
2‖∂xu2‖2

2‖h‖2
2,

and

|I44|=
∣∣∣∣∫ ∂xu1∂yB1hdx dy

∣∣∣∣
6C‖∂xu1‖

1/2
2 ‖∂xxu1‖

1/2
2 ‖h‖

1/2
2 ‖hy‖1/2

2 ‖∂yB1‖2

6
ν1

8
‖∂xxu1‖2

2 +
η2

8
‖hy‖2

2 +C‖∂xu2‖2‖∂yB1‖2‖h‖2

6
ν1

8
‖ωx‖2

2 +
η2

8
‖hy‖2

2 +C‖ω‖2‖∂yB1‖2
2‖h‖2.

Inserting all the above estimates into the right-hand side of (3.12), for all t > 0, we finally
conclude

d
dt

E (t)+ν1‖ωx(t)‖2
2 +κ1‖∇ jx‖2

2 +η2‖hy‖2
2 6CR(t)E (t)+R(t). (3.13)

Due to (3.1), we easily deduce ∫ T

0
R(s)ds6C, ∀T > 0, (3.14)
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for some positive constant C that depends only on the initial data (u0,ϕ0). Combining with
(3.13) and (3.14), and applying Gronwall’s inequality implies that (3.10) holds for all t ∈ [0,T ].

�

On account of (3.10), it is not difficult to find the following estimates.

Corollary 3.4. Under the assumptions of Theorem 1.1, let (u,ϕ,B) be a smooth enough solution
of the Cauchy problem (1.3)-(1.4). Then, for all t ∈ [0,T ],∫ t

0
‖∂xxµ(s)‖2

2ds6C, sup
t∈[0,T ]

‖ϕ(t)‖∞ 6C, sup
t∈[0,T ]

{‖ϒ1ϕ(t)‖∞,‖ϒ2ϕ(t)‖∞}6C, (3.15)

where ϒ jϕ :=
∫ 1

0 f ( j)(τϕ1 +(1− τ)ϕ2)dτ, for j > 1, the positive constant C depends only on
ν1,κ1,η2,T and the initial data.

Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Based on the a priori estimates in Propositions 3.1, 3.2 and 3.3, the
rigorous proof of these estimates can be achieved by introducing a smooth-out version of (1.3)-
(1.4) by means of artificial viscosity, magnetic diffusivity and mobility. More precisely, let
α > 0 and δ > 0 be two small parameters and consider a family of solutions (uα,δ ,ϕα,δ ,Bα,δ )
satisfying 

ut +u ·∇u+∇p = ν1uxx +α∆u+B ·∇B−λϕ∇µ,

Bt +u ·∇B−B ·∇u = η2Byy +α∆B,

ϕt +u ·∇ϕ = κ1µxx +α∆µ,

µ =−∆ϕ + f (ϕ),

divu = 0, divB = 0,

(3.16)

subject to the following set of initial conditions

uα,δ (0) = ψδ ∗u0, ϕα,δ (0) = ψδ ∗ϕ0, Bα,δ (0) = ψδ ∗B0, (3.17)

where ψδ (x) = δ−2ψ(x/δ ) for a smooth function ψ > 0, ψ ∈C∞
0 (R2) with ‖ψ‖1 = 1. Since

uα,δ (0),Bα,δ (0) ∈ H2
div and ϕα,δ (0) ∈ H4 are smooth, the standard theory for the regularized

system (3.16)-(3.17) (see, e.g., [31]) guarantees that there exists a smooth solution

(uα,δ ,ϕα,δ ,Bα,δ ) ∈ L∞(R+;H2
div×H4×H2

div).

Actually, using bootstrap arguments, one can check that this regularity controls higher Sobolev
norms. As the initial data (uα,δ (0),ϕα,δ (0),Bα,δ (0)) belongs to Hk

div×Hk+2×Hk
div, for all

k > 0, the solution (uα,δ ,ϕα,δ ,Bα,δ ) thus belongs to Hk
div×Hk+2×Hk

div, for all k > 0, which
will enable us to make all the previous computations rigorous. Furthermore, it is easy to see
that (uα,δ ,ϕα,δ ,Bα,δ ) obeys the a priori estimates in Propositions 3.1, 3.2 and 3.3 uniformly in
(α,δ ). Hence, we can pass to the limit as α→ 0+ and δ → 0+ in (3.16)-(3.17) and deduce that
(u,ϕ,B) is indeed a solution of (1.3)-(1.4) that satisfies properties (1.1).

As a final step, it remains to show that (u,ϕ,B) is also uniquely determined by the initial
data. To this end, let us set ψ := ϕ−ϕ,χ := B−B,v := u−u and µ := µ1−µ2, where (u,ϕ,B)
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and (u,ϕ,B) are any two solutions of the Cauchy problem (1.3)-(1.4). Then we easily realize
that (v,ϕ,χ) solves the system

∂tv+u ·∇v+ v ·∇u+∇ p̃ = χ ·∇B+ B̄ ·∇χ +ν1vxx−∆ψ∇ϕ−∆ϕ∇ψ,

∂t χ + v ·∇B+ ū ·∇χ = η2χyy +χ ·∇u+ B̄ ·∇v,

∂tψ +u ·∇ψ + v ·∇ϕ = κ1µxx,

µ =−∆ψ + f (ϕ)− f (ϕ̄),

divv = 0, divχ = 0,

v|t=0 = 0, ψ|t=0 = 0, χ|t=0 = 0.

(3.18)

Taking the inner product in L2(R2) of (3.18)1 with v, (3.18)2 with χ , (3.18)3 with −∆ψ,ψ and
(3.18)4 with −κ1µxx, respectively, we deduce that

1
2

d
dt
(‖v(t)‖2

2 +‖χ(t)‖2
2 +‖ψ(t)‖2

H1)+ν1‖vx‖2
2 +κ1‖µx‖2

2 +η2‖χy‖2
2

=−κ1
〈
µx,ψx

〉
2−〈v ·∇u,v〉2 + 〈−∆ϕ∇ψ,v〉2 + 〈u ·∇ψ,∆ψ〉2

−〈v ·∇ϕ,ψ〉2 +κ1
〈
∂x( f (ϕ)− f (ϕ)),µx

〉
2 + 〈χ ·∇u,χ〉2

, J1 + J2 + J3 + J4 + J5 + J6 + J7.

(3.19)

Obviously,

J1 = κ1〈µx,ψx〉2 6
κ1

2
‖µx‖2

2 +C‖ψ‖2
H1.

In order to bound J2, we write it explicitly and split it up in three integrals as follows:

J2 =
∫ ∫

(v1)
2u1xdx dy+

∫ ∫
v1v2u2xdx dy+

∫ ∫
(v2)

2u2ydx dy

, J21 + J22 + J23.

Using (2.2), the incompressible condition ∂xv1 + ∂yv2 = 0 and the energy estimate (3.10), we
deduce that

J21 =−2
∫ ∫

v1v1xu1dx dy

6C‖v1x‖2‖v1‖
1/2
2 ‖v1x‖

1/2
2 ‖u1‖

1/2
2 ‖u1y‖

1/2
2

6C‖v‖1/2
2 ‖vx‖3/2

2

6
ν1

16
‖vx‖2

2 +C‖v‖2
2.

Similarly, for J22 and J23, we have

J2 6
3ν1

16
‖vx‖2

2 +C‖v‖2
2. (3.20)

Similarly,

J7 6
3ν1

16
‖vx‖2

2 +C‖χ‖2
2. (3.21)
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In view of (2.1), (2.4), and (3.10) and the incompressible condition ∂xv1 + ∂yv2 = 0, we find
from Young’s inequality that

J3 6C‖∆ϕ‖2‖ψx‖∞‖v‖2 +C‖∆ϕ‖2‖ψy‖1/2
2 ‖ψxy‖1/2

2 ‖vy‖1/2
2 ‖v‖

1/2
2

6C‖v‖2
2 +η2(‖∇ψ‖2

2 +‖∆ψx‖2
2)

+
ν1

8
‖vx‖2

2 +C‖v‖2/3
2 ‖∇ψ‖2/3

2 ‖∇ψx‖2/3
2

6
ν1

8
‖vx‖2

2 +C(‖v‖2
2 +‖∇ψ‖2

2)+η2(‖∆ψx‖2
2 +‖∇ψx‖2

2),

for every η ∈ (0,κ/2). Collecting the above estimates, we see that

J3 6
ν1

2
‖vx‖2

2 +C(‖v‖2
2 +‖∇ψ‖2

2)+η2‖(∆ψ)x‖2
2. (3.22)

In order to properly estimate J4 + J5, one proceeds exactly as for the above integral J3. Indeed,
similar computations give without too much difficulty that

J4 + J5 6
ν1

2
‖vx‖2

2 +C(‖v‖2
2 +‖∇ψ‖2

2)+η2‖(∆ψ)x‖2
2, (3.23)

for some sufficiently small η2 < κ1/2. For J6, applying (3.15) yields

J6 6
κ1

4
‖µx‖2

2 +C‖∂x( f (ϕ)− f (ϕ))‖2
2 6

κ1

4
‖µx‖2

2 +C(‖∇ψ‖2
2 +‖ψ‖2

2). (3.24)

Finally, it follows from (3.18)4 and (3.15), that

‖ jx‖2
2 6 ‖µx‖2

2−‖∂x( f (ϕ)− f (ϕ))‖2
2 6 ‖µx‖2

2 +C(‖∇ψ‖2
2 +‖ψ‖2

2). (3.25)

Plugging (3.20), (3.21), (3.22), (3.23), (3.24), and (3.25) into (3.19) yields that
1
2

d
dt
(‖v(t)‖2

2 +‖χ(t)‖2
2 +‖ψ(t)‖2

H1)+ν1‖vx‖2
2 +κ1‖µx‖2

2 +η2‖χy‖2
2

6C(‖v(t)‖2
2 +‖χ(t)‖2

2 +‖ψ(t)‖2
H1),

which together with Gronwall’s inequality concludes the uniqueness holds.

The purpose of this section is to exhibit the proof of Theorem 1.2. We divide it into the
following three propositions.

Proposition 3.5. Under the assumptions of Theorem 1.2, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3) -(1.4). Then

‖u(t)‖2
2 +‖ϕ(t)‖2

H1 +‖B(t)‖2
2 +

∫ ∫
R2

F(ϕ)dx dy+
∫ t

0
(ν2‖uy(s)‖2

2 +κ2‖µx(y)‖2
2 +η1||Bx||22)ds

≤ QT
(
‖u0‖2 +‖ϕ0‖H1 +‖B0‖2

)
,

(3.26)

for all t ∈ [0,T ], where the positive monotone function QT depends only on ν2,κ2, and η1.

Proof. The derivation is similar to Proposition 3.1, we omit it here.

Proposition 3.6. Under the assumptions of Theorem 1.2, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for all t ∈ [0,T ],∫ t

0
‖∆ϕy(s)‖2

2ds6C, (3.27)
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where the positive constant C depends only on ν2,κ2,η1,T , and the initial data.

Proof. First, multiplying (1.3)4 by ϕyy, integrating over R2, and employing the assumption (ii),
Hölder’s and Young’s inequalities, thanks to (2.2), we conclude that

‖∇ϕy‖2
2 6C

(
‖ϕyµy‖1 +‖( f (ϕ))yϕy‖1

)
6C

(
‖µy‖2

2 +‖ϕy‖2
2 +‖ϕ‖

(p+1)
2(p+1)‖ϕy‖2

4
)

6C
(
‖µy‖2

2 +‖ϕy‖2
2 +‖ϕ‖

2(p+1)
2(p+1)+ δ̃‖ϕy‖4

4
)

6C
(
‖µy‖2

2 +‖ϕy‖2
2 +‖ϕ‖

2(p+1)
2(p+1)

)
+Cδ̃‖ϕy‖2

2‖ϕyy‖2‖ϕxy‖2.

Taking a sufficiently small positive δ̃ and using H1 ⊂ Ls(s> 2) and (3.26) implies that

∇ϕy ∈ L2([0,T ];L2(R2)). (3.28)

In order to deduce a proper upper bound for the L2-norm of ∆ϕy, we exploit equation (1.3)4
once more. Using (3.26) and (2.2), and recalling the fact that f satisfies bound (ii), we have

‖∆ϕy‖2
2 6C(‖µy‖2

2 +‖( f (ϕ))y‖2
2)

6C‖µy‖2
2 +C‖ϕ‖2(p+1)

4(p+1)‖ϕy‖2
4

6C‖µy‖2
2 +C

(
1+‖ϕyy‖2

2 +‖ϕxy‖2
2
)
,

which together with (3.26) and (3.28) implies that (3.27) holds.

Proposition 3.7. Under the assumptions of Theorem 1.2, let (u,ϕ,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then

‖ω(t)‖2
2 +‖ϕ(t)‖2

H2 +‖h(t)‖2
2 +

∫ t

0
(ν2‖ωy(s)‖2

2 +κ2‖µxx(s)‖2
2 +η1‖hx(s)‖2

2)ds6C, (3.29)

for all t ∈ [0,T ], for some positive constant C which depends only on ν2,κ2,η1,T and the initial
data.

Proof. Note that j = ∆ϕ and h = ∇×B solves the following system
∂tω +u ·∇ω = ν2ωyy−d ·∇ j+B ·∇h,

∂th+u ·∇h = η1hxx +B ·∇ω +2∂xB1(∂xu2 +∂yu1)−2∂xu1(∂xB2 +∂yB1),

∂t j+κ2∆ jyy +u ·∇ j+d ·∇ω =−2∇u1 ·∇ϕx−2∇u2 ·∇ϕy +κ2∆( f (ϕ))yy.

(3.30)

Set

Ẽ (t) := ‖ω(t)‖2
2 +‖ j(t)‖2

2 +‖h(t)‖2
2, R̃(t) :=C(1+‖ jy‖2

2 +‖uy‖2
2 +‖∇ϕy‖2

2).
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First, take the inner products in L2 of (3.30)1 with ω , (3.30)2 with h and (3.30)3 with j respec-
tively, integrating by parts, and then adding the resulting equalities, we obtain

d
dt

Ẽ (t)+2ν2‖ωy‖2
2 +2κ2‖∇ jy‖2

2 +2η1‖hx‖2
2

=−2
∫ ∫

(∇u2 ·∇ϕy) j dx dy−2
∫ ∫

(∇u1 ·∇ϕx) j dx dy

+2κ2

∫ ∫
∆( f (ϕ))yy j dx dy+2

∫
[∂xB1(∂xu2 +∂yu1)−∂xu1(∂xB2 +∂yB1)]h dx dy

, K1 +K2 +K3 +K4.
(3.31)

We bound term by term above in what follows. To bound K3, we integrate by parts twice and
divide K3 further into two terms:

K3 = 2κ2

∫ ∫
f
′
(ϕ)∇ϕy ·∇ jydx dy+2κ2

∫ ∫
f
′′
(ϕ)ϕy∇ϕ ·∇ jydx dy

, K31 +K32.

Employing (2.1), (2.2), the assumption (ii) on f and Young’s inequality, H1 ⊂ Ls(s > 2), and
(3.26), we have

|K31|6C‖∇ jy‖2‖ f
′
(ϕ)‖1/2

2 ‖ f
′′
(ϕ)ϕy‖1/2

2 ‖∇ϕy‖1/2
2 ‖∇ϕyy‖1/2

2

6
κ2

8
‖∇ jy‖2

2 +C‖ f
′
(ϕ)‖2‖ f

′′
(φ)ϕy‖2‖∇ϕy‖2‖∇ϕyy‖2

6
κ2

8
‖∇ jx‖2

2 +C(1+‖ϕ‖p+1
2(p+1))

×
(
C‖ϕ‖p1

4p‖ϕy‖1/4
2 ‖ϕxy‖1/4

2 ‖ϕyy‖1/4
2
)
‖∇ϕy‖2‖∇ϕyy‖2

6
κ2

8
‖∇ jy‖2

2 +C‖ j‖3/2
2 ‖∆ϕy‖2.

Applying (2.1), (2.2), (2.3), the assumption (ii) on f , H1 ⊂ Ls(s> 2), and (3.26), we infer that

|K32|6C(‖∇ϕ‖4‖ϕy‖2‖∇ jy‖2 +‖φ‖2p+1
12(2p+1)‖∇ϕ‖4‖ϕy‖6‖∇ jy‖2)

6C‖∇ϕ‖1/2
2 ‖∇ϕx‖1/4

2 ‖∇ϕy‖1/4
2 ‖∇ jy‖2

+C‖ϕ‖2p+1
12(2p+1)

(
‖∇ϕ‖1/2

2 ‖∇ϕx‖1/4
2 ‖∇ϕy‖1/4

2 ‖ϕy‖5/12
2 ‖ϕxy‖1/4

2 ‖ϕyy‖1/4
2
)

×‖ϕxxy‖1/48
2 ‖ϕyyy‖1/48

2 ‖ϕxyy‖1/24
2 ‖∇ jy‖2

6C‖∇ jy‖2‖ j‖1/2
2 +C‖ j‖2‖∆ϕy‖1/12

2

6
κ2

8
‖∇ jy‖2

2 +C‖ j‖2 ++C‖ j‖2‖∆ϕy‖1/12
2 .

For K1, we split it into two parts:

K1 =−2
∫ ∫

u2xϕxy j dx dy−2
∫ ∫

u2yϕyy j dx dy, K11 +K12.
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Applying (2.1) to K11 and K12, and then using Young’s inequality, we have

|K11|6C‖ j‖2‖u2x‖
1/2
2 ‖u2xy‖

1/2
2 ‖ϕxy‖1/2

2 ‖ϕxxy‖1/2
2

6C‖ j‖2‖ω‖
1/2
2 ‖ωy‖1/2

2 ‖ϕxy‖1/2
2 ‖∆ϕx‖1/2

2

6
ν2

8
‖ωy‖2

2 +C‖ j‖4/3
2 ‖ω‖

2/3
2 ‖ϕxy‖2/3

2 ‖∆ϕy‖2/3
2 ,

and
|K12|6C‖ j‖2‖u2y‖

1/2
2 ‖u2yy‖

1/2
2 ‖ϕyy‖1/2

2 ‖ϕxyy‖1/2
2

6C‖ j‖3/2
2 ‖u2y‖

1/2
2 ‖ωy‖1/2

2 ‖∆ϕy‖1/2
2

6
ν2

8
‖ωy‖2

2 +C‖ j‖2
2‖u2y‖

2/3
2 ‖∆ϕy‖2/3

2 .

For K2, we divide K2 = K21 +K22 as follows

K21 :=−2
∫ ∫

u1xϕxx j dx dy, K22 :=−2
∫ ∫

u1yϕxy j dx dy.

By virtue of the incompressible condition ∂xu1 +∂yu2 = 0, (2.1) and (3.26), we get

|K21|6C‖ j‖2‖u2y‖
1/2
2 ‖u2xy‖

1/2
2 ‖ϕxx‖1/2

2 ‖ϕxxy‖1/2
2

6C‖ j‖3/2
2 ‖u2y‖

1/2
2 ‖ωy‖1/2

2 ‖∆ϕy‖1/2
2

6
ν2

8
‖ωy‖2

2 +C‖ j‖2
2(1+‖u2y‖2

2 +‖∆ϕy‖2
2).

In order to estimate K22, we split the integral into two parts and integrate by parts twice. More
precisely, we have

K22 = 2
∫ ∫

(u1y j)xϕydx dy = 2
∫ ∫

u1xy jϕydx dy+2
∫ ∫

u1y jxϕydx dy

= 2
∫ ∫

u1xy jϕydx dy−2
∫ ∫

u1 jxyϕydx dy−2
∫ ∫

u1 jxϕyydx dy

, K221 +K222 +K223.

It follows from (2.1) and (3.26), that

|K221|6C‖u1xy‖2‖ j‖1/2
2 ‖ jy‖1/2

2 ‖ϕy‖1/2
2 ‖ϕxy‖1/2

2

6C‖ωy‖2‖ j‖1/2
2 ‖∆ϕy‖1/2

2 ‖∇ϕy‖1/2
2

6
ν2

4
‖ωy‖2

2 +C‖ j‖2‖∆ϕx‖2‖∇ϕy‖2

6
ν2

8
‖ωy‖2

2 +C‖ j‖2
2‖∆ϕx‖2

2 +‖∇ϕy‖2
2.

Using (2.1) and (3.26), thanks to the incompressible condition ∂xu1 +∂yu2 = 0, we have

|K222|6C‖ jxy‖2‖u1‖
1/2
2 ‖u1x‖

1/2
2 ‖ϕy‖1/2

2 ‖ϕyy‖1/2
2

6C‖∇ jy‖2‖u1x‖
1/2
2 ‖ j‖1/2

2

6
κ2

8
‖∇ jy‖2

2 +C(‖ j‖2
2 +‖u2y‖2

2),
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and

|K223|6C‖ϕyy‖2‖u1‖
1/2
2 ‖u1x‖

1/2
2 ‖ jx‖1/2

2 ‖ jxy‖1/2
2

6C‖ j‖2‖u1x‖
1/2
2 ‖ jx‖1/2

2 ‖∇ jy‖1/2
2

6
κ2

8
‖∇ jy‖2

2 +C‖ j‖2
2(‖u2y‖2

2 +‖ jx‖2
2).

For K4, we rewrite it as follows

K4 =
∫

∂xB1∂xu2hdx dy+
∫

∂xB1∂yu1hdx dy+
∫

∂xu1∂xB2hdx dy+
∫

∂xu1∂yB1hdx dy

, K41 +K42 +K43 +K44.

It follows from (2.1) and Young’s inequality, that

|K41|=
∫
|∂xB1||∂xu2||h|dx dy

6C‖∂xu2‖
1/2
2

∥∥∂xyu2
∥∥1/2

2 ‖h‖
1/2
2 ‖hx‖1/2

2 ‖∂xB1‖2

6
ν2

8
‖∂xyu2‖2

2 +
η1

8
‖hx‖2

2 +C‖∂xu2‖2‖∂xB1‖2‖h‖2

6
ν2

8
‖ωy‖2

2 +
η1

8
‖hx‖2

2 +C‖ω‖2‖∂xB1‖2
2‖h‖2

and

|K42|=
∫
|∂xB1||∂yu1||h|dx dy

6C‖∂xB1‖
1
2
2 ‖∂xxB1‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∂yyu1‖

1
2
2 ‖h‖2

6
ν2

8
‖∂yyu1‖2

2 +
η1

8
‖∂xxB1‖2

2 +C‖∂xB1‖‖∂yu1‖2‖h‖2
2

6
ν2

8
‖ωy‖2

2 +
η1

8
‖hx‖2

2 +C
(
‖∂xB1‖2

2 +‖∂yu1‖2
2
)
‖h‖2

2.

Integrating by parts and then using (2.1) and Young’s inequality yield

|K43|=
∣∣∣∣∫ ∂xu1∂xB2hdx dy

∣∣∣∣
=

∣∣∣∣∫ (u1∂xxB2h+u1∂xB2hx)dx dy
∣∣∣∣

6C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖h‖

1
2
2 ‖hx‖

1
2
2 ‖∂xxB2‖2

+C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖∂xB2‖

1
2
2 ‖∂xxB2‖

1
2
2 ‖hx‖2

6C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖h‖

1
2
2 ‖hx‖

3
2
2 +C‖u1‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∂xB2‖

1
2
2 ‖hx‖

3
2
2

6
η1

4
‖hx‖2

2 +C‖u1‖2
2‖∂yu1‖2

2‖h‖2
2 +C‖u1‖2

2‖∂yu1‖2
2‖∂xB2‖2

2

6
η1

4
‖hx‖2

2 +C‖u1‖2
2‖∂yu1‖2

2‖h‖2
2,
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and

|K44|=
∣∣∣∣∫ ∂xu1∂yB1hdx dy

∣∣∣∣
6

∣∣∣∣∫ (u1∂xyB1h+u1∂yB1hx)dx dy
∣∣∣∣

6C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖h‖

1
2
2 ‖hx‖

1
2
2 ‖∂xyB1‖2

+C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖∂yB1‖

1
2
2 ‖∂xyB1‖

1
2
2 ‖hx‖2

6C‖u1‖
1
2
2 ‖∂yu1‖

1
2
2 ‖h‖

1
2
2 ‖hx‖

3
2
2 +C‖u1‖

1
2
2 ‖∂yu1‖

1
2
2 ‖∂yB1‖

1
2
2 ‖hx‖

3
2
2

6
η1

4
‖hx‖2

2 +C‖u1‖2
2‖∂yu1‖2

2‖h‖2
2 +C‖u1‖2

2‖∂yu1‖2
2‖∂yB1‖2

2

6
η1

4
‖hx‖2

2 +C‖u1‖2
2‖∂yu1‖2

2‖h‖2
2.

Inserting all the above estimates into the right-hand side of (3.31), we finally conclude, for all
t > 0, that

d
dt

E (t)+ν2‖ωy(t)‖2
2 +κ2‖∇ jy‖2

2 +η1‖hx‖2
2 6CR̃(t)Ẽ (t)+ R̃(t). (3.32)

According to estimates (3.26), (3.27), and (3.28), we easily deduce∫ T

0
R(s)ds6C, ∀T > 0. (3.33)

Applying Gronwall’s inequality to (3.32) and taking (3.33) into account imply that (3.29) holds
for all t ∈ [0,T ]. �

Now we are in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 With the a priori bounds in Propositions 3.5, 3.6 and 3.7 at our disposal,
the proof of the remaining Theorem 1.2 can be achieved by the similar method in Theorem 1.1,
we omit it here. Following a similar derivation process of Theorems 1.1-1.2, we also obtain the
proof of Theorems 1.3-1.4, and omit it here.
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