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GLOBAL WELL-POSEDNESS FOR THE 2D INCOMPRESSIBLE
CAHN-HILLIARD-MHD EQUATIONS WITH MIXED PARTIAL VISCOSITY,
MAGNETIC DIFFUSION, AND MOBILITY

CHENHUA WANG, FUYI XU*
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Abstract. This paper focuses on the Cauchy problem of the 2D incompressible Cahn-Hilliard-MHD
equations. We construct the global well-posedness of strong solutions to the model without full viscosity,
magnetic diffusion, and mobility.
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1. INTRODUCTION

The incompressible Magnetohydrodynamics (MHD) equations describe the motion of an
electrically conducting fluid in the presence of the magnetic field which essentially needs to
consider the interaction between the fluid velocity and the magnetic field [5, 6, 13]. The classi-
cal incompressible MHD system takes the following form

du+u-Vu—vAu+Vp=B-VB,
dB+u-VB—NAB=B-Vu, (1.1)
divu =divB =0,

where u, B, and p describe the velocity field, the magnetic field and the pressure respectively,
v > 0 is the kinematic viscosity and 11 > 0 is the magnetic diffusivity. Here, it should point
out that system (1.1) is only a single-phase MHD model. However, there is a variety of differ-
ent multi-phase flow phenomena in real-world applications, such as the Aluminum electrolysis
cells, metallurgical industry, pump accelerators, MHD generators and fusion reactors [15,27].
Thus one needs to study the interaction of electromagnetic fields with two incompressible, im-
miscible and electrically conducting fluids, i.e., a two-phase MHD problem. For example, in
metallurgy processes, bubbles are always injected into the molten metal for stirring and homog-
enizing the liquid metal and the magnetic field is imposed to control the bubble motion in a
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contactless method. In MHD generators and pump accelerators, some experimental and analyt-
ical studies on the flow of two immiscible fluids in a channel under an external magnetic field
are carried out [28,30]. At present, one fundamental problem for two-phase MHD problem is
the interfacial dynamics between two different incompressible fluids. In numerous situations, it
may not be convenient or accurate for the classical sharp interface model to describe the topo-
logical transitions of interfaces, such as self-intersection, pinch-off, reconnection and splitting
during the evolution of interface [2, 16]. In the last decades, the diffuse interface (phase field)
method has been widely applied to model and simulate the topological transitions of interfaces.
This method assumes that the fluids are mixed and store the mixing (elastic) energy within the
thin layer of finite thickness. The surface tension force on the fluids was extensively derived via
the variational approach (see, e.g., [9,23,37]). It was known that the sharp interface model can
be recovered in the limit as the interface thickness approaches zero [3,26]. For the extensive
study on the phase field approach, we refer to [14,24] and the references therein. For the phase
field ¢, the free energy of two-phase fluids is

E(p) :/Q (%IVrp!zﬂLéF(fp)) dx,

where F(¢) models the immiscibility of the fluid components. The two minima of F(¢), i.e.,
¢ = %1, correspond to two stable phases of the fluids. The first term (i.e., the gradient energy)
and second term (i.e., the bulk energy) of E(¢), respectively, represent the hydrophilic and
hydrophobic parts of the free energy. It is known that the Allen-Cahn equation is the L?-gradient
flow of the free energy E(¢) and the Cahn-Hilliard equation is the H~!-gradient flow of E(¢)
[17]. To preserve the mass conservation, i.e., % fQ @(x,t)dx = 0, one needs to consider the
following Cahn-Hilliard equations

. d
¢ =div <K‘V£> = KAU,
noo=5g=—Ap+5f(0),

where 1 represents the chemical potential which is given by the variational derivative of the
energy E with respect to @, f(¢) = F'(¢), and k, € denote the mobility of the mixture and
width of the interfacial layer, respectively.

Then combining the physics of MHD fluids and the phase field approach, researchers [11,32]
proposed a new diffuse interface model to describe the flow of two incompressible, immiscible
and electrically conducting fluids with different viscosities and electric conductivities, which is
called the Cahn-Hilliard-MHD ( CH-MHD for short) model. The governing equation consists
of the Cahn-Hilliard equations, Navier-Stokes equations, and the Maxwell’s equations, which
are coupled through convection, stresses, and Lorentz forces. More precisely, the CH-MHD
system reads as follows

(Gu+u-Vu—vAu+Vp=B-VB—-Adiv(Vo@ Vo),
dB+u-VB—NAB=B-Vu,
¢ +u-Vo =KAL, (1.2)

1
p=—A0+5f(9).
( divu =0, divB =0,
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where the surface tension div(V¢ ® V@) is often called the Korteweg force, and A is capillary
coefficient. From the viewpoint of partial differential equations, system (1.2) is a highly non-
linear coupled system. Such a model has extensive application prospects in the fields of nuclear
fusion, metallurgy, liquid metal magnetic pumps, aluminum electrolysi,s and so on [13,22,27].
We here point out that system (1.2) includes several important models as special cases. When
B =0, it turns into the known incompressible Navier-Stokes-Cahn-Hilliard ( NS-CH for short)
system, which was studied by many researchers (see, e.g., [1,4, 18,21]) and the references
therein. When ¢ is absence, system (1.2) reduces the classical incompressible MHD equations
(1.1). Due to its mathematical challenges and broad physical applications, there are extensive
results on the well-posedness of solutions for this system (see, e.g., [10,33,36]). At present,
the study on the CH-MHD model can be traced back to [11,32], which mainly focused on the
numerical scheme (see, e.g., [11,34,35]).

However, to the best of our knowledge, there is no result regarding on the mathematical anal-
ysis of system (1.2). Recently, there are numerous results focusing on the global well-posedness
of the anisotropic viscosity for the incompressible fluids, for example, MHD equations [8, 10],
Boussinesq equations [7, 12] and Navier-Stokes-Cahn-Hilliard system [4]. It should be also
emphasized that experimental evidence [25,29] shows that, in certain regimes and after suitable
rescaling, the vertical/horizontal mobility is negligible with respect to the horizontal/vertical
mobility. Therefore, these results motivate us to study the global well-posedness of the follow-
ing 2D CH-MHD model in R x R?%:

(U +u-Vu+Vp = Vil +Vauyy+B-VB— AoV,
Bi+u-VB—B-Vu= rllex"‘nZByya
O+ u- VO = Ki Ly + Koy, (1.3)
1
( divu =0,divB =0,

where the term A@Vu in (1.3); is the continuum surface tension force in the potential form
[16,23,26], which is more convenient to get energy estimate (see, e.g., [1,19,20]) and originates
from the phase induced force in the stress form

. A A A
Adiv(Vo©Ve) = AApVe+ S V|Vl = 1gVp+ V(?F((p) A+ E|V<p|2>,
where V@ ® V¢ is the induced elastic stress due to the mixing of the different phases. Then, the
pressure in (1.3); is given by p + ?—2F((p) —Aup+ %|V(p|2 (still denote by p for simplicity).
Here, we are concerned with the Cauchy problem of the system (1.3) subject to the initial data

U=o = U0, By—o=DBo, @=0= Po. (1.4)

The goal of the this paper is to establish the global regularity and uniqueness of strong solution
to Cauchy problem (1.3) -(1.4). We first assume the following conditions on the regular potential
F:
(i) F € C3(R,R) satisfies
F(s)

| s|—o0 s
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(ii) f=F " satisfies limy o inf f (s) > 0, and there exists a constant so > 0 such that, for all

Is| = s0, |f (5)] < Cy|s|?, for some Cy >0and p > 1.
Now we state our main results as follows.

Theorem 1.1. Consider the 2D system (1.3) with vi =k, =11 =0,vi >0,k > 0,1m, > 0.
Assume that (i)-(ii) hold. For any initial data (uo,Bo, @) € H}. (R?) x HL (R?) x H*(R?), the
Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u, ®,B) which satisfies the
equations in the sense of distributions. Moreover,

(u, @, B) € L7([0,00); H' (R?) x H'(R?) x H*(R?))
%9 € L2([0,%); L3 (R?)), p € L7([0,00);L*(R?)),
o Mo € L2([0,0); L2 (R?)), @y, hy € L2([0,00);L7(R?)),
where @ =V X u, h =V X B represent the vorticity and the current density, respectively.

Theorem 1.2. Consider the 2D system (1.3) with vi =K1 =1mN2=0,v, >0,k > 0,17 > 0.
Assume that (i)-(ii) hold. For any initial data (uo,Bo, o) € HL (R?) x H} (R?) x H*(R?),
Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u,®,B) which satisfies the
equations in the sense of distributions. Moreover,

(u,@,B) € L([0,00); H' (R?) x H' (R?) x H?*(R?))
0,9 € L*([0,00); LA(R?)), € L™([0,00); L*(R?)),
Uy, My € L*([0,00):L*(R?)), @y, hy € L*([0,00);:L*(R?)).

Theorem 1.3. Consider the 2D system (1.3) with vi =1 =1, =0, v, > 0, k1 > 0,11 > 0.
Assume that (i)-(ii) hold. For any initial data (uo,Bo, o) € H} (R?) x H} (R?) x H*(R?),
Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u, ®,B) which satisfies the
equations in the sense of distributions. Moreover,

(u,0,B) € L([0,00); H' (R?) x H' (R?) x H*(R?))
0,9 € L*([0,00); L2(R?)), € L™([0,00); L*(R?)),
e, M € L2([0,00):L2(R?)), @y, hy € L*([0,00);:L*(R?)).

Theorem 1.4. Consider the 2D system (1.3) with v, = k1 =11 =0,v; >0,k > 0,1, > 0.
Assume that (i)-(ii) hold. For any initial data (uo, By, @) € H}. (R?) x H}. (R?) x H*(R?), the
Cauchy problem (1.3) -(1.4) admits a unique global strong solution (u, ®,B) which satisfies the
equations in the sense of distributions. Moreover, we have

(u,,B) € L([0,00); H' (R?) x H' (R?) x H?*(R?))
0,9 € L*([0,00); L2(R?)), € L7([0,00); L*(R?)),
Uy, My € L*([0,00);L*(R?)), @, hy € L*([0,00);:L*(R?)).

2. PRELIMINARIES

We first need to fix some notation. Throughout this paper, the L’ —norm is denoted by || - || »,
the H*—norm by || - ||z and the norm in the Sobolev space W*” by || - [lwsr. (-,-)2 and (-,-)gs
denote the usual scalar product in L? and H*, respectively. Let Hj, (R?) = the closure of {u €
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Cq(R?) : div u = 0} with respect to H*(R?)-norm for any s > 0 (of course, the convention is
that H = L?). In order to establish sufficiently strong a priori estimates for solutions of Cauchy
problem (1.3) -(1.4), the following elementary inequalities play an important role.

Lemma 2.1. [/0] Assume that f,g,gy,h, and hy belong to L?(R?). Then, the following estimate
holds:

1/2

| [ \saniax ay < ciilely e 13 1y >y 1

Lemma 2.2. [12] (i) Assume that f € H'(R?). The following inequality holds:

1A1ls < CIFI 1A a1 2.2)
(ii) Assume that f € H*(R?). The following inequalities hold:
1£lle < CUA 1A AN 1 el 1y B Ao ll3/ (2.3)
and for f € H*(R?) with s = max(sy,s2) > 0,
1f e < CUIFN2+ 108 Fll2+ 1022 £112). (2.4)

forany sy,s2 > 0 such that 1/s;+1/sy < 2.

3. MAIN RESULTS

This section is devoted to proving Theorem 1.1. For a clear presentation, we split the proof
into the following three propositions. For the sake of simplicity, we now set € = 1.

Proposition 3.1. Under the assumptions of Theorem 1.1, let (u,@,B) be a smooth enough so-
lution of the Cauchy problem (1.3) -(1.4). Then

1
()17 + 1 () 75 +HB(I)H%+/RQF(<P)dxdy+/O (Villaa ()13 + 51 | (5113 -+ 2] By 13) ds

< Or(|luoll2+ |oll 1 + l|Boll2) s
(3.1)

forallt € [0,T], where the positive monotone function Qr depends only on vy, ki, M.

Proof. Taking the inner product in L?(R?) of (1.3); with u, after integrating by parts, and owing
to divu = 0, we obtain

2dt/|u|2dx——v1/|ux|2dx+/3 VB udx+/,qu) udx. (3.2)

Similarly,

1d

ia/|B|2obc+/u .VB-Bdx = —772/ |By|dx. (3.3)
Taking the inner product in L?(R?) of (1.3)4 with 9, ¢, after integrating by parts, and owing to

= f, we see that
/(pt udx———/|V |2dx—|—d / (3.4)

Taking the inner product in L*(R?) of (1.3)3 with u, after integrating by parts, we see that

/(pt-udx+/u-V(p-udx:—K1/|ux]2dx. (3.5)
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By summing (3.2), (3.3), (3.4), and (3.5), we arrive at

%(||u<t>||§+||v§o<r>||%+ 1B®)II3

(3.6)
+2/ @)cbx dy) +2vi Jux(1) 13 + 251 || 14 (1) 13+ 22| By (1) 1 = O

Integrate now (3.6) over (0,7) and recall that Cr; Is|? < F(s) < CFQMPH, for all |y| > yo, for
some Cr1,Crp > 0 (these inequalities are an immediate consequence of assumptions (i) and
(ii)). It then follows from the fact H' C L*(s > 2) that

a3+ Vo3 +IB0E+2 [ [ Flow)ardy
+ [ () +2x1 s 5) B+ 22 B, 5) [B)as < €

for all 7 € [0, T]. Moreover, taking the inner product in L?(R?) of (1.3); with ¢ and integrating
by parts, we obtain

%H(P(l)H% = =21 (1e(1), @x(1))2 < K1 (D) 13+ [ @u(0)[3). (3.7)

Finally, integrating (3.7) over (0,¢), the desired inequality (3.1) follows easily in view of the
preceding estimate. 0

In order to deduce higher-order dissipative estimates, we need exploit some estimates for the
chemical potential u as follows.

Proposition 3.2. Under the assumptions of Theorem 1.1, let (u,@,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for all t € [0,T],

t
[ 1aeusl3as <c. (3.8)
where the positive constant C depends only on vi,K1,M2,T, and the initial data.

Proof. First, multiplying (1.3)4 by @y, integrating over R?, and employing the assumption (ii),
Holder’s and Young’s inequalities, we conclude by (2.2) that

||V§0x||%<c(”(l)x“x”l+”( ( ))x(prl)

(p+1)
a2+ l:l3 + H(PHf,,H

)H‘PxH4)
1
b+ ledlt)
)
)

2(
(
200 +C8 )1 0ul3l1 2l s -

c(
Cllual3 + llgsll3 + Nl
( p+1

<C(llmllz+lloul3+ ol
Taking a sufficiently small positive § and using H! C L*(s > 2) and (3.1) imply that

Vo, € L*([0,T]; L*(R?)). (3.9)
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In order to deduce a proper upper bound for the L>-norm of A@,, we exploit equation (1.3),
once more. Using (3.1) and (2.2), and recalling the fact that f satisfies the bound (ii), we have

1A@[17 < C(llell3 + (£ (@))l2)

C

2 1
Cllul3+Cllolzh el
C

<
<Cllul3 +C(1+ lpell3 + ll9113).
which together with (3.1) and (3.9) implies that (3.8) holds.

Proposition 3.3. Under the assumptions of Theorem 1.1, let (u,@,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for all t € [0,T],

t
Hw(t)l\§+||<P(t)||§12+||h(l)||%+/0(Vlex(S)II%JrK1||uxx(S)H%+nz||hy(S)H%)ds<C, (3.10)

where the positive constant C depends only on v, k1,12, T, and the initial data.
Proof. Observe that @,/ and j = A solve the following system

O +u-Vo=ViWy—d-Vj+B-Vh,
hy +u-Vh=nhy,+B-V@+20.Bi(dsus + dyuy) — 20,u; (dxBz + dyB1), (3.1
8tj+ Klijx—l—u . V]—l—d Vo = —2Vu, 'V(Px —2Vuy - V(py + K'lA(f((p))xx,

where d = V+t¢p, V+ =(d,,—d,). Denote
E@) = o3+ +I1RO13,  Z() = CO+ |jall3 + w3+ |1By]13).

Taking the [?-scalar product of (3.11), (3.11);, and (3.11)3 with @, j and & respectively, we
conclude that

d .
3 &0 +2v leoll3 + 21 [[V a3 + 2121y 13

=2 [ [e-vo)javdy—2 [ [(Vur-Vejardv+2m [ [A(f(9))uidxay
+2 / [04B1 (Qyttz + dyitr) — ity (9B + yB1)] h dx dy

2Nh+hL+L+1L.
(3.12)
We bound term by term above in what follows. For I3, we integrate by parts twice and divide /3
further into the following two terms:

s=2k [ [f(0)Ve. Vidrdy+2w [ [ £ (9)p.Ve Vidrdy
2 L1+ 1.
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Using (2.1), (2.2), the assumption (ii) on f, Young’s inequality, H!' C L’(s > 2), and (3.3), we

obtain

1/2 1/2 1/2

1| < CIVilallF (@)1 21 (@) o1y 2V el 1y Ve 14
K . "
< IViB+CIF @I1F (9)9 12V 21|V il

< —ijx||2+cu+u<p||”
1/4
[

2p1)

1/4
< [Clol, vy [@nl * lnlly I Voull2 | Vul o
It follows from (2.1), (2.2), (2.3), assumption (ii) for the function f and Young’s inequality,
thanks to H! C L*(s > 2) and (3.3), we deduce that

2p+1 .
2] S CUIVOlall@xll2 IV jiall2 + 1011755, 1) IV @llall @i ll6 ]V jicll2)
1/2

1/4

1/4 1/4
<C|Vo Y *IVedly Ve 1 IV L2
2p+1 1/2 1/4 1/4
+Cllol5en o VOl IV ey Vel e
1/48 .
< (| @l ||%y|| @eylly” 1V jicll2
”1/12‘

<CVidall il +Clllllag:

In order to deal with the term /;, we split /; into the following two parts:

I = _2//u2xq)xyjdXdy_z//MZy(PyyjdXdyélll + 1.
Applying (2.1) to 11 yields

5/12 1/4 1/4
2 el @14

1/48 1/24|

1/2 1/2 1/2

1@xyl

ool
152 Ag1}
2/3

(1] < Cllillallually? el

3/2 1/2
<C||J|| P a1y | 00

2/3
lag3”.
Using (2.1) to I1> again and the 1nc0mpress1ble condition dyu; + Byuz = 0, we have
1/2 1/2 1/2 1/2
2] < €l 2y 1 lgnlly’ /

3/2
CHJH /

||wx||z+C||J||z||u2x||

1@yl

oyl
13?1 A@: 3
2/3’

H“ZyyH

1/2

[y [l [l o

waHz +C11 1315 1 A@xl

In what follows, we bound the term /, on the right-hand side of (3.12). We rewrite I, into the
following form

L= —2//u1x(Pxxj dxdy—z//uly(l’xyj dxdy = by + 5.

For 1, employing Lemma 2.1, (3.3) and (3.8), we deduce that

1/2 1/2 1/2

[ Paxxll
1/2

[
V2 Ae

Vi
gwaHz +CIIEA+ Jurel3 + Ak 13)-

(ot < Cll il el faers 3

3/2 1/2
< ClLE P el o]
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In order to estimate />>, we split it into two parts and integrate by parts twice
=2 [ [ ipdrdy=2 [ [urjodrds+2 [ [ujpdrdy

:2//u1xyj¢ydx dy—z//uljxy(Pydx dy—z//uljx(Pyydx dy

2 Iy + Doy + Is.

Due to the incompressible condition dyu; + dyup = 0, thanks to (2.1) and (3.1), we have

anl/20 . 1/2 1/2 1/2
a1 < Clluy 21718 ey @13 @ |13/

. 1/2
< Clloclallll2 Ay

Vi 2 12
< g ol +CllilzllAg2.

Similarly,
(2] < Clljay 2l 15 e 13 @1y oy 13
< CIVjicllallunclly 115
< LIVEI3+Clilla a2
and
12231 < Cll@y 2l |5 el 1l 1 sy 15>

. 1/2 1/2 .nl/2
< Cljllallusl Y Ay 11V il 1y

K1 . )
< ZHVJXH% + (Il Nurxll2 + A@:3),

Let us turn to the estimate of ;. Denote
Iy = /8x318xu2hdx dy+/8xBlayu1hdx dy

+/8xu18x32hdx dy+/8xu18yBlhdx dy
£ Iy + I+ L3+ Lng.

For 141, due to the incompressible condition d,B; + 8sz =0, thanks to (2.1) and (3.1), we have
| = '/3x313xu2hdx dy'

= '—/8y328xu2hdx dy

1/2 1/2 1/2 1/2
< Cl|uaa |5 1 Bectia 1y 11115 1y 15 1882 |2

Vi n
< g\laxxuzll%gl!hyH%+CHaxquz|!8sz\|2|!th

Vi n2
< §wa||%+§||hy!|%+CHw||z||8szH%||th,
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o] = ‘/axBlayulhdx dy‘
= ‘/(ulaxyBlh—l-u]axBlhy)dx dy’

1 1 1 1
< Clua I3 s 1311201311 15 9B 2
1 1 1 1
- Clur 13110t 131151 13 1255B1 131y -
1 1 1 3 1 1 1 3
< Clae 3 190t I3 1413 113 + Clle 3 19 3 1921113 1 3

< —Hh 13+ Cllaat 1311 9saer I3 ]1A11Z + Cllur 17| it [131195B1 13

< §||hyH2+CHM1 13| 9ter 13113,
s3] = /9xu13x32hdx dy‘

= / Oyt 0 Brhdx dy‘

= /(uzaxszh—l—uzaszhy)dx dy‘

< Clluall3 19haua 13 1113 113110y Bo

- Clluall3 13utea 1 10cBa 13 By Bal 2 s 2
< Cllnall 3 3uaeal 1113 1y I3 + Cluz 2 19tz 1211045 3 [y 2
< 2 g3+ Claal B uaal 3113+ s B9 B 0B

n2
< ?||hy||%+C||“2||%||ax”2||%“h”%»

and
T ' / Dty 0,B1 hdx dy

1/2 1/2 1/2
< C)\Ater 1411 Queter |1y 2111 21y |13/ 1194 B1 |12
< —||axxu1|rz+—uh 13+ Cl| 9wtz 210,81 |12

Iwallz +-2 IIh 3+Clloo|[2]|9yB1 |3]12]]2.

Inserting all the above estunates into the right-hand side of (3.12), for all + > 0, we finally
conclude

d
e+ w leoe(0) |3 + 1 |V jill2 + 2y |3 < C2(0) & (1) + % (1). (3.13)

Due to (3.1), we easily deduce

T
/ Z(s)ds <C, VT >0, (3.14)
0
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for some positive constant C that depends only on the initial data (ug,@p). Combining with
(3.13) and (3.14), and applying Gronwall’s inequality implies that (3.10) holds for all z € [0, T].
0

On account of (3.10), it is not difficult to find the following estimates.

Corollary 3.4. Under the assumptions of Theorem 1.1, let (u, @,B) be a smooth enough solution
of the Cauchy problem (1.3)-(1.4). Then, for allt € [0,T],

/||8xxu ()2ds <€, sup [@(1)]le <C.  sup {[IT19()[|e, [T200(t)[|} <C, (3.15)

t€[0,T] t€[0,T]

where Y ;@ 1= fo Nty + (1 —1)@,)dt, for j > 1, the positive constant C depends only on
V1, K1, M2, T and the initial data.

Now we are in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Based on the a priori estimates in Propositions 3.1, 3.2 and 3.3, the
rigorous proof of these estimates can be achieved by introducing a smooth-out version of (1.3)-
(1.4) by means of artificial viscosity, magnetic diffusivity and mobility. More precisely, let
o > 0and § > 0 be two small parameters and consider a family of solutions (i 5, P¢.5,Ba.5)
satisfying
(u;+u-Vu+Vp=viuy+coAu+B-VB— AoV,
B;+u-VB—B-Vu=1mBy,+ aAB,
O+ u-Vo =Kl + AU, (3.16)
u=—-Ap+f(9),
( divu=0,divB =0,

subject to the following set of initial conditions

Ug,5(0) = Ws*uo, Qg 5(0)=Wsx@o, By s(0)=ys*Bo, (3.17)

where ys(x) = 8 2y(x/8) for a smooth function y > 0, y € C*(R?) with ||y||; = 1. Since
1g,5(0),Bg5(0) € Hy, and ¢, 5(0) € H* are smooth, the standard theory for the regularized
system (3.16)-(3.17) (see, e.g., [31]) guarantees that there exists a smooth solution

(ua,Sa (Poc757Ba76> € Lw(R+;H§iv x H* x Hgiv)-

Actually, using bootstrap arguments, one can check that this regularity controls higher Sobolev
norms. As the initial data (ug 5(0), Pq 5(0),Bq 5(0)) belongs to HY, x H¥2 x HE , for all
k > 0, the solution (uy s, 9, 5,Bq.5) thus belongs to HX x H*"2 x HX | for all k > 0, which
will enable us to make all the previous computations rlgorous Furthermore, it is easy to see
that (ug 5, 9q.5,Ba.5) Obeys the a priori estimates in Propositions 3.1, 3.2 and 3.3 uniformly in
(at, 8). Hence, we can pass to the limit as o« — 0" and § — 0™ in (3.16)-(3.17) and deduce that
(u, @, B) is indeed a solution of (1.3)-(1.4) that satisfies properties (1.1).

As a final step, it remains to show that (u, ¢,B) is also uniquely determined by the initial

data. To this end, letus set W := ¢ — @, := B—B,v:=u—1uand { := {| — lp, where (u, 9, B)
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and (%, ®,B) are any two solutions of the Cauchy problem (1.3)-(1.4). Then we easily realize
that (v, @, ) solves the system
(0v+1-Vv4+v-Vu+Vp=x -VB+B-VY+ Vv —AyV — AQVy,
Ix+v-VB+i-Vy=mxy+x - Vu+B-Vy,
GY+u-Vy+v-Vo = Kj [y,
w=—-Ay+f(e)-f(9),
divv =0, divy =0,
Vi=0=0, Vi==0, X=0=0.

(3.18)

Taking the inner product in LZ(RZ) of (3.18); with v, (3.18), with ¥, (3.18)3 with —Ay, v and
(3.18)4 with —kK Uy, respectively, we deduce that

1d

S (I@OIZ+ O3+ 1w @170 + vallvell + gkl -+ 1212113
2dr

=K <ux, ‘VX>2 — (V- Vu,v)a + (—AQVY,v)2 + (u- VY, Ay), (3.19)
—(v-Vo, )2+ K1 (O (f(9) = f(@)), k), + (X - Vi, x)2
£ Ji+h+I+Js+Is+Jg+ J7.

Obviously,
K]
J1 = K1 (ly, Yi)2 < 3llux||%+cllllf\lip-

In order to bound J,, we write it explicitly and split it up in three integrals as follows:

]2://(v1)2u1xdx dy+//v1vzu2xdx dy+//(vz)2u2ydx dy

£ Jo1 +J2n + 3.

Using (2.2), the incompressible condition dyv; + 8yv2 = 0 and the energy estimate (3.10), we

deduce that
D1 = —2//v1v1xu|dx dy

1/2 1/2 1/2 1/2
< Clvaellalva |y vl e [ ey 1
1/2 3/2
<y fvilly
Vi
< E|vaH%+CHVH%-
Similarly, for J>> and J3, we have
3V1
Jr < 1—6||Vx||%+C||v||§. (3.20)
Similarly,
3v;
T < —|vll3 +Cllxll3- (3.21)

16
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In view of (2.1), (2.4), and (3.10) and the incompressible condition d,v; + 8yv2 =0, we find
from Young’s inequality that

_ — 1/2 1/2 1/2 1/2
T3 < ClIAG [ Wl lIV]12 4+ C A2 w13 1w |14 1 132 11

<OV +m(IVYlz + 1Ayal3)

Vi 2/3 2/3 2/3
+ g B+ IV w I Vvl

Vi
< g I3+ CAMIE+IVYIE) + ma(lAws + IV yel2),
for every 1 € (0,x/2). Collecting the above estimates, we see that
Vi
53 < w3+ M+ IVYIE) +mal (A5 (3.22)

In order to properly estimate J4 + J5, one proceeds exactly as for the above integral J3. Indeed,
similar computations give without too much difficulty that

Ja+Js < %HVxH%‘l'C(HVH%‘i' IVy(13) + 2l (Aw)a 3, (3.23)
for some sufficiently small 1, < k7 /2. For Jg, applying (3.15) yields
Jo < %HuxH%ﬂLCHax(f((P) ~ @) < %HuxII%C(HVWH%Jr lwll3). (3.24)
Finally, it follows from (3.18)4 and (3.15), that
1icll2 < Hlell = 10:(f (@) = F@))II3 < llellz +CUVWIZ+ [[wll3). (3.25)
Plugging (3.20), (3.21), (3.22), (3.23), (3.24), and (3.25) into (3.19) yields that
1d

(@13 + 12 @13+ 1w @) 170+ villval3 + Kl el + 12012113

<C(vONz + I @IZ+ 1w @)Iz),
which together with Gronwall’s inequality concludes the uniqueness holds.

2dt

The purpose of this section is to exhibit the proof of Theorem 1.2. We divide it into the
following three propositions.

Proposition 3.5. Under the assumptions of Theorem 1.2, let (u,®,B) be a smooth enough so-
lution of the Cauchy problem (1.3) -(1.4). Then

) 1B+ 190 B +1BOIR+ [ [ Plo)axas+ [ (vall(s) B+ walln0) B+ ml|BB)as

< Or(luoll2 + [|@oll g1 + [|Boll2),
(3.26)

forallt € [0,T], where the positive monotone function Qr depends only on v, K, and 1;.
Proof. The derivation is similar to Proposition 3.1, we omit it here.

Proposition 3.6. Under the assumptions of Theorem 1.2, let (u,@,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then, for allt € [0,T],

t
[ g @l3as<c. (327
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where the positive constant C depends only on V>, k5,11, T, and the initial data.

Proof. First, multiplying (1.3)4 by ¢y,, integrating over RR?, and employing the assumption (i),
Holder’s and Young’s inequalities, thanks to (2.2), we conclude that

Vel < C(llguilli + 1 (F(@)sllr)
< C(llmylB+lgul3+ oI55 llol13)
<C(lml3+lloyI3+ @511 +8llgyl14)
<C(lml3+lloyI3+ 1015011 + 8l Bl o2l @ayl2-

Taking a sufficiently small positive & and using H' C L*(s > 2) and (3.26) implies that
Vo, € L*([0,T]; L*(R?)). (3.28)

In order to deduce a proper upper bound for the L>-norm of Ay, we exploit equation (1.3)4
once more. Using (3.26) and (2.2), and recalling the fact that f satisfies bound (ii), we have

lagy13 < Clll 3+ 11(/(9))13)
< Cllus3+CllolZht ol

<Clyl3+C(1+ [ @wl3+ [l ull3),
which together with (3.26) and (3.28) implies that (3.27) holds.

Proposition 3.7. Under the assumptions of Theorem 1.2, let (u,@,B) be a smooth enough so-
lution of the Cauchy problem (1.3)-(1.4). Then

IIw(t)II%Jr||<P(t)||§,z+||h(t)ll%+/0(Vzl!wy(S)H%JrKzlluxx(S)II%+m||hx(S)I|%)ds<C, (3.29)

forallt € [0,T], for some positive constant C which depends only on v;,&>,M1,T and the initial
data.

Proof. Note that j = A@ and h = V x B solves the following system

dw+u-Vo=v,a,—d-Vj+B-Vh,
dh+u-Vh=n1hy+B- Vo +20,B (dcuz + dyuy ) — 20511 (0:B2 + 9,By), (3.30)
o j+ K‘zAjyy +u-Vj+d-Vo=-2Vu; -V, —2Vu, - V(py + K‘QA(f((p))yy.

Set

E(t) = lo@)3+ O3+ Ih@)3. () = C(L+ | jsll3+ uwl3+ Vo).
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First, take the inner products in L? of (3.30); with o, (3.30), with A and (3.30)3 with J respec-

tively, integrating by parts, and then adding the resulting equalities, we obtain

d . .
2 EO) +2v2] 0)|[3 + 282V I3 + 2m |3

— 2| [(Vir-vo)jardy=2 [ [(Vin-Ve)jaxay
+2;<2//A(f(<p))yyjdxdy+2/[ax31(axu2+ayul)—8xu1(8sz+8yBl)]hdxdy

£ K +K+ K3+ Ky.
(3.31)
We bound term by term above in what follows. To bound K3, we integrate by parts twice and
divide K3 further into two terms:

K3 =2i / / £ (9)Ve,-Vjydx dy+2k / / 7 (9)9, V-V jydx dy
£ K31 + K3».

Employing (2.1), (2.2), the assumption (ii) on f and Young’s inequality, H' C L*(s > 2), and
(3.26), we have

. / 1/2 ! 1/2 1/2 1/2
K31| < CIVilallF (@) 1321 (@) 1y 211V o151V eyl
K X /
< —2||VJyH%+CHf @)1 (9) @y |12 IV @y 2|V @y 12
HVJxH2+C( +loll5!

(CI|<PH eyl
||VJy||z+C||J||

2(p+1) )

1/4
/ @yl

1/4 1/4)

| @ayll> IVoyll2][Veyyll2

2 1Agy 2.
Applying (2.1), (2.2), (2.3), the assumption (ii) on f, H'C L*(s > 2), and (3.26), we infer that
[Kao| < C(IVOllallp 21V sl + 191555 1) V@ lall @ N6V s l12)
<CIVoly 2 Ivedly IV ey l1y 41V il
+Cllol5n 1 (V01 219l IVl I3 2 @n iy ol )
% [|@uay 15 @y lly* @uyylly>*

C||VJy||2||J||2 24l jll2llAgy
HVJsz +Cljll2 ++Clljll2ll Ay |,

|ij||2
”1/12

1/12

For K7, we split it into two parts:

Ki=—-2 / / UnePryj dr dy — 2 / / Uay@ryj dx dy 2 K1y + Koo,
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Applying (2.1) to K1 and K3, and then using Young’s inequality, we have

2013 2 @u |13

1/2
1Ag,]Y/
2/3|

[@xyl

1/2
lpally
2/3|

(Kt < €l lluaelly 2 1

1/2 1/2
<cn]uzuwu Pyl

4/3 2/3
IIwyllz+C||J|| Bllol3 eyl 1agy]37,

and

1/2 1/2 1/2

1@yl

1yl
V2| Agy1)
2/3

(K] < Clllalluay sy 1

< ClLl P uay 13 o

—Hwy\|2+C||J|!zHu2y||
For K>, we divide K> = K»1 + K> as follows

1= _2//u1x(PxxjdXdy7 Ky = _2//uly(nyjdXdy-

By virtue of the incompressible condition dyu + 0. vip = 0, (2.1) and (3.26), we get

[yl
2/3

1Ay |5

1/2 1/2 1/2

H‘PnyH
1/2

K1 | < Clljll luay 15 w2y 13| @iel
3/2 1/2 1/2
<y 2l aylly 1 Agy 14

< g\lwyllz +CILIZ (1 + |y 17+ 1Ay ]13)-

a2y

In order to estimate Ky, we split the integral into two parts and integrate by parts twice. More
precisely, we have

K» :2//<ulyj)x¢ydx dy:z//ulxyjq)ydx dy+2//u1ij(l)ydx dy

:2//u1xyj<Pydx dy—2//uljxy‘Pydx dy—z//ulfx%ydx dy

£ K1 + Koo + K23

It follows from (2.1) and (3.26), that

1/2 H1/2 ||1/2 1/2

1@yl
1/2

iyl " [l @y
. 1/2
< Claylallily1ag, 11y 1V e,
V2 }
< ZH%H%+CHJH2HA(PxH2HV(0y||2

[K221| < Cllury 2]l

V2 .
< §||wy||§ +CllIB A3 + 1V 13-
Using (2.1) and (3.26), thanks to the incompressible condition dyu; + dyuy = 0, we have

1/2 ”1/2 1/2

(Koo < Clillaller [ lerlly 015 @13

1/2
< IVl el Y2151

< §\|ij||2 +C(Ll12 + Iy 12),
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and
1/2| 1/2 ||1/2 1/2

K223 < Cll@yyllaleen 1™ el Wil 5" iy [l
<C

1/2
Cllllallurely *1icll3 1V ol

. . .2
< §||ij||2 + I3 Ny I3+ 11ll3)-

1/2

For K4, we rewrite it as follows
Ky = /8x318xu2hdx dy—f—/axBlayulhdx dy+/(9xu18x32hdx dy+/(9xu18yBlhdx dy
£ Ku1 + Kap + Ka3 + Kaa.
It follows from (2.1) and Young’s inequality, that
Kal = [ 10811 hldx dy
<cuaxuzuz ||axyuz||”zuhu”zuh 12 12:81
Hayu2|!z+ Hh 13+ Cl| 0z |21 9:B1 1] 2

< §I|wy||z+§|lhxllz +Cllol2l0:B13]A]2

and
Kol = [ 10.B1 10y [l dy

1 1 1 1

< Cl|0B1 3 [19cB 1 13 119y201 13 | Ayyaar 13 112
\%) m 2
< —Ilayyu1|!%+ —H8xx31||%+CII8xBlHllr9 u ||2[|7]2

||wa2+ Hh 13+ C (|9xB1ll3 + [l 9y [12) |13

Integrating by parts and then using (2.1) and Young’s inequality yield
|Kas| = ’ / Jytt1 9 Bahdx dy‘
= ’/(anxszh—F u18xB2hx)dx dy’

e H I HENNE

- Cll |13 13y 1211 0cBa 13 1Bl 2
< Clar 2 13yt 12 113 Vel + Cllay 12 10yt 12 19522 1
< T 3+l 318 133+l 3112y BB

ni 2 2 217012
< Zl\thz+CHu1HzHayuleHth,
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and
|K44| = ‘/axulayBlhdx dy’

< ‘/(u18xy81h+u18y31hx)dx dy‘

e H I HENA T

- Clan 3 10hae1 13108113 10 B1 13 el
< Cllur 13 1y I 1113 W3+ Clay 12 10t 121104B1 13
< Tl 4+l 3y 3113+l 1312yt 3141 3

m
< ZHthI%+C||u1II%IlayulH%IIhll%-

Inserting all the above estimates into the right-hand side of (3.31), we finally conclude, for all
t >0, that

d . .~ ~
e+ val|@y(0) 13+ K2V jslI3 + mi |l [3 < C2 () E (1) + 2 (). (3.32)
According to estimates (3.26), (3.27), and (3.28), we easily deduce

T
/ Z(s)ds <C, VT >0, (3.33)
0

Applying Gronwall’s inequality to (3.32) and taking (3.33) into account imply that (3.29) holds
forallz € [0,7T]. O

Now we are in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 With the a priori bounds in Propositions 3.5, 3.6 and 3.7 at our disposal,
the proof of the remaining Theorem 1.2 can be achieved by the similar method in Theorem 1.1,
we omit it here. Following a similar derivation process of Theorems 1.1-1.2, we also obtain the
proof of Theorems 1.3-1.4, and omit it here.
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