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Abstract. This study investigates the multiplicity of solutions for a system of p-Laplacian fractional dif-
ferential equations (FDEs) subjected to both instantaneous and non-instantaneous impulses. By employ-
ing a variant of Bonanno’s local minimum theorem, we establish the existence of one or two solutions
under appropriate algebraic conditions, including the classical Ambrosetti-Rabinowitz (AR) condition
applied to the nonlinear term. Additionally, utilizing the critical point theorems proposed by Averna and
Bonanno, we explore the existence of two and three solutions in a specific scenario of the system. The
results contribute to a deeper understanding of the solution structure of impulsive FDEs and demonstrate
the effectiveness of advanced variational techniques in addressing complex differential systems.
Keywords. Boundary value problem; Fractional differential equation; Instantaneous impulses; Multiple
solutions; Variational methods.

1. INTRODUCTION

There are many different kind of tools in mathematics to investigate the properties of deriva-
tives and integrals of non-integer orders (called fractional derivatives and integrals), but frac-
tional calculus is one of the valuable tools for this reasons. In particular, this field includes
the notion and methods of solving of differential equations involving fractional derivatives of
the unknown function (called fractional differential equations or in summary FDEs). In other
words, FDEs are extension of ordinary differential equations and integration to arbitrary non-
integer orders. FDEs are more useful compared to ordinary differential equations relatively,
due to FDEs give a good template for biological and physical phenomena, mathematical mod-
eling of engineering, and so on; see for details [14, 19, 22]. Recently, many authors studied
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the existence and multiplicity of solutions to nonlinear boundary value problems of FDEs by
applying nonlinear analysis methods (fixed-point theorems, variational method etc.); see, e.g.,
[15, 17, 20, 26, 30, 31, 32] and the references therein. For example, author in [17], based on
variational methods, estimated the existence of three distinct solutions for the following nonlin-
ear perturbed fractional boundary value problem under suitable assumptions on the nonlinear
term:

o (oDF (§DEw(0) — Dg (§DE W ()
FAFO0(0)) + 1g((1) =0, 1 €[0,7]
w(0) = w(T) =0

where o € (%, 1] and f : R — R is a continuous function. The discussion of a coupled system
of fractional order became an important field of research because this kind of system can often
occur in many real-world problems; see, e.g., [1, 2, 5, 36] and the references therein. In [18]
the existence of weak solutions for a class of fractional differential systems based on variational
methods was examined.

Since real-world processes and phenomena can change suddenly and quickly and not stable,
then using impulsive differential equations to describe such situations is more useful incompar-
ison with differential equations or difference equations to a large extent. Studying on impulsive
differential equations has attracted a special interest due to the various applications in the real
world. Impulse effects can be widely seen in many realistic systems like signal processing sys-
tems, automatic control systems, flying abject motions and etc. For the general aspects of im-
pulsive differential equations; see [7]. According to the duration of action, there exist two types
of impulses: instantaneous and non-instantaneous impulses. Some dynamical processes con-
tain not only instantaneous impulses but also non-instantaneous impulses such as intravenous
injection. Actually, both of them occur at the same time. Since the drug enters the blood and
the subsequent absorption of the body is a sudden and continuous process, this situation can
be explained as an impulsive behavior. The impulse suddenly starts to jump at any fixed point
in time (drug enters the blood) and continues to occur within a limited time interval (the body
absorbs the drug). The study of boundary value problems for impulsive differential equations
via variational approach was suggested by Tian—Ge [33] and Nieto—O’Regan [25]. There exist
many studies using variational methods in order to solve non-instantaneous impulsive fractional
differential equations.

Recently, due to the extensive progress in the theory of fractional calculus and impulsive
differential equations as well as its application in several fields, some researchers studied the
existence and multiplicity of solutions for fractional differential equations with impulses by
employing the variational methods and fixed-point theorems; see, e.g., [6, 12, 16, 21, 23, 34,
37]. In [37], Zhang and Liu focused on the existence of solutions for the following fractional
differential system include instantaneous and non-instantaneous impulses:

DFEDIw(t)) = fi(t,w(t)), 1€ (sitiy1], i=0,---,n,
A(DF (6D w)) (1 )Zf( (#), i=12,--n,

DO (§Dw) (1) = DY EDIW (), 1€ (st =12+ m
tDa I(CD‘X w)(s;) = DEHEDIW)(s]), i=1,2,---,n,

w(0) =w(T) =0,

Y
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where o € (%, 1](other information of the system was mentioned in [37]). They established the
existence result by using the variational method, and they present an example and demonstrates
the main result.

The authors in [23] brought up the following system of p-Laplacian fractional differential
equations with instantaneous and non-instantaneous impulses

DO, (SDEW(1)) +a(1),(0(1)) = Af{r.w(t)). 1€ (sutisr]. i =0, .m
ADF(©,(§DIw (1)) = Fi(w(t)), i=1,2,---,m,

DF (O w(1)) = DF (©,([Dw(r1))), 1€ (siti, i=1,2,-,m,
D 1(0,(5D%w(s; ) = DE 1 (®,(SDw(s)))), i=1,2,-,m,

w(0) =w(T) =0,

where o € (%, 1] (other information of the system was mentioned in [23]). They established
many solutions for the considered problem by applying a variational approches with Mountain
Pass Lemma.

Motivated by the above results, in this work, we bring up the following p-Laplacian fractional
differential system with instantaneous and non-instantaneous impulses

DE(O,(EDAW(1)) + F(1)0,(w(1)) = Af (e, WD), 1 € (sitist], =0, m,

ADF (O (FDfW(1))) = uIi(w(t), i=1,2,-- m,

DF (O, (GDEw()) = DE(©,(SDFw(t)), 1 € (tisi), i=1,2,-,m, (D)
D10, (§D%w(s7 ) = D5 (@,(EDw (s ). i=1.2,--.m

w(0) =w(T) =0,

where {D¥,;D% are the Caputo fractional derivative and the right Riemann-Liouville frac-
tional derivative of order «, respectively, 1 < p < oo, 1% <o <1,0,0s) = ]s\l’_zs(s #0) is
p—Laplacian operator, ®,(0) =0, A, u > 0 are real parameters and 0 =59 <1] <51 <fp <--- <
Sm <tm+1 =T,y € C([0,T],R) and there are two numbers ¥; and 9 so that 0 < y; < ¥(r) < P,
J; € C(R,R) fori=1,...,m, fi € C([si,t;i+1] X R,R) fori =0,...,m and

ADT (0, (5D w(t:)) = DF (O (GDFw(t;1))) — DF (€ (GO w(r ),

DF 1 (®, (D w(17))) = lim ([DF 1 (©,(GDfw(11))),

1=t
~1 C + . ~1 C
(D (@, (§Dfw(55))) = lim DY (©,(§ D ().

Si
We use variational methods and four local minimum theorems as the main approach and tools
for differentiable functionals. By Bonanno’s local minimum theorem, we investigate the exis-
tence of solutions for the problem under algebraic conditions with the classical AR condition
on fo, fi,---, fm (see [3]). In single parameter case (i.e., A = 1), we study the existence of two
and there solutions for system (Dg’z ) by using two critical point theorems, proposed by Averna
and Bonanno, respectively. Compared to the previous results, we give some new assumptions

to obtain the existence of at least one nontrivial weak solution of system (D%{l ).

2. PRELIMINARIES

We provide here some definitions, propositions, lemmas, and four theorems as the basic tools
to demonstrate our results in the next sections. We refer to [13, 24, 28].
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Definition 2.1. Let X be a real Banach space. The continuously Gateaux differentiable func-
tional ¢ : X — R is said to satisfy the Palais-Smale condition (in short (PS)-condition) if any
sequence {w, } such that {_#(w,)} is bounded and lim, . || _#'(wy)|/x+ = 0 has a convergent
subsequence.

Definition 2.2. Let 0,2 : X — R be two continuously Gateaux differentiable functions. Set
J =0—2and fix r,ry € [—oo,00] with r| < rp. We recall that _¢# satisfies the Palais-Smale
condition cut off lower at ry and upper at r (in short "] (PS)["2)_condition) if any sequence {w,}
with this property that {_# (w,)} is bounded, lim, e || #'(wy,)||x* =0, and r; < O(wp) < 1,
for all n € N, has a convergent subsequence.

Remark 2.3. Obviously, if 7| = —eo and r, = oo, it coincides with the classical (PS)-condition.
In addition, if r| = —oo and ry is a real number, it is marked by (PS)[r 2}, while if 7| € is a real
number and r, = oo, it is denoted by [r1] (PS). Indeed, if 2 and & are two continuously Giteaux
differentiable functionals defined on a real Banach space X and fixed r € R, the functional
J = 0 — 2issaid to verify the Palais-Smale condition cut off upper at r (in short (PS) 1) if any
sequence {wp }nen in X with this property that {_# (w,)} is bounded, lim, o || _#"(wy)|x* =
0, and O'(wy,) < r for each n € N, has a convergent subsequence. Furthermore, if p;,p; €
[—o0,00] with r| < p; < py <1y and _¢ satisfies ['J(PS)["2)-condition, then it has [P1](PS)P2l.
condition. In particular, we deduce that if ¢ satisfies the classical (PS)-condition, then it
satisfies [P1)(PS)[P2]-condition for all py, py € [—oo,00] with p; < ps.

We will use the following theorems to prove the main results.

Theorem 2.4. [11, Theorem 2.3] Let X be a real Banach space and let 0,2 : X — R be two
continuously Gateaux differentiable functions with infycx O(w) = 0(0) = 2(0) = 0. Assume
that for one w € X there exists r > 0 such that 0 < 0'(w) < r and
supg(w)<r 2(W) _ 2(w
(a]) A )ri ﬁ((:;))’

(@) foreach A € A, := (g((:?), Supﬁ(w); - ,@(w)) the functional _#), := 0 — A2 satisfies (PS)l']-

condition.
Then, for each A € A,, there exists wy 3 € 0~ (0,r) suchthat 7, (w ;) = Ox- and 73 (wg ) <
I2(w) forallw e 071(0,r).

Theorem 2.5. [11, Theorem 3.2] Let X be a real Banach space, 0,2 : X — R be two contin-
uously Gateaux differentiable functionals so that O is below bounded and 0(0) = 2(0) = 0.
Put r > 0 and suppose that, for each

’

Aelr= <O’ SUPyye 1 (oo ) Q(w))’

the functional ¢ = 0 — A2 satisfies (PS)-condition and it is below unbounded. Then, for
each A € Ty, the functional ¥ admits two distinct critical points.

Two following theorems are based on a variational principle that presented by Ricceri in [29].
Below we mean by S" is the closure of S in the weak topology.

Theorem 2.6. [4, Theorem A] Let 0 and 2 be two real valued and continuously Gdteaux
differentiable functional on real reflexive Banach space X such that O is sequentially weakly
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lower semicontinuous and Gdteaux derivative of it admits a continuous inverse on X*, and
Gateaux derivative of 2 is compact. Moreover, assume that

(i) limjy (O (W) + A2(w)) =20, VA € [0,50);

(ii) there is r € R such that infy 0 < r and @\ (r) < @»(r) where

' 2(w) — infmw 2
¢1(r) ;== Weﬁ}?(f_m’r) r—0(w)
" 2(w) - 2()
. w)—2(v
AL S« YT ORT N
Then, for each A € (ﬁ, <P+(r)) the functional O + A 2 has at least three critical points in X.

Remark 2.7. In Theorem 2.6, if ¢;(r) = 0, then A has no upper bound.

Theorem 2.8. [10, Theorem 1.1] Let & and 2 be two real valued, sequentially weakly lower
semicontinuous and Gdteaux differentiable functions on real reflexive Banach space X. Assume
that O is (strongly) continuous and satisfies 1im||,, | oo O (W) = co. Assume also that there exist
two constants r1 and r» such that

(j) infx 0 < r; <ry;

(JJ) @1(r) < @5 (ri,r2);
(JJ7) @1(r2) < @5(r1,12), where @ is defined as in Theorem 2.6 and

: . 2(w) - 2(v)
05 (r1,r2) == inf sup ——————.
: ) Weﬁil(fwvrl)VEﬁil[rl 7}"2) ﬁ(V) - ﬁ(w>
Then, for each A € (m,min{m, m}), the functional 0 + A2 admits at least two

critical points which lie in 6~ (—oo,r(] and 0~ [ry,ry) respectively.

We refer to [9], where Theorems 2.4 and 2.5 were successfully applied to prove the existence
of at least one and two solutions for elliptic Dirichlet problems with variable exponent. We also
refer the readers to [13] for situations of successful employments of results such as Theorems
2.6 and 2.8 to ensure the existence of at least one, two and three solutions for Kirchhoff-type
second-order impulsive differential equations on the half-line.

This section contains notations, definitions, and preliminary facts which are utilized through-
out this paper. In fact, the aim of this section is the convenience of the reader. For any fixed
t€[0,T]and 1 < p < oo,

W]l = max |w(r)|, vw e C([0,T],RY),
t€[0,T]

IIw||Lr = (/OT |w(s)|pds>'£, vw € LP([0,T],RY),

<=

1
Wliugory = ([ wlFds)”, ww e L (0.7),RY),
and

lit1 1
IwllLe ([si,1i1]) = (/ |w(t)|1’ds>”, w e LP([si,ti1],RY), i =0, ,m.
S
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Definition 2.9. [23] Let o € (%, 1], p € (1,0), and the fractional derivative space X(;x P pe
defined as X7 = CZ([0,T],R) with the norm

=

Iwllap = / () |Pdt+/ SDEw(nlPdr)”, Y € XS
Proposition 2.10. [23] Let0 < a <1, 1 < p < oo,
X3P ={w:[0,T] = R| w, §D%w € LP([0,T],R), w(0) = w(T) =0}.
Then Xéx 7 is a reflexive and separable Banach space.

Proposition 2.11. [23] Let O < ox < 1l and 1 < p < oo, forall w € Xg’p. Then

TO T o %

Wl < Frey () 16D
T »

I(a)[g(e—1) + 1]

Lemma 2.12. [27, Lemma 2.2] It is easy to check that if y € C([0,T|,R) and 0 <y, < y(t) < P,
then an equivalent norm in Xoa P is the following

ol = (3 [ romorac [ 5pewpar)’”

and ||wl|e < Al|w||y, where

: I 11
Further, if o0 > - and  + =1, then ||w||.. < ISDEw]|p.

<=

_1
T »

A= .
D(a)lg(a—1)+1]s

-1
ap < HWHy§A2HWHa,p,Where A= [1-|-( r* )P} P and

a,
Moreover, for allw € X, PoAL||w Tlo+1)

Ay =1.

Definition 2.13. w € X(;x 7 is called a weak solution to problem (DZ:ﬁ ) if
lir1
[ eul§pmmn)§pe dr+z/ YOO 2wle)y(e)ds
Si
li+1
—AZ/ £t w(o) dt+u2ﬂ ))y(t) =0
i=0"5i

holds for all y € X(;x P

The condition we set on .%; fori = 1,...,m is as follows.

(I) ¢ is a Lipschitz continuous function with the Lipschitz constant k > 0; i.e.,
|%(S1)—%<S2)|§k|S1—S2|p_l, i=1,....m (2.1)

for all 51,5, € R, satisfying .#;(0) =0
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Proposition 2.14. Let £ : X;" — (X,"")* be defined by

/ 0,(§D%w(1))S Dy (1) dt—|—2/ (0)[P~2w(1)y(t)dr

for every w,y € Xéx P Then £ accepts a continuous inverse on (Xéx P ).

Proof. For all w € X;", we have

200)(w) = | 0pGDEw()5DEw)+ 1 [ O 02t = 2wl

Note that limyp,,, . HwH”i_l = oo, Thus . is coercive. According to our assumptions on the

data, one has (.Z(w) —.Z(y),w—y) = N|lw—y||} > 0 for some N > 0 and for every w,y € X",
which means that .Z is strictly monotone. By [35, Theorem 26.A(d)], . —1 exists and has
continuous inverse on (X, 7)*. O

3. EXISTENCE OF ONE WEAK SOLUTION

In this section, we investigate the existence of one weak solution of problem (ngﬁ). We set
0 =Yl o(tiv1 —si)-

Theorem 3.1. Suppose that d and c¢ are two positive constants with AP|d|Py,6 < cP and below
conditions hold:

(A ) mO 1+1 Sup|z|<c (t Z)dt < :n:() ﬂ+lE(t,d)dt
1 cr AdPo

(A2) limSuPu;HooF] t"f) < O uniformly in R fori=0,--- ,m.
Then, for each

‘d’p)@G cP
ALeQ =
< o Syt F(t,d)de” APYIL, [0+ supy, < Fi(t,2)dr

i=0

and for every functions #,..., %y, : R — R satisfying Lipschitz condition with the Lipschitz

constant k > 0 and :
Fi(x)dx
limsup M
NS
fori=1,...,m, there exists 0, > 0 given by

[P = pANP YL, [ suppy < Fi(r,2)dt pA YT, [ Fi(r,d)di — |d|P o
min ! , (3.2)

< oo (3.1)

pAPkcP ’ pk|d|P

such that, for each u € [0, 8 [, system (Dg:i ) possesses at least one weak solution w),_ in X(;x P
such that max,c(o 7] |wy ()| < c.

Proof. In order to apply Theorem 2.4, we consider the space X(gx 7 with the norm defined in

Lemma 2.12. We introduce the functionals & and £ for all w € X(;x P as follows
1
O(w) = Ellwll’; (3.3)
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and
Mmoo ety )
o)=Y [ A dt——Z/
i=0"5i i=1

where F;(t,&) = foé fi(t,s)dsfori=0,---,m. Itis easy to check that & is Gateaux differentiable
and sequentially weakly lower semicontinuous, and also its Gateaux derivative is the functional
0'(w) € (X;°F)* given by

/ ©,(5DFw(t))§Dy(t dt+2/tl ()P 2w(t)y(r)dr

for every y € X, *P_ According to Proposition 2.14, we observe that ¢’ accepts a continuous
inverse on (X;" ) Further, 2 € C!(X;"",R) and also it has compact derivative. Since i <

we can consider a constant number K so that limsup¢|_,.. Iy | éTl’) <kfori=1,...,mand

pAPumk < 1. So, there exists a positive constant 1 such that

5
/ Fi(t)dr < k&P +1
0
forany £ e Rand i = 1,...,m. At the moment, we fix 0 < € < %

(A2), there exists a function pe € L!([0,T]) such that F;(z,7) < £7” + pe(t), for every (t,7) €
[sistiv1] x R and i = 0,...,m. Therefore, by using the above assumptions, for each w € X(;X P
we conclude

Ow) = 2.20w) = [ - Az/ Fit,wie dr+u2/

> /SZH t)dt — /’LZ/SZI+ pg(t)dt—i(uxwl’(t,-)Jrul)

i i=1

. From assumption

> (; ~ANeG — ukAm) [ A Y. el ) — 1
i=0

and thus lim,,|, e (0'(W) —A2(w)) = eo. Thus 73 = & — A2 is coercive. Accordingly, by

[8, Proposition 2.1], _7; = 0 — A2 verifies (PS)M -condition for each r > 0 and so condition
(ay) of Theorem 2.4 is vindicated. Taking A € (0,A%), we have

o JiV Fy(t,d)de — Sk|d|P g 1
|d|Ppo A

p
Denote r = % For each w € X, with ||w||} < pr, by using Lemma 2.12 and (3.3), we see
p

that

1 1
—_— P —— P < <
O <Gl < o) <



p-LAPLACIAN FRACTIONAL DIFFERENTIAL EQUATIONS 9

which means that |w(t)| < ¢ for every ¢ € [0,T]. Put v(¢t) =d for all ¢+ € [0,T]. Therefore,
v(t) € X;"" and

o) = IVIP =~ (/ speviorare Y [ o \”df>
([ G e v £ [ v

P
< |d| Y207
P

which follows that

dp d|p

4Pno _ e < ldlno
p P

On the other hand, since A?|d|Pho < P, we conclude 0 < &(v) < r. Hence,

O oo, r]={we X, :0w)<r}C {weXg":w(t)| <c,Vt[0,T]}.

In addition, since |.%(§)| < p—k\§|P_l for all £ € R, we reach

(3.4)

kw2 < Z / $)ds < Kllw2. (3.5)

Therefore, sup,,c 51 (—w ) Livo fsti’“ Fi(t,w(t))dr < Y" Of”“ sup|,|<. Fi(t,z)dt. Using the sec-
ond inequality in (3.5), we arrive at

m

li+1 w(t;) lit1 Hu
sup Z Fi(t dt——Z/ ds<Z/ suthzdt—k)chp
i i=1

weO 1 (—oo,r) i=0"S Sio fel<e

for each w € X, with &(w) < r. Then SUP ()< 2(W) < LI of supp < Filt,z)dt + 7 Blecp.

Note that
tiv] tl
/+ (¢, v(r))dr — Z/
S 1 1
1
> Z/ R d)d— Bl
i=0"5i
Thus
Suprﬁ_l(,ooJ} ~=>~@("V> B Supwgﬁ_l(iwyr} ?1:0 j;[iiJrl E(tyw(t))dt o %Z;n:l fOW(li) rﬁl(S)dS
r B r
< AP "o Jitsupy, < Fi(t,2)dt + fkeP
~p o
and )
Q(v) | Elo Ji Rt d)d— b
o) =" dPpo -
‘We obtain

Zmo fit1 Sup||<. Fi Fi(t, z)dt+“kc” 1
cP < A
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Furthermore,
o Jyt File,d)dr — k||

1=

1
[P po "

It follows that
Mo [ Sup e Filt, )+ Bke? 1 Y [ d)dr— LK)

p -
PA o S2sP dPpo
Since
o(v) r
Ac , ,
(Q(V) Supﬁ(w)<r°@(w))

Theorem 2.4 with w = v guarantees the existence of a local minimum point w; for ¢, such that
0 < O(w),) < r,sow, is anontrivial weak solution to problem (Dgzi) with max,c(o 7] [wy (7)] <
c. This completes the proof. 0

We show the applicability of Theorem 3.1 by giving the following example.

Example 3.2. Leta =0.75,T =1, p=2,m=1,y(t) = 1+t and .#| (¢t) = sin¢ for all ¢ € [0, 1],
d=001,c=100and 0 =59 < t] = 3<3_S1<t2:lThus’)/1—l)/2 2,k=1,A=1

and it is clear that A”|d|Py0 < cP is fulﬁlled Now we choose fo(?, \/m for every
(1,€) € [0, —] x R and fl( c§) =&~ 2 for all ( 5) [ 1] xR, By the expression of fy
and f;, we have Fy(t,&) = 2£2 2/[sint] for all ( € [0,4] xR and Fi (t,&) = 4t/ for all
(t,€) € [3,1] xR, Hence, we see that limg|_,., éé) = limg o Fl‘élf) = () and then (A;) and

(Az) hold. Therefore, all the assumptions in Theorem 2.4 are satisfied. So, it follows that, for
every A € (0.025,25) and for each 0 < p < min { 90(1)8_0301’1 , 2060412 }, the problem (D gz) in

18
9732 such that max,c(o,r] [wa (#)| < 100.

this case admits at least one weak solutions w), € X,

4. EXISTENCE OF TWO WEAK SOLUTIONS

Now, we prove the existence of two distinct weak solutions for the problem (Dg’z) where the
assumption (A) is not required. To this aim, we utilize Theorem 2.5.

Theorem 4.1. Consider two positive constants d and ¢ with AP|d|Py,6 < cP and suppose that

(A3) there exists a constant O > p such that .7;(§)& < O fo Fi(s)ds <O0forallE € R, R>0
andi=1,...,m, and

0<OF(t,8) <Efi(t,8), |E|>Randt € [sitiy1], i=0,--- ,m. 4.1)
Then, for each

p
Ae |0, lc :
PAPYTL g [o! sup, <. Fi(r,2)dr
and for every function ;i : R — R, i =1,...,m, satisfying condition (I) there is 8, > 0 given
by (3.2) so that, for every i € [0, 8, [, the system (D?L‘:{t) gets at least two weak solutions wy and

wy in Xy that max,c(o,r] [w1(t)] < c.
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Proof. We apply Theorem 2.5 to prove this theorem and consider the space Xéx 7 with the norm
is defined in Lemma 2.12 and & and 2 as defined in the proof of Theorem 3.1. Indeed, suppose
that {wy }nen C Xo 7 such that {_#; (wn)}sen is bounded and _#; (wy,) — 0 as n — oo. Then,
there exists a positive constant 6y such that | _#; (w,)| < 6p and | _#; (w,)| < 6o, for all n € N.
From the definition of _#; and assumptions (A3 ), we see that

60+ 61wy = 0 73.00n) — 74 0
= E 0wl +2 E [ w0 050(0) ~ O w0
p i=0"Si

m wn(t;)
wnd [ A0 - A = Dlwalf

for some 6; > 0. Since ¥ > p, then (w,) is bounded. Since Xg 7 is a reflexive Banach space, we
have, up to a subsequence, w, — w in Xéx 7 By 7 /{ (wy) — 0 and w, — win Xéx P we obtain
(7] (wn) — /ﬂ/, (w)) (wp —w) — 0. From the continuity of f and .%, i = 1,...,m, we have
tiv1
(fi(t; wa(2)) = fi(t,w(2))) (Wa (1) —w(2))dt = 0, asn — e,
Si
and Y7 | (] (wn(tl)) Fi(w(t;))) (wn(t;) —w(t;)) — 0 as n — o. From [23, Theorem 1.1], we
have
T
(A7 (wn) =I5 (W) (wn —w) :/o ©p (G DFWa(1))§DF (wa(1) — w(r))dr
tit1

¥(O) [wa ()P 2w (1) (wa () —w(1))dr — / ' ©p (G D7 w(t))GDf (Walr) — w(r))de

=0 Si

+§6/:+1y(t”W(t)’p_zW(t)(wn(t) w(t) dt+u2 (wn(ts)) — Fi(w(1:))) (wa(ts) — w(t;))
=Y [ ()= () ) w0

> Kijwn — WHth; i(wa(ti)) = Fi(w(t:))) (wa (i) = w(t:))

AR [ 0 0) B0 (0~ () 0,

where K is a constant, introduced in [23, Theorem 1.1]. So, w,, — w strongly in Xéx '’ Hence,
_#» applies (PS)-condition. Moreover, by simplifying (4.1), we can obtain constants aj,a, > 0
such that Fi(¢,x) > a;|x|® —ap for all ¢ € [s;,t;11] and x € R for i = 0,--- ,m. For any w €
X;""\ {0} and 1 > 0, we have

F(w) < —||pr 12/ Fi(t, iw(t))dr + ke[ w]2

<—||pr r alz/ (1) dr + Aaro + k1P AP w2,
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Since ¥ > p, the above inequality shows that _¢#, is below unbounded. Therefore, all the
hypotheses of Theorem 2.5 are verified. So, for each

cP
Ae |0, . )
( pAp 271:0 fst,-lﬂ supzSCF,-(t,Z)dt>

¥ accepts two distinct critical points that are weak solutions to system (Df{’ﬁ). The proof is
complete. (]

Remark 4.2. In Theorem 2.4, we see that if there exists i € {0,...,m} such that f;(¢,0) # 0 for
te [s?-, ti+1], so Theorem 4.1 bonds the existence of two nonzero weak solutions for the system

(Dg:ﬁ). If we remove the restriction f;(¢,0) # 0 for ¢ € [s;,t;+1] for all i € {0,...,m}, the second

solution w, of the System (Dg’z ) may be zero, but it has at least a nonzero solution.

Remark 4.3. Following the proof in [11, Theorem 3.5], we can obtain the nonzeroness of the

second weak solution given by Theorem 4.1 also in the case fj(f,0) =0 for all i = 0,--- ,m
requiring the extra condition. There exist a non-empty open set D C [s;,#;11] and a set B C D of
positive Lebesgue measure such that, foreachi =0,--- ,m,

infrep Fi(f inf,ep Fi(r
lim sup essin tEBZ’( 39 — o and liminfessm teD2 i(t,8)
E0t 14 E0t 4

See [13, Rimark 4.3] for more details.
To demonstrate Theorem 4.1, we preset the following example.

Example 4.4. Consider

(DO EDLTw(t)) +w(t) = Ae ' go(w(t)), 1€ (

=
W —
il

DY (GD) P w(t)) +w(t) = ke 'gi(w(t), 1€ (3,1],
AD P (DY Pw(3)) = A1 (w(3)),
4.2)

—0.25 ) —0.25 . +
DO (DY Pw(r)) = D2 (DI Pw(E ), 1€ (3.5,

02 . - —0.25 . +
DB (DB w(27)) = Dy OB (DY P w(2T)),

w(0) =w(1)=0.

\

Choosing .#1(&) = arctané for all £ € R and k = 1, we see that (2.1) is fulfilled. Now we
choose go and g1 as go(&) = g1 (&) = 1 +3E% forall £ > 0and go(&) = g1 (&) = 1 —3&E2 for all
& <0. Fixing p=2,2< ¥ <3and R > 1, we have Fy(t,&) = Fi(t,§) = e " (& +|&|?) for each

(,€) € [si,tiy1] x R. Due to R > max{l, \/ %}, for each t € [s;,;11] and |§| > R, it results

Fo(t,8) = Fi(t,8) = e (§+EF°) > e (<[] +[EF) > e [R(=1+R*)] > 0.
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Then, for each t € [s;,2;+1] and & < 0, one has
Efo(t,8) —OF(1,E) =& fi(1,6) —OF (1,§) = e [ —=3E(=&)* — (& + &)
—e ' [(1-0)6+(B-0)E]] =¢ [(19—1)\§!+(3—19)|§\2] >0

Moreover, by same argument as above, condition R > 19 ensures that & fo(¢,&) — O Fy(t,§)
> 0 foreacht € [s;,¢;+1] and & > 0. Taking ¢ = 100,d = 0. Ol we obviously observe that all con-
ditions of Theorem 4.1 are satisfied. Moreover, A = \}g) <cand ¥, f *lsupy, < Fi(t,z)dt
> 500. Thus

cP

PAPYTIL [+ supy, <. Fi(t,2)dr
This follows that for each A € (0,0.001), the system (4.2) has at least two distinct non-negative
weak solutions.

> 0.001.

5. THE EXISTENCE RESULTS FOR A SINGLE PARAMETER CASE

This section is devoted to the existence of at least two and three weak solutions for the system
(Di‘jﬁ) in a single parameter case (i.e., A = ).

Theorem 5.1. Let ¢ and d be two positive constants such that
AP|d|Py0 >¢cP (5.1)
and assume that (A) and the following conditions hold:

(Ag) mof"'“F(t d)dt > 0;

S fiy
(A ) Ap l Ole sup\z\<c (t Z)dt+kcp < k(cp+|d|p)_22'n:0fsil sup\z|<c (t Z)dt
24 |d|Pypo '

Then, for each

d|Ppo
PR(e+ [d17) — pEfLy [1 supy <o Flt, o)

a4
TPAP T [t supp < BT, Z)decp)

and for every function .; : R — R satisfying the conditions (I) and (3.1) fori=1,...,m, the
system (Dg:l{) in single parameter case (i.e. A = L) admits at least three weak solutions in
XL,

le(

Proof. Take #) = O+ A2, where O(w) := %||w||p and

1 tivl 1 W(t)
——Z/ E-(t,w(t))dt+2/
i=0"5i i=170

for all w € Xéx P, Clearly, ¢ and 2 are Gateaux differentiable functionals whose Gateaux
derivatives at the point w € X(;x P are given by

tit1

o)) = [ @yl DEwN§DEs O+ 3 [ O eyt

l
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and

t
2 (w “ﬁzw YO+ Y Fiw(i)y(0)

Si i=1

for all w,y € X(;x P respectively. So, a critical point of & 4+ 1.2 gives us a weak solution of
(Dg:ﬁ ) in the single parameter case. The idea of the proof consists in using Theorem 2.6 to &
and 2. Moreover, the weakly lower semicontinuity of &’ can be proved in a standard way. From
Proposition 2.14, ¢ is continuously Gateaux differentiable and its Gateaux derivative accepts a
continuous inverse on (X(;x P9 Xoa 7 — R is continuously Gateaux differentiable and whose
Gateaux derivative is compact. Therefore, it is adequate to illustrate that & and 2 satisfy (i)

e .. . JE 7i(x)dx
and (i) in Theorem 2.6. In addition, we can fix k such that limsup¢|_,., T < K for

i=1,...,mand pAPAmxk < 1. So, there exists a positive constant ¢ such that fo Fi(x)dx <
K§P+l forevery E € Randi=1,...,m. Now, we fix 0 < &€ < lppf%cm
we see that there exits a function p. € L!'([0,T]) such that F;(t,x) < &x? + pe(t), for each

(,x) € [sisti+1] x R. Thus, for each w € X;"”, we obtain

/’+ £)dr — AZ/ pe(t)dr — Z(lk‘wp(ti)—l—ul)
||W||p

= ~Aelwleo - /IZIIPeIILl (siipr) — AK[W][Em = Aum

. In view of (Ay),

H”

Ow)+AZ2(w) >

> (; ~AAPec —QLKAPm> wll& = A Z 1PellLi(5.0,.,) — Atm.
i=0

Hence limy,,, o ((w) + A 2(w)) = oo, which asserts that &' + A2 is coercive. So, it is suf-

ficient to display (ii) of Theorem 2.6. Put 7 := lf'Tp,, and v(t) = d for all t € [0,T]. One has

Ve XSX "’ From (3.4) and (5.1), one obtains & (v) > F. Moreover, an application of (A4) yields

i mo V()
/H (t,v(t )dt—l—Z/
Si i=1 0

i+1
< —z [ R+ wiar < ay.
i=0"5i

Taking Lemma 2.12 into account, for every w € X7 such that &'(w) < 7, we have sup;cpo,7] [w(?)]
< ¢. Applying the second inequality in (3.5) guarantees

t; 1 n tit1
sup Z/ " Ew( dt—Z/ ds<Z/ " sup Fi(r,2)dr + k||l
Si i=1 i=0""Si

weo—1 |z|<¢

(5.2)
m . rlit)
< Z/ sup F;(t,z)dt + kc?
i=0 |z|<¢
for every w € X;"" with 0(w) < 7. Thus SUP g ()< 2(W) < L1 Of”“ sup|,|<¢ Fi(t,z)dt +ke?.
Since 0(0) = 2(0) =0 and O~ (—c, f)w = 0~ !(—oo,F), one sees from the definition of ¢(F)
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that
Q(W) — infﬁ_li_w Q — infﬁw Q
_ . (_°°7") 4 (—00,7')
= f <
o) weﬁfllrg]foo,f[) F—0O(w) - F
-, ool Suplg<e Filt, 2)dt + ke?
cP
It follows from (5.2) that
(F) = inf sup 2(w) = (o) > inf (w) = 2(v)
WeO~ N~ ) peg1[re) O (W) = O(@) ~ weo-l(—ep)  O(V)

inf,c g1 (oo ) (W) — 2(V)

- o)
LT Y7o o supy < Fi(,2)dr +keP + kld|P
- o(v)

k(TP 4 [d[P) — XL [+ supyy<c Fi(r,z)de
B dPpo '

From (As), one also has @ (7) < ¢, (7). Taking also into account that

1 - |d|Ppo
@2(F) ~ pk(ch +[d|P) = pYiLy [y supp < Fi(t,2)dt

and
1 cP

> )
(0] (f) - pAPZ:n:O j;?“ Sup|Z|SEFi(t,Z)dt+kEp

one can obtain the desired conclusion immediately.

Remark 5.2. It is not hard to see that

Az
Yo J5 ! sup |<c Fi(t,2)dt+ke? k
(Ag) AP \zg;c <35

implies (A5) of Theorem 5.1. So, if assumptions (5.1), (A4), and (Ag) hold, then, for each

(YzG cP >
kp " pAP YL, [i supy, e Fi(t, 2)de + kP )

the system (ngﬁ) in single parameter case (i.e. A = 1) accepts at least three weak solutions.

Now we present Theorem 5.1 with the following example.
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Example 5.3. Consider
[ (DYS(SDYBw(r)) + (0.1 +1)w(t) = Afo(t,w(t), t€(0,1]

DYDY () + (0.1 +1)w(t) = Afi(t,w(t)), te(3,1],

ADy (D) Pw(3)) = Asin(u(3)),
(5.3)
DTGP ((3)7)) = Dy 2 (6D w((3) 1)),
D2 ((§DPEw((3)7)) = D ((EDMEw((5)N)),
| w(0) =w(1)=0.

Letd =10*¢=10%,and 0 =59 <t;y = <51 =3 <tr =3 = 1. Thus 73 = 0.01, p, = L1,
k=1, A=1.109 and A”|d|Py 6 = 819.33 x 10° > 104 = cp is satisfied. Now we choose
fot,€) = 2+ 1)E5 forall (1,E) € [0,4] x R and fi(t,&) = Inty/[E] forall (1,€) € [2,1] x R.

From the expression of fj and f}, we have Fy(¢,&) = 95 (2t +1) for all (¢ ,&) [0, %] x R and
Fi(t,&) = %5% Int for all (#,€) € [3,1] x R. According to the following calculations

Fo(t 5
lim sup of ’25) ~(2t41)limsup = £J¢ =0
HEeaY 9 £l 161
and
3
2 2
limsup A, 25) = —Intlimsup S| =0.
e |G 37 jeloe 16
condition (A) is verified. Also, (A4) holds due to
m tit1 20
R, d)d = / Fy(t,d) dt—l—/ Fi(t,d)dt = 81(104)%—(44x103)zo.
i=07s
Finally, pA? Loy Suplzc‘j‘ filbadke? _ =2.69 < CZ—I’G = 2.72 shows that assumption (Ag) holds.

Therefore, by considering Theorem 2.6 and Remark 5.2 in to account for every

11 104
€ (=, 5 ~ ( 0.366,0.3716 |,
3072.46(2(100)5 — 44+ 10%)

system (5.3) accepts at least three weak solutions.

Now, we investigate multiple solutions for (D S ) in the case A = u, while we do not require
condition (A). For this purpose, we apply Theorem 2.8.

Theorem 5.4. Consider three positive constants ¢, d, and &, with

=P =P

U gp < -2 (5.4)
APyio APpo

and let the assumption (A4) of Theorem 5.1 be satisfied and
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(A7)
o Syt supy <, Fi(r,2)dt + k)
pAP max{ = ,
o Jor supy, <z, Fi(t,2)dr + keb < pk
ch %o’
Then, for each
=P
c
ALeA:= (YZ ,min{ 1 “ >
pk pAP Y™ 0[’* Sup|, <z, Fi(t,z)dt + ke

ch })
PAP YL [ supy, <z, Filt,2)dr + kb

system (Df{“ﬁ ) in single parameter case (i.e. A = W) adopts at least two weak solutions w ; and
wy 3, such that max,c(o 71wy 2. (t)| < &1 and max, o 1y (w2 2 (1)] < 2.

Proof. Fori=0,---,m, we consider

filt,=&) if (,x) € [si,tit1] X (—o0,82)
Tt = ) (40) € s tint] X [60,03)
F(e2) i (13) € sitisa] % (02,50).
It is obvious that, fy,...,f : [Sistir1] X R — R are Carathéodory functions. Now, we put
Fi(t,&) = foé fi(t,x)dx for all (¢,&) € [s;,t; 1] X R, i=0,...,m, and set O(w) = 1—17|]le’ and

m. ety _ mo ()
—Z/ Fl-(t,w(t))dt+2/ i(s)ds
i=0"Si i=1 0

for all w € X(;x P To get the desired result, we use Theorem 2.8 to & and 2. It is clear that
limy, ||, 00 O(w) = o and 2 is a differentiable functional whose differential at the point w €

X(;x’p is

20 ==L [ e wowoar L A6

—0 Si

for every y € X(;x P that is sequentially weakly lower semicontinuous. Further, 2’ : X(;x LS

(Xéx P )* is a compact operator. In order to get the conclusions, we need to take 7| := o Al;,

Py = pA,,, and v(t) = d for all t € [0,T]. Bearing in mind the properties (3.4) and (5.4), we
have v € X, YP R <O (V) < i, and infy & < F| < F,. Moreover, using the proof of Theorem
5.1 and taking also into account Remark 5.2, we obtain

PAP Y [5 supy, <, Filt,2)dr + kel

@1(r) < :
e

B PAPY ", fsti"“ SUP|;|<e, Fi(t,z)dr + kE’ZJ
¢1(72) < 5 ,

=)
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and @5 (7,72) > . From (A4) and (A7), the assumptions (jj) and (jjj) of Theorem 2.8 hold.
Therefore, from Theorem 2.8 we conclude that, for each A € A, the system
DFO(GDIw(t))) + ¥(1 )® (w(t)) = Afi(t,w(t)), t € (siti1],i= 0, ,m,
AD7~ 1( p(GDIW()) = AFi(w(t:), =12, ,m
DF(© (CD“ (1)) :,Da H@,(GDf W), t€ (tiysi), i=1,2,-m
zD?’l(G) (6Dfw(s; ) = DF~ 1(®p(oCD?‘W(si+))), i=1,2,---,m
w(0) =w(T) =0.
admits at least two weak solutions wy » and w, ; such that

max |wy;(¢)] <¢1 and max |wy,(f)] <&

telo,7] r€[0,T]
Note that these solutions are also solutions to (ngi) in single parameter case (i.e. A = u). O

Remark 5.5. In Theorems 5.1 and 5.4, we searched the critical points of _#) naturally affiliated
with the problem (D/O{:‘[t) in single parameter case (i.e. A = u). Generally, #, can be below

unbounded in X;"”. Actually, for the case f;i(&) =i+ |& 7P EP 1 for all £ € R and i =
1,...,m with b > p*, for any fixed w € X;"”\ {0} and 1 € R, we take

/(lw)<_||w||f’ )LZ/ Fi(t,iw(1))dz + Aka? w2

lbm

<—IIWII” MZOIIWHLI sin) " AT Z||W||Lb[st,+1])
=

+?LklpAprH$ — —o0
as 1 — oo. So, we cannot utilize direct minimization.

Remark 5.6. If fi(r) > 0 forall ¢ € [s;,t;11] and i = 0,...,m, and #(t) < O for all 7 € [s;,t;+1]
and i = 1,...,m, Theorem 5.4 is a bifurcation case in the sense that (0,0) € .7 (closer of .&7),
where 7 is the set of all pairs (w),4) € X;"7 x (0,00) that w; is a nontrivial weak solution to
(Dg:ﬁ ) in the same parameter case (i.e. A = ). Actually, by Theorem 5.4, we see that ||w; || — 0
as A — 0. Thus there exist two sequences {wy} in X, and {4} in R (here wy = w;, ) such
that 4 — 0" and ||wy| — 0, as k — oo. In addltlon since fi(r) > 0 for all ¢ € [s;,¢;4+1] and
i=0,. mandf()<0forallt€[s,,t,+1]andz—l .,m, 2(w) <0 forall w € X;"" and
thus l — I (wy ) with A € (0,47) is strictly decreasing. Hence, for every 41,4, € (0,A%), with
A1 # A2, the weak solutions w,, and wy, guaranteed by Theorem 2.8 are different.

Remark 5.7. If f;(t) > 0 forall ¢ € [s;,t;11] and i = 0,...,m, and .#;(t) < O for all t € [s;,t;11]
and i = 1,...,m, the weak solution in Theorems 5.1 and 5.4 are non-negative (see [13, Remark
5.4)).

6. SINGLE INSTANTANEOUS IMPULSE

We consider the following problem
DF(O,(GDIw(t))) +(1)®p(w(t)) = A8(t)h(w(r)), 1 € [0, T],
MDY (©,(§DM (1)) = A5 (w(n), (DF )
w(0) =w(T)=0.
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where 0 < 1; < T, 6 : @ — R is a non-negative and nonzero function such that 8 € L!([0,T]),
h: R — Ris a non-negative and continuous function, and .#; € C(R,R) satisfies assumption (7).

Put H(&) = fo5 h(x)dx for all £ € R. The following results are directly obtained from Theorems
5.1 and 5.4, respectively. Setting f(z,x) = 6(r)h(x) for every (z,x) € [si,t;+1] X R, we have the
following two theorems.

Theorem 6.1. Assume that there exist positive constants ¢ and d with APy |d|Pt; > ¢” and
limsupg . é‘(% < 0 uniformly in R. Moreover let

(Ag) A0 Par O

c hh
Then, for each

Yt cP
A€ , - — |5
(Pk P/\”HQHU([O,T])H(C)+ka>

problem (D} ;) accepts at least three weak solutions in X(;x P

Theorem 6.2. Consider three positive constants ¢1, d and ¢, with

O <2
APyt APyt

and

|‘9‘|L1([O’T])H(El)+k511) HGHLI([(),T])H(EZ)_"I{EI; } k
! 2

(Ag) AP max{

‘1 )
Then, for each

nho . ¢l ch
Ae (—,mm{ - > - _p}),
pk PAP(|B||L1 o, H (C1) + k&) pALP|[0]|L1 (0, r7)H (€2) + k&3
problem (Dj} ) accepts at least two weak solutions wy ; and w, 5, such that

max |wy,(t)| <¢; and max |wyj(t)| < Cr.
max b0 <6 and - max e ()] <

Here, we mention a special case of Theorem 6.1.

Theorem 6.3. Assume that

h(G) _ . h(S)

m = lmm
S

=0, (6.1)

there exists a positive constant d such that H(d) > 0 and lim SUP|£| yo0 rg—,ﬂﬁ,) < oo, Then, for each
A > 7;27—2, the problem (D,(fﬂ) accepts at least one non-negative and one nonzero weak solution
in Xéx P,
Proof. Let A > 7;—2. By (6.1), we obtain
su h(z su h(z
lim —p'z'ﬁ’gl @) _ iy SRl M) = )
g0t &P Eoe &P
Hence, one can fix ¢ and & such that & < APy |d|P1 < &b,
SUPjej<c 1) _ ey
a1 PALP||8]|L1 o7y H (C1) + k&Y

=0.
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and
SUPle <, 1(S) _ &
2 PAP||8]|L1 0.7y H (C2) + k&Y
Hence, from Theorem 6.2 we obtain the desired conclusion. U

By employing Theorem 6.3, we can obtain the below example.
Example 6.4. Consider the problem

DS (SDIOw (1)) +w(t) = Ae™ 22t e 0,1,
.6
w(0.

5+wh(t)
AD4(§ DY 5) = Aw(0.5),
w(0) =w(1) =0.

One can see that
g4 h(&)

im@— im§—4— n m ——— = lim —% =
S0 TE TN EGren Y M M EG ey e

Thus (6.4), for every A > 0.25, accepts at least one non-negative and one nonzero weak solution
0.6.2
in X,
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