J. Nonlinear Funct. Anal. 2026 (2026) 17 https://doi.org/10.23952/jnfa.2026.17

Joal of

g—g@ Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

OPTIMAL A PRIORI L~(J;L*(Q))-NORM ERROR ESTIMATES OF A FINITE
VOLUME ELEMENT METHOD FOR PSEUDO-PARABOLIC OPTIMAL
CONTROL PROBLEMS
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Abstract. This paper presents a priori error analysis of finite volume element (FVE) method for linear
pseudo-parabolic optimal control problems subject to integral control constraints. A novel FVE scheme
is constructed based on the discretize-then-optimize approach, in which the state and co-state variables
are approximated by continuous piecewise linear finite elements, while the control variable is discretized
by using piecewise constant functions. Optimal a priori error estimates in the L™ (J; L?(Q))-norm for the
all variables are proved.
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1. INTRODUCTION

Finite element approximation plays an important role in the numerical solutions of optimal
control problems (OCPs). Extensive theoretical and numerical studies were carried out on the
finite element approximation of various types of OCPs. It is not even possible to give a very brief
overview here. For a priori error estimates, superconvergence and a posteriori error estimates of
finite element approximations for OCPs, we refer to [1-3,5,10, 11, 16-19]. In particular, Chen
et al. [2, 3, 5] provided significant contributions to the investigation of a priori error estimates
and superconvergence properties of Raviart-Thomas mixed finite element methods within this
framework. Chen and Dai [4] examined superconvergence properties for semilinear elliptic
OCPs discretized by the linear finite element method.

The FVE method is an effective numerical method for solving partial differential equations.
A key advantage of this method is that it can maintain the local physical conservation law. Now
it has been used to calculate various OCPs. Luo et al. [13, 14] used the FVE method to solve
the distributed OCPs controlled by elliptic and hyperbolic equations respectively, and obtained
optimal a priori error estimates of all the variables involved. Ge and Sun [8] proposed a hybrid
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approximation scheme for the OCP governed by elliptic equations with random coefficients.
The finite volume element is used for spatial discretization, and the sparse grid random config-
uration method based on Smolyak approximation is used for probability space approximation.
Lin et al. [15] developed the Fourier FVE method to deal with distributed control and Dirichlet
boundary control problems. Fourier discretization was used in the azimuth direction of polar
coordinates, and FVE approximation was used in the radial direction. Kumar et al. [9] proposed
a series of discrete schemes for OCPs of immiscible displacement equation modeling in porous
media under the framework of optimize-then-discretize, combined with mixed and discontinu-
ous finite volume element methods. We note that all the above studies on the FVE method for
OCPs adopt the method of optimize-then-discretize to construct the discreteization schemes.

The main purpose of this paper is to construct the FVE approximation of the following
pseudo-parabolic OCP by the discretize-then-optimize method:

mélal %(IIy vallzz w2 T ||Q||iz(J;Lz(Q))>, (1.1)

—div(A(x)Vy, +AX)Vy) +c(x)y=f+q, x€EQ, t €J, (1.2)
y(x,1)] 50 =0, 1 €J, 13)
y(x,0) = yo(x), x € Q, (1.4)

where Q C R? is a convex polygonal domain, J = (0, 7] and

QY = {q€L2 (J;L2(Q / /qudt>0}

Assume that y; € L>(J;H?(Q)), yo € H*(Q), 0 < c¢(x) € WH*=(Q). Let the matrix-valued func-
tion A(x) = (a;j(x)) be symmetric, satisfying a;;(x) € W1=(Q) and

C*|C| < Z alj ClCJ<C*|C|2 \V/CERZ xEQ
i,j=1

where ¢* > ¢, > 0.

The paper proceeds as follows. In Section 2, we present a novel FVE approximation for the
OCP (1.1)-(1.4) and derive its equivalent optimality conditions. Section 3 discusses the L™ (Lz)—
norm errors with optimal convergence order for all variables. Finally, in the last section, we
summarize the results obtained and discusses potential directions for future research.

In this paper, we denote W(Q) as the standard Sobolev space, with its norm || - ||,,  defined
by V1l 4 = Ejajm [ D%V ) and the semi-norm |-, defined by [v[3,, = g D[4y g

We further define Wé"’k(Q) = {v € W™K(Q) : v|yq = 0}. For k = 2, we write H"(Q)
Wm2(Q), H'(Q) = W(;"’Z(Q), and simplify the notations as || - ||, = || - ||m2 and || - || = || - [/o,2-
L*(J;W™*(Q)) denotes the Banach space consisting of all L*-integrable from J into W"*(Q),

1/s
with the corresponding norm defined by [|v[|1s(s.wmi(q)) = (fOT ||V||;Vm,k(9) dt) , where s €

[1,4o0), for s = 40, the norm is defined in the standard manner. For simplicity, in the follow-
ing, we use [|v[|zs(ymi) to represent [|[v[| sy ymi(qy)- Spaces such as H'(W™k) and Ck(W™*)
can be defined analogously. Throughout this paper, C denotes a generic positive constant inde-
pendent of the mesh size A, the spatial discretization parameter.
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2. FVE APPROXIMATION

This section constructs FVE scheme for problem (1.1)-(1.4) and presents several necessary
lemmas. Let (L?(Q))? := {v = (vi,v)|v; € L*(Q),i = 1,2}.
The weak form of (1.1)-(1.4) is to find (y,q) € L>(H") x 0% such that

. 1 2 2
min > (=l + Il @.1)
(e,v) + (AVy,, Vo) + (AVY, Vo) + (cy,v) = (f +4,v), V v € Hy (Q), (2.2)

where (-, -) stands for the inner product in L?(Q) or (L*(Q))2.
From [12], it is known that the OCP (2.1)-(2.2) has a unique solution (y,q) € L>(H') x Q.
Moreover, for any v € H}(Q), x € Q, ¢ € 0™, there exists a co-state p € L>(H') such that

(v, p,q) satisfy

(yr,v) + (AVy,, V) + (AVy, Vv) + (cy,v) = (f+¢q,v), (2.3)
y(x,0) = yo(x), (2.4)
- (plav) - (Avplavv) + (AVP:VV> + (Cpav) = (y_ydav)v (25)
p(x,T) =0, (2.6)

T
/0 (g+p.¢g—q)dt > 0. (2.7)

From (2.7), we obtain
q= maX{Ovp} —D, (28)

T
where p = %.

For a polygonal domain 2, we consider a quasi-uniform and regular triangulation 7}, consist-
ing of closed triangular elements K satisfying Q = | J ker, K. Let 4}, denote the set of all nodes
(vertices) of Tj, and let the set of interior nodes be defined as %O = M,NQ.

Next, based on 7j,, we construct the dual mesh 7;". For each element K € T}, with vertices
X, Xj,X;, we select a point Q inside K, and select a point x;; on each edge x;x; of K. We link
QO to each x;; by straight-line segments r;;. For a given vertex x;, we define V; as the polygon
formed by the union of all segments r;; for which x; is a vertex of K. The region V; is called the
control volume centered at x;. We have Q = Us,e.; Vi» and the dual mesh 7, is defined as the
set of all such control volumes.

If there exists a positive constant C > 0 satisfying the following conditions, then the control
volume mesh 7} is quasi-uniform and regular.

C~'h* < meas(V;) < Ch*, YV V; € Ty,

where & denotes the maximum diameter of all elements K € Tj,.

Multiple ways may be utilized to construct a regular dual mesh 7;*, which depends on the
choice of an interior point Q in each element K € 7}, and the selection of points x;; on the
edges of K. In this study, we employ a commonly adopted construction where Q is taken as the
barycenter of each triangular element K € 7}, and the points x;; are chosen to be the midpoints
of the edges of K. This control volume construction is applicable to any triangulation 7}, and
enables relatively simple computational implementations. Furthermore if 7, is locally regular,
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then the corresponding dual mesh 7} is also locally regular. Let S), stand for the standard
piecewise linear finite element space defined on the triangulation 7j;:

Sp={veC(Q):v|g is linear, ¥V K € Tj,;v|yq = 0},
and its dual volume element space S; on T},
Sy={ve L*(Q): v|y, is constant, V'V; € T)"; v|,, =0, if x; € 0Q}.

Thus, we have S), = span{¢;(x) : x; € #;°} and S} = span{¢;" (x) : x; € 4;°}, where ¢;(x) is the
standard nodal basis function for node x;, and ¢;*(x) is the characteristic function of the control
volume V;.

The space of piecewise constant functions is defined as follows

Wy == {w), € L*(Q) : wy| is constant,V K € Tj,}.

We introduce the linear interpolation operator I, : Hy (Q) NH?*(Q) — Sp, ¥V v € HI(Q) N
H?*(Q), by Iv = Y., v(xi) 9;(x). The approximation properties are as follows

Iy — Iy || +hlly — Lyl < CH||yll, ¥ w € H(Q). (2.9)

We introduce the interpolation operator I;; : S, — S} by

Lvi="Y vi(x)¢; (x).

X €N,
We introduce the L%(Q)-projection [6] P, : L*(Q) — Wj,, which satisfies, for any v € L*(Q),
(Poy —y,wy) =0, Yw, €W, (2.10)
lw —Piyllos < Chllyll s, 2<1< e, ¥y eWH(Q). (2.11)

We define the elliptic projection Ry, : Hl (Q) — S, [7], which satisfies: for any y € H}(Q)

(AV(y —R,y),Vv,) =0, Y v, €S, (2.12)
v — Ry || + |y — Rpwlly < CH2|wlla, ¥ v € HE(Q) NH2(Q), (2.13)
1w — Raw): ||+ 1)l (w = Ryw)i [l < Ch2|wil2, ¥ wi € Hy (Q) NHA(Q). (2.14)

On S;, and S}, we define several discrete inner products and norms

Vs pn)on =Y., meas(Vi)vipni = (v i pa)s [VilG = nsvidons 1valll§ = ns Tiva),
XiEN},

2 2 2 2 2
|Vh|1,h: Z Z meas(V;)((vii — vij)/dij) HVhHI,h: \Vh|o,h+|vh|1,ha
xiGNh _x.iGH(l')
where d;; = |x; — xj|. Let a;(-,-) denote

ah(yhal}fvh) = Z / (ZVyh) -nI;;vhds =— Z Vi (xi)/ (ZVyh) -nds,
xieNy, 7 Vi X €N}, Vi
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where n is the outer-normal vector. By defining a new approximation for the target functional,
we propose the following FVE scheme: Find discrete solution (yy,g;) € L*(S) x de such that

. 1T
min, {3 (7 (1=l -+ ) @15

qneQi?
Vs Lyvi) + (AVype, Vo) + (AVyy, Vvp) + (@vn, Iivi) = (F + qn Live), Y v € Sy, (2.16)

where Q94 = L*(W;,) N 0%, yu(x,0) = Ryyo(x), (AVyn, Vvy) = an(yn, l;vs) and A, = Ak,
Clg =ck, Ax = meA(x)dx, Kk = mf[(c(x)dx, VKeT,.

The solution (yy,,qs) € L*(S),) x de to discrete problem (2.15)-(2.16) is unique. When
(Yn,qn) solves problem (2.15)-(2.16), there exists a discrete co-state p;, € L?(Sj) such that

(Yn, Pn,qn) satisfy the discrete optimality conditions:

> Tiva) + (AVyn, Vor) + (AVy, Vi) + (Svns Iivi) = (f +andva), (2.17)
yr(x,0) = Rpyo(x), (2.18)
— (pne-T5vi) — (AVpue, Vou) + (AV pi, Vou) + (€pi, Iivi) = (vn— Inya, Iiva) (2.19)
pn(x,T) =0, (2.20)
T
/0 (gn+I; P> dn — qn)dt > 0, (2.21)
where v, € S, x € Q, gj, € de. By (2.21), we obtain
qp = max {O,IZPh} — Py (I, pn) (2.22)
R T *
where I} p, = %. For any ¢ € L*(L?), we define the discrete intermediate variables
0 JOo
(yu(d), pr(G)) € L*(Sp) x L*(Sp) such that
= (f+d,L;vn), ¥V vy € Sp,
yi(§)(x,0) = Ryyo(x), ¥V x € Q, (2.24)
— (Pne(G)s 15 ve) — (AVPw(G), Vi) + (AVpu(§), Vi) + (epu(d), Iyva) (2.25)
= (ya(4) — Inya,yvn) . ¥ vi € S,
pu(§)(x,T) =0, Vx€Q. (2.26)

Thus the exact solution (y,p) can be further written as (y(¢q),p(¢)). Similarly, the discrete

solution (yy, p;) can be written as (y,(qn), pn(qn))-
According to [7], we have the following results.

Lemma 2.1. There exists a positive constant C such that ||v, — I;'vy|| < Ch||vp||1 4, for all v, €

Sh.

Lemma 2.2. For any v, € S}, there exist positive constants C; — Cs such that
Valon = zvall < Cillvall, (2.27)
Collvall < [[[valllo < Csllvall, (2.28)

Callvallt < va

1,h < Cs|lvall1- (2.29)
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Lemma 2.3. It holds that [, vpdx = [; Iyvpdx, for all K € Ty, and vy, € Sp,.

Lemma 2.4. It holds that (wy,, I;vy,) = (v, Iy wy), for all wy, vy, € Sp,.

3. OPTIMAL A PRIORI ERROR ESTIAMTES

In this section, we first derive some superclose results between the projection of the exact so-
lution and the discrete solution, and subsequently establish the L™ (Lz)—norm error with optimal
convergence order for the state, co-state and control variables.

Lemma 3.1. Let y and p satisfy the continuous optimality conditions (2.3)-(2.7), while (y,(q), pn(q))
denotes the discrete solution to (2.23)-(2.26) with the choice § = q. If y,p € L*(H?), y;, p: €
L*(H?), f,q € L>(H"), then

1y = 31(@) | z=(z2) + 1P = (@)l =12y < CR. (3.1)
Proof. Let

y—yu(q) =y—Rny+Rpy—yu(q) =1y + &y
and

p—piu(q) =p—Rup+Rup—pi(q) =:1p+&p.

Subtract (2.23) from (2.3) and (2.25) from (2.5), respectively. With the aid of (2.12), we derive
the following two error equations:

(&s Tyvi) + (AVEy, Vvi) + (AVEy, Vvy) + €&y, I vi)
=— (. Lyva) — (ry,vi) = ((c =€)y, vp)
+(f +q =yt —Rpy,vi, = Ivi), ¥V vy, € Sp, (3.2)
— (&piIyvn) — (AVE,,, Vvi) + (AVE,, Vvy) + (Ep, Iyvi)
=~ (rpes Iyvn) — (€rp,vi) — ((c =€) p,vi) + (v = yu(q) I vn)
+ (Ihya —Ya, Iyvn) + (Y —Ya + pr — CRup, v — Ivi), ¥ vy € S (3.3)
Letting v, = &, in (3.2), we have

1d 2, 12 2 =3 2 (ap
377 S +IAZVEI )+ [ATVE 17+ (28, 1 8y)

=— (ry, 1y &) — (ry, &) — ((c =)y, &y)
+(f+q =y =Ry, &y~ I;&y).
Integrating (3.4) over [0,7] and combining &,(0) = 0, we obtain

1 1,1 to_1 t .
SR+ A VE I+ [ 1AV Pds+ [ (e&.1i)ds
—— [ti)ds— [ en.&)ds— [ ((e—e&)as (3

t
+ /0 (F+q—yi— Ry & — I1E,)ds.

By Cauchy-Schwarz inequality and (2.13), we derive

(3.4)

[(rye T &) | < el 1 G| < CR2[lye 21y (3.6)
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and

|(@ry, &) < Cliryll - &1 < CR?[Iyll2- [18y- (3.7)
By (2.10)-(2.11), Lemma 2.1, (2.14), (2.27), (2.29), and Poincare’s inequality, we obtain

[((c=2)y, &) < Clle —el| - llysy — Pa(¥&)
< Ch? eIyl
< CRJlellallyll1 Iyl
< CRly||- V&),

(3.8)

and
|(f +q =yt =Ry, & — ;&) | = [(f +q—y: — Ry — Pu(f +q —y: — CRyy), &y — [, &)
< f+q—y =Ry —Pu(f +q—yi =Ry - 1§y — I, ]
< Ch||f+q—y: —cRpy|1||Ey — 1; &l
S CR(|If +q =yl + IeRy ) 1€yl 1.
<CR(|If+q—yilli +I¥ll2)11E I
<C(|If +g—ylh + yl2) IVE.-

(3.9)
Using (3.5)-(3.9) and Young’s inequality, we see that
1 2 Ld 2 [N 2 fg
SIS Ho+ S I1A2VE[I~+ [ [A*VE|Ids+ | (€8y,1,8y)ds
2 2 0 0
. ; ; (3.10)
<t [ (Il 1B+ 15+ gl ds+C [ &I ds+C [ 198 s
For (3.10), we use Gronwall’s lemma and the assumptions on A and c to further derive
t
1117 + V&[> < Ch4/0 (e l3+ Y13+ 11f +4lT) ds. (3.11)
By (2.13) and (3.11), we find that
1y = 31(@) | z=(z2) + IV Ry = y4(9)) | (12) < Ch*. (3.12)
Setting v, = &, in (3.3), we have
1d

_1 _1 .
52 Epll5+ A7 VE, %) + 1A% VE I + (@6, 11 E,)

=—(rpi, 13 &p) — (@rp, &) — ((c—T)p,&p) (3.13)
+ (v =yn(q), 1;Ep) + Inya — ya. Ir6p) + (v — ya + pr — cRup. &p — I;E)).

Integrating (3.13) over [r, T] and using the condition §,(7T) = 0, we deduce

1 T _1 T
NG+ SIAVE P+ [ 1ATVE s+ [ (& liEpds
T T T T
= [ Cwligds— [ (ery )ds— [ (c=0p.&)ds+ [ =na)fi&)ds G.14)

T T
+/t (Ihyd—yd»lﬁép)dﬁ/l (y—ya+pi—cRup, &y — 1, )ds.
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Similar to (3.6)-(3.9), we find that
|(rpt 1 Ep)| < CR? [ pi 12116, I,

(erp,&p) < CH|[pll2l|Ep

((c=2)p, &)l < CR?|pll - [IVEpll,

and

|(v—=va+pr—Rup, §p —1;Ep)| < CH (|[yll1 + [lyalli +[lpelli + 112112 [ VEp Il

It follows from lemma 2.2 and (2.13) that
| =31(@) 1y Ep) | <yl 5 Spll + 1G5 Sp
<Clly=Ruyl - 1551l +ClIGyll - 1Sl
<CR2|Yl211Ep 11 +ClIE - 11Epl-
According to (2.9) and (2.27), we deduce

|(Iya =ya,1,6p)] < Ty —vall - 11:Epll < CH||yall21Epll-
Substituting (3.15)-(3.20) into (3.14) and applying Young’s inequality, we obtain

1 1 1 T _1 T B .
G F+ 51 VEN+ [ IAVE Pds+ [ (& Fip)ds
T T
< [ (I + 112003+ el + IyalB)ds+C [ 115, 1Pds

T T
+C [ 1§ Pds+C [ 19 |Pds

(3.15)
(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Applying Gronwall’s lemma to (3.21), and using (3.11), the assumptions on A and ¢, we deduce

that
IEp1+IVE | < Cr?.
By (2.13), (3.12), (3.22), and the triangle inequality, we complete the proof.

(3.22)
U

Lemma 3.2. Let g € L>(H"), and let § = q and § = Pyq in (2.23)-(2.26), respectively. Then

1y1(@) = yu(Pra) || =2y + [V (@) = yu(Bag) )| =12y < Ch?,
1P4(q) = Pa(Pag)l| =22 + IV (P (@) — pi(Pe@)) | p(2) < CH*.
Proof. By (2.23)-(2.26), we find

Ve (@) = e (Paq) Livn) + (AV (v (@) — e (Paq) ), Vo)

+ (AV (yu(q) = yu(Puq)) . Vvi) + (€(vu(q) — yn(Puq)) . Ijvi)
= (q — Phq,lj’;vh), Vv, €Sy,

— (P (@) — Pre(Puq) Livi) — (AV (pre(q) — pre(Pag)), Vvi)

+ (AV(pn(q) — pu(Phq)), Vvi) + (¢(pn(q) — Pr(Puq)) Iy vi)
=(ya(q) —yn(Puq),Iivn), ¥ vi € Sp.

(3.23)

(3.24)



A FINITE VOLUME ELEMENT METHOD 9

For the purpose of stability analysis, we set v, = y,(q) — yn(Prq) in (3.23) to get

1d

1d -1
- —vi.(P Pl [y VA v/ —vi(P 2
() —3n(Ba) 13 + 5 VAV 0na) — (B

_1 1
+ A2V (y(q) — yu(Pag))|I* + lIe2 (@) — yn(Pug)) |I?
=(q = Pug. I n(q) — yn(Prq)))-
Integrating (3.25) over [0,#] and using the condition yj(q)(x,0) — y,(Pygq)(x,0) = 0, we obtain

(3.25)

Sbvs(a) — ynCPa) I3 + 5 1AV ) — v (Pac) P
+ [V Onta) (P s+ [ 18 Onta) —m(Bia)lPds - @26
0 0

1
= /0 (q = Pug 25 (vn(q) — yn(Pug)))ds.
From (2.10)-(2.11), Lemma 2.1, Cauchy inequality, and Young’s inequality, we deduce

(¢ —Pug, Iy Vn(q) — yu(Phq))) = (q — Puq, 1 vn(q) — yn(Pag)) — (Yn(q) — yn(Paq)))
+(q = Pug; (Yu(q) —yn(Paq)) — Pu(yi(q) — yn(Prg)))
< C1?|\ql1llya(q) = ya(Pug) Iy
< Ch*||q|I; +Cllyn(q) — ya(Paq) |I3-
By Gronwall’s lemma, (3.26)-(3.27), (2.28), and the assumptions on A and ¢, we readily obtain

(3.27)

t
1y4(q) = yu(Pag) I” + IV n(q) = yu(Pag)) 1> < Ch4/0 lqlITds. (3.28)
Thus
1y4(q) = ya(Pag) | =~(22) + IV (@) — y1(Phg)) | p=(z2) < CH*. (3.29)
Next, setting v, = pn(q) — pr(Pargq) in (3.24), we have
1d 1d, -1
— 5 7, I1Pn(@) = Pa(Frq) | 5— 57,147 V(pala) = Pu(Pug))|?

+ 1AV (pa(a) — pr(Pea)) |+ 22 (a(a) — pa(Pr)) 1 (330

=n(q) =y (Prnq): 1, (Pr(q) — Pr(Prq)))-

Integrating (3.30) over [¢t,T], and using p,(q)(x,T) — pr(Prq)(x,T) = 0 as well as

n(@) = yu(Puq), I (Pr(q) — Pr(Paq))) < Cliyn(q) — yu(Pag) || - [|Pr(q) — Pr(Prq) |,

we deduce that

S1pi(a) — pu(Pia) I3+ 5 1A=V (pata) — pu(Pac)
+ [ 1A Gu@) — putra)IPas + [ 17 oula) ~ patia)) P

T
<C [ Ionla) =(Pra)|- [pa(a) = pu(Prg) s
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Similar to (3.28)-(3.29), we obtain

1Pn(q) — Pr(Phg) = (22) + IV (P(q) — Pr(Pag))|| =12y < Cllyn(q) —yn(Pag) |l 12(12)-

Thus, we conclude Lemma 3.2 by (3.29) and (3.31).

Lemma 3.3. For the discrete solutions (yy, pp) and (yn(Pnq), pr(Paq)), we have
yn(Puq) = yall =22y + [V 0n(Paa) = y) || =12 < ClIPaa = anll 222y
1Pn(Prg) = il (22 + ||V (Pr(Pag) — P1) HLm(Lz) < C||Pug — anll 212 -

Proof. By (2.17)-(2.21) and (2.23)-(2.26), we derive

(Ve (Pu@) = yne - 2ivi) + (AV (yne (Pag) — yie), Vvi)

+ (AV (yu(Pug) — y1), Vi) + (€(va(Pug) —yn) - L;vi)
=(Pug —an>15va), ¥ vi € Sp,

— (pw(Puq) — P Iivi) — (AV (P (Puq) — Pie) s Vi)
+ (AV (pn(Pug) — p1), Vvi) + (€(pr(Pug) — P1), Iivi)
=(yn(Puq) — Y, I5vn), ¥ vi € S

(3.31)

O

(3.32)

(3.33)

From Lemma 2.3, we obtain (P,q — qp,1;vi) = (Paq — qn,vn), for all v, € S;. Thus we readily

obtain the expected results by the stability analysis as in Lemma 3.2.

O

Theorem 3.4. Let y,p € L*(H?), y;, p, € L*(H?), and f,q € L*(H"). Then ||Phq—qh||Lz(Lz) <

Ch?.
Proof. Choosing ¢ = g;, and ¢g;, = Pq in inequalities (2.7) and (2.21), we have
T T
/O (q+p.qn—q)dt >0, /O (n+ 1y Phs Phg — qn)dt > 0.
It follows from (3.34) and (2.10) that
| Prg — C]hHiz(y)

T T
:/0 (Phq_Qh7Phq_Q)dl+/O (Png — qn,q — qn)dt
T

(3.34)

T T
= (Phq—q;,,qup)dt—/O (Phq—qh,thrIth)dH/O (Pug — g, 1, pr — p)dt

T T
(Phg — qn,q+ p)dt +/0 (Pug — qn, 1y pn — p)dt

IN

T T
(q+ p,Phg — qp)dt +/O (Puq — qn, I, pr — p)dt

T

I
S— S— S—. S

T T
(‘I+P7Phq_4)dt+/o (q+p>q—qh)dt+/0 (Png — aqn, I, pp, — p)dt
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T T
< /0 (q+pPag—q)di + /O (I pn— P Pag — qp)dt
T T
= [ Gipn=tipuPia) Big—ai+ | (Gipu(Pig) ~Tipn(a)- P —ai)dr - (339)

T T
+/0 (Iil‘ph(q}—p,Phq—qh)dﬂr/o (g+p,Png—q)dt.

By integrating (3.32)-(3.33) over [0, T], and setting v, = py(P,q) — pr and v, = y,(Puq) — s
we readily verify that

T T
/0 (Zs pn = I; Pr(Pug) , Pag — qn) dt = — /0 (Pug — an1j; (Pr(Pag) — pi) )dt

= [ i) st (pu(Pra) — pi) et~ [ (A5 (i)~ ) ¥ (i)~ i)

[ @B 30) ¥ i)~ )~ [ € u(Fra) ) T (ot Bra) — )
=- /0 Tdi()’h(PhQ) s Ty (Pn(Pag) — pn) )t + /0 ' 04(Pu) — B (i (Pa) — i) )l

- /0 Tdi(AV(yh(PM) = 1),V (Pu(Puq) — pn))dt

+ [T @ 0B ). (o (Pra) — pu)

[ @0 30) ¥ (i)~ )~ [ € u(Pra) ) 5 (i) — )
=- (yh(Pm) =YL (Pu(Png) = 1)) ‘T — (AV (yu(Phq) = 1),V (Pn(Phq) — pn)) )T

0

pm (Phq) — pue, Iy (yn(Pag) — yu) )dt + / (AV (pn(Pug) — P )V (yu(Prg) — yn) ) dt

\

/ (AV(pn(Puq) Ph)7v()’h(Ph4)_}’h))dt_/OT(E<ph(PhCI)_ph>a1;; (vn(Pug) —yn))dt
=— /0 (v (Prg) = yus Iy (v (Pag) — yn) ) dt
-G /OT |y (Pug) — yi|*dt <0, (3.36)

where we also used y,(P,q)(0) = y,(0), pr(P.q)(T) = pp(T) =0, Lemma 2.4, and (2.28). By
Lemma 2.3, Lemma 3.2, Cauchy inequality, and (3.1), we have

T T
/0 (I (Phg) — I, Pi(q)  Pog — qn) dt = /0 (pn (Puq) — Pi(q), Png — qp) dt

T
< A 1Pn(q) — P (Pa@) || - [|1Pag — gul| dt (3.37)

T
< [ |Pia—anl ds
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and

T T
/O(Iifl?h(CI)—P,Phq—Qh)dIZ/o (Pn(q) — p, Pag — qp) dt

T

<[ Ip=p@l-IPg-alds (338)
) T

< [ g —anl dr.

By (2.8) and (2.10), we easily have

T T
/0 (q+p,Piqg—q)dt = /0 (max{0,p}, Piqg — q)dt = O. (3.39)

Substituting (3.36)-(3.39) into (3.35), one sees that HPhq—qhHLz(Lz) < Ch?. Thus the proof is
complete. U

Next, we can further obtain the following optimal L*(L?)-norm error estimates.

Theorem 3.5. If y,p € L*(H?), y;,p; € L*(H?), and f,q € L>(H"), then

19 = qnll =2y < Ch, (3.40)
ly = ynll=(z2) + 1P = Pall =22y < CH*. (3.41)

Proof. By (2.8) and (2.22), we deduce that

|q — qn| =|max{0, p} — p —max{0,; pn} + Bu(l; pr)|
<|p—IL;pu| +|p — Bu(L, pp)|
<Cllp = lypull 22y + P = Pal +[Pn = Bapal + [Pu(pn = Iy i)

Thus

lg = qnll <Cllp =1y pall 222y + Cllp — Pall + Cllpn — Papall + CllPa(pn — I pa) |
<C|lp = pull22) + Cllpn — Iy pnll 222) + Cllp = pall (3.42)
+Cllpn — Pupn|l +Cllpn — 1y pall,

where we also used ||P,(pp — 1 pn)|| < C||pn—1; pp||- Based on (3.42), (2.11), Lemma 2.1, and
(2.29), we deduce that

1 = anll=22) <Cllp = pull 22y + Cllpn — Lipall 22 + Cllp = Pall = (12)
+Cllpn = Pupnll =22y + Cllpn — Iy Pl 1= (22)
<C||p = pnll=2) + Chll Pl = (r11)- (3.43)
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Applying the stability analysis as in Lemma 3.2, we obtain
12nll =y < C(Iynllz2y + Mnyall2z))
< C(lIRnyoll + IVRyoll + 1 lr2(22) + lgnll 222y + Mavallz2(2))
< C([[Rnyo = yoll + Ilyoll -+ [IV(Rryo = yo) [l + [ Vol
122y + Nlanll2@z) + 1ya = Inyall 2y + 1vall2z)
< C (I |lyollz+ llyoll +Allyoll2 + 11 Vyoll + I1£ | 222y
+llanllrzaz) + vall 2z + 22 vallzge) (3.44)
< C(lIyoll2+ 1 lz2zzy + Ivall 2y + gl 22y + lg = gnllr22))
< C(lyoll2 + I l22y + Iyall 2y + llall 22))
+C(||q—Ph‘1||L2(L2) + ||Phq—Qh||L2(L2))
< Clyoll2 + 1f 222y + vallzzm) + gl 2a2)) +Chllgl 2y +Ch?
<c,

where we also used (2.9), (2.10), (2.13), and Theorem 3.4. For a sufficiently small /4, we can
prove the following result by (3.43) and (3.44)

1 = anll=z2) < Ch+Cllp = pall=(12)- (3.45)
By (3.1), Lemmas 3.2-3.3, and Theorem 3.4, we obtain the desired estimate (3.41). Then,
(3.40) is derived from (3.41) and (3.45). Theorem 3.5 is thus proved. [

4. CONCLUSIONS

In this paper, we designed and analyzed a novel FVE scheme for linear pseudo-parabolic
OCPs subject to integral constraint based on the discretize-then-optimize approach. After defin-
ing a new approximation for the target functional, we successfully obtained the discrete optimal-
ity conditions by using the method of discretize-then-optimize. Optimal a priori error estimates
in L*(L?)-norm for the state variable, the co-state variable and the control variable were dis-
cussed. In the future, our aim is to consider a posteriori error estimates and design adaptive
finite volume algorithms for OPCs of this kind.
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