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Abstract. In this paper, we investigate the problem of feedback stabilization for a class of non-homogeneous
semilinear delayed systems of neutral type evolving on a real Hilbert space. To achieve this goal, based
on an appropriate decomposition of the state space, we propose a bounded feedback control that depends
only on the state projection on a suitable subspace to study the strong stabilization. Sufficient conditions
are formulated in terms of observability like assumptions. The rate of strong stabilization is explicitly
given. Finally, we illustrate the obtained results on some functional differential equations of neutral type.
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1. INTRODUCTION

Semilinear systems arise in various fields, including nuclear, thermal, chemical, and social
processes, as they balance linearity and nonlinearity, enabling more accurate modeling of com-
plex phenomena. In many real-world applications, time delays naturally occur due to informa-
tion transmission, reaction times, or signal propagation. These delays can appear in the system
state, control input, or measurements, significantly affecting stability and performance, and can
take various forms, including constant, time-varying, distributed, or state-dependent delays.
Systems with delays in the state are known as retarded systems, whereas those with delays in
both the state and its derivatives are classified as neutral systems. The literature on related re-
tarded and neutral functional differential equations is extensive, and we refer the reader to the
book [16] for more details. Due to the potential instabilities caused by time delay in system [13],
researchers have been motivated to study the stabilization problem of such systems.
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Recently, there has been growing interest in the stabilization analysis of retarded infinite
dimensional systems with variable delay [12, 19], and the references therein, [5, 6] for retarded
systems with distributed delay, and [7,14,22] for retarded systems with finite time delay. On the
other hand, there are also some works on the infinite dimensional neutral systems where the state
and its derivatives are affected by time delays [8—11]. The authors in [10] investigated strong
stabilization for a class of infinite dimensional bilinear neutral systems with finite time delay,
by constructing a bounded feedback control characterized as the solution to a minimization
problem, ensuring a polynomial decay estimate of the stabilized state. Whereas, the authors
in [8] employed a state space decomposition approach to establish sufficient conditions for
strong and exponential stabilization of the non-homogeneous case.

In this work, we focus on the problem of feedback stabilization for a class of non-homogeneous
infinite dimensional semilinear neutral system with finite time delay r > 0, described as follows:

dt (1.1)

{ D% _ ADz, + Na(t) +v(1)(Bz(t) +b), >0,
20=¢ €% :=C([-r,0],H),

where z(.) is the state on a real Hilbert space H endowed with the inner product (.,.) and
its corresponding norm ||.||. Moreover, the linear operator A : Z(A) C H — H generates a
strongly continuous semigroup S(¢) on H. If z € C([—r,+oo[,H) and ¢ > 0, then z; € ¥ is
defined by z(6) = z(t + 0) for all 8 € [—r,0], where € = C([—r,0],H) denotes the Banach
space of continuous functions defined from [—r,0] into H, endowed with the supremum norm
|lv|lw = sup |w(6)] and ¢ € ¥ is a given initial function. B is the control operator which is
0c[—r0
supposed to[be l]inear and bounded from H to H. N is a nonlinear operator from H to H such that
N(0) =0, and b € H is a fixed vector, whereas r — v(¢) is a scalar function which represents
the control. The operator D : 4 — H is linear and bounded defined by Dy = y(0) — Ky/(—r),
where K : H — H is a linear and bounded operator which satisfies ||K|| () < 1, so that D is
stable (see, e.g, [23]). In particular, we have Dz; = z(1) — Kz(t —r), t > 0. Historically, [2] were
the first to introduce the subject of feedback stabilization of semilinear system, described by
dz(?)

— A0 +v(0)Bzr), 1 2 0,

where B is a possibly nonlinear operator from H into H (Hilbert space). Later, the stabiliza-
tion question for infinite dimensional semilinear systems without delay was considered and
extensively discussed in many works by using a various types of feedback control, including
switching control, quadratic control, normalized feedback control, and sliding mode control.
For more details about this subject, the reader can refer to, for examples, ( [4,18,21,24] and the
references cited therein) for the homogeneous systems, and [1, 3, 15] for the non-homogenous
case. If A generates a compact semi-group, [3] gave necessary and sufficient conditions for the
strong stabilization by using bounded feedback control. In [15] and [1], the authors used the
decomposition of the state space to obtain sufficient conditions for the strong and exponential
stabilization, respectively. However, a constraint that should be taken into consideration is that
if the system contain time delays. Therefore, the novelty of this work is to propose a delayed
feedback control for systems like (1.1) and provide two main sufficient conditions: the first one
(3.9) secures the strong stabilization of system (1.1) with polynomial decay (3.32), while the
second (3.42) can be used to obtain the strong stabilization, when (3.9) does not hold.




STRONG STABILIZATION AND DECAY ESTIMATE 3

The rest of this paper is structured as follows: In Section 2, we propose a delayed feedback
control and discuss the existence and uniqueness of the solution to the corresponding controlled
neutral system. In Section 3, we provide sufficient conditions for strong and polynomial sta-
bilization via an appropriate decomposition of the state space. The last section, Section 4, is
dedicated to some illustrating examples governed by functional differential equations of neutral

type.
In the sequel, the following assumption will be required:
(.#) : The operator N is Lipschitz, i.e.,

dLy > 0,Vx,y € H: |[Nx—Ny|| < Eyl|x—y|. (1.2)

2. EXISTENCE AND UNIQUENESS OF THE GLOBAL MILD SOLUTION
We consider the following delayed feedback control:

. (Bz(t)+b,Dz)
1+ |[(Bz(t) + b,Dz)|’

where the parameter p > 0 represents the gain control. This leads to the closed loop system:

v(t) =

p >0,

dDz;
{ o =ADL +F(z), 1>0, o
ZO:(PG(ga
where the function F : ¥ — H is defined by
(By(0) +b,Dy)
F(y)=— By(0)+b)+Ny(0),Vy € %. (2.2)
(y) p1+|<BW<O)+b7DW>|( ¥(0)+b) +Ny(0),Vy

The following definition offers a clear understanding of the mild solution for systems like (2.1).

Definition 2.1. [23] Let 7 > 0. A function z € C([—r,T],H) is said to be a mild solution to
system (2.1) if it satisfies

t

Dz, = S(1)Dop+ / S(t—1)F(ze)dt, 1€[0,T),
0

H=Q€C.

We first present the following main result concerning the existence and uniqueness of the
global mild solution of closed-loop system (2.1).

Theorem 2.2. Assume that

(1) The operator A generates a contraction semigroup S(t) on H and B € £ (H).
(2) The nonlinear operator N satisfies condition (1.2), and, for all y € €,

(Ny(0),Dy) <0. (2.3)
Then, system (2.1) possesses a unique global mild solution z € C([—r,+eo[,H). Moreover,

|(Bz() +b,Dz)
+[{Bz(7) +b,Dzs)|

t
D22~ 1Dz < 2p | 5 at, forall 0<s<1.
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Proof. Let R > 0 and y,¢ € Z(0,R) ={¢p € € : ||¢||l¢ < R}. Take F(y) = % +Ny(0),

where Fi(y) = —p(By(0) +b,Dy) (By(0) + b) and F>(y) = 1+ |(By(0) + b,Dy)|. Note
that F| and F; are locally Lipschitz such that

1F1(w) = F1(9)| < Lr [y — 9lle, and |F2(y) = F2(9)| < L ly = 9lle, (24
where Ly, =2p (3R?(|B||* +4R||B||||b]|+|b]|*), and Lr, = 4R||B||+2||b||. Using the assumption

() and the fact that < 1, we see from (2.4) that

B(y)R(9)
|1F(w)—F(o)| <Lrllyv—9llz,

where Lr = 2RLf, Lr, + Ly. Thus the function F' defined by (2.2) is locally Lipschitz. Using
similar techniques as in the proof of [8, Theorem 2.1], along with the fact that F is locally
Lipschitz, we prove that system (2.1) admits a unique global mild solution z € C([—r,+eo[,H)
given by the following variation of constants formula

t
Dz = S(t)D(p—i—/O S(t—1)F(z¢)dt, t€[0,+0o,
WH=0c¢c v,

and satisfies

7)+b,Dz;)? ‘
Dz ||? — |Dz|? < 2/ Tdrz/Nder.
Dz | — [|Dz|” < —2p 1+|BZ )+ 5,Dzy)] + S< 2(7),Dze)
Employing (2.3), we conclude that
2(7) +b,Dz¢)|?
Dz ||> — [|Dz|]> < =2 / dt <0,
1D || = 1Dz Pl T+ Bz( )+b,Dz)|

which implies that ||Dz || < ||[De¢||, for all # > 0. In addition, we have

el
< Vvt > 0. 2.5

3. STABILIZATION RESULTS
In the sequel, we assume that the state space H can be decomposed according to
H=H,®H;, (3.1)

where H, and H; are two closed subspaces of H which are orthogonal to each one and invari-
ants under S(¢), i.e, S(t)H, C H, and S(t)H; C H,. Note that S,(¢) is the strongly continuous
semigroup induced by S(¢) on H,, and Ss(¢) is the strongly continuous semigroup induced by
S(t) on Hy. Moreover, we consider the following assumptions:

B=B,+ By, BH, C H, and BH, C H,, (3.2)

and
K=K,+K,, KH, C H, and KH,; C H;. (3.3)
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Under assumptions (3.2) and (3.3), system (1.1) can be decomposed into the two following
subsystems:

dDZ’l/t u u u
= =A,Dz/ +Nz"(t) +v(t)(Buz"(t) + by), t>0,

(3.4)
H=0u€ Gu = C([-r,0],H,),
and 4D
Z‘; _ Ry Y S
{ - =ADG N (1) + (1) (B2 (1) +bs), 1>0, (3.5)
2y = s € € 1= C([~1,0], Hy),

where A, and B,, are, respectively, the restrictions of A and B in H,,A and By are, respectively,
the restrictions of A and B in Hy. Moreover, b = b, + by, with b, € H, and by € Hy, ¢(t) =
©u(t) + @s(1), Vt € [—r,0]. Going forward, we consider the following feedback control

v (t) _ <BuZu(l) +bll7DZ?>
T U1 [(Buzt (1) + by, Dzf)|

Before we state the main results, let us recall the following existing results which are needed in
the stabilization analysis.

Vt>0,p>0. (3.6)

Lemma 3.1. Assume that

(1) The operator A generates a contraction semigroup S(t) on H and B € £ (H).
(2) The nonlinear operator N satisfies assumptions (1.2) and (2.3) .

Then, the solution of system (2.1) satisfies the inequality

[ Dz ||, £ =0,

i
K]
for some constants o, 3 > 0.

Proof. The proof of this lemma relies on the same arguments as in the proof of [10, Lemma
3.1], along with the fact that the operator D is stable. U

Lemma 3.2. [7] Let 6 : RY —— RY be a non-increasing function satisfying C0?(t) < (1) —
0(t+T),forallt >0, where C,T > 0 are two constants. Then, 6(t) = O (%) ast — +oo.

Lemma 3.3. [17] Let ®(t), ¥P(t), x(t), and @(t) be continuous functions in [0,T], let w(t) be
nonnegative in [0,T], and suppose that

) < WP(t +/ ®(7)]dt, t €[0,T].

Then,
1
cp )dt+ sup [¥(t)|exp /w(r)dr L te[0,T].
t€[0,T] 0

3.1. Strong stabilization and polynomial decay rate estimate. The following result provides
sufficient conditions for the strong stabilization of system (3.4), with an explicit polynomial
decay estimate.

Theorem 3.4. Assume that

(1) A, generates a contraction semigroup S, (t) on H,.
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(2) Forall y € 6,,
(Ny(0),Dy) <0. (3.7)
(3) There exists i > 0 such that
|(Buw(0) + by, Dy)| > u|[Nw(0)|1?, Yy € G, (3.8)
(4) There exist T > 0 and & > 0 such that

T
/0 (BuSu(t) + by, Su(7)0)|dT > 8]9]|, Y € H,. (3.9)

(5) The operator K, satisfies
0
8+ 3T |[Bullll@ull,

Then, feedback control (3.6) strongly stabilizes system (3.4) with the following decay estimate

1)) = ﬁ(%) it 4o Gl

Proof. Using feedback control (3.6), we see that system (3.4) is reduced to
dDz" (Buz"(t) + by, Dzf)

dt U1+ |[(Buz (1) + by, D))

|1 Kul| < (3.10)

=A,Dz/ +Nz"(1) (Buz”(t) -l-bu), t>0,

(3.12)

According to Theorem 2.2, system (3.12) possesses a unique global mild solution z* € C([—r, +oo[,H})
given by the following variation of constants formula

D2t = $,(1)Deu + /O 5ult =) (va(2) (B () +bu) + N2 (D) ), 120,

(3.13)
Zﬁ = @y € Cu,
and satisfies the following estimate
" |(Buz"(7) +bu, D)
DZ|? — |Dz4||* < -2 / “ =2l gt <0, Vs € [0,1], 3.14
|| l‘|| || S|| — p p 1+|<BMZM(T>+bu,DZ%>| — [ ] ( )
which gives
Dz < [[D@yll, Vi = 0. (3.15)
Furthermore, by virtue of (2.5), we have
3[|@ull
e, < ——=, vt > 0. (3.16)
I = Tk
Now, let & (1) = Dzi — S, (t)D@y, V¢ > 0. It comes from (3.13) that
! (Buz"(t) + by, Dzy)
1) =— Sult—7 Byz,(t)+b,)dT
800 =P | S0 = 3 g 4, Doy (Boie(®) ) -

t
-|—/ Su(t—7)NZ"(t)dt, vVt > 0.
0

Note that
|(Buz"(7) + by, Dz7)|

1+ |<BuZM(T) "’buaDZ@

| < [(Buz"(7) +bu, D)



STRONG STABILIZATION AND DECAY ESTIMATE 7

Since S, () is a contraction semigroup, it follows from (3.17) and ((3.16)) that

3|Bulll| @ull,

ol < p(XPHPL 4 1,1 ) [ 181t (0)+ b Dz + [N o)l

Applying Schwartz’s inequality on the last term of the previous inequality, we have, for any
T >0,

311BullllPulle, T u u
Jeo <p (IR o)) [ 182t (0)+ b DBlar

1Kl .
T 3 (3.18)
+ﬁ( / ||Nz"<r>||2dr) e [0,T].

Employing (3.8), we obtain from (3.18) that

3 Bu ully d u u
el <p (P 4 1) [ 1820 + D2l

T \/g(/oT |(Buz"(7) +bu,DZ¥>IdT)%7

2 31Bullll @ull, r “ "
1E@)° < ( (WH’%H)/O |(Buz"(7) + by, Dz7)|dT

+ \/g(/; (Bu2"(1) +bu,sz§>|dr) £>2.

Since (p+q)* < 2p? +24? for all (p,q) € R?, we obtain

s (Bld V([ o)’
el <202 (LEAOLE o) ([7 mi24(5) b, Dl )

2T T
= /0 (Bu2"(T) +bu, DY) d7.

which yields

Applying Schwarz’s inequality again, we conclude that

3||B : 2T
||~§(t>||2§2TP2(M+|IbuH)/ |(Buz"(T) + by, D) |PdT
1— K| 0
1

3 I
2T2 r 2
+ 22 ( [ 1B+ D)

which gives

3 Bu (p” %u 3 T u u
Il <27 D (21PN 1 o) [ 1B.24(5) 4 0,28 e

1

3 1
272 T 2
+ " (/0 \(Buz”(f)+bu,Dz’§>\2dr) )
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Using the Schwartz’s inequality once again, we find

3 3 Bu q)u u 3 r u u 2
el <2rp2D, (XA o) ([ 118 0) + D2t ar

1

( JRCETS +bu,sz;>Fdr)

273
+
u

which implies that

1

: 311Bulll| 9ul, LT g IR
Il <273 o2 (PR o) | ([ B0+ D2 Pe)

- K
Thus
; 31Bullll @l SRE
1)) <vars [pznmpun (—w ||bu||) +—]
K " 10
| |
T 4
X (/ ](Buz”(r)+bu,Dz‘;>\2dT> , Vt €1[0,T).
0
Since

(BuSu(7)Dz( + by, Su(7)Dzg) = — (Bu& (%), Su(7)Dz) — (BuDz7 + by, § (7))
+ (B,7"(t) + b,,Dz%) — (B,Kuz"(t —r),Dz%), VT > 0,

and S,(¢) is a contraction semigroup, it follows by using (3.15) that

|(BuSu(7)Dzg + bu, Su(7)Dz5) | < (21D @ull + 16ul) 1 ()| + [(Buz" () + bu, Dzz))|

3.20
T [(BuKo (v — ), D). 20

Utilizing (3.19), we deduce from (3.20) that

|(BuSu(7)Dz§+ by, Su(7)Dz) |

1
3 3 Bu Oy G ’ 1
< vart g+ 16,1) 21Dl (P 4 ) 4]

1
T i
X(/o |<Buz”(r)+bu,Dz¥>\2dT) +[(Buz"(7) + by, D7) | + [(BuKuz" (Tt — r),Dz%)|.
(3.21)
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Replacing z; by z;, we obtain by (3.21) that
| (BuSu(T)Dzi/ + by, Su(7)Dzi')|

1
3Bl | ik
< Var? 20z + oul) [p2 0zt (PP )
u

1
1

t+T
([ 1B @) 4Dt P ) B (5 4D
t

+[(BuKuz"(t +7—r), Dzt o) -

Employing (3.15) and (3.16) with the fact that the function r — ||Dz/|| is non-increasing, we
see that

|(BuSu(T)Dzf + by, Su(T)Dzy')|

(S

; 91Bulll| @, >
< V2T% (2D, + [|bull) {pZHD%H <W+ Ibull )+

(3.22)

1

t+T 4
([ B @) 4Dt P ) B (5 )+ D)
t

HIBul[[[ Kl D[l (2 + 7 = 1)

Integrating (3.22) with respect to T over the interval [0, 7], we see that

T
/O (BuSu(7)DZ + by, Su(7)D2Y)|d T
4T i
S\/T(c\/fﬂ)( / ]<Buz”(’c)+bu,Dz’;)]2d’c> (3.23)
t

T
+ [1Bul[[[Kull D2/ /0 12(t + 7 = r)lld,

where the constant C > 0 is given by
1
: 9)Bullll gl z, Ak
c=vari eIpg + ) [p2Ipou) (ML ) 1)
u
Using (3.16), we see from (3.23) that

T
/0 |(BuSu(T)DZ" + bu, Su(T)D2)|dT
(+T 1
<VT(CVT+1) ( / [(B.Z" (1) +bu,ng>|2dr> (3.24)
t
3T ||Bul| | Kl || @ull,
1— K,

1Dz
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On the other hand, we obtain by (3.16) that

(B () +bu DR (B0 EhDBE
1+ [(Buz"(t) + bu, Dzf)| — 3|[Bul| | 9ull, T
' A 1 1M_HKM” +[[bull ) D@l

u

which yields from (3.24) that

T
/O |(BuSu(T)DZ" + by, Su(T) D2 |d T

1

38194l :
<1+ | ————7"=+15ul ) |IDey
<[ (I 1 1a,1) g

X \/T(C\/T_}_ 1) (/tHT |(Buz"(7) —|—bu,Dz”{.)|2>|dT) 3

1+ [(Buz"(7) + by, Dzt
3T||Bu|| ||Ku|| ||(pu||‘€u

1= [|K|

Dz |-

Utilizing the condition (3.9), we deduce from (3.26) that

37BN 2ulle,
(6— D24

LK
1
3Bl 9ullc Z
<1+ | ————=+|bu]| ) Dy
<[+ (IR0 1 o)) Do

eV ([T LB PR

1+ |(Buz(1) + bu, Dz7) |

In view of (3.10), we have

1
t+T Bu u bu D 2 7
HD#Hév(/ B (o)1 ’Z”Ltn),
r 14 |(Buz"(7) + by, Dz7)|

where
1

. L[| Kll
5 IBIK e,
1T,

Furthermore, from estimate (3.14), we have

[(Buz" () +bu, Dzf) |
1+ [(Buz"(7) + bu, D)

u 2 ) t+T
Dz 7|l = [[Dz/|” < —2P/l
Employing (3.28), we deduce from the last inequality that

1Dzt 7 1* — [IDzf||* < 7||DZ§‘II4, vt >0,

dt, vVt > 0.

(3.25)

(3.26)

(3.27)

(3.28)
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2
which implies that v—gHDz?H“ < ||Dz¥||* — |Dz%, 7 ||*. If we set 6(¢) = ||Dz¥|?, V¢ > 0, we derive

that i—ﬁ@z(t) < 0(t)—0(t+T). Applying Lemma 3.2, it follows that

|Dz/|| < as t — oo, where A > 0. (3.29)

%a

Employing Lemma 3.1 yields that

1
124(1)]| = ﬁ(—), ast — oo

Vit
OJ
The next theorem examines the stabilization of full system (1.1).
Theorem 3.5. Suppose that all the hypothesis of Theorem 3.4 hold, and assume further that
(1) The semigroup Ss(t) is exponentially stable., i.e. there exist M, > 0 such that
1Ss()|| < Me™ ™Vt > 0. (3.30)
(2) The Lipschitz constant Ly satisfies
Ly < -1 where My > 0. 3.31)
M,

Then, for p sufficiently small, feedback (3.6) strongly stabilizes system (1.1) with the following
decay estimate

z(t)]| = ﬁ’(%), ast — oo, (3.32)

Proof. By using the feedback control (3.6), system (1.1) becomes

dt

D
{ % ADz+G(z), >0,
0=0¢c Cg:

where the function G : € — H is defined by

~ (Buyu(0) +b,Dyy)
1+ [(Buyu(0) + bu, Dyi)|

It is clear that G is a locally Lipschitz function, then, the system (1.1) controlled by (3.6) pos-

sesses a unique mild solution defined on a maximal interval [0, f,.[, and given by the following
variation of constants formula

G(y) = (By(0)+b) +Ny(0),Vy € %.

Dz, = S(t)D@ + /Ol S(t — 7) (vu(7) (Bz(T) + b) + Nz(7))dT.
Thus

t
Dz = S(t)D@s + /O Ss(t — ) (vu(7) (Bsz* (7) + by) + N2*(1))dT, 0<1 <lpax,

7H = @5 € C.
(3.33)
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Now, let us show that z°(¢) is defined for all # > —r. Note that ||Ss(¢)|| < M and |v,(¢)| < p. It
follows from (3.33) that

t t

IDz; | < 2M|| sl +MP/O (HBsHHZS(T)H+HbsH)dT+M/O Ly||z*(7)l|d7,

which implies that
t
Dz S2M||<PsH%+MPHbs||t+M(P||Bs||+LN)/O 12°(7)lld.
Using the fact that Dz} = z°(¢) — Kz*(t — r), we arrive at
t
12O < 2M | ¢s|;, +MPHbst+HKsHHZS(f—r)H+M(PHBsH+LN)/O 12°(7)|d.
Thus
t
122 (O] < 2M || sl +msHKsH+MPHbst+M(PHBsH+LN)/O 12°(7)[ld7,

where m; = sup  ||z°(0)||- Applying Gronwall inequality, we find that

—r<O0<tmax—T

12° ()| <2M[| s, +ms|[Ks[| = Mp |||z
t
+M(p||Bs| +LN)/0 (2M | @sllsz, + msl|Ks || +Mp s )M P I =) g,

which yields that
12 (2)]] < (2M||(PSH% + mg || K | +MPHbs||t)eM(p”B‘YH+LN)Ia 0 <1 <tmax-

Thus ||z°(¢)]|| is bounded on [0, 7,4 [. Hence, tyq = +oo. We deduce that the system (3.5) con-
trolled by (3.6) admits a unique global mild solution z° € C([—r,+eo[, Hy). Now, employing
(3.30) together with the fact that Dz} = z°(t) — Kz*(t —r) and |v,(f)| < p, it comes that

t
1 @I <Kz = )| +2M || @l + Me™ ™ (]| Bs|| + L) /0 et (7) T

+Mlbe ™ [ em(e)lar,
which implies that
125 @)lle™ <Kl (c = r)l|e" e +2M]| sl
+M(plB + L) [ (@) dT+ Ml [ (e
Let 6 € [0,¢]. Then
12°(6)[e"® <|IK;[|[12°(6 — r)|[e"® e+ 2M | gy |,
MBI +Ly) [ @z Ml [ vlar,

which gives
122(6)]1e™® <[|Ks[[e™" sup ||2*(0)[|e"7 +2M |y«

—r<o<t

t t
+M(pIBl+Ln) [ IZ@lde+Mlb] [ e uulold.
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Hence,

sup [[2°(0)[|e™® <|[|Ki[|e™ sup [|z*(0)][€" +2M]| sl
0<o<t —r<o<t

t t (3.34)
+M (P8 + L) [ T @)de+ b [ €M)l
On the other hand, it comes for 6 € [—r,0] and M > 1 that
122(8)11e® < [l @slle, < 2M |l @5l (3.35)

Combining (3.34) and (3.35), we have

t
(1= [IKs[le™) sup_||*(o)]le® §2M||<Ps||<gg+M(P||lel+LN)/Oe"THZs(T)IIdT

—r<o<t
Ml [ minolar,
Taking 17 > 0 such that 1 — ||K;||e™ > 0, we arrive at
2 0) ™ < My +Ma(p B + L) [ (@) a5 [ Vv,
2M gl

1 —||K[en””
view of 3.3, we see that

where M| = ) and Mz = .Let x(r) = ||Z*(2)]|€™. In

T AGE

% (1) <M M PIBIFLN 4 pps /Olenf|vu(f)|d1-7
therefore
[EIG <My e (MPIBI+L =) | g i /O t "%y (7)|d7. (3.36)
Moreover, feedback control (3.6) satisfies

31|B, |||,
()] < p (M+ ||bu||) D2, ¥ > 0.
K]

Taking into consideration (3.29), it follows that |v, ()| < %, as t — oo, where
3||Bu’|||(pu||<€ )
=pA (—” + byl |-
Hence, we deduce from (3.36) that

r Nt
122 (1)) SMle(Mz(plleHLN)—n)t+M3§pe—nt/ e_»L-dT’

0 VT

which can be written as

s S (pIIB | +Ly) 20 (Mt
122 (0)]| nge(M (p|IBs|l+Ly) n)t+M3gp%7 (3.37)
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t
where I' is the Dawson function defined as I'(¢) = e !’ / e dx. Using the fact that I'(r) ~
0

1 n . . ) n—MLy
—, ast — +oo, and for Ly < ——, it yields f 3.37) by tak < ————— that
e as o0, and for Ly M it yields from ( ) by taking p 5By a
12| = ﬁ<i>, ast — oo (3.38)
NG
Combining (3.11) and (3.38), we conclude that ||z(z)|| = ﬁ(%) as t — oo, O
Remark 3.6. (1) There is no constraint on dim H,,.

(2) Note that feedback (3.6) depends only on the unstable part z*(¢). Therefore, it requires
less information about the state, as it is based on a partial projection of the state. This
restriction leads to lower control energy, as only the critical dynamics are influenced. In

1
addition, |v,(¢)| = ﬁ(—), as t — oo,
vu ()] 7i

(3) If B, =0, it follows from (3.27) that system (1.1) is polynomially stable without any
condition on K,,.

(4) If By = 0, no restriction on the gain control p is needed.

(5) If condition (3.30) is satisfied for n > 0, then it is also satisfied for all nl €]o,n|[.

(6) To ensure the stability of system (3.5), the proof of Theorem 3.5 provides a new ap-
proach with respect to the one considered in [8] which is based on Lemma 3.1.

(7) Theorem 3.5 extends the results of [21] and [24] to non-homogeneous delayed semilin-
ear systems.

(8) It should be noted that the obtained result generalizes that of [14] to the case of semilin-
ear neutral systems.

Example 3.7. Consider the following mono-dimensional semilinear heat equation with Neu-
mann boundary conditions:

(2 o) — ket =) = 5 [lat) kel =) + V(1)
5 S +v(t) (Bz(x,t) + b(x)), xe(0,1),t>0,
Zé(ial) _ Zéi,t) :O, t e [07—|—oo[7
\ Z(X,t)Z(P(X,t), XG(O,l),tG[—}’,O],

(3.39)
where —1 < k < 1 and r > 0. System (3.39) has the form of (1.1) if H = L*(0,1) and the
operator A is defined by

2
Z . dz(0,¢ dz(1,t
Az= 53, with 2(A) = {z € H2(0,1): 20 — ) o}
The spectrum of A is given by the simple eigenvalues A, = —m*(n — 1)2, Vn > 1, and its corre-

sponding eigenfunctions is defined by

17 I’l=1,

enlx) = {\/Ecos((n—nnx), n>2.
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In this case, the unstable subspace is given by H, = vect{e; } and S, (t) = Iy, namely S,(t) is a

1
semigroup of isometries. Let Bz = Y,*°) —(z,ey)e, and b € L*(0,1), such that 1bullr2(0,1y # O
n )
It follows that BH, = {0} C H, and BH; C Hy. According to the third point in 3.6, the fact that
B, = 0 implies that no restriction on |k| is needed. The nonlinear operator N is defined by
Ne= e ¥ b
1=——— ) —(z.enen,
L+[(z,0)] pn ™"

where ¢ € H is chosen such that assumption (3.31) is satisfied. It is clear that N is Lipschitz.
Moreover, by observing that for all y € 6,, Ny(0) = 0, it yields that assumptions (3.7) and
(3.8) hold. Letting T > 0, we have

T T
| BuS2)0+ b0 Su(2)6) a7 = [ (b1} a7 = 8612001, ¥9 €

where 6 = T ||bul|2(0,1), and therefore, hypothesis (3.9) is satisfied. Applying Theorem 3.5, we
deduce that the feedback control

S bu(x) (24 (x, 1) — k2 (x,1 — 7)) dx
1
/0 bu(x) (2" (x,1) — k" (x,t — r))dx

where the parameter p is chosen sufficiently small, strongly stabilizes system (3.39) with the
following decay estimate

v(t) =—

p 120, p >0,
1+

1 1
/ z%x,t)dxzﬁ(;), ast — +oo.
0

Remark 3.8. Note that estimate (3.9) is unverified when b, = 0. Indeed, if b,, = 0, we see from
(3.9) that [ |(BuS.(7)8,S.(T)9)|dt > 8||¢||, for all ¢ € H,. Replacing ¢ by n¢, where 1 >0
sufficiently small, we have

T
N[ 1BS(0)6.5,()0)dT > 86, 0 € H,,
which is contradictory for n — 0.

3.2. Strong stabilization. In this section, we establish the strong stabilization of system (1.1)
under a weak observability assumption (3.42) with respect to (3.9).

Theorem 3.9. Assume that:

(1) A, generates a contraction semigroup S, (t) on H,.
(2) Forall y € 6,, we have
(Ny(0),Dy) <0. (3.40)

(3) There exists | > 0 such that
|(Buw(0) + b, DYW)| > w[[Nw(0) 1%, Yy € %, (3.41)
(4) There exist T > 0 and 6 > 0 such that

/OT [(BuS.(T)¢ + by, Su(T)0)|dT > 8||¢]|>, Vo € H,,. (3.42)
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(5) The operator K, satisfies
(3.43)

(5) The semigroup Sg(t) is exponentially stable, i.e. there exist M, 1 > 0 such that
185(2)|| < Me™™, ¥t > 0.
(6) The Lipschitz constant Ly satisfies

Ly < -1 Wwhere My > 0. (3.44)
M,

Then, the feedback (3.6) strongly stabilizes system (1.1).
Proof. Combining (3.23) and (3.25), we obtain

T
| 1B (0)D2 + by, Su(1)D2E) e

1

AN z
<|1 — 1+ ||b D
<[ (IR 1 1a,)) D)

ST (B2 (T) + b, DI\ 1
xﬁ(c\/TH)(/t 1+|<Buzu(r)+bM,Dz”é>|dT)

(3.45)

T
+ 1Bl 1| Kul HDZ?H/O 12(t + 7 —r)lldT.
Let 7, € [0,T] such that ||z“(t + 7 —r)|| = sup ||Z*(t 4+ T —r)|. According to Lema 3.1, it
0<t<T
follows, for all r > r, that

I2(t 7= )| < e PR gyl + Dz

4
T | 0,77, (3.46)

for some constants @, 3, > 0. Applying (3.42) and using (3.46), we see from (3.45) that

1
4T |(Buz"(t) + by, D) |* 7
§ID|2 <C / u w )"
IDar” < 1(t [+ (Buz(7) + by, D25

+ T'[|Bull[| Ku | [ Dz II(% gy, TR

(3.47)

).

4
R 1P

where ]

3 Bu u 4
=VT(CVT +1) [1 + (—”1 _”H,‘? ”%”“ + ||bu||) ||D<pu||}

On the other hand, it comes from (3.14) that

! ’<Buzu<7) + buvDZ@ |2 2
2 dt <||ID Yt>0
”/o [+ [(Baz*(v) + by, Dy 7 < IP9ul%, ¥ 20,

“(7) +bu, D)

Z
which implies that / By
P [+[(B,2"(7) + b, D)
conclude from the Cauchy criterion that

i [ 1B b D
t—r+oo J; 1+ [(Buz*(7) + by, D7%)|

dt converges for all + > 0. Consequently, we

dt =0.
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The fact that ¢+ — ||Dz¥|| is non-increasing function implies that there exists ¢ € [0, 4o such
that ||Dz}'|| — ¢ . Hence, at the limit as  — +oo, we find from (3.47) that
f—+oo
5c2 < AT||Bul[lIKull
1= [|K|
Employing (3.43), we have ¢ = 0 which implies that Dz; — 0, as t — 4-o. Using Lemma 3.1,
we deduce that

(3.48)

() — 0, as t — +oo. (3.49)
Let € > 0. Since Dz strongly converges to 0 as t — oo, there exists 1 > 0 such that, V¢ > 1,
lvu(t)| < pe. On the other hand, it was shown in the proof of Theorem 3.5 that the system
(3.5) controlled by (3.6) admits a unique global mild solution z° € C([—r, 4-oo[, H) given by the
following variation of the constants formula:

t
Dz = Ss(t)Dfszr/o Ss(t = 7) (vu(7) (Bs2z' (7) + by) +N2'(1))d, 120,
Zf) = Q5 € Cgs

(3.50)

In this case, it follows from (3.50) that

t
D21 < 2M )2, e~ + pet [0 (B2 ()] + ] ) e
n

Y /n LT L 125 (7) .
Hence,
D] <205 e 1) Mo (el +Ly) | 2 ()l
+p8M||bs||e_’7t/zlede.
1

Taking i > O such that 1 — ||K|le" > 0, we demonstrate by using similar techniques as in the
proof of Theorem 3.5 that

t t
||Zs(t)||em§M1+M2<p£||Bs||+LN)/ e"fy|zS(r)||dr+eM3/ eN7d,
5] 151

2M ||z, |14, e™
1= |[Ksllen”

t
I2(0) e < a(e) + M (pel Bl + L) [ €172 (),

3]

pM||bs||

T[K, [l which can be written as
S

where M| = b and M3 =

ST AEG

EM eEM-
where a(t) = == +w(y) with w(t;) = My — ——eM. Let x(¢) = ||2°(¢)||e™. Tt yields b
n y y

applying Gronwall’s inequality that

! M, Byl||+L, _
X(f)Sa(1)+Mz<p8||BSH+LN>/[ a(t)e 2(Pfll I+ N)@ Ve
1

which gives

t
x(t) <alt) + M (PEHBSH +LN> eMz(PSIBsIHLN)t/ a(f)e—Mz(Pé‘l\BsH+L1v)TdﬂL-7

n
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thus
!
12(0)]| < a(r)e™ + M, (pSH By + LN)e(Mz<pe||Bx|+LN>—n)r / a(t)e M PEIB+INT g7
t
1 (3.51)
_nr EM3 —nt e
Note that a(r)e™ " = S +w(t;)e” ™, which implies that
. _ M3
ne_ 2
tll)IJIrlwa(t)e €. (3.52)
On the other hand, we have
/ ’a(f)e—Mz (pellByll+Ly) <y _ EM3 /’e<n—Mz (PsllBsHHN))f dt
n n Jy
"M (pellByl|+Ly )T
+w(t1)/ M2 (PellBsll+Ln) T g
11
which leads to
/ta<1)€_M2 (pSHByH-l-LN)TdT
13|
eM; (n-w(petmian) ) (n-sa(pelmliein) )
- ¢ —¢ (3.53)
n(n—Ma(pelBy| +Ly))
w(t) oMo (pelBil+Ln )t _ Mo (pellByl+Ln)1 |
M (pe||Bs|| +Lw)
n . . n—MLy
For Ly < —, it comes from (3.53) by choosing € < ————— that
Y M d =5 MaplIBy]
(e (oelia) n ) [/ atmie ety
eM; (3.54)

n(n - (pellBll+Ly) )
Combining (3.52) and (3.54), we derive from (3.51) that
(% N MyM3Ly )8 n pMoMs||Bs|| e,
N n(n-Mo(pelBl+Ly)) ) n(n—da(pe]Bl+Ly))

o
im0 <

which implies that

. spal
Jim [l =0. 3.55)
Hence, we conclude from (3.49) and (3.55) that z(t) — 0, as r — 0. O

Remark 3.10. (1) In Theorem 3.9, no restriction on the gain control p is needed.
(2) If B, =0, it follows from (3.48) that system (1.1) is strongly stabilizable without any
condition on K,,.
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(3) The assumptions (3.9) and (3.42) does not depend on the delay r, which makes it easier
to check.

(4) Analogous results to Theorem 3.9, for undelayed systems, have been established in [15].

(5) Note that Theorem 3.9 extends the result of [8] to the case of semilinear neutral systems.

The next result discusses the case where dim H,, < +oo.

Corollary 3.11. Let A, generate a contraction semigroup S,(t) on H,. Moreover, assume that
dimH, < +o0 and b, = 0 hold, provided that, for all ¢ € H,,

is satisfied. Then, (3.6) strongly stabilizes the system (1.1).

Proof. 1f b,, = 0, then condition (3.42) reads as follows: There exist 7 > 0 and 0 > 0 such that

T
| 1BSu(0.5,(2)9)d7 = 8[|, ¥0 € H,. (3.57)
If dim H,, < +oo, then (3.56) and (3.57) are equivalent [20, Lemma 3.1] Thus the result follows
from Theorem 3.9 immediately. UJ

Example 3.12. Consider the following uncoupled systems:

4 &2 82
D)~ bt =) = 25 br) k(= 1)]
+v(r)ayg;’t), x€(0,1),7>0,
0 92 w(x,
) 3 bty =kt =] = J o) kvl =)= |‘|"W (E) HlL )2(071)
o) (Lo () (W, t) +q(x)), EO 1), t [ >0,
t t ,
w(0,1) =w(l,1) =0, t €[0,+oo],
| y(wr) = gi(), yg; 1) o), wix,t) = ps(n.t), € (0,1), 1 € [-1,0],

(3.58)
where —1 <k <1, r >0, a > 0and q € L*(0,1) is a fixed vector. System (3.58) has the form
of (1.1) if we set H = H} (0,1) x (L*(0,1))?, with the inner product

(Gers22,3), (V15,52,93)) = &1, 91) g o,1) + 25320 120.1) + (83,93)12(0,1)-

Taking
y('7t) y('7t)_ky('7t_r)
)= | 260 | anapg = | 260 =0 |
ot dt dt
w(.,1) w(.,t)—kw(.,t—r)
it comes that system (3.58) can be written as:
dD
df’ = ADz; + Nz(t) +v(t)(Bz(t) +b), >0,
(Pl(wt)
2(t) = ¢(.50) |, t € [-n0],

(P3('7t)
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where the operators A,B,N and the vector b are defined as follows:
0 Isz(O,l) O
A=1|A 0 0|, with
0 0 A

P(A) = (H*(0,1)NHy(0,1)) x Hy (0,1) x (H*(0,1) N H, (0,1)).
0 0 0 0 0 O 0
B=|0 Idpey O ,N=[0 0 0|,andb=1[0],
0 O IdLZ(O,l) 0 0 F q

where F : L>(0,1) — L?(0, 1) is defined by
ow(x,t)
L+ lw®)ll20,)

where the parameter o¢ > 0 is chosen such that assumption (3.44) is satisfied. The state space
H=H}(0,1) x (L*(0,1))? can be decomposed into H = H, & H, with H, = H} (0, 1) x L*(0, 1) x
{0} and Hy = {0} x L*(0,1). The operator A can be decomposed into A = A, & A,, where

0 IdLZ(O.,l) O 0 O O

Fw= , Yw e L2(0,1),

)

)

0 0 0

0 0\ [w(0)\ [0

0 0 v2(0) | = | 0], which im-

0 F 0 0

plies that assumptions (3.40) and (3.41) hold. The set of function (ey),>1 expressed by e,(x) =
2

0
0
0 0 0
Furthermore, B, = [ 0 Idj2 1) O] and b, = | 0 |. In this case, it follows for all y € 6,
0
where y(0) = (y1(0),y»(0),0) € H, that Ny(0) = | 0
0

V2 sin(nmx), n > 1 is a complete orthonormal eigenfunctions system of 92 associated to the
X

+o0 an
eigenvalues c, = —(nm)?,n> 1. Let 7 = Z (—cn)%pn en € H,, where (ay,pn) €R?>, n> 1.
n=1 0
The operator A, generates the following semigroup of isometries given by:
oo an €os(\/—cnt) + pysin(y/—cut)
Su(t) = Z —ap/—cpsin(y/—cpt) + ppy/—cncos(v/—cnt) | en,
n=1 0
which yields
oo 5
(BuSu(1)Z",8u(1)2") = Y ca(ansin(nmt) — p,cos(nmt))
n=1
+o0

=) ¢ (a% sin®(nmt) + p> cos®(nmt) — anpn sin(2n7t)).

n=1
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Integrating this relation from 0 to 2, we obtain that

2 4o
/0 [(BuSu(t)2", Su(t)2") dt =}, —enlan + pp) = [I"]*

n=1
Consequently, condition (3.42) holds. Applying Theorem 3.9, we conclude, for |k| sufficiently
small, that system (3.58) is strongly stabilsable by using the feedback control

ot or ot

v(t) = — ,t>0,p>0.

1+

ot or ot

4. CONCLUSION

In this work, we considered the problem of strong stabilization of a non-homogeneous semi-
linear delayed system of neutral type. The system was decomposed into the stable and the
unstable parts. It was shown that stabilizing such a system reduces stabilizing only the unstable
part which can make the whole system stable. Sufficient conditions for both polynomial and
strong stabilization were given with an explicit decay estimate in the polynomial stabilization
case.
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