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Abstract. In this paper, we establish common fixed point theorems under generalized contractive condi-
tions in a C∗-algebra-valued S -metric framework for quartet distinct mappings. We include an example
to demonstrate the applicability of the results obtained in this paper. Additionally, we provide an applica-
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1. INTRODUCTION

A C∗-algebra-valued S -metric space is a generalization of the classical metric space concept,
where the metric is replaced by a map that takes values in a C∗-algebra, a type of algebra that
arises in functional analysis. This framework is used to study geometric properties in spaces
where distances are not just real numbers, but elements of a more complex algebraic structure.
The study of multiple mappings in a metric space involves examining how these mappings
interact with each other and with the underlying space. This interaction can include analyzing
fixed points, the behavior of sequences under these mappings, and the conditions under which
the mappings share common properties such as compatibility.

In 1922, Banach [1] introduced Banach fixed point theorem to demonstrate the existence of
solutions for integral equations and nonlinear operator equations. In 1966, Jungck [2] intro-
duced the concept of a common fixed point (CFP) for commuting mappings in metric spaces.
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The concept of the compatibility was introduced by Jungck [3]. In 2007, A CFP of quartet maps
in complete metric spaces was proved by Sedghi et al. [4]. Later, many authors followed this
research by introducing new CFP results for various mappings; see, e.g., [5–7]. In 2012, Sedghi
et al. [8] introduced the notion of S -metric spaces. Banach fixed point theorem in S -metric
spaces was generalized by Sedghi and Shobe [9]. A common fixed point theorem for expansive
mappings in S-metric space was proved by Chouhan [10]. Sedghi et al. [11] proved new fixed
point theorem in S -metric spaces. Sedghi et al. [12] presented a common fixed point theorem
for multivalued maps on complete S-metric spaces. Hieu et al. [13] proved a fixed point theorem
for a class of functions on S-metric spaces. Ege et al. [14] introduced modular S-metric spaces
and investigated their properties. Sedghi et al. [15] proved some common fixed point results
for quartet mappings satisfying generalized contractive condition in S-metric space. In 2014,
the notion C∗-algebra-valued metric space(C∗AVMS) was introduced by Ma et al. [16] and they
investigated some nonlinear operators with contractive conditions. Fixed points on C∗AVMS
was generalized and proved by Batul and Kamran [?]. Later, authors further generalized and
presented applications to find solutions to differential and integral equations by using various
contractive conditions in the setting of metric and metric like spaces including C∗AVMS; see,
e.g., [17–23]. In 2018, Ege et al. [24] proved some fixed point theorems on C∗-algebra-valued
S -metric space(C∗AVSMS). Samuel et al. [25] established a coupled fixed point theorem on
orthogonal S -metric spaces. Further, the existence and uniqueness of solutions to fractional
integral equations have been extensively investigated; see, e.g., [?, ?, 26–30].

In this paper, we prove some common fixed point theorems for quartet mappings on C∗AVSMS
under contractive conditions. We furnish suitable examples to illustrate the validity of the hy-
potheses of our results. Moreover, we present an application to show the existence and unique-
ness of a solution for system of volterra type integral equations. The rest of the paper is organ-
ised as follows: In Section-2, we present some preliminary definitions, example, and lemmas.
In Section-3, we present our main results and establish fixed point results and provide examples
to supplement the derived results. In Setion-4, the derived result is applied to find solutions of
integral equations. Finally, in Section 5, we conclude this paper with some problems for further
study.

2. PRELIMINARIES

Let us begin this section with some basic definitions, examples, and lemmas, which are used
in the sequel. Throughout this paper, Q denotes an unital C∗-algebra. An involution on Q is
a conjugate linear map z 7→ z∗ on Q such that z∗∗ = z and (zν)∗ = ν∗z∗ for all z,ν ∈ Q. The
pair (Q,∗) is called a ∗-algebra. A Banach ∗-algebra is a ∗-algebra Q together with a complete
sub multiplicative norm such that ‖z∗‖= ‖z‖ for all z ∈Q. A C∗-algebra is a Banach ∗-algebra
s.t ‖z∗z‖= ‖z‖2. Consider Qω = {z ∈ Q : ϑ = ϑ ∗}. An positive element ϑ ∈ Q, defined by
ϑ ≥ 0Q, if ϑ = ϑ ∗ and z(ϑ) ⊆ [0,+∞), where 0Q is the zero element in Q and z(ϑ) is the
specturm of ϑ . There is a natural partial ordering on Qω given by ϑ ≤ ρ iff ρ−ϑ ≥ 0Q. From
now on, by Q+, we denote the set {ϑ ∈Q : ϑ ≥ 0Q} and |ϑ |= (ϑ ∗ϑ)

1
2 .

Definition 2.1. [16] Let Z be a non-empty set. Let ∆ : Z×Z→Q be a mapping such that

(i) 0Q ≤ ∆(ϑ ,ρ) ∀ϑ ,ρ ∈ Z and ∆(ϑ ,ρ) = 0Q⇔ ϑ = ρ;
(ii) ∆(ϑ ,ρ) = ∆(ρ,ϑ) ∀ϑ ,ρ ∈ Z;
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(iii) ∆(ϑ ,ρ)≤ ∆(ϑ ,ξ )+∆(ξ ,ρ) ∀ϑ ,ρ,ξ ∈ Z.
Then ∆ is called a C∗-algebra-valued metric on Z and (Z,Q,∆) is called a C∗AVMS.

Example 2.2. [16] Consider Z=R and Q=M2(R) and define ∆(ϑ ,ρ)= diag(|ϑ−ρ|,α|ϑ−
ρ|), where ϑ ,ρ ∈R and α ≥ 0 is a constant, ∆ is a C∗-algebra-valued metric and (Z,M2(R),∆)
is a complete C∗AVMS by the completeness of R.

Definition 2.3. [?] Let (Z,Q,d) be a C∗AVMS. A mapping F : Z→ Z is said to be a C∗-
algebra-valued contractive function on Z if ∃ an ℵ ∈ Q with ‖ℵ‖< 1 such that, ϑ ,ρ ∈ ℵ,
∆(Fϑ ,Fρ) = ℵ∗∆(ϑ ,ρ)ℵ.

Definition 2.4. [13] Let Z be a non-empty set. A mapping S : Z3 → [0,∞) is said to be an
S -metric on Z if, for each ϑ ,ρ,ξ ,r ∈ Z,

(i) S (ϑ ,ρ,ξ )≥ 0;
(ii) S (ϑ ,ρ,ξ ) = 0 i f f ϑ = ρ = ξ ;

(iii) S (ϑ ,ρ,ξ )≤S (ϑ ,ϑ ,r)+S (ρ,ρ,r)+S (ξ ,ξ ,r).

Then (Z,S ) is an S -metric space.

Example 2.5. [17] Let Z be a non-void set. Let ∆1 and ∆2 be two ordinary metrics on Z. Then
S (ϑ ,ρ,ξ ) = ∆1(ϑ ,ξ )+∆2(ρ,ξ ) is an S -metric on Z.

Definition 2.6. [13] Let (Z,S ) be an S -metric space.
(i) A seq {ϑ`} in Z converges to ϑ if S (ϑ`,ϑ`,ϑ)→ 0 as `→ ∞, i.e., ∀ ε > 0 ∃ `0 ∈N s.t

`≥ `0, S (ϑ`,ϑ`,ϑ)< ε .
(ii) A seq {ϑ`} in Z is said to be cauchy seq if, for all ε > 0, there exists `0 ∈ N such that

S (ϑ`,ϑ`,ϑµ)< ε for each `,µ ≥ `0.
(iii) The S -metric space (Z,S ) is said to be complete if every cauchy sequence is conver-

gent.

Lemma 2.7. [13] Let (Z,S ) be an S -metric space. If there exist sequences {ϑ`} and {ρ`}
such that lim`→∞ ϑ` = ϑ and lim`→∞ ρ` = ρ , then lim`→∞ S (ϑ`,ϑ`,ρ`) = S (ϑ ,ϑ ,ρ).

Definition 2.8. [15] Let (Z,S ) be an S -metric space. A pair {φ ,χ} is said to be compatible
iff lim`→∞ S (φ χϑ`,φ χϑ`,χφϑ`) = 0, whenever {ϑ`} is a seq in Z such that lim`→∞ φϑ` =
lim`→∞ χϑ` = θ for some θ ∈ Z.

Definition 2.9. [24] Let Z be a non-void set. Assume that a function S : Z×Z×Z→ Q
satisfies the following conditions for each ϑ ,ρ,ξ ,r ∈ Z

(i) S (ϑ ,ρ,ξ )≥ 0Q;
(ii) S (ϑ ,ρ,ξ ) = 0Q i f f ϑ = ρ = ξ ;

(iii) S (ϑ ,ρ,ξ )≤S (ϑ ,ϑ ,r)+S (ρ,ρ,r)+S (ξ ,ξ ,r).
Then (Z,Q,S ) is a C∗-algebra-valued S -metric space.

Lemma 2.10. [24]. In a C∗AVSMS, S (ϑ ,ϑ ,ρ) = S (ρ,ρ,ϑ).

Definition 2.11. [24] Let (Z,Q,S ) be a C∗AVSMS.
(i) A sequence {ϑ`} in Z converges to ϑ ∈ Z w.r.t Q iff S (ϑ`,ϑ`,ϑ)→ 0Q as `→ ∞.

(ii) A sequence {ϑ`} in Z is cauchy w.r.t Q if, for each ε > 0, there exists P ∈ N s.t.
S (ϑ`,ϑ`,ϑµ)< ε for each `,µ ≥P , that is, S (ϑ`,ϑ`,ϑµ)→ 0Q as `,µ → ∞.
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(iii) (Z,Q,S ) is a complete C∗AVSMS if every cauchy sequence is convergent.

In 2018, Ege et al. [24] proved the following theorem.

Theorem 2.12. Let (Z,Q,S ) be a complete C∗AVSMS and Ψ : Z→ Z be a C∗-algebra-valued
contractive function. Then Ψ has a unique fixed point ϑ0 ∈ Z.

Inspired by the work above, we establish common fixed point theorems for quartet mappings
in C∗AVSMS, supported by a relevant example and applications.

3. MAIN RESULTS

Definition 3.1. Let (Z,Q,S ) be a complete C∗AVSMS. A pair {φ ,χ} is said to be com-
patible iff lim`→∞ S (φ χϑ`,φ χϑ`,χφϑ`) = 0Q, whenever {ϑ`} is a sequence in Z such that
lim`→∞ φϑ` = lim`→∞ χϑ` = θ , where θ ∈ Z.

Lemma 3.2. Let (Z,Q,S ) be a complete C∗AVSMS. If there exists two sequences {ϑ`} and
{ρ`} such that lim`→∞ S (ϑ`,ϑ`,ρ`)= 0Q whenever {ϑ`} is a sequence in Z such that lim`→∞ ϑ`=
θ , where θ ∈ Z. Then lim`→∞ ρ` = θ .

Proof. By using the triangle inequality in C∗AVSMS, one has

S (ρ`,ρ`,θ)≤S (ρ`,ρ`,ϑ`)+S (ρ`,ρ`,ϑ`)+S (θ ,θ ,ϑ`)

≤ 2S (ρ`,ρ`,ϑ`)+S (θ ,θ ,ϑ`)

Taking upper limit as `→ ∞, one sees that

limsup
`→∞

S (ρ`,ρ`,θ)≤ 2limsup
`→∞

S (ρ`,ρ`,ϑ`)+ limsup
`→∞

S (θ ,θ ,ϑ`) = 3×0Q

Hence, lim`→∞ ρ` = θ . �

Let Q be a unital C∗-algebra. We define the supremum set for subsets of the positive cone
Q+, with respect to the natural partial order induced on Q+. Let H ⊆Q+ be a non-void subset.
A positive element ρ ∈ Q+ is said to be an upper bound for H if ∀ϑ ∈H if ϑ ≤ ρ . That is,
ρ is an upper bound of H ⇔ ∀ϑ ∈H , ρ−ϑ ∈Q+.

Theorem 3.3. Consider (Z,Q+,S ) as a complete C∗AVSMS. Assume that φ ,χ,Ω , and Ψ

are self maps, with φ(Z) ⊆Ψ(Z), χ(Z) ⊆ Ω(Z) and that the pairs {φ ,Ω} and {χ,Ψ} are
compatible. If

S (φϑ ,φρ,χξ )≤ℵ
∗ sup

ϑ ,ρ,ξ∈Q+

{S (Ωϑ ,Ωρ,Ψξ ),S (φϑ ,φϑ ,Ωϑ),

S (χξ ,χξ ,Ψξ ),S (φρ,φρ,χξ )}ℵ, (3.1)

∀ ϑ ,ρ,ξ ∈ Z, with ‖ℵ‖< 1. Then φ ,χ,Ω , and Ψ have a unique common fixed point(UCFP)
in Z provided that Ω and Ψ are continuous.

Proof. Let ϑ0 ∈ Z. Since φ(Z) ⊆Ψ(Z), then there exists ϑ1 ∈ Z such that φϑ0 =Ψϑ1, and
also as χϑ1 ∈ Ω(Z), we take ϑ2 ∈ Z s.t χϑ1 = Ωϑ2. In general, taking ϑ2`+1 ∈ Z such that
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φϑ2` =Ψϑ2`+1 and ϑ2`+2 ∈Z such that χϑ2`+1 = Ωϑ2`+2, one sees a sequence {ρ`} in Z such
that ρ2` = φϑ2` =Ψϑ2`+1, ρ2`+1 = χϑ2`+1 = Ωϑ2`+2, `≥ 0,

S (ρ2`,ρ2`,ρ2`+1)≤ℵ
∗ sup{S (Ωϑ2`,Ωϑ2`,Ψϑ2`+1),S (φϑ2`,φϑ2`,Ωϑ2`),

S (χϑ2`+1,χϑ2`+1,Ψϑ2`+1),S (φϑ2`,φϑ2`,χϑ2`+1)}ℵ
=ℵ

∗ sup{S (ρ2`−1,ρ2`−1,ρ2`),S (ρ2`,ρ2`,ρ2`−1),

S (ρ2`+1,ρ2`+1,ρ2`),S (ρ2`,ρ2`,ρ2`+1)}ℵ
=ℵ

∗ sup{S (ρ2`−1,ρ2`−1,ρ2`),S (ρ2`,ρ2`,ρ2`+1)}ℵ.

If S (ρ2`,ρ2`,ρ2`+1)>S (ρ2`−1,ρ2`−1,ρ2`), then S (ρ2`,ρ2`,ρ2`+1)<ℵ∗S (ρ2`,ρ2`,ρ2`+1)ℵ,
which is a contradiction. Hence, S (ρ2`,ρ2`,ρ2`+1)≤S (ρ2`−1,ρ2`−1,ρ2`),

S (ρ2`,ρ2`,ρ2`+1)≤ℵ
∗S (ρ2`−1,ρ2`−1,ρ2`)ℵ. (3.2)

Similarly, one has

S (ρ2`−1,ρ2`−1,ρ2`)≤ℵ
∗ sup{S (Ωϑ2`,Ωϑ2`,Ψϑ2`−1),S (φϑ2`,φϑ2`,Ωϑ2`),

S (χϑ2`−1,χϑ2`−1,Ψϑ2`−1),S (φϑ2`,φϑ2`,χϑ2`−1)}ℵ
=ℵ

∗ sup{S (ρ2`−1,ρ2`−1,ρ2`−2),S (ρ2`,ρ2`,ρ2`−1),

S (ρ2`−1,ρ2`−1,ρ2`−2),S (ρ2`,ρ2`,ρ2`−1)}ℵ
=ℵ

∗ sup{S (ρ2`−2,ρ2`−2,ρ2`−1),S (ρ2`,ρ2`,ρ2`−1)}ℵ.

If S (ρ2`,ρ2`,ρ2`−1)> S (ρ2`−2,ρ2`−2,ρ2`−1), then

S (ρ2`,ρ2`,ρ2`−1)< ℵ
∗S (ρ2`,ρ2`,ρ2`−1)ℵ,

which is a contradiction. Hence, S (ρ2`−1,ρ2`−1,ρ2`)≤S (ρ2`−2,ρ2`−2,ρ2`−1),

S (ρ2`−1,ρ2`−1,ρ2`)≤ℵ
∗S (ρ2`−2,ρ2`−2,ρ2`−1)ℵ. (3.3)

From equation (3.2) and equation (3.3), one has S (ρ`,ρ`,ρ`−1) ≤ ℵ∗S (ρ`−1,ρ`−1,ρ`−2)ℵ,
`≥ 2, where ‖ℵ‖< 1. Hence, for `≥ 2,

S (ρ`,ρ`,ρ`−1)≤ ...≤(ℵ∗)`−1S (ρ1,ρ1,ρ0)(ℵ)`−1. (3.4)

Using the triangle inequality in C∗AVSMS, for ` > µ , one has

S (ρ`,ρ`,ρµ)≤2ℵ
∗S (ρµ ,ρµ ,ρµ+1)ℵ+2ℵ

∗S (ρµ+1,ρµ+1,ρµ+2)ℵ

+ ...+ℵ
∗S (ρ`−1,ρ`−1,ρ`)ℵ

<2ℵ
∗S (ρµ ,ρµ ,ρµ+1)ℵ+2ℵ

∗S (ρµ+1,ρµ+1,ρµ+2)ℵ

+ ...+2ℵ
∗S (ρ`−1,ρ`−1,ρ`)ℵ.
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Hence, from equation (3.4), as ‖ℵ‖< 1,

S (ρ`,ρ`,ρµ)≤2
`−2

∑
i=µ

(ℵ∗)iS (ρ1,ρ1,ρ0)ℵ
i +(ℵ∗)`−1S (ρ1,ρ1,ρ0)ℵ

`−1

=2
`−1

∑
i=µ

(D
1
2 ℵ

i)∗(D
1
2 ℵ

i)+(D
1
2 ℵ

`−1)∗(D
1
2 ℵ

`−1)

≤‖2
`−1

∑
i=µ

|D
1
2 ℵ

i|2+|D
1
2 ℵ

`−1|2‖I

≤2
`−1

∑
i=µ

‖D
1
2‖2‖ℵi‖2I +‖D

1
2‖2‖ℵ‖2`−2I

≤2‖D
1
2‖2

`−1

∑
i=µ

‖ℵ‖2iI +‖D
1
2‖2‖ℵ‖2`−2I

≤2‖D
1
2‖2 ‖ℵ‖2µ

1−‖ℵ‖
I +‖D

1
2‖2‖ℵ‖2`−2I → 0Q

as µ, `→ ∞, where D = S (ρ1,ρ1,ρ0). So {ρ`} is cauchy w.r.t. Q+. Since (Z,Q+,S ) is a
complete C∗AVSMS, there exists ρ ∈ Z such that

lim
`→∞

φϑ2` = lim
`→∞

Ψϑ2`+1 = lim
`→∞

χϑ2`+1 = lim
`→∞

Ωϑ2`+2 = ρ.

Since Ω is continuous, one has lim`→∞ Ω 2ϑ2`+2 = Ωρ and lim`→∞ Ωφϑ2` = Ωρ. Since φ

and Ω are compatible, one has lim`→∞ S (φΩϑ2`,φΩϑ2`,Ωφϑ2`) = 0Q+. By Lemma (3.2),
lim`→∞ φΩϑ2` = Ωρ . Putting ϑ = ρ = Ωϑ2` and ξ = ϑ2`+1 in inequality (3.1), one has

S (φΩϑ2`,φΩϑ2`,χϑ2`+1)

≤ℵ
∗ sup{S (Ω 2

ϑ2`,Ω
2
ϑ2`,Ψϑ2`+1),S (φΩϑ2`,φΩϑ2`,Ω

2
ϑ2`)

S (χϑ2`+1,χϑ2`+1,Ψϑ2`+1),S (φΩϑ2`,φΩϑ2`,χϑ2`+1)}ℵ.

(3.5)

Taking upper limit as `→ ∞ in equation (3.5), one sees that

S (Ωρ,Ωρ,ρ)≤ℵ
∗ sup{ lim

`→∞
S (Ω 2

ϑ2`,Ω
2
ϑ2`,Ψϑ2`+1), lim

`→∞
S (φΩϑ2`,φΩϑ2`,Ω

2
ϑ2`),

lim
`→∞

S (χϑ2`+1,χϑ2`+1,Ψϑ2`+1), lim
`→∞

S (φΩϑ2`,φΩϑ2`,χϑ2`+1)}ℵ

≤ℵ
∗S (Ωρ,Ωρ,ρ)ℵ.

Consequently, S (Ωρ,Ωρ,ρ)≤ℵ∗S (Ωρ,Ωρ,ρ)ℵ, as ‖ℵ‖< 1, which implies that Ωρ = ρ .
Since Ψ is continuous, one has lim`→∞Ψ 2ϑ2`+1 = Ψρ and lim`→∞Ψ χϑ2`+1 = Ψρ. Since
χ and Ψ are compatible, one sees that lim`→∞ S (χΨϑ2`+1,χΨϑ2`+1,Ψ χϑ2`+1) = 0Q+. By
Lemma (3.2), lim`→∞ χΨϑ2`+1 = Ψρ . Putting ϑ = ρ = ϑ2` and ξ = Ψϑ2`+1 in inequality
(3.1), we have

S (φϑ2`,φϑ2`,χΨϑ2`+1)≤ℵ
∗ sup{S (Ωϑ2`,Ωϑ2`,Ψ

2
ϑ2`+1),S (φϑ2`,φϑ2`,Ωϑ2`),

S (χΨϑ2`+1,χΨϑ2`+1,Ψ
2
ϑ2`+1),S (φϑ2`,φϑ2`,χΨϑ2`+1)}ℵ.

(3.6)
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Taking upper limit as `→ ∞ in inequality (3.6), we obtain

S (ρ,ρ,Ψρ)≤ℵ
∗ sup{S (ρ,ρ,Ψρ),0Q+,0Q+,S (ρ,ρ,Ψρ)}ℵ,

that is, Ψρ = ρ . Also, we can apply equation (3.1) to obtain

S (φρ,φρ,χϑ2`+1)≤ℵ
∗ sup{S (Ωρ,Ωρ,Ψϑ2`+1),S (φρ,φρ,Ωρ),

S (χϑ2`+1,χϑ2`+1,Ψϑ2`+1),S (φρ,φρ,χϑ2`+1)}ℵ. (3.7)

Taking upper limit as `→ ∞ in equation (3.7), as Ωρ =Ψρ = ρ , we have

S (φρ,φρ,ρ)≤ℵ
∗ sup{S (Ωρ,Ωρ,ρ),S (φρ,φρ,ρ),S (ρ,ρ,ρ),S (φρ,φρ,ρ)}ℵ

=ℵ
∗S (φρ,φρ,ρ)ℵ.

Since ‖ℵ‖< 1, S (φρ,φρ,ρ) = 0Q+ and φρ = ρ . By using equation (3.1), as Ωρ =Ψρ =
φρ = ρ , we obtain

S (ρ,ρ,χρ)

≤ℵ
∗ sup{S (Ωρ,Ωρ,Ψρ),S (φρ,φρ,Ωρ),S (χρ,χρ,Ψρ),S (φρ,φρ,χρ)}ℵ

= ℵ
∗S (ρ,ρ,χρ)ℵ,

which implies that S (ρ,ρ,χρ) = 0Q+ and χρ = ρ . Thus Ωρ =Ψρ = φρ = χρ = ρ . If there
exists another CFP ρ? ∈ Z of all φ ,χ,Ω and Ψ , then

0Q+ ≤S (ρ?,ρ?,ρ)≤ℵ
∗ sup{S (Ωρ

?,Ωρ
?,Ψρ),S (φρ

?,φρ
?,Ωρ

?)

S (χρ,χρ,Ψρ),S (φρ
?,φρ

?,χρ)}ℵ
≤ℵ

∗S (ρ?,ρ?,ρ)ℵ.

Since ‖ℵ‖< 1, S (ρ?,ρ?,ρ) = 0Q+ and ρ? = ρ . Hence, ρ is a UCFP of φ ,χ,Ω and Ψ . �

Example 3.4. Let Z = [0,1] be endowed with C∗AVSMS and S (ϑ ,ρ,ξ ) = |ϑ − ξ |+|ρ − ξ |,
for all ϑ ,ρ,ξ ∈ Z. Define φ ,χ,Ω and Ψ on Z by φϑ = (ϑ

4 )
8, χϑ = (ϑ

4 )
4, Ωϑ = (ϑ

4 )
2, and

Ψϑ = ϑ

4 . Since φϑ ⊆Ψϑ and χϑ ⊆ Ωϑ , {φ ,Ω} and {χ,Ψ} are compatible mappings. For
each ϑ ,ρ,ξ ∈ Z, we have

S (φϑ ,φρ,χξ )

=|φϑ −χξ |+ |φρ−χξ |

=|(ϑ

4
)4− (

ξ

4
)2||(ϑ

4
)4 +(

ξ

4
)2|+ |(ρ

4
)4− (

ξ

4
)2||(ρ

4
)4 +(

ξ

4
)2|

≤ 17
256
|(ϑ

4
)2− ξ

4
||(ϑ

4
)2 +

ξ

4
|+ 17

256
|(ρ

4
)2− ξ

4
||(ρ

4
)2 +

ξ

4
|

≤ 85
4,096

|(ϑ

4
)2− ξ

4
|+ 85

4,096
|(ρ

4
)2− ξ

4
|

≤ 85
4,096

(|Ωϑ −Ψξ |+ |Ωρ−Ψξ |)

=

√
85

64
S (Ωϑ ,Ωρ,Ψξ )

√
85

64
≤ℵ

∗ sup
ϑ ,ρ,ξ∈[0,1]

{S (Ωϑ ,Ωρ,Ψξ ),S (φϑ ,φϑ ,Ωϑ),S (χξ ,χξ ,Ψξ ),S (φρ,φρ,χξ )}ℵ,
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where ‖ℵ‖=
√

85
64 < 1. Hence φ ,χ,Ω and Ψ satisfies the criteria of Theorem 3.3.

Example 3.5. Consider Z= [0,1] & Q+ =M2(R) with ‖ℵ‖= sup{Z1,Z2,Z3,Z4}, where Z′is
are the entries of ℵ. Then (Z,Q+,S ) is a C∗AVSMS, where

S (ϑ ,ρ,ξ ) =

[
|ϑ −ξ |+|ρ−ξ | 0

0 |ϑ −ξ |+|ρ−ξ |

]
and partial ordering on Q+ is given by[

Z1 Z2
Z3 Z4

]
≥
[

ν1 ν2
ν3 ν4

]
⇔ Zi ≥ νi, f or i = 1,2,3,4.

Define φ ,χ,Ω and Ψ on Z by φϑ = (ϑ

2 )
8, χϑ = (ϑ

2 )
4, Ωϑ = (ϑ

2 )
2, and Ψϑ = ϑ

2 . Since
φϑ ⊆Ψϑ and χϑ ⊆Ωϑ , {φ ,Ω} and {χ,Ψ} are compatible mappings. For each ϑ ,ρ,ξ ∈ Z,
we have

S (φϑ ,φρ,χξ )

=

[
|(ϑ

2 )
8− (ξ

2 )
4|+|(ρ

2 )
8− (ξ

2 )
4| 0

0 |(ϑ

2 )
8− (ξ

2 )
4|+|(ρ

2 )
8− (ξ

2 )
4|

]

≤

[
15
64 |(

ϑ

2 )
2− (ξ

2 )|+
15
64 |(

ρ

2 )
2− (ξ

2 )| 0
0 15

64 |(
ϑ

2 )
2− (ξ

2 )|+
15
64 |(

ρ

2 )
2− (ξ

2 )|

]

≤
[15

64 |Ωϑ −Ψξ |+15
64 |Ωρ−Ψξ | 0

0 15
64 |Ωϑ −Ψξ |+15

64 |Ωρ−Ψξ |

]
=

[√
15
8 0
0

√
15
8

][
|Ωϑ −Ψξ |+|Ωρ−Ψξ | 0

0 |Ωϑ −Ψξ |+|Ωρ−Ψξ |

]
[√

15
8 0
0

√
15
8

]
=ℵ

∗S (Ωϑ ,Ωρ,Ψξ )ℵ

≤ℵ
∗ sup

ϑ ,ρ,ξ∈[0,1]
{S (Ωϑ ,Ωρ,Ψξ ),S (φϑ ,φϑ ,Ωϑ),S (χξ ,χξ ,Ψξ ),S (φρ,φρ,χξ )}ℵ,

where ℵ =

[√
15
8 0
0

√
15
8

]
and ‖ℵ‖=

√
15
8 < 1. Hence φ ,χ,Ω and Ψ satisfies the criteria of

Theorem 3.3.

Theorem 3.6. Let {φ ,Ω} and {χ,Ψ} be compatible self functions on a complete C∗AVSMS
(Z,Q,S ) and, for all ϑ ,ρ,ξ ∈ Z,

S (φϑ ,φρ,χξ )≤ℵ
∗
aS (Ωϑ ,Ωρ,Ψξ )ℵa+ℵ

∗
bS (φϑ ,φϑ ,Ψξ )ℵb+ℵ

∗
cS (Ωϑ ,Ωρ,χξ )ℵc

+ℵ
∗
dS (φρ,φρ,Ψξ )ℵd+ℵ

∗
eS (χξ ,χξ ,Ψξ )ℵe, (3.8)

where ℵa,ℵb,ℵc,ℵd,ℵe ∈Q with (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)< 1. If φ(Z)⊆
Ψ(Z) and χ(Z) ⊆ Ω(Z) and Ω and Ψ are continuous, then quartet functions φ ,χ,Ω and Ψ

have a UCFP.
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Proof. Let ϑ0 ∈ Z. Since φ(Z) ⊆Ψ(Z), we let ϑ1 ∈ Z be such that Ψϑ1 = φϑ0, and χϑ1 ∈
Ω(ϑ). Let ϑ2 ∈Z be such that Ωϑ2 = χϑ1. In general, ϑ2`+1 ∈Z is chosen such that Ψϑ2`+1 =
φϑ2` and ϑ2`+2 ∈ Z with Ωϑ2`+2 = χϑ2`+1; `= 0,1,2, ... Denote

ρ2` =Ψϑ2`+1 = φϑ2`, ρ2`+1 = Ωϑ2`+2 = χϑ2`+1, `≥ 0,

S (ρ2`,ρ2`,ρ2`+1)≤ℵ
∗
aS (Ωϑ2`,Ωϑ2`,Ψϑ2`+1)ℵa+ℵ

∗
bS (φϑ2`,φϑ2`,Ψϑ2`+1)ℵb,

+ℵ
∗
cS (Ωϑ2`,Ωϑ2`,χϑ2`+1)ℵc+ℵ

∗
dS (φϑ2`,φϑ2`,Ψϑ2`+1)ℵd

+ℵ
∗
eS (χϑ2`+1,χϑ2`+1,Ψϑ2`+1)ℵe

≤ℵ
∗
aS (ρ2`−1,ρ2`−1,ρ2`)ℵa+ℵ

∗
c [2S (ρ2`−1,ρ2`−1,ρ2`)

+S (ρ2`+1,ρ2`+1,ρ2`)]ℵc+ℵ
∗
eS (ρ2`,ρ2`,ρ2`+1)ℵe.

Hence,

S (ρ2`,ρ2`,ρ2`+1)≤‖ℵa‖2S (ρ2`−1,ρ2`−1,ρ2`)+2‖ℵc‖2S (ρ2`−1,ρ2`−1,ρ2`)

+(‖ℵc‖2+‖ℵe‖2)S (ρ2`,ρ2`,ρ2`+1). (3.9)

Now, we prove S (ρ2`,ρ2`,ρ2`+1)≤S (ρ2`−1,ρ2`−1,ρ2`), for each `∈N. If S (ρ2`−1,ρ2`−1,ρ2`)<
S (ρ2`,ρ2`,ρ2`+1), then inequality (3.9) yields

S (ρ2`,ρ2`,ρ2`+1)<‖ℵa‖2S (ρ2`,ρ2`,ρ2`+1)+2‖ℵc‖2S (ρ2`,ρ2`,ρ2`+1)

+(‖ℵc‖2+‖ℵe‖2)S (ρ2`,ρ2`,ρ2`+1)

=(‖ℵa‖2+3‖ℵc‖2+‖ℵe‖2)S (ρ2`,ρ2`,ρ2`+1)

<S (ρ2`,ρ2`,ρ2`+1),

which is a contradiction. Thus S (ρ2`,ρ2`,ρ2`+1) ≤S (ρ2`−1,ρ2`−1,ρ2`), for all ` ∈ N. From
inequality (3.9), we obtain

S (ρ2`,ρ2`,ρ2`+1)≤ (‖ℵa‖2+3‖ℵc‖2+‖ℵe‖2)S (ρ2`−1,ρ2`−1,ρ2`). (3.10)

Also, we have

S (ρ2`−1,ρ2`−1,ρ2`)

=S (φϑ2`,φϑ2`,χϑ2`−1)

≤ℵ
∗
aS (Ωϑ2`,Ωϑ2`,Ψϑ2`−1)ℵa+ℵ

∗
bS (φϑ2`,φϑ2`,Ψϑ2`−1)ℵb

+ℵ
∗
cS (Ωϑ2`,Ωϑ2`,χϑ2`−1)ℵc+ℵ

∗
dS (φϑ2`,φϑ2`,Ψϑ2`−1)ℵd

+ℵ
∗
eS (χϑ2`−1,χϑ2`−1,Ψϑ2`−1)ℵe

≤‖ℵa‖2S (ρ2`−1,ρ2`−1,ρ2`−2)+(2‖ℵb‖2+2‖ℵd‖2)S (ρ2`−1,ρ2`−1,ρ2`)

+(‖ℵb‖2+‖ℵd‖2)S (ρ2`−1,ρ2`−1,ρ2`−2)

+‖ℵe‖2S (ρ2`−1,ρ2`−1,ρ2`−2).

Hence,

S (ρ2`,ρ2`,ρ2`−1)

≤‖ℵa‖2S (ρ2`−1,ρ2`−1,ρ2`−2)+(2‖ℵb‖2+2‖ℵd‖2)S (ρ2`,ρ2`,ρ2`−1)

+(‖ℵb‖2+‖ℵd‖2+‖ℵe‖2)S (ρ2`−1,ρ2`−1,ρ2`−2). (3.11)
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Similarly, if S (ρ2`−1,ρ2`−1,ρ2`−2)< S (ρ2`,ρ2`,ρ2`−1), then inequality (3.11) yields

S (ρ2`,ρ2`,ρ2`−1)≤(‖ℵa‖2+3‖ℵb‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ2`,ρ2`,ρ2`−1)

<S (ρ2`,ρ2`,ρ2`−1),

which is a contradiction. Thus S (ρ2`,ρ2`,ρ2`−1) ≤ S (ρ2`−1,ρ2`−1,ρ2`−2), ∀ ` ∈ N. From
inequality (3.11), we obtain

S (ρ2`,ρ2`,ρ2`−1)≤ (‖ℵa‖2+3‖ℵb‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ2`,ρ2`−1,ρ2`−2). (3.12)

Now, from equation (3.10) and (3.12), we have

S (ρ`,ρ`,ρ`−1)≤ ‖ℵ‖S (ρ`−1,ρ`−1,ρ`−2), `≥ 2,

where ‖ℵ‖= min{‖ℵa‖2+3‖ℵc‖2+‖ℵe‖2,‖ℵa‖2+3‖ℵb‖2+3‖ℵd‖2+‖ℵe‖2}. Since ‖ℵ‖<
1, for `≥ 2, one has

S (ρ`,ρ`,ρ`−1)≤ ...≤ (ℵ∗)`−1S (ρ1,ρ1,ρ0)ℵ. (3.13)

By using the triangle inequality in C∗AVSMS, for ` > µ , one has

S (ρ`,ρ`,ρµ)≤2S (ρµ ,ρµ ,ρµ+1)+2S (ρµ+1,ρµ+1,ρµ+2)+ ...+S (ρ`−1,ρ`−1,ρ`).

Hence, from equation (3.13) and as ‖ℵ‖< 1, we have

S (ρ`,ρ`,ρµ)≤2
`−2

∑
i=µ

(ℵ∗)iS (ρ1,ρ1,ρ0)ℵ
i +(ℵ∗)`−1S (ρ1,ρ1,ρ0)ℵ

`−1

=2
`−1

∑
i=µ

(ℵ∗)iD
1
2 D

1
2 ℵ

i +(ℵ∗)`−1D
1
2 D

1
2 ℵ

`−1

≤‖2
`−1

∑
i=µ

|D
1
2 ℵ

i|2+|D
1
2 ℵ

`−1|2‖I

≤2
`−1

∑
i=µ

‖D
1
2‖2‖ℵi‖2I +‖D

1
2‖2‖ℵ‖2`−2I

≤2‖D
1
2‖2

`−1

∑
i=µ

‖ℵ‖2iI +‖D
1
2‖2‖ℵ‖2`−2I

≤2‖D
1
2‖2 ‖ℵ‖2µ

1−‖ℵ‖
I +‖D

1
2‖2‖ℵ‖2`−2I → 0Q

as µ, `→ ∞, where D = S (ρ1,ρ1,ρ0). Therefore, {ρ`} is Cauchy. Let ρ ∈ Z be such that

lim
`→∞

φϑ2` = lim
`→∞

Ψϑ2`+1 = lim
`→∞

χϑ2`+1 = lim
`→∞

Ωϑ2`+2 = ρ.

Since Ω is continuous, lim`→∞ Ω 2ϑ2`+2 = Ωρ, lim`→∞ Ωφϑ2` = Ωρ. Since φ and Ω are com-
patible, lim`→∞ S (φΩϑ2`,φΩϑ2`,Ωφϑ2`) = 0Q. By Lemma (3.2), lim`→∞ φΩϑ2` = Ωρ .
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From equation (3.8), one has

S (φΩϑ2`,φΩϑ2`,χϑ2`+1)

≤ℵ
∗
aS (Ω 2

ϑ2`,Ω
2
ϑ2`,Ψϑ2`+1)ℵa+ℵ

∗
bS (φΩϑ2`,φΩϑ2`,Ψϑ2`+1)ℵb

+ℵ
∗
cS (Ω 2

ϑ2`,Ω
2
ϑ2`,χϑ2`+1)ℵc+ℵ

∗
dS (φΩϑ2`,φΩϑ2`,Ψϑ2`+1)ℵd

+ℵ
∗
eS (χϑ2`+1,χϑ2`+1,Ψϑ2`+1)ℵe.

Taking upper limit as `→ ∞, one has

S (Ωρ,Ωρ,ρ)≤ℵ
∗
aS (Ωρ,Ωρ,ρ)ℵa+ℵ

∗
bS (Ωρ,Ωρ,ρ)ℵb+ℵ

∗
cS (Ωρ,Ωρ,ρ)ℵc

+ℵ
∗
dS (Ωρ,Ωρ,ρ)ℵd+ℵ

∗
eS (ρ,ρ,ρ)ℵe

≤ℵ
∗
aS (Ωρ,Ωρ,ρ)ℵa+ℵ

∗
bS (Ωρ,Ωρ,ρ)ℵb+ℵ

∗
cS (Ωρ,Ωρ,ρ)ℵc

+ℵ
∗
dS (Ωρ,Ωρ,ρ)ℵd

≤(‖ℵa‖2+‖ℵb‖2+‖ℵc‖2+‖ℵd‖2+‖ℵe‖2)S (Ωρ,Ωρ,ρ).

Therefore, S (Ωρ,Ωρ,ρ)≤ (‖ℵa‖2+‖ℵb‖2+‖ℵc‖2+‖ℵd‖2+‖ℵe‖2)S (Ωρ,Ωρ,ρ) as

(‖ℵa‖2+‖ℵb‖2+‖ℵc‖2+‖ℵd‖2+‖ℵe‖2)< 1.

Note that Ωρ = ρ . SinceΨ is continuous, one has lim`→∞Ψ 2ϑ2`+1 =Ψρ and lim`→∞Ψ χϑ2`+1 =
Ψρ. Since χ and Ψ are compatible, lim`→∞ S (χΨϑ2`+1,χΨϑ2`+1,Ψ χϑ2`+1) = 0Q.
Lemma 3.2 yields lim`→∞ χΨϑ2`+1 =Ψρ . From equation (3.8), one has

S (φϑ2`,φϑ2`,χΨϑ2`+1)≤ℵ
∗
aS (Ωϑ2`,Ωϑ2`,Ψ

2
ϑ2`+1)ℵa+ℵ

∗
bS (φϑ2`,φϑ2`,Ψ

2
ϑ2`+1)ℵb

+ℵ
∗
cS (Ωϑ2`,Ωϑ2`,χΨϑ2`+1)ℵc+ℵ

∗
dS (φϑ2`,φϑ2`,Ψ

2
ϑ2`+1)ℵd

+ℵ
∗
eS (χΨϑ2`+1,χΨϑ2`+1,Ψ

2
ϑ2`+1)ℵe.

Taking the upper limit as `→ ∞, one has

S (ρ,ρ,Ψρ)≤ℵ
∗
aS (ρ,ρ,Ψρ)ℵa+ℵ

∗
bS (Ωρ,Ωρ,ρ)ℵb+ℵ

∗
cS (ρ,ρ,Ψρ)ℵc

+ℵ
∗
dS (ρ,ρ,Ψρ)ℵd+ℵ

∗
eS (Ψρ,Ψρ,Ψρ)ℵe

≤(‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ,ρ,Ψρ),

that is,

S (ρ,ρ,Ψρ)≤ (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ,ρ,Ψρ).

Therefore, (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)< 1. Note that Ψρ = ρ . From equa-
tion (3.8), one has

S (φρ,φρ,χϑ2`+1)

≤ℵ
∗
aS (Ωρ,Ωρ,Ψϑ2`+1)ℵa+ℵ

∗
bS (φρ,φρ,Ψϑ2`+1)ℵb+ℵ

∗
cS (Ωρ,Ωρ,χϑ2`+1)ℵc

+ℵ
∗
dS (φρ,φρ,Ψϑ2`+1)ℵd+ℵ

∗
eS (χϑ2`+1,χϑ2`+1,Ψϑ2`+1)ℵe.

By taking the upper limit as `→ ∞, as Ωρ = ρ , Ψρ = ρ , we get

S (φρ,φρ,ρ)≤ℵ
∗
aS (ρ,ρ,ρ)ℵa+ℵ

∗
bS (φρ,φρ,ρ)ℵb+ℵ

∗
cS (ρ,ρ,ρ)ℵc

+ℵ
∗
dS (φρ,φρ,ρ)ℵd+ℵ

∗
eS (ρ,ρ,ρ)ℵe

≤(‖ℵb‖2+‖ℵd‖2)S (φρ,φρ,ρ).
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Therefore,

S (φρ,φρ,ρ)≤ (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)S (φρ,φρ,ρ),

as (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)< 1. Note that φρ = ρ . From equation (3.8),
we have S (φρ,φρ,χρ) = 0Q. Hence, φρ = χρ . Thus φρ = χρ = Ωρ =Ψρ = ρ . If there
exists another common fixed point ρ? in Z of quartet maps φ ,χ,Ω and Ψ , then

0Q ≤S (ρ?,ρ?,ρ)

≤ℵ
∗
aS (Ωρ

?,Ωρ
?,Ψρ)ℵa+ℵ

∗
bS (φρ

?,φρ
?,Ψρ)ℵb+ℵ

∗
cS (Ωρ

?,Ωρ
?,χρ)ℵc

+ℵ
∗
dS (φρ

?,φρ
?,Ψρ)ℵd+ℵ

∗
eS (χρ

?,χρ
?,Ψρ)ℵe

=(‖ℵa‖2+‖ℵb‖2+‖ℵc‖2+‖ℵd‖2)S (ρ?,ϑ ,ρ)

≤(‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ?,ρ?,ρ).

This implies

S (ρ?,ρ?,ρ)≤ (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)S (ρ?,ρ?,ρ).

Since (‖ℵa‖2+3‖ℵb‖2+3‖ℵc‖2+3‖ℵd‖2+‖ℵe‖2)< 1, S (ρ?,ρ?,ρ)= 0Q, i.e., ρ?= ρ . Hence,
ρ is a UCFP of quartet maps φ ,χ,Ω and Ψ . �

4. APPLICATIONS

Consider the system of integral equation

ϑ(θ) = A (θ)+
∫
F

J (θ ,h,Ω(ϑ(h)))dh, θ ∈F ,

ϑ(θ) = A (θ)+
∫
F

K (θ ,h,Ψ(ϑ(h)))dh, θ ∈F ,

where F is a Lebesgue measurable set (L.M.S) and m(F ) < ∞. Let Z = L ∞(F ) denote
the class of essentially bounded measurable functions on F , where F is a L.M.S such that
m(F )< ∞.

Theorem 4.1. Suppose that

(1) J ,K : F ×F ×R→ R and A ∈L ∞(F );
(2) there exist a continuous function G : F ×F → R and y ∈ (0,1) such that

|J (θ ,h,Ω(ϑ(θ)))−K (θ ,h,Ψ(ρ(θ)))|≤ yG (θ ,h)|Ω(ϑ(θ))−Ψ(ρ(θ))|
f or θ ,h ∈F and ϑ ,ρ ∈ R;

(3) supθ∈F
∫
F |G (θ ,h)|dh≤ 1.

Then the system of volterra type integral equation has a unique common solution ρ in L ∞(F ).

Proof. Let Z = L ∞(F ) and M = L 3(F ), where F is a L.M.S and L (M ) is the set of
bounded linear operators on Hilbert space M . Clearly L (M ) is a C∗-algebra with the usual
operator norm. Define S : Z×Z×Z→ L (M ) by S (φ ,φ ,χ) = π|φ−χ| for all φ ,χ ∈ Z,
where πω : M →M is the multiplication operator defined by πω(ϕ) = ω.ϕ for all ω,ϕ ∈M .
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Then S is a C∗AVSMS and (Z,L (M ),S ) is a complete C∗AVSMS w.r.t. L (M ). Let
φ ,χ : L ∞(F )→L ∞(F ) be

φϑ(θ) = A (θ)+
∫
F

J (θ ,h,Ω(ϑ(θ)))dh, χρ(θ) = A (θ)+
∫
F

K (θ ,h,Ψ(ρ(θ)))dh.

Setting ℵ = y, one sees that ℵ ∈L (M ) and ‖ℵ‖= y< 1. For any ω ∈M ,

‖S (φϑ ,φϑ ,χρ)‖

= sup
‖ω‖=1

∫
F

[∣∣∣∣∫
F

J (θ ,h,Ω(ϑ(θ)))−K (θ ,h,Ψ(ρ(θ)))dh
∣∣∣∣]ω(θ)ω(θ)dθ

≤ sup
‖ω‖=1

∫
F

[∫
F

∣∣∣∣J (θ ,h,Ω(ϑ(θ)))−K (θ ,h,Ψ(ρ(θ)))

∣∣∣∣dh]|ω(θ)|2dθ

≤ sup
‖ω‖=1

∫
F

[∫
F

∣∣∣∣yG (θ ,h)|Ω(ϑ(θ))−Ψ(ρ(θ))|
∣∣∣∣dh]|ω(θ)|2dθ

≤y sup
‖ω‖=1

∫
F

[∫
F

∣∣∣∣G (θ ,h)

∣∣∣∣dh]|ω(θ)|2dθ‖Ωϑ −Ψρ‖∞

≤y‖Ωϑ −Ψρ‖∞

≤‖ℵ‖‖S (Ωϑ ,Ωϑ ,Ψρ)‖.

Since ‖ℵ‖< 1, by using Theorem (3.3), one sees that the system of volterra type integral equa-
tion has a unique common solution ρ in L ∞(F ). �

5. CONCLUSION

In this paper, we proved common fixed point theorems for quartet mappings on C∗AVSMS.
An example was given to demonstrate the applications of the main results. Finally, an appli-
cation of the contractive mapping theorem on complete C∗AVSMS for quartet mappings, and
the existence and uniqueness of solutions for a system of Volterra-type integral equations were
established. It is interesting to extend and generalize the results based on different contractive
conditions and establish fixed new point results, and further investigate applications to fractional
differential and integral equations.
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