
J. Nonlinear Funct. Anal. 2026 (2026) 21 https://doi.org/10.23952/jnfa.2026.21

NEW NORM-NUMERICAL RADIUS BOUNDS FOR CERTAIN OPERATOR
FORMS

MOHAMMAD SABABHEH1,2,∗, HAMID REZA MORADI3

1Department of Mathematics, College of Integrative Studies, Abdullah Al Salem University, Kuwait
2Department of Basic Sciences, Princess Sumaya University for Technology, Amman, Jordan

3Department of Mathematics, Mashhad Branch, Islamic Azad University, Mashhad, Iran
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1. INTRODUCTION

It is of interest to find possible relations among some norms on the C∗−algebra B(H) of all
bounded linear operators on a complex Hilbert space H. The most well-studied norms are the
usual operator norm and the numerical radius, which are defined respectively for A ∈ B(H), as
follows

‖A‖= sup
‖x‖=1

‖Ax‖ and ω(A) = sup
‖x‖=1

|〈Ax,x〉| .

These two norms are equivalent, as we have [6, Theorem 1.3-1]
1
2
‖A‖ ≤ ω(A)≤ ‖A‖. (1.1)

While the second inequality becomes equality when A is normal, the first becomes equality if
A2 = O, where O is the zero operator.

A useful observation about the numerical radius is that

ω(A) = sup
θ∈R

∥∥∥ℜ

(
eiθ A

)∥∥∥ , (1.2)
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where ℜ(·) refers to the real part which is defined as ℜ(A) = A+A∗
2 , where A∗ denotes the adjoint

of A. Using (1.2), the authors in [8] showed that if A,B ∈ B(H), then

ω

([
O A
B O

])
= sup

θ

1
2

∥∥∥A+ eiθ B∗
∥∥∥ , (1.3)

where the supremum is taken over all real θ ; a convention throughout this paper. The operator[
O A
B O

]
is an operator on H⊕H, and is referred to as an operator matrix. From (1.3), it

immediately follows that

1
2
‖A+B∗‖ ≤ ω

([
O A
B O

])
≤ ‖A‖+‖B‖

2
. (1.4)

In [9], it was shown that if A,B ∈ B(H), then

‖A+B∗‖ ≤ ‖ |A∗|+ |B| ‖
1
2 ‖ |A|+ |B∗| ‖

1
2 .

Replacing B in the above inequality by eiθ B and applying (1.3) imply

ω

([
O A
B O

])
≤ 1

2
‖ |A∗|+ |B| ‖

1
2 ‖ |A|+ |B∗| ‖

1
2 . (1.5)

Operator matrices, as the one above and others, have been used extensively in the literature
as they provide a broader perspective and a different scope of applications; see, e.g., [3, 4, 7, 8,
11–15].

In [10], it was shown that if A,B≥O (i.e., if they are positive in the sense that 〈Ax,x〉 ,〈Bx,x〉≥
0, for all x ∈H), then

‖A−B‖2 ≤
∥∥A2 +B2−2BA

∥∥ , (1.6)

which play an important role. In addition, it is shown in [2, Inequality (2.21)] that if A,B are
self adjoint, then

‖A+B‖2 ≤ ‖A2 +B2‖+ω(AB). (1.7)

Further, it was proved in [2, Theorem 6] that, for A,B ∈ B(H),

‖A+B∗‖2 ≤max{‖A∗A+BB∗‖,‖AA∗+B∗B‖}+2max{ω(AB),ω(BA)}. (1.8)

Among those basic bounds, the numerical radius is

ω (A∗B)≤ 1
2
‖A∗A+B∗B‖ ,A,B ∈ B(H). (1.9)

This inequality follows immediately from the definition. Moreover, we have [5]

ω (S∗T ±T S)≤ 2‖S‖ω (T ) . (1.10)

A more elaborated bound is stated in the next lemma [1, Remark 2.2].

Lemma 1.1. Let A,X ,Y,B ∈ B(H). Then

ω (AX +Y B∗)≤
√∥∥∥|A∗|2 + |B∗|2∥∥∥∥∥∥|X |2 + |Y ∗|2∥∥∥.

In particular,
ω

2(A+B∗)≤ 2
∥∥|A∗|2 + |B|2∥∥ .
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In this paper, we present new, simple bounds that refine the above-mentioned results and
several others. A distinguishing feature of this work is the use of simple calculations, which
lead to accessible and easily applicable bounds. We compare our results with existing ones in
the literature, showing that several of our bounds improve known inequalities, while others are
complementary.

2. MAIN RESULTS

This section contains our main results, and we start with the following significant improve-
ment of (1.6), (1.7), and (1.8).

Theorem 2.1. Let A,B ∈ B(H). Then

‖A+B∗‖ ≤
√

ω (A∗A+BB∗+2BA).

Proof. Using the basic identity ‖X‖2 = ‖X∗X‖, for X ∈ B(H), we can write

‖A+B∗‖2 = ‖(A∗+B)(A+B∗)‖
= ‖A∗A+BB∗+BA+A∗B∗‖
= ‖ℜ(A∗A+BB∗+2BA)‖
≤ ω (A∗A+BB∗+2BA) ,

where the last equality follows because A∗A+BB∗ is self-adjoint, and the last inequality follows
from the simple fact that ‖ℜX‖ ≤ ω(X) for X ∈ B(H). This completes the proof. �

Remark 2.2. If we replace B by −B in Theorem 2.1, then

‖A−B∗‖2 ≤ ω(A∗A+BB∗−2BA)≤ ‖A∗A+BB∗−2BA‖ .
In particular, if A,B≥ O, so that A∗ = A and B∗ = B, we have

‖A−B‖2 ≤ ω(A2 +B2−2BA≤
∥∥A2 +B2−2BA

∥∥ ,
which is a refinement of (1.6).

Remark 2.3. Notice that Theorem 2.1 provides a refinement of (1.7) and (1.8).

One can easily see that
‖A+B∗‖2 ≤ 2‖A∗A+BB∗‖ . (2.1)

Indeed, it follows from the proof of Theorem 2.1 that

‖A+B∗‖2 = ‖A∗A+BB∗+2ℜ(BA)‖
≤ ‖A∗A+BB∗‖+2‖ℜ(BA)‖
≤ ‖A∗A+BB∗‖+2ω (BA) .

Using (1.9), we deduce (2.1) immediately.
In the following result, we present a refinement of this estimate.

Corollary 2.4. Let A,B ∈ B(H). Then

‖A+B∗‖2 ≤ ω (A∗A+BB∗+2BA)≤ 2‖A∗A+BB∗‖ ,
and

‖A+B∗‖2 ≤ ω (AA∗+B∗B+2AB)≤ 2‖AA∗+B∗B‖ .
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Proof. Applying Theorem 2.1 and using Lemma 1.1 and (2.1), we have

‖A+B∗‖2 ≤ ω ((A∗+B)A+B(A+B∗))

≤
√

2
∥∥∥|A+B∗|2

∥∥∥∥∥∥|A|2 + |B∗|2∥∥∥
=
√

2‖A+B∗‖
∥∥∥|A|2 + |B∗|2∥∥∥ 1

2

≤ 2‖A∗A+BB∗‖ ,

which completes the proof of the first inequality. The second inequality follows from the first,
due to ‖A+B∗‖= ‖A∗+B‖. �

Remark 2.5. It follows from Corollary 2.4 that

‖A+B∗‖ ≤min
{

ω
1
2 (A∗A+BB∗+2BA) ,ω

1
2 (AA∗+B∗B+2AB)

}
.

Equivalently,

‖A∗+B‖ ≤min
{

ω
1
2
(
A(A∗+B)+(A∗+B)∗B

)
,ω

1
2
(
(A∗+B)A+B(A∗+B)∗

)}
. (2.2)

If T = ℜT + iℑT is the Cartesian decomposition of T ∈ B(H), letting A = ℜT and B = iℑT
in (2.2), we get

‖T‖ ≤min
{

ω
1
2 ((ℜT )T + iT ∗ (ℑT )) ,ω

1
2 (T (ℜT )+ i(ℑT )T ∗)

}
= min

{
ω

1
2
(
T ∗T + iℑT 2) ,ω 1

2
(
T T ∗+ iℑT 2)} .

In particular, if A,B are normal operators, then

‖A+B∗‖2 ≤min{ω (A∗A+B∗B+2BA) ,ω (A∗A+B∗B+2AB)}
≤max{ω (A∗A+B∗B+2BA) ,ω (A∗A+B∗B+2AB)}
≤ 2‖A∗A+B∗B‖ .

Corollary 2.6. Let T ∈ B(H). Then

‖T‖2 ≤min
{

ω
(
T ∗T + iℑT 2) ,ω (T T ∗+ iℑT 2)}

≤max
{

ω
(
T ∗T + iℑT 2) ,ω (T T ∗+ iℑT 2)}

≤ ‖T T ∗+T ∗T‖ .

Proof. If we replace A by ℜT and B by iℑT , in Corollary 2.4, we get

‖T‖2 ≤ ω
(
T ∗T + iℑT 2)≤ ‖T T ∗+T ∗T‖ ,

and
‖T‖2 ≤ ω

(
T T ∗+ iℑT 2)≤ ‖T T ∗+T ∗T‖ .

We get the desired result by combining the above two inequalities immediately. �

Interestingly, Corollary 2.6 could be used to obtain the following refinement of the first in-
equality in (1.1).
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Theorem 2.7. Let T ∈ B(H). Then
1
2
‖T‖ ≤ 1

2
min

{
ω

1
2
(
T ∗T + iℑT 2) ,ω 1

2
(
T T ∗+ iℑT 2)}

≤ 1
2

max
{

ω
1
2
(
T ∗T + iℑT 2) ,ω 1

2
(
T T ∗+ iℑT 2)}

≤ ω (T ) .

Proof. Notice that
‖T T ∗+T ∗T‖= 2

∥∥∥(ℜT )2 +(ℑT )2
∥∥∥

≤ 2
(∥∥∥(ℜT )2

∥∥∥+∥∥∥(ℑT )2
∥∥∥)

= 2
(
‖ℜT‖2 +‖ℑT‖2

)
≤ 4ω

2 (T ) .
Therefore, from Corollary 2.6, we obtain the desired result immediately. �

Continuing with the same theme, we have the following refinements of the basic known
inequalities that if A ∈ B(H), then

ℜA≤ ω(A) and ℑA≤ ω(A).

Corollary 2.8. Let A ∈ B(H). Then

‖ℜA‖ ≤
√

2
2

ω
1
2 ((ℜA)A+A(ℜA))≤ ω (A) ,

and

‖ℑA‖ ≤
√

2
2

ω
1
2 ((ℑA)A+A(ℑA))≤ ω (A) .

Proof. We prove the first inequality. Notice first that if ℜA = O, then the result follows imme-
diately. So, we may assume that ℜA 6= O. Noting that ℜA = A+A∗

2 , it follows from Theorem 2.1
that

‖ℜA‖ ≤ 1
2

√
ω (AA∗+A∗A+2A2),

which can be written in the following form

‖ℜA‖2 ≤ 1
4

ω (A(A+A∗)+(A+A∗)A)

=
1
2

ω (A(ℜA)+(ℜA)A)

=
1
2

ω
(
(A(ℜA)+(ℜA)A)∗

)
=

1
2

ω ((ℜA)A∗+A∗ (ℜA)) .

It follows from (1.10) that

‖ℜA‖2 ≤ 1
2

ω ((ℜA)A∗+A∗ (ℜA))≤ ‖ℜA‖ω (A) .

Now, we infer the first inequality by using the fact that ‖ℜA‖ ≤ ω (A), noting the assumption
ℜA 6= O.
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If we replace A by iA∗, we get the second inequality. �

Remark 2.9. It follows from Corollary 2.8 that

1
2
‖A‖ ≤

√
2

4

(
ω

1
2 ((ℑA)A+A(ℑA))+ω

1
2 ((ℜA)A+A(ℜA))

)
≤ ω (A) ,

due to

‖A‖ ≤ ‖ℜA‖+‖ℑA‖

≤
√

2
2

(
ω

1
2 ((ℑA)A+A(ℑA))+ω

1
2 ((ℜA)A+A(ℜA))

)
≤ 2ω (A) .

This provides another refinement of the first inequality in (1.1).

Remark 2.10. To see that the coefficient of
√

2
2 in the middle term in the inequality shown

in Corollary 2.8 cannot be replaced with a smaller coefficient, it suffices to assume that the
operator A is self-adjoint. In this case, all three values in this inequality will equal ‖A‖.

We have seen that (1.2) provides an equivalent identity for the numerical radius, where the
supremum of a certain norm is equal to the numerical radius. We witnessed such relations in
the literature, where other equivalent forms have been shown in [8,11,12,14] for an operator or
an operator matrix, for example. In the following, we add a new identity.

Corollary 2.11. Let A ∈ B(H). Then

ω
2 (A) =

1
2

sup
θ∈R

ω

((
ℜ

(
eiθ A

))
A+A

(
ℜ

(
eiθ A

)))
.

Proof. By replacing A by eiθ A, in Corollary 2.8, we get

∥∥∥ℜ

(
eiθ A

)∥∥∥≤ √2
2

ω
1
2

((
ℜ

(
eiθ A

))
A+A

(
ℜ

(
eiθ A

)))
≤ ω (A) .

Taking the supremum over θ ∈ R gives the desired result, due to (1.2). �

The next result improves the first inequality in (1.4).

Corollary 2.12. Let S,T ∈ B(H). Then

‖S+T‖ ≤max
{

ω
1
2
(
(S+T )S∗+T (S+T )∗

)
,ω

1
2
(
(S+T )∗T +S∗ (S+T )

)}
≤ 2ω

([
O S
T ∗ O

])
.
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Proof. Let A =

[
O S
T ∗ O

]
. Applying Corollary 2.8 on this A yields

‖ℜA‖= 1
2
‖S+T‖

=

∥∥∥∥∥
[

O S+T
2

(S+T )∗

2 O

]∥∥∥∥∥
≤
√

2
2

ω
1
2

([
(S+T )T ∗+S(S+T )∗

2 O
O (S+T )∗S+T ∗(S+T )

2

])

=
1
2

ω
1
2

([
(S+T )T ∗+S(S+T )∗ O

O (S+T )∗S+T ∗ (S+T )

])
=

1
2

max
{

ω
1
2
(
(S+T )T ∗+S(S+T )∗

)
,ω

1
2
(
(S+T )∗S+T ∗ (S+T )

)}
≤ ω

([
O S
T ∗ O

])
,

where we have used the facts that∥∥∥∥[O X
X∗ O

])
= ‖X‖,ω

([
X O
O Y

])
= max{ω(X),ω(Y )}

in the above calculations. This completes the proof. �

Remark 2.13. It is known that if X ,Y ≥ O, then [3]

ω

([
O X
Y O

])
=
‖X +Y‖

2
.

This together with Corollary 2.12 implies

1
2
‖S+T‖= 1

2
max

{
ω

1
2 ((S+T )T +S (S+T )) ,ω

1
2 ((S+T )S+T (S+T ))

}
= ω

([
O S
T O

])
,

provided that S,T ≥ O. If S,T ≥ O, this is equivalent to

1
2
‖S+T‖= 1

2
ω

1/2 (S2 +T 2 +2ST
)
= ω

([
O S
T O

])
.

We conclude with the following excellent refinement of the second inequality in (1.4).

Theorem 2.14. Let A,B ∈ B(H). Then

ω
2
([

O A
B O

])
≤ 1

2
ω

([
O 2BA

A∗A+BB∗ O

])
.
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Proof. If we replace A by eiθ A, in Theorem 2.1, we obtain∥∥∥eiθ A+B∗
∥∥∥≤√ω

(
A∗A+BB∗+2eiθ BA

)
≤
√∥∥A∗A+BB∗+2eiθ BA

∥∥
≤

√
2ω

([
O A∗A+BB∗

2A∗B∗ O

])
That is, ∥∥∥eiθ A+B∗

∥∥∥≤√2ω

([
O 2BA

A∗A+BB∗ O

])
.

If we take the supremum over θ ∈ R, we get

sup
θ∈R

∥∥∥eiθ A+B∗
∥∥∥= 2ω

([
O A
B O

])

≤

√
2ω

([
O 2BA

A∗A+BB∗ O

])
,

which is equivalent to the desired conclusion. �

Remark 2.15. Applying (1.4) implies that

1
2

ω

([
O 2BA

A∗A+BB∗ O

])
≤ 1

4
(2‖BA‖+‖A∗A+BB∗‖)

≤ 1
4
(2‖BA‖+‖A∗A‖+‖BB∗‖)

≤ 1
4
(2‖A‖‖B‖+‖A∗A‖+‖BB∗‖)

=
1
4

(
2‖A‖‖B‖+‖A‖2 +‖B‖2

)
=

1
4
(‖A‖+‖B‖)2.

So, Theorem 2.14 is sharper than the second inequality in (1.4).

Remark 2.16. We give an example where Theorem 2.14 can be better than (1.5). Let A =[
−1 1
1 0

]
and B =

[
1 −1
0 1

]
. Numerical calculations show that

ω
2
([

O A
B O

])
= 2.5,

1
4
‖|A∗|+ |B|‖‖|A|+ |B∗|‖ ≈ 2.53262,

and
1
2

ω

([
O 2BA

A∗A+BB∗ O

])
= 2.5,

showing that Theorem 2.14 is sharper than (1.5) for this example. We point out that (1.5) can
be better than Theorem 2.14 for other examples. In fact, Theorem 2.14 is sharp, as the above
numerical example indicates.
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