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Abstract. In this paper, we mainly discuss the strong minimax regret equilibrium with vector-valued
payoffs (SMREVP for short). Firstly, we introduce the concept of SMREVP and establish its existence.
Next, we obtain sufficient conditions for the approximate strong minimax regret equilibrium with vector-
valued payoffs (ASMREVP for short) by applying a fixed-point principle. Finally, we investigate the
essential stability of ASMREVP and provide several examples to illustrate these results.
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1. INTRODUCTION

Since Blackwell [1] and Shapley [2] independently proposed multi-objective games (MOG in
short), scholars have paid attention to the study of MOG due to its wide applications in various
fields. It is widely known that existence and stability are always two popular research topics
in MOG theory. For example, Ding [3] considered a family of MOG in H-spaces and obtained
existence results concerning weighted Nash and Pareto equilibrium solutions. Gong [4] estab-
lished a minimax theorem with a strong vector order and obtained an equivalence between this
theorem and corresponding saddle point result. Jia et al. [5] studied MOG with master-slave
structure and obtained the existence of weakly Pareto-Nash equilibrium. Furthermore, they
also established the generic stability of MOG with master-slave structure. Yang and Gong [6]
discussed the games with infinitely many leaders and infinitely many followers, for which the
definition of weakly cooperative was proposed, and proved the existence theorem. Hung and
Keller [7] presented a class of multi-objective generalized game control systems and showed
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the existence by a fixed-point principle, and obtained the generic stability under some condi-
tions. Chen et al. [8] introduced the notion of equilibrium notions including Nash and coopera-
tive equilibria for population games with set payoffs and researched the existence by Ky Fan’s
section theorem and a generalized Scarf-type theorem. Recently, Song [9] generalized the ex-
istence results for the core of general cooperative games to the setting involving discontinuous
and non-quasiconcave payoffs. For more results on existence of MOG, we refer to [10-16].

Furthermore, essential solutions are crucial to the stability analysis of MOG. Kohlberg and
Mertens [17] proposed the concept of stable Nash equilibria and established that every game
possesses at least one equilibrium set in this sense. Yu and Xiang [18] introduced the concept
of essential components of the solution set of Ky Fan inequality and proved that every n-person
noncooperative game admits some essential connected component in its equilibrium set. Song
and Wang [19] discussed the stability of weakly Pareto-Nash equilibrium for MOG when the
payoff was perturbed and showed the generic continuous results. Yang and Zhang [20] intro-
duced the concept of cooperative equilibria in population games, and established corresponding
existence and essentiality theorems. Hung et al. [21] investigated a class of generalized MOG
defined by fuzzy mappings within infinite-dimensional frameworks, and established the exis-
tence of relevant equilibrium solutions. They further addressed the stability issue associated
with the proposed game model. For a more comprehensive overview, we refer to [22-24].

The minimax regret equilibria is an important model in game theory since it can serve as
an important theoretical basis for decision making. Renou and Schlag [25] proposed the con-
cept of minimax regret equilibrium and gave some applications of this concept in economic.
Later, they investigated the implementation in minimax regret equilibrium in [26]. Yang and
Pu [11] derived sufficient conditions ensuring the existence of minimax regret equilibria, dis-
cussed the generic stability of these equilibria, and showed that the set of equilibria associated
with most problems is a singleton under certain assumptions. Zhang et al. [13] established
an existence result concerning minimax regret equilibria in the framework of scalar set-valued
payoffs. Recently, Chen et al. [27] introduced concepts of multiobjective minimax regret equi-
libria by virtue of feasible criterion mappings of players, and established the existence of such
equilibria. More results about minimax regret model can be found in [28-30].

The organization of the paper proceeds as follows: Section 2 introduces the preliminaries and
the models discussed. Section 3 provides the sufficient conditions of SMREVP and ASMREVP,
respectively. Section 4, the last section, obtains the generic stability of ASMREVP.

2. PRELIMINARIES AND MODEL

2.1. Preliminaries. In this subsection, we first present some necessary definitions and results,
which are needed later.

LetE, E;(i=1,2,...,n) and V be linear metric spaces. Let S € V be a closed pointed convex
cone such that intS # (. The cone S leads to a partial order in V, defined as follows:

x<sgyexey—=S§, Vx,yeV.

Definition 2.1. [31] Let A be a non-empty subset of V.
(i) The set of all strong minimal elements of A is denoted by

MinA:={z€A|AC{z}+S}.
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(ii) The set of all strong maximal elements of A is denoted by
Max,A = {z€A|AC {z} —S}.
Remark 2.2. If MinsA # 0 and Max;A # 0, then MinA and Max;A are both singleton sets.

In fact, if ay,ar € MingA, according to the definition of MingA, we have that ay € ar» + S and
ap € a; +S. Since S is pointed, we obtain that ay = ay. Similarly, MaxA is also a singleton set.

Next, we restate the concept of downward directed in [4].

Definition 2.3. [4] Let A C E. A is downward directed if there exists some xo € A such that
Xo €Ex1—S, xg €Exp— S, Vxl,XQ EA.

Lemma 2.4. [4] If (i) A is compact and (ii)A is downward directed, then, MingA # 0.

In the following, we illustrate that the assumption (ii) of Lemma 2.4 is necessary by an
example.
Example 2.5. Let V =R?, A = {(x,y) € R? | x> +y*> = 1}, and the cone S = R%.. Obviously, A
is compact, but A is not downward directed. Let x; = (0,1) and x; = (—1,0). For all xy € A, it

is not true that xo € x| — S and xo € x; — S. Furthermore, Min;,A = (. So, the assumption (ii) in
Lemma 2.1 is necessary.

Definition 2.6. [31] Let F : E — 2V. Suppose that F has nonempty compact-valued and
Xn,Xo € E with x,, — xo € E.

(i) F is called upper semicontinuous (u.s.c. in short) at xo, if Yy, € F(xy,), Iyo € F(x9) and
{Vne} 8.t Y, = Yo

(ii) F is called lower semicontinuous (u.s.c. in short) at xo, if Vyy € F(xo), there is some
Yn € F(xn) 8.t. yn = Yo
Definition 2.7. [31]Let F : E — 2V. F is called closed if Graph(F) = {(x,y) €X xY :y €
F(x)} is closed in X xY.

Definition 2.8. [32] Let X be a convex set and f : X — V. U is called S-quasiconcave on X if,
forall BeV,{xeX: :U(x) € B+S}isaconvex set.

Theorem 2.9. [33] Let F : E — 2V If F is closed and Y is compact, then F is u.s.c. on X.

Theorem 2.10. [34] Let E be a locally convex linear topological space, X C E be a compact
convex set and H : X — 2% If, for all x € X, H(x) is a nonempty convex compact set and H is
u.s.c. on X, then there exists some x* € X s.t. x* € H(x").

Lemma 2.11. [35] Let X be a complete space and F : X — 2¥. If F is nonempty compact-
valued and u.s.c. on X, then there exists some a dense residual set Z in X such that F is Ls.c. on
Z, where a dense residual set is the arbitrary intersection of countably many open dense sets.

2.2. Model. In this subsection, we propose the SMREVP. Let A4 = {1,2,...,n};Vie A4 X; C
Ei, Ui : [liey Xi =V and o/ C X_; be the set representing player i’s conjecture about the
strategies of the other players. Set
X=TJ]x,xi= ] X,
ieNV JEN i

The regret function %; : X — V is defined by Z;(x) = Max;U;(X;,x_;) — Ui(x), for all i € A,
where x = (x;,x_;).



4 T. CHEN, L. WEIL, Y. ZHANG

Definition 2.12. A strategy x* € X is called a strong minimax regret equilibrium point of vector-
valued payolffs with respect to (<1}, 50, ...,9%,) if, for all i € N, there exists some x* € X such
that
Max; U Ri(x;,x_;i) = Ming U Maxs Zi(xi, ;).
X_i €, xi€X;

Next, we provide a special variant of strong minimax regret equilibrium, namely ASMREVP.
In ASMREVP, player i believes that his opponent will choose x* ; with probability 1 — €, and
he has no idea of her opponent’s choice with probability €. For any € € [0, 1], we have

A ) ={(1 -’ +ex_ijx_; € X_i}.

Definition 2.13. A strategy x* € X is called a €-strong minimax regret equilibrium point of
vector-valued payoffs with respect to (/f(x* ), a5 (x*,),..., 4 (x",)) if there exists some
x* € X such that, forall i € N,

Max, ) %i(xi,x_i) = Ming | ) Max; Bi(xi, SE(x"})).

x_lEinS (x*_i) x;i€X;

Remark 2.14. In [27], the authors also introduced similar notions of multiobjective strong min-
imax regret equilibria. However, it should be emphasized that the concepts proposed in [27]
are formulated via the players’ feasible criterion mappings, and the order relation involved in
their multiobjective criteria is restricted exclusively to the Pareto order. By contrast, the multi-
objective order relation adopted in this paper is induced by a convex cone S. The corresponding
partial order extends the Pareto order but is not necessarily identical to it. Consequently, the
equilibrium concepts developed in the present work are genuinely different from those in [27].

Remark 2.15. IfV =R and S = R, the concepts reduce into the case in [11].
Theorem 2.16. [I3] Leti € A and 0 < e < 1. IfX; C E; is a compact and convex set, then Al.8
is continuous on X_; with compact values.

3. EXISTENCE

3.1. Strong minimax regret equilibria of vector-valued payoffs.

Lemma 3.1. Let i € A and X; be a compact subset of E;. If U; is continuous on X and
—Uj(+,x_;) is downward directed, then %; is continuous on X.

Proof. For every i € .4, because —U;(-,x_;) is downward directed, %; is reasonable. Next, we
claim that &; is continuous on X. In fact, it sufficient to show that the function

Fi(x_i) = Max;Uy( X, x—;)

is continuous on X_;. Let x" ; — 1% .. Since X_; is compact, it is enough to prove that Graph.7;
1s a closed set, where

GraphJ; .= {(x—iyzi) €X :zi = Max,Uj(Xj,x—;), x GX—i}-

Assume that Graphﬁ is not closed. Thus, there exist (x" ;,z}') € Graph.7; such that (x" ;,z}') —
(x2,,2"), but (x°,,2) ¢ GraphJ;. Since (x°;,2%) ¢ Graph.7;, there exists y; € X; such that
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Ui(yi,x°;) ¢ 22 — S, which implies U;(y;,x° ;) —z¥ € V'\ —S. We define the function g;: X_; — ¥
by the rule:

g,-(x,i,z?) = Ui(y,-,xg,-) —Z?, ‘v’x(li € X;.
Since U;(y;, ) is continuous, g; is continuous. Furthermore, S is closed, so there exists N such
that, n > N, g;(x",,z!") = Ui(yi,x" ;) — 2} € V'\ =S, which is equivalent to U;(y;,x" ;) ¢ z!' —

S. Note that y; € X;. From the above, we have 7} # Max;U,,cx, Ui(yi,x",), i.e., (x";,2}) ¢

—1
Graph.7;. This contradicts with our assumption. Thus .7; is continuous on X_;. O

Theorem 3.2. Let i € A, and X; and A; be compact subsets of E;, respectively. If

(i) U; is continuous on X,

(ii) —U;(-,x_;) is downward directed,

(iii) Ui(x;,-) is downward directed,

(iv) —MaxU;(x;,-) is downward directed,

then there exists x* € X such that, for anyi € N,

Max, U RHi(x;,x_;) = Ming U Maxs Zi(xi, ;),
X_i€,; Xi€X;
i.e., x* € X is SMREVP with respect to (A1,A,,...,Ap).
Proof. By assumptions (i), (ii) and Lemma 3.1, one sees that %; is continuous on X. Due to
the compactness of A;, for every x; € X;, Zi(x;,A;) is compact. Fix x;. By assumptions (iii)
and (iv), we can easily have that —%;(x;,A;) is downward directed. According to Lemma 2.4,
Maxs%i(xi,Ai) 75 0.

Next, we prove Ming|J,.cx;, Maxs%(x;,A;) # 0, for all i € 4. By Lemma 2.4, it is sufficient
to prove that Max;%;(x;,A;) is downward directed. In fact, due to the continuity of %; and
the compactness of A;, for any x; € X;, Z;(x;,A;) # 0. Thus, for any xil,xi2 € X;, there exist
y]_,-,yz_i € A; such that

Ri(xi17yl—i) = Masti(xz'l7Ai>> Ri(xiz7y2—i) = Masti(xizaAi)'
Moreover, for any y_; € A;, we have
Ri(x},y-i) € Max,Zi(x} ,Ai) — S = Ri(x; ,y' ;) = S,
%i(x%,y_i) € Maxsﬁi(xiz,Ai) —S= ,@i(xiz?yz,i) -S.
For any y_; € A;, by assumption (ii), for any xi1 ,xl-2 € X;, there exists some x; € X; such that
Ri(%isy—i) € Bi(x},y—i) =S, Ri(%i,y—i) € Hi(x},y—i) = S.
Combining the convexity of S, for all y_; € A;, we have
%,'(f,',y_,') S Maxsﬁi(x} ,A,') -5, %,'(f,’,y_,') S Maxsgfi(xiz,Ai) —S.
From the arbitrariness of y_;, we obtain that
Max,%;(x;,A;) € Maxsﬂi(x},Ai) =S, Max;%(x;,A;) € MaxS%i(x%,Ai) -8,
which indicates that Max;Z%;(-,A;) is downward directed. In other words, there exists x* € X
such that, for any i € .4/,

Max; U Ri(x; ,x_;) = Ming U Maxs Zi(xi, ;).

X_iE] x;ieX;
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Remark 3.3. If the utility functions in Theorem 3.2 are restricted to be single-valued, then the
results in this paper reduce to those in Theorem 3.2 of [11]. Therefore, the models considered
in this paper are more general than those in [11], leading to different existence results. The
next examples illustrate the conclusion of Theorem 3.2

Example 3.4. Let 4 = {1,2}, X; = Xo = [0,1] C R? be the pure strategy sets for the players,
and let A1 = [0,1] C X , Ap = [0,1] C X be the conjecture sets for the players with the cone
S= Ri. Define the vector payoff functions Uy, Us : X1 x X» — 2R as follows:

Uy (x) =x2(x1,1) and Ux(x) =x1(1,x), VxeX.
Based on the definitions of Uy,U,, we have
Max,Uy(X1,x2) = (x2,x2), MaxsUs(x1,X2) = (x1,x1).
Therefore, the regret functions for the players are:
K1 (x1,x2) = Max;Uy (X1,x2) — Uy (x1,x2)

= (x2,x2) —x2(x1,1)
= (2 —x1x2,0)

and
K (x1,x2) = MaxsUp(x1,X2) — Uz (x1,x2)

= (x1,x1) —x1(1,x2)
= (0,x] —x1x2).

Next, we verify whether all the assumptions of Theorem 3.2 are fulfilled.

(i) Clearly, Uy and U, are continuous.

(ii) Leti =1 and x; € Xo, —U, (-,x2) be downward directed. In fact, —U, (x1,x7) = x2(—x1,—1),
for any x%,x% € X, there exists X1 = 0 such that

U (x%,XQ) e -U (X_l,XQ) -8, =U (x%,)@) e —-U (x_l,)Q) —S.
Similarly, -U(x1,x2) = x1(—1,—xp). For any x{ ,x% € Xy, there exists X1 = 0 such that
—UQ(X%,)Q) € —Uz(x'l,xz) -5, —Uz(x%,)cz) € —Uz(x_l,)Cz) -S.

This shows that —U,(+,x2) is also downward directed.

In conclusion, for any i € A, —U;(-,x_;) is downward directed.

(iii) Let i = 1 and x| € X, Uy (x1,) be downward directed. In fact, Uy (x1,x2) = xp(x1, 1), for
any xi,x% € Xo, there exists X = 1 such that

Ul(xl,x;) € Ul(xl,x‘z) -5, Ul(xl,x%) € Ul(xl,x‘z) —S.
Similarly, since Uy(x1,x2) = x1(1,x2), for any xé,x% € X», there exists X1 = 1 such that
Us(x1,x3) € U (x1,0) =S , Us(x1,x3) € Up(x1,5) —S.

This shows that Uy(x1,x;) is also downward directed. Thus, for any i € A, Uj(x;,+) is down-
ward directed.
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(iv) Let i =1 and x; € X3, —MaxsUy, cx, U1(x1,-) be downward directed. In fact,

—Max; U Ui (x1,x2) = —(x2,x2).

X1 €X)
Thus, for any xé,x% € Xo, there exists X, = 0 such that
—Max,U; (Xl,x%) € —Max,U,(X1,%) — S, —Max;U, (Xl,x%) € —Max,U,(X1,%,) —S.

In addition, —Maxs\J,, cx, U2(x1,%2) = —(x2,x2) and for any x},x% € Xi, there exists X1 = 0
such that

—Max,Uy(x},X) € —MaxsUs (x1,X3) — S, —MaxsUs(x},X5) € —Max Uy (571, X,) — S.

Thus, —Max;Uy, cx, U2(x1,%2) is downward directed. Therefore, for any i € A, —Max;U;(x;,)
is downward directed. In a word, all the assumptions of Theorem 3.2 hold and Theorem 3.2 is
feasible. Let x* = (1, 1) satisfy Theorem 3.2. We now substitute to verify

Maxg U H1(x1,x2) = Ming U Max; %1 (x1,9)
X €, X1 EX]
= Ming U (1 —x1,0)
xX1€X)
= (070)
and
Max; U Hr(x1,x5) = Ming U Max; R (b, x2)
X|1Eh XEXH
= Ming U (0,1 —xp)
xX1€X)
=(0,0).
Thus x* is a SMREVP with respect to (A1,A3).

3.2. Strong e-minimax regret equilibria of vector-valued payoffs.

Lemma 3.5. Leti € A and let X; be a nonempty compact subset of E;. Assume that the vector-
valued functions U; : X — Y and S; : X_; — 2% satisfy the following conditions:

(i) U; : X — Y is continuous;

(ii) Ui(xi, ) is downward directed;

(iii) S; is nonempty, compact, and continuous.
Then, the function £; : X — V is continuous on X, where £ is defined as follows:

Zi(x) := Max;Uj(x;,Si(x_;)).

Proof. Forany i € ./, since X; is compact and both U; and S; are continuous, U, ,cg,(x ) Ui(xi, i)
is compact. Since X is compact, it suffices to verify that Graph.Z; is closed to show that .Z; is
continuous. By the definition of .%;, we have

Graphd; .= {(x,-,zi) € X XV :z; = Max;Ui(x;,Si(x—;)), xi € X}.

Now, let (x,,2,) C Graph.Z; and (x,,z,) — (x0,20). We assume that (xo,z0) ¢ Graph.Z,. First
of all, we show that zo € U;(x?,S;(x,)). Since (xn,21) C Graph%,, we have x, € X and z, =
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MaxsUyn cs,n ) Ui(xiy";). Hence, z, € Ui(x}, Si(x";)), which yields that there exists y"; €
Si(x" ;) such that zn = U;(x,y" ;). Since S; is upper semi-continuous, for y* ; € S;(x" ;), without
loss of generality, there must exist y(ll- € S‘li such that y", — y(li. Furthermore, since U; is
continuous and z, — zo, we have zg = U,-(x?,y(li). In addition, since y(li € S(ll-, we have zg €
Ui(x?,S(ll-). By the definition of Graph.?;, we have zy # Max; 10 5,0 ) Ui(x?,y(li). Thus,

there exusts some y_; € S_ i(x(li) such that

Ui(x, =) ¢ 20— S. (3.1)
Since §; is Ls.c., for y=; € S;(xY ), there exists y"; € S;(x";) such that y"; — y—;. Combining
the continuity of U; and the closedness of S, one has i(xy=) ¢ " —S. Combmmg (3.1) with
Y', € Si(x";), we obtain 2" # Max; Uy sy Uil vt l-), which contradicts the assumption.
Therefore, . is continuous. [

Theorem 3.6. Let i € .V, and X; and A; be compact subsets of locally convex space E;. If
(i) U; is continuous,
(ii) —U;(-,x_;) is downward directed;
(iii) U;i(x;, ) is downward directed;
(iv) —Max,U;(x;, ) is downward directed;
(v) X; is convex;
(vi) Ui(+,x_;) is S-quasi-concave;
(vii) S; is nonempty, compact, and continuous,
then there exists x* = (x],x5,...,x,) € X such that, for anyi € N,

Max, ) Zi(xf,x_i) = Ming | ] Max; Zi(xi, F(x*;)).
x_€E(x*;) Xi€X;
Proof. For any i € .4 and € € [0, 1], we denote the function % : X_; — 2%i by
Hi(x_;) = {xi € X; : Max,Z;(x;,Af (x_;) = Ming U Maxs%i(xi,%g(x_i))},Vx_i eX_;.
X €X;
From the definition of AY and similar process of Theorem 3.2, we obtain x; € J#(x_;), for
all x_; € X_;. Let a = Ming{J,.cx, Max;Zi(xi, < (x—;)). In the following, we prove that, for
any x_; € X_;, Ji(x_;) is a closed set. Let x} € J#(x_;) and x! — x?. Since x} € J(x_;),
Max Z;(x}, A% (x_;) = a. Furthermore, by the compactness of A7,
Max,Z;(xX} A% (x_;) — Max,Z8;(x?, A% (x_;).
Hence, Max Zi(x), A8 (x_;) = a, i.e. x¥ € 5 (x_;) and J# has closed values.

Now, we consider that .77 has convex-valued on X_;. Supposex x € Hi(x_i)and A €0,1].
From x!,x? € S#(x_;), Max,Z%:(x] A'S( i) = a and Max;%; (x A? ( i) = a. By virtue of the
definition, for any u_; € A% (x_;), Zi(x!,u_;) € a—S and %;(x?,u_;) € a— S. Notice that

Ri(x} u_y) = MaxUi(Xi,u_;) — Ui(x} u_y),
Ri(x2 u_;) = Max,Uy(Xi,u_;) — Ui(x?,u_;).
We can easily obtain
L u_i) € MaxUi(Xi,u_;) —a+S,
Ui(x?,u_;) € Max,U;(X;,u_;) —a+S.
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Since for every u_; € X_;, Uj(-,u_;) is S-quasiconcave, for any 4 € [0, 1],
Ui(Ax! + (1= A)x?u_;) € Max,Uy(X;,u_;) —a+S.
Forany A € [0,1] and u_; € Af(x_;), we obtain that

Bi(Ax} + (1= A)x?,u_;) = Max, U Uiyisu—i) - Ui(Ax} +(1=A)x}u_;) €a—S.
yieXi
Next, we prove that a € %;(Ax} + (1 — A)x?,A% ,(x_;)). By the definition of strong minimal
element, because Ax! + (1 —2)x7 € X;,VA € [0,1], Max;Zi(Ax! + (1 —A)x?, A (x_;)) €a+S.
Furthermore, %;(Ax} + (1 — A)x?,A% ,(x_;)) C a— S. Suppose that

a ¢ Bi(Ax} + (1 —A)xF, A% (x_p).

Then
Max,Zi(Ax} + (1= A)x7, A% (x_;)) € a+ S\ {0},

Max,Z;(Ax} + (1 — A)x?, A% (x_;)) €a— S\ {0}.

This contradicts the sharpness of S. Thus a € Z;(Ax! + (1 — A)x?,A% ,(x_;)). Hence, J% is
convex-valued.

Now, we prove that .7 is u.s.c. on X_;. Since X; is compact, it suffices to show that .77
is closed. Let (x";,x") € Graphs# and (x" ,,x7) — (x ,x¥). According to the definition of
Graph¢;, we have

Max, Z;(x} A% (x";) = Ming U Max, Z;(x;, £ (x"})).
X €X;
We know that A? is a continuous and compact-valued mapping. Furthermore, based on the
assumptions and Lemma 3.1, we have Max,Z;(x7, A8 (x" ) — MaxZi(x),A8(x°.), as n — oo.
For any x; € X;,
Max,Z;(xi, A8 (X)) = Max;;(xi, A5 (x°,), n — oo
Following Lemma 3.5, we can deduce that
Ming | ) Max,Zi(xi, 7 (x";)) — Ming | Max i (xi, € (x°,)),n — oo.
X €X; x;€X;
Thus, 7% is closed and u.s.c. on X_;. We define H : X — 2X by H(x) = " 6. Thus H is

u.s.c. set-valued mapping and H has nonempty, closed, and convex values. Due to Theorem
2.10, there exists x* € X such that x* € H(x*), which means

Max %, (x; ,AY (x*;) = Ming | ] Max,Zi(xi, 7 (x"})), Vie N
x;ieX;

O

Remark 3.7. If the payoff functions in Theorem 3.6 are reduced to single-valued, the results
of this paper degrade to the case of Theorem 3.6 in [11]. Therefore, the model in this paper is
more general than that in [11], and optimal solutions for each objective function are obtained.
Hence, the existence results are different.
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4. STABILITY

Let .# denote the set of all assumptions satisfying Theorem 3.6, let K(F) be the g-strong
minimax regret equilibrium set about F', where F € % and F = (U, Ua, - -- ,Uy, A}, A5, -+ L AY).
We define the distance p on .# as follows:

n
p(Fi,F2) =sup Y U} (x) ~U, H+ZD (A[%,A7),
xe€X j—1
where Fy = (U}, UJ),--- , U} A18,ALe, .- AMe), B = (U2, U3, ,U2,A% A%E, .- AZ) and D;
is the Hausdorff distance. Clearly, the space (%, p) is complete.

Theorem 4.1. K is compact-valued and u.s.c. on 7.

Proof. First, we prove that K is compact. For any F € .%, let {x"} C K(F) be such that x" — x°.
We assume that x ¢ K(F), which shows that there exists some i € .4 such that

Max, %:(x), AF (x°.)) # Ming | ) Max,%:(x;,A%(x)).
XEX;

It shows that there exists &; € X; such that Max,%;(%;,A% (x2.)) & Max,%;(x?,A% (x°.)) + S.
By the assumptions on Ui0 and Lemma 3.5, we have

Max, % (%;, A (x")) — Max, %Y (%;,AS(x°)),

Max, F" (%, AS (X)) — Max, %P (x), A5 (x°)).
Moreover, since S is closed, Max, % (%, AS (X" ;) — Max, %? (x,A¢(x" ) € V'\ S. Thus,

Max %Y (%, A (X)) ¢ Max, % (x7, A5 (x™)) + .

By the concept of strong minimal elements, we deduce that

Max,78? (5;, A8 (X)) # Max,Z? (x;, A5 (x)).

This shows that x* ¢ GraphK, leading to a contradiction, i.e. x" € K(F).

Next, we prove that K is u.s.c.. It is equivalent to showing that the graph of K is closed.
Let (F",X") C Graph K such that (F",X") — (F° X°). We suppose that (FY,X") ¢ Graph K,
which implies there exists i € .4 such that

Max,Z;(x?,A%(x" ;) # min U Max,Z;(x;, ZE(x°,)),
s X €X;

which yields that there exists &; € X; such that Max,%;(%;, A% (x° ) & Max,%;(x9,A%(x°.)) +
S. By the assumptions on Ul.O and Lemma 3.5, we obtain that

Max, T80 (5, AS (X)) — Max, % (%, AS(x°),

Max 80 (X}, AS (X" ;) — Max 80 (X2, A5 (x°,).
Furthermore, due to the closedness of S, Max, %) (%;, A (x",) — Max, %) (x?,A¢(x",) € V\ S.
Thus, Max, % (%, AS (x" ) ¢ Max,%?(x7,A(x" ;) + S. By the definition of strong minimal ele-
ment, one has

Max, % (X!, A (X" ;) # Maxy %Y (x;, AS(x",).
Therefore, (F",X") ¢ Graph K. This leads to a contradiction. In conclusion, K : (.%,p) — 2%
is u.s.c. and has compact values. U
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Lemmad4.2. [/1] K is Ls.c. if and only if for every F € ¥ is essential.

Given that K is u.s.c. on .# and Fort’s Lemma, the stability of the vector-valued strong &-
minimax regret equilibrium when both the feasible constraint mapping and the payoff functions
are perturbed simultaneously can be obtained as follows.

Theorem 4.3. There exists a dense residual subset Z € ¥ such that, for any f € %, Z is
essential.

Remark 4.4. From Theorem 4.1, it follows that, for any f € Z and € > 0, if there exists p(f, f) <
A, Di(K(f),K(f)) < €. This implies that f determines the generic stability of ASMREVP.

Let .Z be the set satisfying all the assumptions of Theorem 3.6, and let K (F /) be the set
of vector-valued strong minimax regret equilibrium with respect to F ". Here, F € .Z and
F = (Uy,Us,- -+ ,Uy,A1,Ag, -+ ,Ay). We define the distance pl on.Z as

p'(F\,F3) —supznv \+ZD (4],4),
xeX
r_ 1 1 1 1 _ 2 2 3
WheI'eFl _(Ul ,U27"‘ 7Un,A1,A2,"' 7An),F2—(U1 7U27"‘ 7Un,141,142,"' 714’1), anle ISthe

Hausdorff distance.
Corollary 4.5. K isu.s.c. and has compact values.

Corollary 4.6. There exists some residual set 7 C . such that, forany f € F ', Z is essential.
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