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Abstract. In the paper, we study the split common fixed point problem with multiple output sets for
demicontractive mappings in Hilbert spaces. To solve this problem, we propose a multi-parameter vis-
cosity iterative method and its error-sequenced version. Furthermore, we prove the strong convergence
of the algorithms under some mild conditions. Our results generalize some existing strong convergence
results. Finally, two applications are provided to support our convergence theorems.
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1. INTRODUCTION

The Split Feasibility Problem (SFP), originally introduced by Censor and Elfving [1], is a
significant class of inverse problems. Due to its extensive applications in applied disciplines
such as signal processing, image reconstruction, and intensity-modulated radiation therapy, it
has attracted considerable research attention in recent years; see, e.g., [2-5]

As an important generalization of the SFP, Censor and Segal [6] introduced the Split Common
Fixed Point Problem (SCFPP). Specifically, let H, H; be two real Hilbert spaces, A : H — H be
a linear and bounded operator, and let 7o : H — H, T\ : Hy — H; be two nonlinear mappings.
The SCFPP is to find x* € H such that

x* € Fix(To) NA~ ! (Fix(T1)), (1.1)

where A~ (Fix(71)) = {x € H : Ax € Fix(T})}, Fix(Ty) and Fix(T}) denote the fixed point sets
of operators Ty and T, respectively. We usually assume that the SCFPP is consistent, meaning
that the set of solutions is not empty, denoted by Q # &.
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In the past, scholars have devoted efforts to solving the SCFPP. Byrne [7] proposed the fa-
mous CQ algorithm for the SFP, and Censor and Segal [6] proposed the algorithm, which is
designed for directed operators. For any initial guess xo € H, this algorithm generates a se-
quence {x,} via the following recursive process:

o1 =To (xn +yAN(Ty —I)Axn), n>0, (1.2)

where y € (0,2/1) and A is the largest eigenvalue of the matrix A’A (A’ denotes the matrix

transpose). They proved that algorithm (1.2) converges weakly to a solution of problem (1.1).
In 2010, to extend the study to more general nonlinear mappings, Moudafi [8] proposed the

following algorithm for demicontractive operators 7y and 77, with an initial point xo € H:

Xnt1 = (1 - an)un + o, Toun, n > 0, (1.3)

where u, = x, + YA* (T} — I)Ax,, v € (0,1 — u/A) with A being the spectral radius of A*A,
and {0y, } C (0,1). It was shown that, for demicontractive operators, algorithm (1.3) converges
weakly to a solution of problem (1.1).

In 2015, for a kp-demicontractive mapping Ty : H — H and a kj-demicontractive mapping
T\ : Hi — Hj, Shehu and Cholamjiak [9] modified the algorithm (1.3) into the following form:
an initial guess xo € H,

Xp+1 = (1 _ﬁn)()“nyn) +ﬁnTOyna nx>1, (1.4)

where y, = x, + YA* (T} — I)Axy, {Bn},{An} C (0,1)and y € (O, ﬁ) They proved the strong
convergence of algorithm (1.4) under the following conditions:

oo

lim A, =1, Y (1—=2) =

n—oo

Bn € [8, %] for some € > 0 and limsup 3, < 1 —k;.

n—>o0

n=1

In 2019, Wang, Fang and Kim [10] proposed a viscosity-type iterative method for the SCFPP:
starting from an arbitrary initial point xo € H, the algorithm generated a sequence {x,} by

Xt = Buf (%) + (1= By) [xn — T (0 — Totn + A (I — Tl)Axn)] , (1.5)

where f : H — H is a contraction with coefficient & € (0,1/+/2), {B,} C (0, 1), and the stepsize
T, 18 chosen as
_ Pr

Hxn — Tox, +A* (I -1 )Aan ’

Tn (1.6)
with {p,} C (0,4c0) and ¥, , p2 < oo. They proved the strong convergence of the algorithm
(1.5) under stepsize rule (1.6). For further research on SCFPP algorithms, we refer to [11-15].

However, in practical applications, we often face more complex constraints. Motivated by
practical applications involving multiple constraints, several extensions of the SFP and the
SCFPP have been studied in some literature; see, e.g., [16—18]. One such extension is the
split common fixed point problem with multiple output sets. For eachi =1,2,... N, let H and
H; be real Hilbert spaces, A; : H — H; be a linear and bounded operator, To : H — H, T; : H; — H;
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be nonlinear mappings. The split common fixed point problem with multiple output sets (for
short SCFPPMOS) is to find a point x* € H such that

x* € Fix(Th) N <ﬂA (Fix(T; ) (1.7)

where A; ! (Fix(T;)) = {x € H : Aix € Fix(T;)}. This model provides a unified framework for
dealing w1th multi-constraint inverse problems.

In 2021, Reich et al. [19] introduced a new self-adaptive viscosity-type algorithm for solving
the SCFPPMOS:

Xn+1 = anf(xn) + (1 - an)una (1.8)
where u, = x, — 6,0} (0,x, —t,),

| ©nxn _thz
1055 (Onxn — 1) [|* +an’
®, =1IorA,t, = Tox, or T; (A; x,) according to the maximal residual is attained in the original
space or in one of the output spaces. Here, f : H — H is a strict contraction with a contraction
coefficient ¢ € [0,1), {a,} € (0,1), {pn} C [c,d] C (0,1) and {a,} is a sequence of positive
real numbers. They proved the strong convergence of the algorithm (1.8).

In 2022, Wang [20] addressed this problem by extending the scope of research to the case
of demicontractive mappings. To get strong convergence, he proposed the following two algo-
rithms.

Fixed Step-Size Algorithm:

6n:pn

i=1

N
X1 = Yuf (Xn) + (1 = %) Ty 5, (xn - TZA? (I- Ti)Aixn> ) (1.9)

where f: H — H is a p-contractive mapping with0 < p < 1, 0<7L<1—1<0,0<7:<m,
i=1

and Ty 3 = (1 — A)I+ ATy. They proved the strong convergence of algorithm (1.9) under some
proper conditions.
Variable Step Size Algorithm:

N
X1 = Yof (o) + (1= %) Ty (xn — 5, Y AN - T,-)A,-xn> : (1.10)
i=1
where the step size satisfies 7, = 0 if HZé\':lA;" (I —T)Aixp H = 0; otherwise
. minj<j<ny(1 — %) Y; N —T) A
=
2|2, A (1 - T A

They established the strong convergence for the method (1.10) under stepsize condition (1.11).
In 2024, Cui and Wang [21] proposed the following two algorithms:

(1.11)

N
Xpi1 = Cuu+ (1 — ) [xn —TY Af(Aixy— Y}(Aixn))] : (1.12)
i=0

xn+1—ocnu+(1—ocn[ —TnZA Aixy — Ti( ,xn))], (1.13)
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where {a, } C [0, 1], the stepsizes T and 7, satisfy the following conditions, respectively:

N
O<T<Z||A,~||2> < K, (1.14)

i=0

N
0,if || Y A (I—T;)Aixa|| =0,
i=0
T, — 2 (1.15)
KZ?V 0 HA'X" _ (A x") ” otherwise

2| EN AR (I — T A

They proved the strong convergence of algorithms (1.12) and (1.13) under stepsize condi-
tions (1.14) and (1.15), respectively.
Most recently, Cui and Wang [22] proposed the following algorithm:

Xn+1 :anf(xn)—"(l_an) [(1_)'>yn+)bTOyn]a (1.16)

where y, = x, — TL L A*(I T;)Aixy, f is a given contraction, 0 < A < 1 — kp, {a,} C [0,1]
and 0<1t<1/ (Z?Zl ||A I?/(1—x;)). They proved that the algorithm (1.16) converges strongly
to a solution of problem (1.7).

Inspired by the above works, we propose a multi-parameter viscosity iterative algorithm and
consider its extension with errors to solve problem (1.7) in the paper. Our aim is to obtain the
strong convergence for the two algorithms under some mild conditions that do not require prior
knowledge of operator norms. Finally, two applications are provided in the paper.

2. PRELIMINARIES

This section briefly reviews some basic concepts of Hilbert spaces and related lemmas re-
quired for the subsequent analysis in the paper.

In the paper, let H be a real Hilbert space and let C be a nonempty, convex, and closed set in
space H. We denote by (-, ) the inner product on H and by || - || the norm induced by (-,-), i.e.,
||x|| = /(x,x) for all x € H. For a sequence {x,} and a point x € H, the symbol x,, — x denotes
that the sequence {x,} converges weakly to x, and the symbol x,, — x denotes that the sequence
{x,} converges strongly to x.

Definition 2.1. If there exists a constant p € [0, 1)
pllx—yl, then f is called a contraction mapping.

(x) = <

Definition 2.2. Let T : H — H be a nonlinear mapping, and let Fix(T) = {x € H : Tx = x} be
the fixed point set of T.

(b) If, for any x € H and p € Fix(T),
called a quasi-nonexpansive mapping;

< |lx=y|I?> = [[(x —y) — (Tx —TY)||?, then T is called a
firmly nonexpansive mapping;

< |lx=y|I> + [|[(x —y) = (Tx —Ty)||?, then T is called a
pseudocontractive mapping;
(e) If there exists a constant k € (0,1) such that, for any x,y € H,

2 2 2
1T =Tyl|” < e =yl|" + x| (= y) = (Tx = Ty)||%,
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then T is called a strictly pseudocontractive mapping;
(f) If there exists a constant X < 1 such that, for any x € H and p € Fix(T),

17x—pl* < llx = p[I* +xllx— Tx]%,
then T is called a xK-demicontractive mapping.

Obviously, nonexpansive mappings are contained in quasi-nonexpansive mappings, and quasi-
nonexpansive mappings are special cases of demicontractive mappings when x = 0.

Example 2.3. Let R be the set of real numbers, and define T : R — R by Tx = —2x. It is easy
to check that T is continuous and %—demicomractive with a unique fixed point 0. However, T is
not quasi-nonexpansive. Indeed, let xo = 1. Then ||Txg—0|| =2 > 1= ||xo —0]|.

Example 2.4. [20] Define T : H — H by

1

Exv ||X|| > 17
—3)6, HxH S L.

Tx =

It is easy to check that T is discontinuous and %-demicontractive with a unique fixed point Q.
However, T is not quasi-nonexpansive. Indeed, fix any xo € H with 0 < ||xo|| < 1. Then

| Txol =3

|x0]| > [|xo]|-

Definition 2.5. Let C be a nonempty, convex, and closed subset of H. The metric projection
from H onto C, denoted by Fc, is defined by ||x — Pcx|| = minyec ||x — y|| for all x in H.

Lemma 2.6. For any x € H and z € C, z = Pcx if and only if
(x—z,y—2) <0, VyeC. (2.1)

Lemma 2.7. For any x,y € H and A € R, the following conclusions hold:

@ [Pe+y1* < x> +2(,x+ y);

(@) [|Ax+ (1 =2A)y[* = Afell? + (1= )y [> = A(1 = 2) lx = y]|*.
Lemma 2.8. [8] Forany A >0, let T) = (1 —A)I+AT. Ifthe operator T is a K-demicontractive
mapping, then the following conclusions hold:

(i) Fix(T) is a closed convex subset;
(ii) For every (x,z) € H x Fix(T), we have
l-x

(x—Tx,x—2z) > lx — Tx||. (2.2)

(iii) For every (x,z) € H x Fix(T), we have
|1Tox— 2| < flx =2l = A(1 =2 —x) || (1 = T)x]> (2.3)
Lemma 2.9. [23] Let C be a closed and convex subset of a Hilbert space H and T : C — H

be a nonexpansive mapping. If the sequence {x,} C C converges weakly to x*, and (I — T)x,
converges strongly to 0, then x* € Fix(T).

Lemma 2.10. [24] Let 5,11 < (1 —%)sn+ Y10 + €, for all n > 0, where {y,} C (0,1), 8,, and
&, satisfy

@) limpse % =0, Y7o % =00
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(ii) imsup,_,., 8, <0 o0r Y, o ¥|0| < oo;
(iii) £ >0, Y& < .

Then lim,,_yo. s, = O.

3. MAIN RESULTS

In the section, we propose two algorithms to solve the split common fixed point problem
with multiple output sets. To this end, we assume that problem (1.7) is consistent, namely its
solution set, denoted by S, is nonempty.

In the following, we assume k; € (0,1) for each i = 0,1,2,...,N, and define T 3 = (1 —
A+ ATy with 0 < A < 1 — Kp. Given an arbitrary initial point xo € H, the algorithm generates
the sequence {x, } recursively according to

N

Xn1 = O f (Xn) + Buxn + 8uTo 1 |%n — T Y AT (I — T)Aix | (3.1)
i=1

where o, By, 8, € (0,1), 04+ B+ 8, =1, and 5, = 0if || LY A7 (I — T;)Aix, || = 0, otherwise
_ miny ey (1— k) T [[( - T)Ama|>
e N * 2
2| XN AR (1= Ti)Awxa|
Theorem 3.1. Let A; : H — H; be a linear and bounded operator. Let Ty : H — H, T; : H; — H,,
and T; be K;-demicontractive and fulfill the demiclosedness principle for each i = 1,2,...,N,

and let f: H— H be a p-contraction for some p € [0,1). Suppose that condition (3.2) holds
and the following conditions are satisfied:

(3.2)

(ii) limy o0 % = 0.

Then the sequence {x,} generated by (3.1) converges strongly to a solution z of problem (1.7),
which is also the unique solution of the variational inequality:

z€S, (I—-f)z,x—z) >0, Vx € S.
Alternatively, 7 is the unique fixed point of the contraction Psf, that is, z = Psf (z).

Proof. Let z € S and z = Psf(z). For convenience, set k = min;<;<y(1 — &;) and let y, =
Xn = Ta Yo AT (I = T)Aixa. If || LV A7 (I — T;)Aixy || # 0, we can deduce from (2.2) that
2(xp — 2,A; (I — T))Aixn) = 2{Aixp, — Az, (I — T;)Aixy)
> (1= )| (I = T) A |* = x| (1 = T A,
which immediately yields

N N
2
v — 2% = [l — 2l = 2% Y (60 — 2,47 (1 = T)A,) +72]| Y AT (1= T A |
i=1 i=1

N N
< oru—2l” = K% Y. I = T)Amal P + || L A (= T)Awa ||
=1 i=1

1
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From the definition of 7,, we have

N
v =2l <l =2l = 52 Y| (1= Todssa|
i=1

It is clear that the above inequality also holds true if HZ?’ZI Af(1—-T;)Aix, H = 0. Moreover, from
(2.3), we see that

1To 30 =201 < lyn =2l = 2(1 =& — ko) | (I = To)yul

N
KT,
<=zl = 5 YT =T)Ax > = A(1 =4 — ) [ (T = To)yal>.  (3.3)
i=1

For convenience, we set p, = 1605 ,and u, = (1 —pp)x, + PnTo 5 yn- Then we can rewrite al-
gorithm (3.1) as x, 41 = &, f(x,) + (1 — @, )uy,. On the other hand, since oy, + f3, + 6, = 1 and
B, 6, > 0, it follows that

5n o 5n
l—o, B.+6,
To show the strong convergence, we divide the proof into four steps.

Step 1. Show the sequence {x,} is bounded.
By Lemma 2.7(ii), (3.3) and (3.4), we see that

[|4n _ZHZ = (1= pn)|xn _ZHZ +PnHTO77Lyn _Z||2 — Pu(1 = pn) 20 — TO,/I)’HHZ

0<p,= <1, foranyn>0. (3.4)

e — 2P — o (N 1= TV 2 (1 — A — kI — Ty |2 35
<||xn —z||” = pu 5 Y I = T)Aixa|* + A ( K0)||(I—To)y.l|”). (3.5
i=1

Since 0 < A < 1 — Ky, it follows from (3.5) that ||u, — z|| < ||x, — z||. Then we can deduce that

1 =2l < 0[[.f (n) = f () + £ (2) — 2l + (1 = o) [t — 2|
< 0|f (xn) = F)N + 0l £(2) = 2l + (1 = o) [Jun — 2]
< 0P [ — 2| 4 0| f (2) = 2l + (1 = &) [[oen — 2]

RLCEAY

< max { %, — 2| >

By induction, we obtain

o 2l < max{”x g, @ pzn}

for all n > 0. Hence, {x,} is bounded.

Step 2. Show the following inequality holds:

Sn+1 < (1 - &n)sn + 0uby, (3.6)
where @, = &,(1 — p?), s, = ||x, —z||>, and
2
n — 1 _p2 <f(Z) — 2, Xn+1 _Z>

o N
_ i(lo—cn;))%; ("'Zf Y.~ T)Awa|* +A(1 =4 — xo) || (1 - To)yn\lz)-
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By Lemma 2.7(1), we have
a1 =2l = o (f(en) = £(2)) + (1 = 06) (2 — 2) + 0 (f(2) = 2)|°
<o (f (n) = £(2) + (1 = 0) (1t = 2) I + 204 (£ (2) = 2, %041 — 2)
< O‘np2||xn - ZHZ + (1 — o) [Jun — ZHZ +206:(f(2) — 2, Xn11 —2)- (3.7)
Substituting (3.5) into the above inequality yields

N
KT,
Y =T Aw P

a1 — 2> < 0 [0 — 2l + (1 — at) [Hxn —z| —Pn(
i=1

+7L(1—7L—1<0)H(1—T0)ynH2) 120 (D) — 201 —2)

= [1- (1= p?)] s — 2

+a(1-p?) [— el (5 T o= AP

2
1—p2

+1(1—1—K0)H(1—To)yn\!2) + <f(Z)_Zaxn+l_Z>]'

Hence, the desired inequality at once follows.
Step 3. Show that —6 <limsup,_., b, < 4oo for some é > 0, which indicates that limsup,,_, .., by,

is finite. Since {x,} is bounded, we have

2
supb, < sup
>0 nx01—p?

1£(z) = z|| |1 — 2] < +oe.

We next prove limsup,,_... b, > —6. To this aim, we proceed by contradiction. Assume that
limsup,,_,.. b, < —6, which implies that there exists ny € N such that b, < —6 for all n > ny. It
follows that

Spp1 < (1= @) 8n + Ouby < 55— 05,4+ 8) < 5, — (1 —p2)S 4.

By induction, we have

n
Sn+1 Ssno—(l—p2)5 Z o;, Vn > nyg.
i=nyg
Thus, limsup,_,., s, < $p, — (1 — pz)SZ}X’:no o; = —oo. However, {s,} is a nonnegative real
sequence, which is a contradiction. Therefore, limsup,,_,., b, is finite.
Step 4. Prove that {x,} converges to z = (Psf)z. From Step 3, it can be seen that there exists
a sequence {ny} such that

. . , 2
lim supb, = lim by, = lim [1 — (f(2) = 2,%m41—2)

l_an Pn KT, N
_(06 (l_k)p2)k( 2kZH(I_Ti)AixnkHz—l—l(l—A—KO)“(]_TO)ynkHZ)].
"k i=1
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Since the sequence {(f(z) — z, Xy, +1 —z)} is bounded, we may assume that, without loss of
generality, there exists the limit limy_,.(f(2) — 2, X, 41 — 2). Thus the following limit exists:

lim —
k—re0 Oty

On, ( KTy,

> an T)A s | 4+ A (1= 2 = ko) |1 = To)y |-

Moreover, combining with condition (ii), we have
ol 2 2
Jim 5, Y10 = T P = fim (1= Ty * =0 (3.8)

According to (3.2) and the Cauchy—Schwarz inequality, we have
_ RELIO=ToAml?  kEL 10 =TAm P
N * 2 = . 3
2[5 A7 =T 2 (5 147 (1~ T
KL ([ = T)Ais|

>
2 (2 A7 1 11— A )
K
‘22 adP
which together with (3.8) yields
il 2
,}5{}0; (1 — T;) Ay, ||* =0, i.e.]}i_rggoﬂ(l—ﬁ)AixnkH =0,i=1,2,3... (3.9)

On the other hand, we infer from (3.2) that

2 k1,
= anZH(I T))Aixn, ||,

=1

2
Hynk _xnkH =

N
Tny, ZAT (I —T;)Aixy,
i=1

~

which together with (3.8) yields
[V —%n || = 0. (3.10)

Since {x, } is bounded, there exists a subsequence {x,, } of {x,} such that x,, — x*. Combining
(3.9) and Lemma 2.9, we obtain A;x* € Fix(T;). Similarly, by (3.8), (3.10) and Lemma 2.9, we
have x* € Fix(Tp). Thus, x* € S. Note that

1 = X | < 1 = Yol =+ 19 — 2, |
< Oy |1 f Gen) = Y[l 4 (1 = @) ety — Y| + [V, — e
= O || f (o) = Y|+ (1 = @) || (1 = ) (K, — V) + P (To, 2., — Vi)
+ [y, — X

< Oy || f () = Y[l 4 (1 = @y ) (1 = P )|, — Y
+ (1 - ank)pnkHTO,?Lynk _ynk” + ||ynk _xnkH' (3.11)
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Since Ty 3 = (1 — A)I + ATy, it follows from (3.11) that

|11 = X || < O [|f () = Yy [ (1 = 06 ) (1 = Py ) [ = Yo |
+ (1 - ank)pnk)' HTO)’nk _ynkH + Hynk _XnkH
< Oy [ (o) = Yl = (1 = P ) |, — Yl
+ P A ToYn = Yoy ||+ [V = X ||
From (3.8), (3.10) and condition(i), we obtain ||x,, 1 — X, || — 0, which implies that {x,, } and

{*n,+1} have the same weak cluster point set. Hence, x,, 1 — x*. Then, we conclude from
z=Psf(z) and (2.1) that

2
li b, < 1 — —2)= —z,x"—z) <0.
imsupb, < lim 35 (f(2) =2, Xnr1—2) 2 (flz) —z,x"—2) <
Consequently, applying Lemma 2.10 to (3.6), we have ||x, —z|| — 0. O

Remark 3.2. Theorem 3.1 establishes the strong convergence of the proposed multi-parameter
viscosity-type iterative method. In particular, if B, = 0, then algorithm (3.1) reduces to algo-
rithm (1.10). Therefore, Theorem 3.1 can be regarded as an extension of the corresponding
result of [20].

In the following, we assume k; € (0,1) for each i = 0,1,2,...,N, and define Ty 3 = (1 —
MI+ ATy with 0 < A < 1 — kp. We next consider the error-sequenced version of algorithm
(3.1): for any initial point xy € H, the algorithm generates the sequence {x, } according to

N
Xn+1 = anf(xn) + ann + 5nT0,A Xn—Tn ZAT (I - Ti)Aixn + ey, (3.12)
i=1

where 04, 81,8, € (0,1), 04+ By + 8, = 1, and 7, = 0 if | YN | A7 (I — T;)A;x,|| = 0, otherwise
L (= T) A ?

(3.13)
2”2 AL = T)Am||*

By the arguments used in the proof of Theorem 3.1 above, we can get the following convergence
theorem.

Theorem 3.3. Let A; : H — H; be a linear and operator. Let Ty : H — H, T; : H; — H; be
Kij-demicontractive and fulfill the demiclosedness principle for each i = 1,2,...,N, and let f :
H — H be a contraction with coefficient p € [0, 1). Suppose that condition (3.13) holds and the
following conditions are satisfied:
(i) lim;, e 0 =0, Z;o:() O = o]

(ii) 1im,—se g— =0;

(iii) Yoo llen|| < oo or |len|| /o — 0.
Then the sequence {x,} generated by (3.12) converges strongly to a solution z of problem (1.7),
which is also the unique solution of the variational inequality:

zeS, (I—f)z,x—z) >0, Vx€eS.

Alternatively, z is the unique fixed point of the contraction Psf, that is, 7z = Psf(z).
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Proof. Let z be the unique fixed point of Ps f. Define p,, = lf—’&n, Vi =X — Ty Zfil Af(I—T;)Aixy,
and u, = (1 — pp)x, + PpTh 3 yn- Then algorithm (3.12) can be rewritten as
Xnt1 = O f(xn) + (1 — 04y + €.
From Step 1 of the proof of Theorem 3.1, it is obvious that
[xn 1 —zll < [1— (1 = p)]llxn — 2l + ol f(2) — 2| + [[en]l- (3.14)
The rest of the proof will be divided into two cases.

Casel: Y~ |leq|| < oo.

Set

o = 1£@ =21

1—p
Then (3.14) becomes
21 =2l < [1 =06 (1= p)][|xn —z[| + 0t (1 — p)Mo + [ en|
< max{||x, —zl|,Mo} + |[n]|-

By induction, one has
n—1
%, — 2]| §max{Hx0—zH,M0}+Z llexl|, Vn > 1.
k=0

Since Y7 ||en|| < oo, we conclude that {x, } is bounded.
Next, we show
Sp1 < (1 _dn)sn+anbn+nn7 (3.15)
where s,,, @,, and b, are defined as in Theorem 3.1, n, = M||e,||. Actually, similarly to (3.7)
and Lemma 2.7(i), we obtain

[Ponet =2l < [lo (£ (xa) = £(2)) + (1 = 0) (un — 2) |
+204:,(f(2) — 2 Xn+1 — 2) +2(ens Xnt1 — 2)
<1 = a1 = p)]||xn — 21> + (1 = )by + 2{en, Xp i1 —2). (3.16)
Since {x,} is bounded, there exists M > 0 such that ||x,+1 —z|| < %. Hence,
2(en X1 —2) < 2enll xn1 —zll < Mlen].

Therefore, inequality (3.15) holds. From the definition of 1, and Y ||ex|| < oo, we have
M >0, Y M<eco (3.17)
n=0

Moreover, we show that limsup,_... b, is finite. Since {x,} is bounded, it follows from the
definition of b,, that

2
supby < sup -—— || f(2) =zl [xa+1 — 2| < eo.
n>0 n>0 *+ p
It remains to show that limsup,,_,,, b, > —oo. On the contrary, suppose that limsup,,_,., b, = —oo.

Then there exists ng € N such that b, < —1 for all n > ng. By (3.15), we have

Sn+1 < (1 _&n)sn+anbn+nn < (1 _dn)sn_ an+nn <sp— (1 _pz)an+nn-
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By induction, we obtain

n n
sntt <sny—(1—=p%) Y 0+ Y mi.
i=ng i=ng
Thus imsup,, e, $n < Sy — (1 —p*) X7, & + Xio,, Mi = —oo. However, {s,} is a nonnegative
real sequence, which is a contradiction. Therefore, limsup,,_,., b, is finite. b, is defined in the
same way as in Theorem 3.1. Moreover, the following estimates in Theorem 3.1 depend only
on the definition of b,,. Therefore, we obtain

lim || (1 — To)yn, || = lim |(I — T})Aixn, || = 0,i = 1,2,3..., (3.18)
k—>°° k—>oo
and
[ =%, || = 0. (3.19)

By (3.18), (3.19) and Lemma 2.9, it follows immediately that any weak cluster point of {x,, }
belongs to S. Note that
[0 = X | < N1 = Yol - 1y = 2, ||
< 0| () = Y| 4 (1 = 0 ) [ty = Y[+ [l eme | 4 1y — 2]
= a"k”f(xnk) _ynkH + (1 - ank) H (1 - pnk)(xnk _y”k) +pnk(T0,)Lynk _ynk) H
+ llen | =+ llyme =2, |
< O || () = Ve | 4 (1 = 0, ) (1 = P )13, — Y |
+ (1 - ank)pnkHTO,lynk _ynkH + HenkH + Hynk _xnkH
< 0 [ f Cen) = Vgl + (1= ) 1%, — v
+ P A Toyn, — Ynell =+ [[yne — X |+ llen, |-
(3.20)
Since Y |len]| < +oo, we have ||e,|| — 0. Therefore, from (3.18), (3.19) and condition (i),
we obtain ||x,, 1 —xp, || = 0, which implies that {x,, } and {x,, 1} have the same weak cluster
point set. Without loss of generality, we may suppose that {x,, 1} converges weakly to X € S.
Then, we conclude from z = Psf(z) and (2.1) that

() =2 et —2) = —

limsupb, < lim (f(z) —z,x—2) <0.

f—soo k—oo 1 — p2
Consequently, applying Lemma 2.10 to (3.15), we have ||x, —z|| — 0.

Case 2: ||e,|| /o, — 0.
By the assumption ||e,|| /c,, — 0, there exists ng such that, for all n > ny, ||e,|| < oy,. Hence,
for n > ng, inequality (3.14) can be rewritten as

Fen1 =zl < [1 = (1= p)]llxn — 2ll + 0w (|15 (2) — 2ll + 1)

Let
- L=
Then it follows that
X1 =2l < [1 = au(l = p)][ln — 2l + (1 — p) Mg
< max{||x, — z||, My}
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By induction, we obtain ||x, — z|| < max{||x,, —z||, M} for all n > ng. Thus {x,} is bounded.
Next, we show the following inequality holds:

Spp1 < (1 - dn)sn + dn(bn + 8,1)7 (3.21)

!
where s, &,, and b,, are defined as in Theorem 3.1, €, = %. Since {x,} is bounded, there

exists a constant M’ > 0 such that ||x,+1 —z|| < A%/ Hence,
2ensxni1—2) < 2llenl X1 — 2zl < Menll.

Combining (3.16), we have s,.1 < (1 — 0,)s, + 0y, + M'||e,]|. Then, the desired inequality
(3.21) at once follows.
We next show that limsup,_... by is finite. Since {x,} is bounded, it follows from the defini-
tion of b,, that
2

1—

supb, < sup 511 (2) = 2l [|xns1 — 2l < oo
>0 p

n>0 n
Since ||e,]|/ 0y, — 0, we have &, — 0. If limsup,,_,., b, = —oo, then there exists n; € N such
that, for all n > ny, b, + €, < —1. By (3.21), we have

Sp1 < (1 - an)sn+dn(bn+£n) < (1 - &n)sn_ 0y < 5 — Oy

By induction,

n n
Spt1 < Spy — Z o; =8n; — (1 —PZ) Z ;.
i=ny i=ny
Since Y7, 0ty = +oo, we obtain 5,41 — —oo, which contradicts the fact that {s, } is nonnegative.
Therefore, limsup,_,., b, is finite. Since b, has the same form as before, (3.18) and (3.19) still
hold. Hence, by Lemma 2.9, any weak cluster point of {x,, } belongs to S. Using the definitions

of x,11 and u,, we can derive (3.20) in the same way. Since ||¢,||/a, — 0 and oy, — 0, we have

|enll = an% — 0. Combining (3.18), (3.19), and condition (i), we obtain ||x,, 1 — x| — 0,

which implies that {x,, } and {x, 1} have the same weak cluster point set. Without loss of
generality, we may suppose that {x,, 41} converges weakly to ¥ € S. Then, we infer from

z=Psf(z) and (2.1) that

limsupb, < lim 7 —7 R _2p2 (f(z) —z,¥—2) <0.
On the other hand, we can deduce from &, — O that
limsup(b, + &,) < limsupb, + lim g, <0. (3.22)
n—soo n—so0 n—oo
Finally, in view of (3.21), (3.22), and Lemma 2.10, we have ||x, —z|| — 0. O

Remark 3.4. Theorem 3.3 shows that the proposed algorithm still converges strongly even when
errors are incorporated into the iterative process.

4. APPLICATIONS

In this section, we give two applications in Hilbert spaces.
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4.1. Split feasibility problems with multiple output sets. Let C be a nonempty, convex and
closed set in H, and let Q; be a nonempty, convex, and closed set in H; foreachi =1,2,...,N.
Let A; : H — H; be a linear and bounded mapping. Consider the split feasibility problem with
multiple output sets [16], which requires finding a point x* € H such that

N
feCm(ﬂAﬂ@m>. 4.1)
i=1
Denote the solution set of problem (4.1) by S and assume that S # @. Since

FiX(Pc) :C, FiX(PQi) :Qi, i= 1,2,...,N,
it follows that

S =Fix(Pc)N <ﬂA (Fix(Py,) )

This shows that the split feasibility problem w1th multiple output sets is a special case of the
SCFPPMOS studied in this paper. Moreover, since metric projections Pc and Pp, in Hilbert
spaces are firmly nonexpansive, they satisfy the demiclosedness principle. Therefore, by Theo-
rem 3.1, we obtain the following result.

Theorem 4.1. Let C be a nonempty, convex and closed set in H, and let Q; be a nonempty,
convex and closed set in H; for each i = 1,2,...,N. Let A; : H — H; be a linear and bounded
operator, and let f : H — H be a p-contraction for some p € [0,1). For any initial point xo € H,
define a sequence {x,} by

N
i=1
where 0, B,,0, € (0,1), 0+ B+ 06, =1, and 1, =0 lfHZ Af(I—Pp,) ,-an =0, otherwise

0= P
\m VA (I = Pp)Ai|”

Suppose there hold the conditions:
(i) 1imy, e Oy = 0, Z;o:() Oy = o0}
(ii) lim;,_e % =0.
Then the sequence {x,} generated by (4.2) converges strongly to a solution z of problem (4.1),
which is also the unique solution of the variational inequality:
ze€S, (I-f)z,x—z) >0, Vx € S.
Alternatively, 7 is the unique fixed point of the contraction Psf, that is 7z = Psf(z).

4.2. Split variational inequality problems with multiple output sets. Let C, Q; be nonempty,
convex and closed subsets of real Hilbert spaces H and H;, i = 1,2,...,N, respectively. Let A; :
H — H; be a linear and bounded mapping for eachi=1,2,...,N. Consider the split variational
inequality problem with multiple output sets [25], which requires finding a point x* € H such
that

x* € VI(C,Fy) N (ﬂA WQ”»> (4.3)
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where
VI(C,Fy) ={x € C: (Fox,y—x) >0, Yy € C},
and
VI(Q;,F) ={u € Q;: (Fu,v—u) >0, Vv e Q;}, i=1,2,...,N.
Denote the solution set of problem (4.3) by S and assume that S # &. Assume that Fy : H — H
is Mo-inverse strongly monotone, and for eachi = 1,2,...,N, F; : H; — H; is n;-inverse strongly
monotone, where 19 > 0 and 1; > 0. That is,

(Fox — Foy,x —y) > no|| Fox — Foy|)?, Vx,y€H,

and
(Fu—Fyv,u—v) > n||Fu—Fv|*,  VYuveH;, i=12,...N.
Let
“06(072770)7 uie(()?zni)a i=12,...,N,
and define
To = Pc(I — pokFp), T, =Py,(I —wF), i=1,2,...,N.
Note that
Fix(Ty) = VI(C, F), Fix(T;) = VI(Q;,F;), i=1,2,...,N.

Hence,

S =Fix(Tp) N (ﬂA le )

This shows that the split variational inequality problem with multiple output sets is a special case
of the SCFPPMOS studied in this paper. Moreover, since Pc and Fp, are firmly nonexpansive,
and I — uoFy and I — y;F; are nonexpansive for g € (0,21n0) and y; € (0,21;), it follows that
T; is nonexpansive for each i = 0,1,2,...,N. Therefore, 7; is O-demicontractive and satisfies
the demiclosedness principle for each i =0,1,2,...,N. Hence, by Theorem 3.1, we obtain the
following result.

Theorem 4.2. Let C, Q; be nonempty, convex and closed subsets of real Hilbert spaces H
and H;, i = 1,2,...,N, respectively. Let A; : H — H; be a linear and bounded mapping for
each i =1,2,... N. Assume that Fy: H — H is ng-inverse strongly monotone, and for each
i=1,2,...,N, F; : H — H; is n;-inverse strongly monotone, where 19 > 0 and n; > 0. Let
f+H — H be a p-contraction for some p € [0,1). Let

T()ch(l—[,L()Fo), Ti:PQ[.(I—/.Ll'E'), iZl,Z,...,N.

For any initial point xo € H, define a sequence {x,} by
N
Xnt1 = O f (Xn) 4 Buxn + 0,7y 2 (xn -1, ZA?(I - T,')Aixn> , (4.4)
i=1
where 0, Bn,0, € (0,1), 0, +By+ 8, =1, Ty, = (1 =A)I+ATy with0 < A < 1, and 7, = 0
zf||2 AN -Th) ,an =0, otherwise

i (7= THAwa >
2 Hz AL = T)Am||*
Suppose that there hold the conditions:
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(i) lim;, 00 04, = 07 Z;ozo Oy = o0
(ii) limy—e0 5 = 0;
(iii) 0 < tp <2mo, O0< w; <21m;.
Then the sequence {x,} generated by (4.4) converges strongly to a solution z of problem (4.3),
which is also the unique solution of the variational inequality:

ze€S, (I—f)z,x—z) >0, VxeS.

Alternatively, 7 is the unique fixed point of the contraction Psf, that is, z = Psf(z).
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