J. Nonlinear Funct. Anal. 2026 (2026) 25 https://doi.org/10.23952/jnfa.2026.25

Joal of

fg@ Journal of Nonlinear Functional Analysis

MATHRES Available online at http://jnfa.mathres.org

UNIQUENESS OF POSITIVE SOLUTIONS FOR A FRACTIONAL DIFFERENTIAL
EQUATION BOUNDARY VALUE PROBLEM VIA NEW FIXED POINT METHODS
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Abstract. This paper studies the existence and uniqueness of positive solutions for a class of differen-
tial equation boundary value problems involving Riemann-Liouville fractional derivative. To reach this
aim, we first develop several fixed point theorems for sum operators composed of mixed monotone and
decreasing operators, which extend some previous fixed point results in ordered spaces. Then, we formu-
late sufficient conditions that ensure the existence and uniqueness of positive solutions to the considered
Riemann-Liouville fractional problem. Finally, two examples are provided to show our main results.
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1. INTRODUCTION

Nowadays, fractional differential equations (FDEs, for short) have become a hot topic that
arises in numerous fields. Riemann-Liouville fractional differential equations are of consid-
erable significance across various fields, including signal processing, control theory, biomed-
ical engineering, and financial engineering; see, e.g., [2,6,9, 12, 13]. One hot issue of the
Riemann-Liouville fractional boundary value problems (FBVPs, for short) is the existence of
positive solutions. Numerous methods were utilized to demonstrate the existence of solutions,
including the Avery-Peterson fixed-point theorem [20], fixed-point index theory [8, 19], the
Schauder fixed-point theorem [5], and the Guo-Krasnosel’skii fixed-point theorem [14]. For the
results on the uniqueness, Banach fixed-point theorem, the partial-order method, Gronwall’s
inequality, and the Laplace transform technique were frequently employed. In [20], Zhang,
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O’Regan, and Xu addressed a Riemann-Liouville FBVP with impulses

_Dng%(t) :hl(th(t))v S (071)\{tk}km:17
A%(tk) :Jk(X(tk))> k=1,2,--- . m,
2(0)=1/(0) = = x=2(0), /(1) = fy ha(s, x(s))dn(s),

where D§ ', is the Riemann-Liouville fractional derivative (RLFD, for short) of order n — 1 <
o <n,n>3,ncNT". Further, h;, n,Ji, t; satisfy the following conditions:

(1) Set {r }{, meets Ay (1x) = x(5;7) — x(17).0 =10 <11 < -+ <ty < ts1 = 1, where x (1) =
x(1), limy,_y0- x(tx — h) = x(t;) and limy,_,o+ x(tx + h) = x(t;) are the left- and right-hand
limits of x(¢) atr = 1y;

(i) h; € C([0,1] xRT,RT) (i=1,2), e C((RT,RT) (k=1,2,--- ,m);

(iii) n(7) is a non-decreasing and non-constant function for 7 € [0, 1].

Under certain conditions on the spectral radius corresponding to the related linear operator,
the authors demonstrated several existence results for the aforementioned problem and derived
multiple positive solutions by employing the Avery-Peterson fixed-point theorem.

In [16], by applying a fixed point theorem for generalized concave operators, Zhai and Wang
studied the existence of a unique solution for the following FBVP:

{Dggu(t) FAf(tu(t)) =0, € (0,1),
u(0) = u'(0) =0, u(1) = B Jy u(s)ds,

where DS‘+ isthe RLFD, 2 < ¢ < 3,0 < B < a and A > 0 is a parameter. In [1], Abdelhamid
et al. investigated the FBVP with the following variable order derivatives of Riemann-Liouville
type:
{Dﬁﬁw’(’))y@) = y(t,y(t)), t €A:= (0,M], 0 < M < oo,
¥(0) =0,
B(z.y(1))

where D, stands for the RLFD of the variable order (¢, y(¢)), ¥ is a given function and f3
satisfies 0 < B, < B(r,y(r)) < B* < 1. They studied the existence and uniqueness of solutions
in two different Banach spaces and achieved new criteria applied to a Banach-type fixed-point
theorem.

In [8], Kong et al. studied positive solutions for a singular FBVP:

—D%(s) +a(s)x(s) = f(s,x(s)), s€ (0,1), n—1<a<n,n>3,
x(0) =x'(0)=--- =x"2(0)=0, x(1) =0,

where a € L'[0,1], f: (0,1) x (0, +o0) — R* is continuous and may be singular at s = 0, 1 and
x = 0. The existence of positive solutions under sharp conditions was obtained by concerning
the spectral radius and the fixed point index theory.

In [14], Wang considered a class of Riemann—Liouville type two-term FBVPs:

{_Dggu(t) Fau(t) =y(t), 0<1<1,
u(0) =4/(0) =0, u(1) =0,

where Df is the RLFD, 2 < a < 3, and a > 0. Two applications were given by the Guo—Krasnosel’skii
fixed point theorem and the monotone iterative technique.
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Motivated by the results mentioned above, this research examines the existence and unique-
ness of positive solutions for the following FBVPs:

—D%x(s) +a(s)x(s) = f(s,x(s),x(s)) +g(s,x(s)), s€ (0,1), n—1 < a<n, n>3,
x(0) =x'(0) = --- =x""2)(0) = 0, x(1) =0,

(1.1)
where a € L'[0,1], f: [0,1] X [0,+c0) X [0,400) — [0,+o0) and g : [0,1] x [0, +o0) — [0, +o0)
are continuous.

To solve this problem, we need to establish several new fixed point results. In [17], Zhai
and Hao focused on the existence and uniqueness of positive fixed points for mixed monotone
operators. Recently, numerous scholars explored such types of operators and derived a series of
interesting and significant results [4,7, 10, 11, 15, 18]. Moreover, the results in [17] dealt with
the operator equations with increasing perturbations, while our results deal with decreasing
perturbations. Each framework has its own domain of applicability. Therefore, our results are
neither a simple variant nor a generalization of [17] in the traditional sense, but rather a new
direction for mixed monotone operator theory, substantially extending the applicability of the
method to a broader class of operator equations. Here, we study an operator equation in ordered
Banach spaces:

Fi(x,x) + Fox = x, (1.2)
where Fj is mixed monotone and F; is a decreasing —f3-convex operator. We discuss the exis-
tence of a unique positive solution for (1.2) and then establish some new fixed point results.

This paper mainly consists of the following parts. In Section 2, a review of key definitions
and preliminary lemmas is given. Section 3 presents several new fixed point results and their
corresponding proofs. In Section 4, we investigate the existence of a unique positive solution
to FBVP (1.1) by employing our new fixed point theorems. Finally, Section 5 presents two
illustrative examples.

2. PRELIMINARIES AND LEMMAS

For the sake of clarity, we present the pertinent definitions, notations, and previously estab-
lished results; see [3,4, 18]. Let E be a Banach space and P C E a cone. For x,y € E with 6 <
x <y, if there exists N > 0 such that ||x|| < N||y||, then P is normal with normality constant N.
Set P = {x € P: x is an interior point of P}. P is said to be solid if P = (). For any two elements
x1,Xx € E, the order interval between x| and x; is written by [x;,x] ={x € E | x; <x<x;}. An
operator F' : E — E is said to be decreasing (increasing) if x > y yields Fx < Fy ( Fx > Fy). For
any elements x,y € E, the notation x ~ y means: there exist positive constants A > 0 and y > 0
such that the inequalities Ax <y < ux are satisfied. One can check that ~ defines an equiv-
alence relation. For h > 0, we write B, = {x € E | x ~ h}. Obviously, P, C P. When h € P,
we have P, = P. For operator F : Px P — P, if xj,y; € P (i=1,2), x1 > y2, x1 < yp imply
F(x1,y1) > F(x2,y2), then F is said to be mixed monotone; see [4]. A point x € P is referred to
as a fixed point of F if F(x,x) = x. Let D= P or P, and B € [0, 1). Operator F : D — D is said
to be —f-convex if

F(tx) <t PFx, Vie(0,1),xeD. 2.1)

Lemma 2.1. [18, Theorem 2.1]. Let P C E be a normal cone, and let operator F : P x P — P be
mixed monotone and satisfy (77) there exists 7 € P with & # 0 such that F (h,h) € Py; (T) there
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exists @(t) € (¢,1] with F(tu,t='v) > @(¢)F (u,v), u,v € P, t € (0,1). Then (1) F : P, x P, — P,
has a unique fixed point x* in P,; (2) there exist ug, vy € P, and r € (0, 1) satisfying rup < up < vo,
ug < F(ug,vo) < F(vo,up) < vp; (3) for initial elements xo,yo € By, if x, = F(x,—1,y,—1) and
Yn=F(n—1,%n-1),n=1,2,..., then x, — x* and y, — x* as n — oo.

The RLFD of order o > 0 for a function ¥ is

x) =t (%) [ g

where [0] = n— 1 denotes the integer part of a; see [8]. The Riemann-Liouville integral of
order o > 0 for a function y is I x(s) = % Jo(s—1)* 1y (t)dt.

Lemma 2.2. [8] Let b € C(0,1)NL'[0,1]. Then, the FBVP
— 9% (s) =b(s), 0<s<1,
{x(o) =2/(0)=---=x"2(0) =0, x(1) =
admits a unique solution x (s) = [} Ho(s,t)b(r)dt, where
e T b

Define a function H : [0,1] x [0,1] — R by H(s,t) = Y, _o(—1)"Hy(s,t), where, Hy(s,t) is
defined by (2.2) and H,(s,t) = [ a(t)Ho(s,©)H,_1(t,t)dt,n > 1.

Lemma 2.3 [8] Let (oc—1) fol la(t)|@(1—1)dt < landy€ L'[0,1]NC(0, 1). Then, the solution
of the FBVP

—D%(s) +a(s)x(r) = y(s),s € (0,1),

x(0) =¥ (0) =--- =x""2(0) =0, x(1) =0,
is x(s) = [y H(s,t)y(t)dt.

(2.2)

Lemma 2.4 [8] If Ay < 1 and A, > 0, then the function H(s,7) has the properties:

(1) H(s,1) = T(@)Asp(1 - 5)9(r) for st € [0,1];

(2) H(s,t) < (a—1)A1¢(z) for s,z € [0,1];

(3) H(s,t) < (aa—1)A1¢(1 —s) for s,t € [0, 1],
in which @(s) = a Fs()a) , and

1 1
A= [la@ldr. sa=(a=1) [ la(lo(1-7)dv
(o —1)%A,
=——— AN =14A A =1-A
Dla)(1-4)" ™ ’

3. NEW FIXED POINT RESULTS

In what follows, we construct some fixed point theorems in a Banach space E, which are
partially ordered by a normal cone P C E. Leth € E , h > 0, P, be previously described.

Theorem 3.1. Let B € (0,1). Assume that Fj : P X P — P is mixed monotone and satisfies
Fi(tx,t 'y) > PR (x,y), 1€(0,1),x,yeP (3.1)
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and F> : P — P meets

B(tx) <t 'Bx, 1e€(0,1),xeP. (3.2)
Assume that (i) an element hg € P, satisfies F} (ho,ho) € P, and Fohg € Py; (ii) a constant &y > 0
satisfies F(x,y) > OpFay,x,y € P. Then (1) Fy : P, X P, — Py, F> : P, — Py; (2) There exist
up,vo € Pyand r € (0, 1) such that rug < ug < vg and ug < F (ug,vo) + Fovo < Fi (vo,up) + Faug <
vo; (3) Eq. (1.2) has a unique solution x* in P,; (4) For initial elements xg,yo € P,, construct
xn = F1(xp—1,Yn—1) + Foyn—1 and y, = Fi (Yu—1,%n—1) + Foxp—1,n=1,2,.... Then x, — x* and
Vn —>x"asn —» oo,

Proof. From (3.1) and (3.2), one has

1 1 1
F ( —x ty) < t_BFI (x,y) and F, <;y) >tFy forre(0,1),x,y€P (3.3)

As Fyhg, Fy(ho,ho) € Py, there exists constants vy, vy, 41,4y > 0 such that vih < Fohg < voh
and A1h < Fy(ho,ho) < Axh. Furthermore, as hg € By, there exists a constant 7y € (0, 1) such that
toh < hp < %h. By utilizing (3.1) and (3.3) in conjunction with the mixed monotonicity property
of Fi, one has

1 A
_ﬁFl(l’lO,hO) < —5/1

1
Fi(h,h) <F (—ho,toho) <
fo s s

and
1
Fi(h,h) > Fy <t()h(), l‘_h0> > l‘gF1 (ho,ho) > l]l‘g/’l.
0

Since Az/tg,kltg > 0, Fi(h,h) € B, is clear. Therefore, from Lemma 2.1, F} : P, X B, — P,. In
addition, from (3.2), (3.3), and the monotonicity of operator F;, one has

1 1
hh>F <—h0) > toFohg > vitoh, Foh < Fa(tohg) < th() < . h
0

Now, we prove that F, : P, — P,. For any x € P,, we can take a sufﬁc1ent1y small constant
i € (0,1) such that uh < x < uh' Thus
1

x> F (lh) > ukh > utgvih, Fox < Fz(,uh) < leh < —- V—zh.
H u H 1o

Noth that Jf , Utgvy > 0. We claim that Fox € P, which means F; : P, — P,. Thus conclusion
(1) holds.

Next, we construct an operator F = Fj + F> by F(x,y) = Fi(x,y) + F>y. Then F : P x P —

P is mixed monotone and F(h,h) € B,. Now, we need to seek ¢(r) € (¢,1] with respect to

t € (0,1) such that F(tx,t~'y) > @(¢)F(x,y), x,y € P. We need to discuss [ (t) =

€ (0,1), where '}/6 (B,1). One can prove that /; is increasing in (0, 1), lim,_,+ [; () = 0, and

lim,_,- [ (f) = y B In addition, fixing # € (0, 1), one has lim,_,;- /;(¢) = lim,_,,- t’Lt =0.

B_sv
So there exists % (7) € (B,1) with regard to ¢ such that -5—= ﬂo o7 < 00, ¢ € (0,1). Thus Fi(x,y) >
SoFy > ﬂo 2yt €(0,1), x,y € P. Hence, PP (x, y)+tF2y > 0O [Fix,y) 4+ Fay], 1 € (0,1),

x,y € P. Then, for t € (0,1) and x,y € P, F(tx,t='y) > tPF (x,y) + tFoy > WO F(x,y). Set,
for all 1 € (0,1), @(z) = t®®), Then ¢(¢) € (¢,1] and F(tx,r"'y) > @(t)F(x,y) , t € (0,1) ,
x,y € P. Therefore, the condition (7>) in Lemma 2.1 holds. Based on Lemma 2.1, we derive
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the following conclusions: (i) there exist elements ug,vo € P, and a constant r € (0, 1), where
rug < ug < vo and ug < F (ug,vp) < F(vo,up) < vo; (i2) F has a unique fixed point x* in Py; (i3)
for initial elements xo,yo € Py, X, = F (xy—1,Yn—1) and y, = F(yy—1,X4,—1), n=1,2,.... Then
X, — x* and y,, — x* as n — oo, That is, statements (2)-(4) are valid. ]

Based on the proof of Theorem 3.1, the following conclusion can be readily derived.

Corollary 3.1. Let B € (0,1). Assume that F] : P x P — P is mixed monotone, F> : P — P is
decreasing, and (3.1)-(3.2) hold. Moreover, (i) there exists ko > 0 satisfying Fj (ho,ho) € P, and
F>hg € Py; (ii) there exists a constant & > 0 with Fj(x,y) > 8gF>y,x,y € P. Then, for any given
u > 0, the operator equation Fi(x,x) + Fox = px has a unique solution x*, in P, . Moreover,
define x, = ﬁ[Fl (Xn—1,Yn—1) + Foyn—1] and y,, = ﬁ [F1(Yn—1,%n—1) + Faxp—1], n=1,2,..., for

initial elements xo, yo € P,. Then x, — xj; and y, — xj; as n — co.

Theorem 3.2. Let 8 € (0,1). Assume that F; : P X P — P is mixed monotone and satisfies
Fi(tx,t~'y) > tF(x,y), t€(0,1),x,yeP (3.4)

and F, : P — P is decreasing —f3-convex. Further, assume that (i) there exists iy € P, satisfying
Fi(ho,ho) € P, and F>hq € Py; (ii) there exists a constant 0y > 0 satisfying Fi (x,y) < &Fay,x,y €
P. Then (1) Fy : P, X P, — Py, F> : P, — Py; (2) There exist ug,vo € P, and r € (0, 1) such that

rvg <ug <vg, ug<F (u(),V()) + Fvg < Fj (V(),u()) + Foug < vp.

(3) Eq. (1.2) has a unique solution x* in P,; (4) For initial elements xo,yg € Py, if x, =
F (xnflaynfl) + Py, and y, = F (Ynfhxnfl) +Foxy—1, then x, — x* and y, — x* as n — oo

Proof. From (2.1) and (3.4), one has

1 1 1
F ( —X ty) < ;Fl(x,y) and P <;y> > PRy forre (0,1),x,y € P.

An operator F = F| + F, is constructed by F(x,y) = Fi(x,y) + F>y. Following the proof of
Theorem 3.1, one sees that Fi : P, X P, — Py, F, : P, — P, hold. Furthermore, it can be readily
verified that F : P x P — P is mixed monotone and F (h,h) € P,.

Next, we look for ¢(z) € (t,1] with regard to t € (0, 1) such that F(tx,t~1y) > ¢(¢)F (x,y) for

all x,y € P. We need to discuss [5(t) = fy ’t forallt € (0,1), where y € (B8, 1). One can prove

that [ is decreasing in (0,1) and lim, o+ l(f) = +oo and lim, ;- b(¢) = =X ﬁ . In addition,

[B —t7
tV—t

with respect to ¢ such that > 0o, t € (0,1). Thus Fi(x,y) < §Fay <

€ (0,1), x,y € P. Hence, tF1 (x,y) + PRy > 10O [F (x,y) + Fpy] for all ¢ E (O, 1), x,y € P.
Further, for t € (0,1) and x,y € P, F(tx,t='y) > tF(x,y) + P oy > 10 F (x,y). Set ¢(t) =
100 1€ (0,1). Thus @(¢) € (r,1] and F (tx,t~'y) > @(t)F (x,y) ,t € (0,1) , x,y € P. Therefore,
the condition (A;) in Lemma 2.1 holds. By virtue of Lemma 2.1, we derive the following
results: (e;) there exist elements ug,vy € P, and a constant r € (0, 1) satisfying rvy < up < vo
and ug < F(ug,vo) < F(vo,up) < vo; (e2) F has a unique fixed point x* in P,; (e3) for initial
elements xo,yo € Py, let x, = F(x,—1,yn—1) and y, = F (y,—1,%y—1), then x, — x* and y, — x*
as n — oo, That is, conclusions(2)-(4) are true. ]

= +oo. So it must exist ’}’0( )€ (B,1)
tﬁ [70

fixing ¢ € (0, 1), one has limy_>1 h(t) = limy_, ;-
tB [7’0

Fzy for all
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Following the proof of Theorem 3.2, one has the following result immediately.

Corollary 3.2. Let B € (0,1). Assume that Fj : P x P — P is mixed monotone and F; : P X P —
P is decreasing —f3-convex. Moreover, assume that (3.4) holds and

(i) there exists hg > 6 with Fy(hg,ho) € P, and F>hg € By;
(ii) there exists a constant &y > 0 satisfying F} (x,y) < doFry, x,y € P.

Then, for any given u > 0, operator equation F| (x,x) + Fox = tx has a unique solution x,, in
P,. Moreover, if we set x,, = ‘ll [F1(Xp—1,Yn—1) + F2yn—1] and y, = ‘ll [F1 (Yn—1,%n—1) + Faxn—1],
for initial elements xq,yg € Py, then x, — x, p and y, — x, A — oo,

Remark 3.1. If 2 € P, then P = P,,. For a solid cone P, if F| : P, x P, — P, or F] : PxP—P,
then F (ho,ho) € By, for hy € P, (or p).

IfS = P or P,, we can also obtain the following results.

Corollary 3.3. Let F; : S X § — S be mixed monotone and F; : S — S be decreasing. Let (3.1)
and (3.2) hold. Assume that there exists a constant &y > 0 with Fy(x,y) > 8gF>y , x,y € D. Then,
(1) there exist ugp,vp € S and r € (0, 1) satisfying

rvo <ug <vo, ug < Fi(uo,vo)+ Favo < Fi(vo,uo) + Faug < vo;

(2) Eq. (1.2) has a unique solution x* in S; (3) for initial elements xq,yy € S, if we set x, =
Fi(xy—1,Yn—1) + Foyn—1 and y, = F{ (Yy—1,Xn—1) + FaX,—1, then x,, — x* and y, — x* as n — oo.

Corollary 3.4. Let F} : S x S — S be mixed monotone and let F; : S — S be decreasing —f3-
convex. Let (3.4) hold. Moreover, assume that there exists a constant &y > 0 with Fj(x,y) >
OpF>y for all x,y € S. Then, (1) there exist up,vo € S and r € (0, 1) satisfying rvo < uy < vo and
up < Fi(ug,vo) + Favg < F(vo,ug) + Faug < vp; (2) Eq. (1.2) has a unique solution x* in S; (3)
for initial elements xq,yo € S, if x, = F1 (Xy—1,Vn—1) + F2yn—1 and y, = F1(yn—1,X4—1) + F2xp—1,
then x, and y, converge to x* as n — oo,

4. EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTIONS FOR (1.1)

In this section, we apply Theorems 3.1 and 3.2 to investigate the existence and uniqueness
of positive solutions for (1.1). Let E = C[0,1] and P={x € E | x(t) > 0,¢ € [0, 1]}. It follows
that P is a normal cone in E, and a partial order is induced by P such that x <y if and only if
x(t) < y(t) forall t € [0,1].

Theorem 4.1. Assume that

(Ly) f(t,u,v) :[0,1] x [0,4e0) x [0,4+00) — [0,4c0) is continuous, g : [0,1] x [0,+e0) —
[0, 4-o0) is continuous with g(¢,v*) Z 0, ¢ € [0, 1], where v* = m (1- é)a_l;

(L,) For any fixed ¢ € [0, 1], f(¢,u,v) is non-decreasing in u € [0, +o0) and non-increasing in
v € [0,4e0);g(,v) is non-increasing in v € [0, +oo) for fixed 7 € [0, 1];

(L3) g(t,uv) < u~lg(t,v) for p € (0,1), ¢ € [0,1], v € [0,+0c0), and there exists a constant
B € (0,1) such that £(r, pu, u="v) > b f(t,u,v),r € [0,1], 0 € (0,1),u,v € [0, +o0).

(L4) There exists a constant 8y > 0 with f(¢,u,v) > 8og(t,v),t € [0,1],u,v > 0.

Then
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(1) There exist ug,vo € P, and r € (0, 1) such that rug < up < v and

1 1
uo(s) < /0 H (s, ) f(t,0(r), vo(t))dt + /0 H(s,0)g(t,vo(t))dr, s € [0,1],

1 1
vo(s)Z/O H(s,t)f(t,vo(t),uo(t))dH—/O H(s,t)g(t,up(t))dt, sel0,1],

where h(s) = @(1 —s),s €[0,1];
(2) Problem(1.1) has a unique positive solution u* in Py;
(3) For any xq,yg € Py, if

1 1
5u1(9) = [ HEOS 000 2u0)dr+ [ H0805u0)dr n=0.12,....

1 1
Vapi1(s) = /O H(s,0).f (5,9 (1) xn(1))di + /O H(s,0g(t,xu(t))dt, n=0,1,2,...,
then ||x, —u*|| — 0 and ||y, —u*|| — 0 as n — oo.

Proof. Lemma 2.3 implies that (1.1) has an integral representation expressed as

(s) = [ HO0 [100).30)) 40,0,

where H (s,t) is given as in Lemma 2.2. Construct two operators F1 : PxXxP — E and F, : P — E
by
1

Re)(s) = [ B0 x50 (Fn)6) = [ Hs0gl0)

It can be readily verified that x is a solution to (1.1) if and only if x = F} (x,x) + F>x. From (L),
we know that F; : P x P — P and F; : P — P. Moreover, from (L), F is mixed monotone and
F; is decreasing. For u € (0,1) and x,y € P, by (L3),

Filaan i~ )(6) 2 1 [ (500 7000) (0t = 0P (e)(5).

Namely, Fi (ux,u~'y) > uPF (x,y) for u € (0,1) and x,y € P. So, F; satisfies (3.1). Also, for
p e (0,1)andy € P, (L3) yields

1 1
Fz(uy)(S)Z/O H(S,t)g(fauy(t))dtéu‘l/o H(s,1)g(t,y(1))dt = u~ " Fay(s),

that is, Fo(uy) < u‘ley for u € (0,1), y € P. So, F, satisfies (3.2). Next, we show that
Fi(h,h) € P, and F>h € B,. Indeed, Lemma 2.4 implies

Fi(hh)(s) = /

0

] H(s,t)f(t,h(t),h(t))dt < (o0 —1)A1h(s) /O] St hmax, 0)dt,

FR)6) = [ HO.00H0)H0))dr = T(AhS) [ 900) 70,0, )l

1
= Azh(s)/o (1 =01 f(2,0, hmay )dt,
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where hmax = max{h(s) : s € [0,1]} = (al T (1-2 =v*, and h(s) = @(1 —s). From

w)
(Lp) and (Ly4), we have f(f,hmax,0) > f(2,0, max) > 80g(t, hmax) = 00g(t,v*) > 0. Since (1 —

)% ltg(t,v*) £ 0,1 € [0,1], we see that

1 1
(a—l)Al/O f(t,hmax,())dIZAz/ (1 =011 f (2,0, hmay)dt

0
1
> 60A2/ (1—1)* Leg(t,v*)dt > 0.
0
Thus Fy (h,h) € P,. Similarly,

1 1
Agh(s) /O (1= 1) L 1g(t, hmax )t < Foh(s) < (&= 1)A1h(s) /O 2(1,0)dt.

Since g(t,v*) #Z 0, it follows that Foh € B,. Therefore, the condition (i) of Theorem 3.1 is
fulfilled. From Lemma 2.1 and (L4), one has

/Hst (t,x(t),y dt>60/ (s,1)g(t,y(t))dt = &oF2y(s).

Then F(x,y) > dFy, x,y € P. Therefore, the conclusion of Theorem 4.1 can be derived from
Theorem 3.1 immediately. 0J
Theorem 4.2. Assume (L), (L), and (L) hold and satisfy the following conditions:

(Ls) There exists a constant 8 € (0,1) with g(r,uv) < uBg(t,v), u € (0,1),r €[0,1],v €

[0, +o0), and f(t, u, u=1v) > wf(t,u,v),t € [0,1],u € (0,1),u,v € [0, +o0);
(Lg) There exists a constant & > 0 with f(z,u,v) < dog(t,v), t € [0,1],u,v > 0.

Then
(1) There exist ug,vo € P, and r € (0, 1) satisfying rvy < ug < vp and

1 1
uo(s)g/o H(s,t)f(t,uo(t),v()(t))dt—|—/O H(s,t)g(t,vo(r))dt, se€][0,1],

1 1
0 s)z/o H(s,t)f(t,vo(t),uo(t))dt+/0 H(s,t)g(t,up(t))dt, sel0,1],

where h(s) = @(1 —s), s € [0,1];
(2) Problem (1.1) has a unique positive solution u* in P;
(3) For any xo,yg € Py, if we set

Xpt1(s /Hstf(t Xn(t),yn(t) dt+/ (s,0)g(t,yn(2))dt, n=0,1,2,...,

Ynt1(s / H(s,t)f(t,yn(t),xn(t dt—i—/ H(s,t)g(t,x,(t))dt, n=0,1,2,...,
then ||x, — u*|| — O and ||y, —u*|| — 0 as n — oo.

Proof. Following the proof of Theorem 4.1, we give two operators F; : PxP — Eand F, : P —

E by Fi(x,y)(s) = Jo H(s,0) f(t,x(t),y(t))dr and (Fay)(s) = Jy H(s,1)g(t,y(1))dr. From (Ly)
and (L), F] : P x P — P is mixed monotone and F, : P — P is decreasing. For x,y € P and u €

(0,1), by (Ls), Fi (1x, 1~ 1y)(5) = o H(s,1) £, 5(1),(t))dt = Fi (x,)(s). In other words,
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Fi(ux,u='y) > uF(x,y) for u € (0,1), x,y € P. So Fy satisfies (3.4). Also, for u € (0,1) and
y € P, from (Ls),

Fa(uy) (s / H(s,1)g(t, py())dr < P / H(s,1)g(t,y(1))dt = P Fay(s).

that is, F>(1y) < u~PFyfor € (0,1),y € P. So F; satisfies (2.1). Next, we prove Fy (h,h) € P,
and Foh € P,. Lemma 2.4 indicates that
1

Ash(s) /O (1 =% £(1,0, hmae )t < Fi(h, h)(s) < (2= 1)A1h(s) /0 (6 i, O),
where Ay = max{h(s) : s € [0,1]} = (oc1+1) (1- é)a_l —=v*. Since (1 —1)*1tf(¢,0,v*) #

0,7 € [0, 1], we see that Fy(h,h) € P,. Similarly,
1

1
Ash(s) /O (1= 1) 1g(t, hnax )t < Foh(s) < (at— 1)A1h(s) /0 2(1,0dr.

From g(¢,v*) # 0, F>h € B,. Hence, the condition (i) of Theorem 3.2 is satisfied. For x,y € P,
from (Lg), F1(x,y)(s) = folH(s,t)f(t,x(t),y(t))dt < %folH(s,t)g(t,y(t))dt = OpF2y(s). Then

Fi(x,y) < 8oF»y, x,y € P, which satisfies the condition (ii) of Theorem 3.2. So the conclusion
of Theorem 4.2 follows from Theorem 3.2 immediately. UJ

5. EXAMPLES

Example 5.1 Let n = 3 and o = 2.5. Consider

{_Dz.sx(s)HX( s) = f(s,x(s),x(s)) +8(s,x(s)), s€(0,1),

x(0)=x(0)=0, x(1)=0, (5.1)

where f(s,u,v) =s+u'/2+(1+v)"1/2, g(s,v) = s(1+v)~!, and a(s) = 5. A direct calculation
gives Ay =~ 0.0716 < 1 and Ay =~ 0.9284 > 0. Clearly, conditions (L1) and (L2) are satisfied.
We now verify condition (L3). Take B = % (O 1). Forany u € (0,1), s € [0,1], and v > 0, we

2 €
have g(s, uv) = s(1+pv) =" <s(u(l +v)) =u 'g(s,v). Thus, for u € (0,1) and u,v > 0,

)= s+ ()24 (1 pte) 712

:S+H1/2u1/2+u1/2<u+v)—1/2

S, pu, ™

Hence (L3) holds with 8 = % Next, we verify condition (L4). Taking &y = 1, for any s € [0, 1]
and u,v > 0, we obtain
fls,uv) =s+u' 2+ 1 +v)712> 140712 > 5(14v)7 =g(s,v),

Thus (L4) holds with &y = 1. Consequently, all the hypotheses of Theorem 4.1 are satisfied.
Therefore, problem (5.1) has a unique positive solution u* in P,, where
3/2(1 — 4
§ ( S) $3 /2(

s) = 001 —) =" = 3

1—s), s €[0,1].
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For any xy,yo € P, setting

Xy (s /Hstf(txn()yn dt+/Hsrg<tyn())d n=0,12,...,

Va1 (s /Hstf(tyn()xn dt—i—/ (5,0)g(t,5u(t))dt, n=0,1,2,...,

one has [|x, —u*|| = 0 and ||y, —u*|| = 0 asn — oo.
Example 5.2 Let n = 3 and o = 2.8. Consider

{—DZ'SX(SHO-?*X( s) = f(s,x(s),x(s)) +8(s,x(s)), s€(0,1),

(0)=x'(0)=0, x(1)=0, (5.2)

where f(s,u,v) = s(lj‘_u)%(ljrv)o4 +0.1, g(s,v) = s2($)06+0 2, and a(s) = 0.3. Note

that Ay ~ 0.0303 < 1 and Ay = 0 402 > 0. Clearly, (L; ) (Ll) and (L) are satisfied. Take
B =0.6<(0,1). Since 1+1uv < u(1+v)"u € (0,1), then (1+uv) < u*06( )06, Therefore,
1
2 0.6 —0.6 2 0.6
=5(—— 02< 0.2
g(s,‘LLV) S (1+‘LLV) + :u“ (1+V) +
<pu —0.6 2( )0.64_“70.6.0.2 — ‘u70.6g<s,v).

I+v
Thus g(s, uv) < u=%%g(s,v). Moreover, it can be verified

Hu 0.6 1 > Hu H o4 U o6, L o4
(1+uu) (I—H.Flv) (l—l—u) (1+v) _u<1~|—u) (1+v) '
Then
Fls,pae, i) = s(2E )05 )4 10.1
Y 1+ uu 1+u-ly
1
> 0.6 04 0.
_“s(l-i-u) (l-l-v) +0.1
> Wf(s,u,v).

Thus, (Ls) is satisfied. For s € [0,1] and u,v > 0, we have g(s,v) = s*( I}FV)O 6402>0.2and
_ (M Nos

Taking &y = (% = 5.5, one has f(s,u,v) < dg(s,v). Hence, (Lg) is verified. Consequently,
the assumptions required for Theorem 4.2 are met. Then problem (5.2) has a unique positive

04401 <s5-1%6.1%4 101 < 1.1,

solution u* in Py, where h(s) = @(1 —s) = ((1 )s) s € [0,1].
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