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Abstract. This paper solves an optimal reinsurance-investment problem for insurers under partial in-
formation with Hawkes-driven claim clustering. Since the true risk intensity is unobservable, a Gamma
projection filter is used to estimate its conditional distribution. Methodologically, Malliavin calculus
is introduced to derive a stochastic Hamilton-Jacobi-Bellman (HJB) equation that directly handles the
non-Markovianity induced by partial-information filtering. This extends classical verification theory to
non-Markovian settings. A verification theorem is established, linking smooth solutions of the stochastic
HJB equation to optimal admissible strategies. Numerical experiments validate our theoretical results.
Keywords. Gamma projection filter; Hawkes process; Malliavin calculus; optimal reinsurance; Stochas-
tic HIB equation.
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1. INTRODUCTION

In the fields of mathematics and actuarial science, the optimal investment and reinsurance
problem remains a core research topic. Its primary objective is to achieve effective risk hedg-
ing and robust asset growth through dynamic adjustment of reinsurance retention and asset
allocation. The expected utility maximization criterion is widely adopted, reflecting the risk
preferences of decision-makers. However, real-world risk evolution exhibits complex charac-
teristics. On one hand, insurance claim risks demonstrate significant clustering and contagion
effects, such as chain claims triggered by catastrophes. Traditional Poisson processes, lacking a
self-exciting mechanism, cannot capture this. On the other hand, the true risk intensity is often
unobservable; insurers can only access partial information (claim times, types, and losses). This
incompleteness poses a significant challenge for optimal strategy construction. To capture claim
clustering, the Hawkes process has received attention. Hawkes [1] reviewed its applications in
finance, confirming its superiority over Poisson processes in capturing jump clustering. Ji et
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al. [2] derived explicit optimal investment-reinsurance solutions for loss-averse insurers. Bernis
et al. [3] characterized optimal reinsurance contracts with a three-piece linear structure. Liu et
al. [4] incorporated Hawkes processes into the Gamma—Omega model. Zhou et al. [5] studied a
reinsurance-investment game with delay under asymmetric information. These studies demon-
strate that Hawkes processes effectively characterize claim clustering, but most assume full
observability of risk intensity. Under partial information, filtering becomes a core challenge for
optimal control. Early works include Sass et al. [6], who used unnormalized filtering and Malli-
avin derivatives to solve a terminal wealth maximization problem. Peng et al. [7] studied opti-
mal proportional reinsurance under partial information using Malliavin calculus. Jang et al. [8]
compared optimal reinsurance under partial vs. complete information. Brachetta et al. [9] char-
acterized optimal reinsurance with claim clustering via Kushner—Stratonovich filtering and BS-
DEs. While theoretically rigorous, the Kushner—Stratonovich equation is infinite-dimensional,
making direct solution computationally challenging. Projection filtering addresses this by as-
suming the posterior belongs to a parametric family. This paper adopts the Gamma distribution,
which maintains non-negativity and achieves moment closure. In solving the noniMarkovian
optimal control problem resulting from filtering, Malliavin calculus provided a set of powerful
tools. Chen et al. [10] employed a general jump-diffusion process and used Malliavin calcu-
lus to solve the mean-variance optimal reinsurance and investment problem, extending research
methods for non-Markovian problems in actuarial science. Bai et al. [11] studied the mean-
variance optimal reinsurance-investment problem with a no-shorting constraint using viscosity
solutions and a verification theorem. Colaneri et al. [12] constructed a stochastic factor model
within an exponential forward utility framework to solve the optimal investment-reinsurance
strategy. These works demonstrate the potential of Malliavin methods, yet they typically used
Malliavin derivatives primarily for representation or necessary condition derivation, rather than
as a core tool to reconstruct the HIB equation itself under partial information. Specifically, let

D; o and D,(l;) denote the Malliavin derivatives with respect to the observed Brownian motion
and the observed Poisson random measure, respectively. These operators allow us to differ-
entiate the value function with respect to randomness embedded in the observation flow. By
applying the Clark—Ocone representation to the value process and matching martingale compo-
nents, we derive a stochastic HIB equation (Theorem 3.1) that explicitly incorporates Malliavin
correction terms. This equation naturally accounts for the non-Markovianity induced by filter-
ing, which is impossible in the classical HIB framework. A key theoretical contribution of this
paper is a verification theorem (Theorem 3.2) for this stochastic HIB equation. While classical
verification theorems require the state process to be Markovian, our theorem applies directly
to non-Markovian settings. It establishes that any sufficiently smooth solution to the stochastic
HIJB equation, together with the associated admissible control, coincides with the value function
of the original partial-information problem. This extends the scope of stochastic control theory
beyond the traditional Markovian paradigm. Unlike existing approaches that either approxi-
mate the filter as Markovian or solve infinite-dimensional Kushner—Stratonovich equations, our
Malliavin-based stochastic HIB method preserves the original non-Markovian structure and
yields explicit solutions under exponential utility. More broadly, this framework is general-
izable to other non-Markovian control problems with delayed information, model uncertainty,
or path-dependent criteria. In summary, existing research focuses separately on Hawkes mod-
eling, partial information filtering, or Malliavin control methods, but fails to integrate these
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three to address the complex decision-making problem where claim clustering and informa-
tion incompleteness coexist (see also Liu et al. [13] for related work on contagious claims in a
game-theoretic setting). The main contributions of this paper are fourfold. First, we construct
a bivariate marked Hawkes claim intensity model incorporating internal and external excitation
mechanisms. Second, we adopt a Gamma projection filter for partial information, derive the
filtering equations, and prove existence and uniqueness. Third, we introduce Malliavin calculus
to construct a stochastic HIB equation and establish a verification theorem for non-Markovian
settings, obtaining explicit optimal strategies via separation of variables. Fourth, we show that
the optimal investment strategy is independent of the filtering state (reducing to the Merton for-
mula), while the optimal reinsurance strategy exhibits a three-piece structure determined by the
safety loading.

The structure of this paper is as follows: Section 2 presents the model setup, including the
Hawkes claim process, financial market, and wealth dynamics. Section 3 develops the Gamma
projection filter for partial information estimation. Section 4 introduces Malliavin calculus and
derives the stochastic HIB equation, followed by a verification theorem and explicit optimal
strategies. Section 5 provides numerical experiments. Section 6 concludes.

2. PRELIMINARIES

Consider a complete probability space (,.%#,P) equipped with a right-continuous filtration
{%:}:>0 satisfying the usual conditions, where P is the real-world probability measure. On
this space, the following mutually independent processes are defined: {W;},>¢ is a standard
Brownian motion, and two independent marked point processes N (1) and N?) | corresponding
to internally-excited claim events and externally-excited claim events, respectively. The total
claim intensity A, is given by the following equation:

NO v

! 1) (2
h=B+(o—Ble+ Y e TN+ Y e 2P e
j=1 j=1
Its stochastic differential form is
dA = a(B — A )dt + /0 0(2)NW (dt,dz) + /O NP (dt,dz), 2 >0, (2.2)

where o > 0 is the decay rate, B > 0 is the long-term mean; ¢ : RT™ — R™ is the internal
excitation function, typically taken as ¢(z) = nz, n > 0; Z§k) is the mark (shock size) of the
Jj-th event of type k, following distribution F, ) (dz); NW®(dt,dz) :== N®)(dt,dz) — v,(k) (dz)dt
is the compensated random measure; the stochastic intensity measure is v,(k) (dz) = A - Kk .
F,u(dz), and k() + k3 = 1. The insurance company cannot directly observe the true claim
intensity process A, and can only access partial information, i.e., it can only observe: the ac-

tual occurrence times of claim events {7}}; the type attribute of each claim event (internally-
excited type (k = 1) or externally-excited type (k = 2)); and the loss amount of each claim

Y;, which may be related to the mark Zﬁ.k) . Under partial information, all strategies that
are .#;-measurable are infeasible. The insurance company must use strategies based on the
observed information .%#°. The observable information flow F° = {.%?},>¢ is defined as:
FP =0 ({Ns, {Tj <s},{K;},{Y;} : j > 1,5 <t}), where K; € {1,2} represents the type of
the j -th claim event. Consider a financial market consisting of one risk-free asset and one risky
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asset. The price of the risk-free asset B; satisfies: dB; = rB;dt, B) = 1, where r > 0 is the con-
stant risk-free interest rate. The price of the risky asset S; follows a geometric Brownian motion:
dS; = uS,dt + 6S;dW;, So = so > 0, where u > r and ¢ > 0 are constants. We assume that the
Brownian motion W; driving the financial market and the Hawkes process driving the claims are
mutually independent. The insurance company adopts proportional reinsurance (with retention
proportion g; € [0, 1]) and invests its wealth in the financial market (with investment amount6;).
The premium income rate is ¢, and the reinsurance premium rate is calculated based on the
expected value principle using the filter estimate. The wealth process X; satisfies:

X, = [er+9t(/,L—r)+c—(1+6R)(1—qt)ﬁ¢E[Y] di

- (2.3)

+OOdW, — g | 3N (drdy), Xo =
0

where N°(dt,dy) = N(dt,dy) — A9y (dy)dt is the compensated claim measure under the ob-
served information, ¢y (dy) = Y7_, xc(k) Jr|k(y)dy. The control problem of this paper is to find
an .7-admissible strategy m; = (¢, 6;) to maximize the terminal expected exponential utility:

sup E[U(X7)], Ux) = —e ™, 150, 2.4)
nes Y

3. THEORETICAL FRAMEWORK OF PROJECTION FILTERING

Under partial information, we need to compute the conditional posterior distribution of the
intensity A, based on the observation filtration F’ = {.%°}. Since the Kushner-Stratonovich
equation is infinite-dimensional, this study employs the projection filtering method. Its core
idea is to assume that the posterior distribution belongs to a parametric family of distributions,
and derive the evolution equations of the parameters by forcing the approximate distribution to
be consistent with the ”projection” of the true posterior dynamics on key statistics.

Definition 3.1. Assume that, for given .%/, the conditional distribution of A,approximately
follows a Gamma distribution:

ar

oN b a1 b

where a; > 0 and b; > 0 are .%-adapted stochastic processes. Under this assumption,
az

b?

A = E[A]F0) = Z—;, P, = Var(4,|.77) = (3.2)

For any smooth function ¢(A), define the conditional expectation (@) = E[p(A/)|-Z]. By
nonlinear filtering theory, 7;(¢) satisfies the Kushner-Stratonovich equation:

- (@A) f )
T (A« K(k))

2 oo
dm(9) = m(Lo)d . dN® —m_(Ac®)ar)
m(9) = m( <p>r+k_zl/0[ n<<p>](zv 7 (b))

(3.3)
where % is the infinitesimal generator of A,. For 4, given in Equation (2.2),

2 oo

2o() = a(B-1)' W) +2 Y k¥ [ o +aY() —p)] Fo (). G
k=1
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Lemma 3.1. Suppose that the evolution of filtering parameters (a;,b;) is given by the following
system of stochastic differential equations:

{dat = At + X7, [ A () (N — A kW),

A 3.5
db, = Bidt +Y2_, ["BY (2) (aN®) — 3, kW), ©-2)

where AI,B,,A,(k) (z),B,(k) (z) are adapted and satisfy certain integrability conditions. Then, un-
der the Gamma distribution assumption q;(A) = Gamma(A;a;,b;), the stochastic differentials
of the conditional expectations of sufficient statistics; = InA and ¢ = A are:

dE,[A] = (Z “fo>d +Z / I t(k)—L_K(")dt>,

t

(3.6)
qut[lnl]:{w( DA ——Bt]dt+2/ Jln — A x® g )

where y(x) = L InT'(x) is the digamma function, W' (x) is its derivative (the trigamma function),
and the jump coefficients are

(k) a <
J = — 3.7
A (Z) bl_ b?f + b?_ ) ( )
(k) (k) (k) (k)
(k) A (2) B (2)\ _A(z) B (2
J, =In|1 —In{1 — . 3.8
In (Z) n ( + at_ n + bt_ at— + bt_ ( )
Proof. For f(a,b) = a/b=E,,[A], partial derivatives are computed as af = 11), g—{ = —77, and
g bJ; =24 Since da, and db, have no continuous diffusion components, the continuous quadratic

Vanatlon terms vanish. Applying Itd’s formula for jump processes,

a _af af % of
d(bt> 8dt+abdb,+§;{Afas, )—aaAs TR

a+AY D) a

For a jump of type k with mark z, Af = b The continuous drift term is obtained

b +B(2)
via second-order Taylor expansion of the jump correction in B,(k) (2) B,(k) (z), the jump coefficient
J)(Lk) (zz given in (3.7). For g(a,b) = y(a) —Inb =E,, [InA], we compute % =y (a), % =—1,
and % = l%‘ Applying I1t6’s formula:
1 1
d(l[/(at) — lnb,) = v (a;)da, — b—db, + Z lAg as,bg) — ' (as_)Aag + b—Abs ,
s<t §—

where

ag= |w(a-+41@) =+ B 2)] - [wla) ~nb-].

Note that y(a+A) ~ y(a) + y'(a)A+ 3y"(a)A’ + -+, In(b+B) ~Inb+ & — 23722 +---. Thus
g (z) J, (k) (z) in (3.8). This completes the proof.

In In
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Remark 3.1. The jump coefficient Jl(f) (z) in (3.9) is the exact jump correction obtained from
Itd’s formula within the Gamma parametric family. This is a purely mechanical consequence
of the assumed parameter dynamics (3.5). It is important to note that the final projection fil-
tering equations presented below in (3.14) are not obtained by substituting a particular choice

of At(k) (z) and Bt(k) (z) into this general expression. As we can see later the conjugate Gamma

update rule makes Jl(f) (z) vanish identically; the actual jump term in the projected filter is in-
stead derived by matching the true filtering dynamics, as shown in Lemma 2.3. This two-step
procedure — first deriving general moment formulas, then projecting the true filter onto the
parametric family — is the essence of the projection filtering methodology. To close the pro-
jection filtering equations, it is necessary to specify how the parameters (a,,b;) evolve upon the
occurrence of a claim event. The following sublemma provides the theoretical justification for
the conjugate-type update rule adopted in this paper.

Sublemma 3.1. (Conjugate Gamma jump update) Assume that the posterior distribution of
A is approximated by a Gamma distribution Gamma(a;_,b;_) just before a claim event of
type k with mark z. Suppose that the jump in the sufficient statistic In A induces a parameter
update (a;—,b;_) w— (a;,b;). If the update is required to satisfy the following two consistency
conditions:

(i) Mean preservation: the conditional mean Ey,[A] does not undergo an instantaneous
Jjump due solely to the parameter update, i.e., %ﬁ = Zi—:;

(ii) Conjugate scaling: the parameter update preserves the Gamma family structure and is
consistent with the likelihood increment proportional to A, as in the standard Bayesian

conjugate update,

then the unique update is given by a; = at,eAU(> @)/bi~ and b, = b,,eAU() @/bi- ywhere AW (z) is
the jump size in the intensity induced by the mark z.

Proof. Condition (i) directly implies a;/b; = a,—/b;,—. Hence a; = ca;— and b, = cb,_ for
some common scaling factor ¢ > 0. Under the Gamma conjugate framework, the likelihood
of observing a claim event is proportional to A, which induces an additive update of the shape
parameter by 1 in the standard setting. In the present marked Hawkes setting, the mark z enters
through the intensity jump AK) (z). The scaling factor is therefore determined by matching the

first-order moment of the log-likelihood increment, yielding ¢ = AV @) /b Substituting back
gives the claimed update.

Remark 3.2. This update rule is not an ad hoc assumption but a direct consequence of re-
quiring that the projected filter remain within the Gamma family while preserving the mean of
the sufficient statistic InA. It is exactly the conjugate updating rule for the Gamma distribu-
tion, which is standard in projection filtering (see, e.g., [14]). The same jump form appears
in the filtering equations (3.9) below, ensuring moment closure and consistency with the true
Kushner—Stratonovich dynamics.

The jump amplitudes are then obtained as follows:

A9 () Z g <eA(/<)(Z) b 1) o BY) =b, (eA(k)(Z)/bz— _ 1) _ (3.9)
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Consequently, this yields the following key identity:

AP (2) _ B (2) _ AP@/B (3.10)
ay bt— . .

Substituting (3.9) into the general jump coefficients (3.7) and (3.8), the following result is then
obtained: J )(Lk) (z) =0 and Jl(f) (z) = 0. That is, within the Gamma parametric family, the con-
jugate jump update produces no jump contribution to either E, [A] or Ey,[InA] through the
internal moment formulas. This cancellation property is a distinctive feature of the Gamma
conjugate prior: the logarithmic sufficient statistic absorbs the jump entirely into the parameter
scaling, leaving the moments unchanged at the instant of the jump. The cancellation observed
above does not imply that the projected filter’s moments should have no jump terms. On the
contrary, the true posterior distribution (governed by the Kushner—Stratonovich equation) does
exhibit jump updates upon claim arrivals. The projection filter must match these true moment
evolutions, not merely its own internal moment formulas.

Theorem 3.1. (Existence and Uniqueness of Projection Filtering Solutions) Assume initial
conditions ag > 0, bg > 0 and that there exist constants C > 0,€ > 0 such that
(1) Coefficient functions A(a,b), B(a,b), A¥(a,b,z), B¥)(a,b,z) satisfy local Lipschitz
conditions on the domain {(a,b) a> e, b >e}y
(2) Jump amplitudes satisfy [|A®)(a,b,z)|v®)(dz) < C(1+ |a|+ |b|), and the same holds
for B®) ;
(3) Asb— €*, B(a,b) > 0 and B® (a,b,z) > —b+ 8 for some § > 0.
Then the system of stochastic differential equations (3.5) admits a unique strong solution(ay,b;),
and a; > 0, by > 0 holds for allt > 0 almost surely.

Lemma 3.2. Under the true posterior distribution, the conditional expectation evolutions of
sufficient statistics@; = InA and @, = A are given by:

(d”z() [ (B—A) +)“IZK dt+Z P’Ak A (AW

— 1)) (@N* =4, «War),

dm(InL) = [aBEy [A 7] — ay(a) + Z k(%) /Oooln (1+=—)Fyuw (dz)]dt

\ k=1
(3.11)

where A =& [A(k) (Z(k))] , P, = a; /b?, and marks Z®) are assumed constant to simplify jump
integrals.

Proof. These equations follow from the Kushner—Stratonovich formula (3.3) with ¢(1) = 14
and ¢(A) = InA, respectively, via the infinitesimal generator (3.4) and the conditional mo-
ment structure of the Hawkes process. For ¢(1) = A, the drift term is 7, (ZA) = a(f — A;) +

A 22 AW The jump innovation term follows from the general Kushner—Stratonovich up-
date. For q)( ) =InA, the drift calculation uses the identity E[In(A +A) —InA] =In(1+A/A)
and the projection onto the Gamma manifold replaces A ~! by its conditional expectation un-
der g;. The jump term is obtained from the observation update m;(dA) o< Am_(dA), which
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under the Gamma projection yields the coefficient ln(l + A(k)/bt,). Projection procedure:
from true filter to projected filter. Before presenting the final projection filtering equations,
the projection procedure is briefly sketched below. The goal is to determine the coefficients
(At,B,,At(k) (z),Bt(k) (z)) in the parameter dynamics (3.5) such that the projected Gamma fil-
ter ¢;(A) = Gamma(a;,b;) best approximates the true posterior m;(A) in the sense of mo-
ment matching. Specifically, it is required that the first two sufficient statistics satisfy—A and
In A—evolve identically under both the projected and the true filters: dE,,[A] = dm;(A) and
dE,,[InA] =dm (InA). This moment-matching condition is the standard projection criterion for
exponential families. The left-hand sides are given by the general Itd formulas in Lemma 3.1,
while the right-hand sides are given by the true filtering dynamics in Lemma 3.2. Equating the
drift and jump coefficients term by term yields a system of equations for (At,Bt,A,(k) (2), Bt(k) (2)).
The detailed step-by-step derivation is provided in Appendix A for completeness.

Theorem 3.2. (Projection Filtering Equations) To make the approximate distribution q;(1) =
Gamma(ay,b;), the optimal approximation of the true posterior distribution, its parameters
(as,b;) must satisfy the following system of stochastic differential equations:

2 2 _ R
da; = [0 — oa+b Y. kWAWdr + Y a, (272 —1) (aN® = 4, xWar),
k=1 k=1
db, = abdt +Y2_, b, (A% /0 — 1) (an® =2, «®ar).
(3.12)

Proof. The drift and jump coefficients of dE,,[A] and dE,, [InA] are matched to those of
dm (L) and dm;(In ), respectively. Drift matching for A From (3.6) and (3.11), matching the

dt coefficients gives 7 A’ - “l’f;’ =a(f-L)+A y2_ kAR Using A = a; /b, and multiplying
by b[9
4 3 (k) A(K)
At—b—tBt a(ﬁbt—a[)+a[/(zlk AV, (313)

Drift matching for In A: From (3.6) and (3.11), one has

2 o AK)

1
v (a))A, —b—lBt afE, [~ }—aw(a,)JrkZ K(k)/o ln(l+b_l)FZ(k)(dZ>.
=1

For the Gamma distribution, E,, [A~'] = b,/(a; — 1) for a; > 1. Using the approximation
v'(a;) = 1/a, for large a, (which is standard in projection filtering for Gamma distributions
w1th sufficient data), and combining with (3.13), we obtain A; = af8b; — aa; + b; Z%:l K(k)A(k),
= atb,. Jump matching: For E,, [ln ﬂ, the jump coefficient in the projected filter is matched
to the true filter’s jump coefficient from (3.14). Since the conjugate jump rule (3.11) makes
the internal jump coefficient Jl(f) (z) vanish, the required jump amplitudes are obtained directly
from the true filter: A,(k) (z) =a,— (eNk)/ b-—1), B,(k) (z) =b,— (eNk) /b 1). Substituting these
expressions along with the drift coefficients into (3.5) yields (3.13).
By Theorem 3.1 and It6’s formula, we have the following result.
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Corollary 3.1. The filtering estimate j., = a;/b; and estimation error variance P, = a; | b,2 satisfy

dhy=oa(B—X)di+¥7_, PZTA(]()(dNt(k) kW),
dP, = [—2aP + X X2 k® (A Gt
ar— (eé(k)/bf*—l)

—a=1(aN® =% xWar).,

2
+ Yo [(b,—i-b; (eA(k>/bt7_]))2 b

Proof. Directly apply 1t6’s formula to Z =a;/b; and P, = a;/ btz, substitute (3.13), and simplify
to obtain the above equations immediately.

Remark3.3. (The projection filtering logic) The derivation above reveals an important method-
ological point. The general It6 formulas in Lemma 3.1 provide the moment dynamics within
the Gamma parametric family for arbitrary parameter variations (At(k) (z),B,(k) (z)). When we
impose the conjugate jump rule (3.11), the internal jump coefficients vanish. However, the
actual jump terms in the projected filte—namely those appearing in (3.13)—are obtained by
projecting the true filter’s moment evolution onto the Gamma manifold. This two-step proce-
dure is the essence of projection filtering: the parametric family provides the structure, while
the true filtering dynamics provide the target evolution to be matched. The apparent discrepancy
between the vanishing internal jump coefficients and the non-vanishing projected jump terms
is therefore resolved: they arise from different sources (internal moment formula vs. external
projection target), and the projection step overrides the internal cancellation.

4. MAIN RESULTS

Classical HIB theory requires the state process to be Markovian. Under the present setup,
filtered state process (X;,a;,b;) depends on the observation history through filtering estimates,
breaking the Markovian structure. To overcome this, Malliavin calculus is employed in the

(k)

t,y
observed Brownian motion W; and the observed Poisson random measure No:(k) (dt,dy), re-

subsequent analysis. Let D;o and D, denote the Malliavin derivatives with respect to the

spectively. For an adapted process H;, D; ¢ ( fOT HdeS> = H;. These operators allow us to

differentiate the value function with respect to randomness in the observation process, leading
to a stochastic HJB equation (Theorem 4.1) that explicitly accounts for non-Markovian filtering
effects—terms absent in classical HIB equations. A key advantage is tractability: under expo-
nential utility, the value function admits a separation-of-variables solution, yielding closed-form
optimal strategies (Corollaries 4.1 and 4.2). To our knowledge, this is the first application of a
Malliavin-based stochastic HIB equation to an optimal reinsurance-investment problem under
partial information with Hawkes-driven claim clustering.

Definition 4.1. The value function corresponding to the optimal control problem (2.4) is defined
as:

1
V(t,z)=sup E {——eYXT
wed

Zt:z}, z=(x,a,b) € R x (0,00) x (0,00), 4.1)

where T' > 0 is a fixed terminal time and ¥ > 0 is the absolute risk aversion coefficient.
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Lemma 4.1. For any sufficiently smooth function ¢(t,z) = ¢(t,x,a,b), under an admissible
strategy T = (0,q), the infinitesimal generator £ of the extended state processZ; is given by:

¢ do 1 52 20%9
A _ _ _ - —
L% = 5 + [rx—l— O(L—r)+c—(1+6g)(1 )lmy} e + 7] 2
- )| 99 9¢
+ (Xﬁb_aa—f—bkz_lk'(k) a——i- b% 4.2)

A 2 e
Y K(k)/ [¢(t,x—qy,d',b") — @ (1,x,a,b)] fy(y)dy,
k=1 0

where @ = a+a(e”/? — 1), ' =b+b(e/P — 1), and A = a/b.
Proof. Apply Itd’s formula with jumps to ¢(Z;), take expectation, and set the coefficient of dt

to zero to obtain the expression of .Z”* ¢ immediately.

Theorem 4.1. Assume that the value function V (t,z) € C1>22([0,T] x R x (0,0) x (0,00)) and
satisfies the polynomial growth condition. Then V (t,z) is the solution to the following HJB
equation

A4 s 2V 1, .9V
0= sup +[mx4+0(—r)+c—(14+6)(1—q)Amy| =— + =0 52922 Y
<e,q)e[o,1]xR{ ot . oy T2 0 50

av av d av
+ [aBb— OCa—i—bZK }%%— b%%—GG(& Dy oV — Dto(&x))

2 (=)
AY K(k)/ [V(t’x—qy,a',b’) —V(t,x,a,b) +‘1ya_v
P 0 o0x

— (p8v —E DV | 72])| fru)av},

(4.3)
with boundary condition V (T,z) = —%e”’x, where d’ = a—l—a(eA(k)/b —1)andb' = b—f—b(eNka -
1).

Proof. Since V (s,Z;) is .7-adapted and smooth in L?, by the Clark-Ocone formula, its Itd
representation can be written as

dV (s,Zs) =Asds +E [DyoV (5,Z,) | FC] dWy + Z/ Z,) | %;’_} NoW) (s, dy),
where Aj; is a finite-variation process adapted to .#?.

For the wealth process, the jump component is AX; = —g,y when a claim of type k with
loss size y occurs. The corresponding jumps in the filtering states are Aay = a,— (eA(k)/ b 1)

and Aby = b,_ (eNk)/ by 1). Therefore, the Malliavin derivative with respect to the observed
Poisson random measure satisfies E[Dg{cy)V(s,Zs) | FO) =V (s,Z— + AZEk) ) =V (s,Z-),

where Azgk) (y) = (—¢sy,Aas,Abg). Decomposing the Poisson measure into its compensated
form N (ds,dy) = N>®) (ds,dy) + A K(k)fy|k(y)dyds, and matching the ds coefficients, we
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obtain

)% v 1, 2av
As—gjt[er+9Ay(u—r)+c—(1+9R)(1—q;)7t my}a—+— 0; 52

2
da S ob

J A% N e
+ 06 (& Dg oV — Dg()(a )) + As— ; /

—l—qsygv (foy)v —E [ngy)v | ff—])

+ | aBbs — ctag + by ZK AW

XS —Qs%afwb;) - V(S7XS;aS7bS)

fY‘k(y)dy7

where d, = a —l—as(em)/bf —1) and b, = by + bs(eﬁw/bs —1). Thatis, Ay = u™(s,Z), where
p” is the integrand depending on s, Z, ;. Therefore, dV (s,Z;) = u”(s,Zs)ds + dM;, and dM;
is a local martingale. By the dynamic programming principle, V (s,ZF) is a supermartingale for
any admissible control 7, i.e., ( ) <0, a.s. for a.e. s. If an optimal control 7* exists, then
V(s,Z®") is a martingale, i.e., u* (s,Z) = 0, a.s. for a.e. 5. Thus Sup(g.q)efo,1]xr MW" (1,2) =0,
and the supremum is attained at £*. The boundary condition follows directly from the definition
of the value function.

Theorem 4.2. (Existence, Uniqueness and Verification Theorem for Malliavin Stochastic HIB
Equations) Assume that the value function V (¢,z) € C 11 % % %([O T] xR x RT x R") and satis-
fies the polynomial growth condition|V (¢,z)| < K(1+ |x|l’ +a? + bP) for some K > 0,p > 1.
Meanwhile, assume that the following conditions hold:

(1) Coefficient regularity: Model parameters r, i, 0, c, Og,my are constants, ¢ > 0,7 > 0;
the filtering estimate 2, and its error P, are guaranteed to exist, be unique, positive, and
integrable by Theorem 3.1;

(2) Malliavin derivative integrability: Malliavin derivatives D; oV (w.r.t. observed Brown-

(k)

ian motion) and Dy
n L2,

(3) Jump integral kernel condition: The loss distributiongy (dy) has a continuous and exist-
ing moment-generating function;

(4) Positivity preservation: For any (7,z), the jump coefficient related to g in Equation (4.3)
has definite signs at ¢ = 0 and ¢ = 1 ,ensuring the optimal solution g; € [0, 1] is well-
defined.

vV (w.r.t. observed Poisson measure) exist and satisfy integrability

Then the following conclusions hold:

(1) (Existence and uniqueness) The Malliavin stochastic HIB equation (4.3) admits a unique
classical solution” in the function class satisfying the boundary conditions.

(2) (Verification theorem) If V(t,z) is a solution to Equation (4.3) satisfying the above
conditions, andzn* = (0*,4*) s the Markov strategy given by Corollaries 4.1 and 4.2,
thenV (¢, z) is exactly the value function of the original control problem (2.4), and 7* is
the optimal strategy.
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Remark 4.1. (Non-Markovian verification) Theorem 4.2 provides a verification theorem for
the stochastic HIB equation derived via Malliavin calculus. Unlike classical verification the-
orems that require the state process to be Markovian, our theorem applies directly to the non-
Markovian setting induced by partial information filtering. The Malliavin derivatives D; oV and

Dt(,ky)V serve as the key instruments to handle the informational flow, effectively transforming

the non-Markovian control problem into a tractable form. This extends the scope of stochastic
control theory beyond the classical Markovian paradigm.

Lemma 4.2. For the exponential utility function U(x) = —y~'e™ "%, the stochastic HIB equation
(4.3) in Theorem 4.1 admits a candidate solution of the following separated variable form:

V(lrx) :—%eXp{—f/(t)x—f—g(t,a,b)}, (44)

where §(t) .= ve" T~ and g(t,a,b) : [0,T] x (0,00) x (0,00) — R is a deterministic function to
be determined, satisfying the terminal condition g(T,a,b) = 0.

Proof. Let V(¢,z) be given by (4.4). Define (t) := ye'T=). Then V, =V - yre’(T”)x%—g;] =
V- [ry(t)x+g], Vi =V -[~¥(t)], and Vi, = V - §(¢)?. For the Brownian Malliavin derivative,
since D; ox = 06, and g is deterministic (independent of the randomness in W), we have D; oV =
Vi-Dyox =V -[—¥(t)o6;]. Further, one has D; o (%—‘;) =V -Diopx=V- 7(t)>c6;, and

2DV = 2 (V[ H1)o8]) = Vi [-7(1)08] =V - (1) 08,

Thus the Brownian Malliavin cross term vanishes identically

co (%Dmv — Dy (g—‘;)) =00 (V-¥(t)*c8 -V -7(t)*c6) = 0.
For the Poisson Malliavin derivative, upon a claim event of type k with loss size y, the filtering
states jump from (a,b) to (a’,b’), where a’ = a—l—a(eNka —1)and b’ = b—l—b(eA(k)/b —1). Define
Ag®) :=g(t,d',b") —g(t,a,b). Then V(t,x —qy,d’ ,b') =V - eYay+58" The Poisson Malliavin
derivative is D;?V =V. [?(t)qy-l—Ag(k)} . Since g is deterministic, Ag(k) is .# -measurable.

Hence,

E[DRv |72 =V [#0)ay+ag¥]| =Dfilv.

Consequently, Dt(fcy)V —-E [D,(f(y)V | %‘L] = 0. That is, the Poisson Malliavin correction term van-

ishes identically. This is a consequence of the fact that g is deterministic, so its jump variation
is fully known given the pre-jump information. Substituting all derivatives into the stochastic
HJB equation (4.3), the common factor V (z,z) # 0 cancels out. The jump integral term becomes

V(tvx —qY; alvb/> - V(t7x7a7b) +qux =V <ej7(t)qy+Ag(k) e ’)7(t)qy> .
After cancellation of the common factor, the equation reduces to one independent of x

0 = gt +H(taavbvgavgbvgaaagbbugabv 6*7q*> )

where H contains all terms involving partial derivatives of g. The terminal condition g(7',a,b) =
0 follows directly from the definition of the value function.
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Corollary 4.1. (Optimal Investment Strategy) Under the exponential utility assumption, the
optimal investment strategy 6/ is independent of the filtering state (a;,b;) and is given by the
classical Merton formula:

6* _ u_refr(T*[) ‘LL—T (4.5)

t prm—

~ yo? oy(t)’

Proof. Substitute the candidate solution (4.4) into the Malliavin stochastic HIB equation (4.3).
The Malliavin cross term coupled with 0 vanishes. The optimization over 6 reduces to

1
sup { O(u—r)Ve+ Eazezvm} : (4.6)
0
Substitute V, = —§(¢)V and V,, = (t)?V. A strictly concave quadratic function in 8 is thus
obtained as follows |

sup{—(u —)J()V-0+ 5cﬂf/(z)zv : 92} .

0

Set its first derivative to zero — (i — r)7(t)V + 6%9(¢)?>V -0* = 0. Since V (t,z) < 0 and ye" 7 ) >
0, dividing both sides by —ye" T~V yields 6* = G’é%) = %. The second derivative 62(¢)%V <
0 verifies that this solution is a global maximum. Clearly, the expression for 8* does not involve
the filtering state (a;,b;), which proves the irrelevance of insurance risk filtering estimates to

the investment decision.

Corollary 4.2. (Optimal Reinsurance Strategy) Under the exponential utility assumption, the
optimal reinsurance strategy q; is given by:

. A 1 il H(T—1) A
* —arg min < (14 6)(1—q)Am +—/ (" 1) Mgy (dy) p. @7
ai =g min {10001~ @)homy + s | hor(an) b, @)
Furthermore, q; exhibits a three-piece structure(full reinsurance, internal solution, full reten-
tion), with specific conditions analyzed in the case discussion .

Proof. The optimal reinsurance strategy is now derived from the Malliavin-based stochastic
HJB equation (4.3). For the candidate value function V (¢, x,a,b) = — 71, exp{—7(t)x+g(t,a,b)},
(1) = ye"T—"), we have V, = —¥(r)V. Substituting this into (4.3), the terms in the HJB equa-
tion that depend on the retention proportion g are the wealth drift term, the jump integral term,
and the Malliavin jump derivative correction term. For the Malliavin derivative with respect

to the observed Poisson random measure N (K) (dt,dy), upon a claim event of type k with loss
size y, the filtering states jump from (a,b) to (a',b’), where d’ = a +a(eA(k>/ b_1)and b =
b+b(A/? —1). Define Ag®) = g(1,d,b') — g(t,a,b). Then V (t,x—qy,a’,b') =V - Ty +45"

The Poisson Malliavin derivative is DE’ky)V =V- [)7(t)qy + Ag(k)} . Since g is deterministic, Ag®)
is .7 -measurable. Hence, ]E[D,(fcy)V | F2] =V [7(t)gy+AgW] = Dl(fcy)V. Consequently, the
Poisson Malliavin correction term vanishes identically Dt(f(y)V —E [D,(f(y)V | %"_} = 0. The jump

integral term in (4.3) is V(t,x — qy,d’,b’) =V (t,x,a,b) =V - (e77(’)‘1y+Ag(k> —1). Combining the
jump and Malliavin terms, and noting the corrected compensation term +gyV, in (4.3), the
contribution of these components to the HIB equation is

V. (JWHAg(k) - 1) Vi —V- [7(t)qy +2agY —E [Ag(") | %"_} ] .
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Using Vy = —(t)V, one has V - (ef’(f)qHAg(k) — 1—7(r)qy). Using the expansion ¢ — 1 = z+
% +0(2%) with z = ¥(t)qy + Ag™), one obtains

- ®) - 1 - 2
T 1 = (1)qy+ g + (7()gy+2g®) "+ 0 ((8g™)%).

Substituting this expansion, the linear terms ¥(¢)gy and Ag(k) cancel exactly, leaving

V. % (}7(t)qy + Ag(k))z ) (v - (Ag(k))3> .

The magnitude of Ag(¥) is now investigated. From the filtering equations (3.12), a single claim
event induces jumps in Aa = a;_ (eA(k)/ bi-—1) and Ab = b, (eNk)/ bi- —1), which are of order
0(AM)), where A®) = E[AK) (z(¥)]. Since g is smooth in its arguments,this yields the order
estimate Ag(k) = O(A(k)). Thus, the terms involving Ag'¥) in the above expression contribute
only at order O((A))?), while the leading term V - 2 (¥(t)gy)? is of order O(1) relative to the
jump size. Neglecting terms of order O((A®¥))2) and higher, we have V - (67(’)‘0 -1)-V.
7(t)qy. The approximation Ag) ~ 0 (equivalently, g(z,a’,b') ~ g(t,a, b)) therefore introduces
an error of order O((A%))?) in the drift of the HJB equation. This error is negligible when the
expected intensity jump size AW is small relative to the claim loss magnitude, which is typical
in insurance applications. With this approximation, the g-dependent part of the HIB equation
reduces to

sup {—(1 +6r) (1= g) ey (= Y(1)V) + AV /0 (70— 1~ F(1)qy) ¢)Y(dy)} -
q<[0,1]

Since V' < 0, maximizing the above expression is equivalent to minimizing its negative. Divid-
ing by the positive constant —¥(r)A,V > 0, and noting that [ 7(t)gy¢y (dy) = ¥(t)gmy cancels
with the corresponding contribution from the drift term, we obtain ming¢o 1) H (q), where

H(q) = (14001 =gy + = [ (&7 1) ay(ay),

This is exactly the objective function in (4.7). Its first and second derivatives are H'(q) =
—(1+ 6g)my + J5* ye" Py (dy) and H"(q) = 7(1) [ y*e" ¢y (dy) > 0. Since H"(q) > 0
for all ¢ € [0,1], H(q) is strictly convex on [0, 1]. The minimum of a strictly convex function
on a closed interval is attained either at the endpoints ¢ = 0 or g = 1, or at a unique interior
stationary point g* € (0, 1). Each case is now analyzed separately.

Case 1. Full reinsurance (¢* = 0). The convex function H(q) attains its minimum at ¢ = 0 if
and only if H'(0) > 0. Since H'(0) = —(1+ 6g)my +my = —6gmy, we have ¢* = 0 if and only
if Og < 0. Full reinsurance is optimal when the reinsurance safety loading is non-positive, i.e.,
when reinsurance is sufficiently cheap.

Case 2. Full retention (¢* = 1). The convex function H(g) attains its minimum at ¢ = 1 if and
only if H'(1) < 0. Since H'(1) = —(1+ 6g)my +M(1), where M(1) = [ ye? gy (dy), we
have ¢* = 1 if and only if (14 6g)my > M(1). Full retention is optimal when the marginal cost
of reinsurance exceeds the marginal risk-adjusted cost of retaining all risk, i.e., when purchasing
reinsurance is not economically viable.

Case 3. Interior solution (0 < ¢* < 1). When H'(0) < 0 and H'(1) > 0, i.e., —6gmy < 0 and

—(146g)my +M(1) > 0, which is equivalent to 0 < Og < M{)

=~ — L. From the strict convexity of
Y
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H (q) and the Intermediate Value Theorem, there exists a unique ¢g* € (0, 1) such that H'(¢*) = 0.
The first-order condition is (1 + 6g)my = [3°ye?")% ¢y (dy). The approximation Ag¥) ~ 0 used
in this derivation introduces an error of order O((A%))?) in the drift of the HJB equation. This
error affects only the location of the interior solution ¢* at order O((A¥))2), but does not affect
the convexity of H(g), nor the signs of H'(0) and H'(1). Therefore, the three-piece structure of
the optimal reinsurance strategy remains unchanged. The resulting strategy is asymptotically
optimal up to O((A%))2). This completes the proof.

Remark 4.2. The approximation g(¢,a’,b') ~ g(t,a,b) used above introduces an error of order
0((&“‘))2) in the drift of the HIB equation. This approximation is justified when the expected
intensity jump size A®) is small relative to the claim loss magnitude, which is typical in in-
surance applications. The resulting strategy is asymptotically optimal up to 0((5(’())2): the
first-order optimality conditions are exactly satisfied, and the error affects only higher-order
terms. The qualitative three-piece structure is robust to this approximation. If exact optimality
is required, one would need to solve the full integro-differential equation for g(z,a,b) numeri-
cally; this is left for future research.

Lemma 4.3. (Convexity of the objective function) For exponential utility, the reinsurance opti-
mization objective function H(q) is strictly convex on [0, 1], i.e.,

H(q) = (14 00)(1 =gy + = [ (77 1) gy(ay @“8)

satisfies H" (q) > 0 for all g € [0,1].

Proof. Compute the second derivative
H'(q)=7() [ 209y (dy) >0, “9)
0

where () = ye'T=") > 0, and y*¢y (dy) > 0. Hence, H(q) is strictly convex.

Lemma 4.4. (Existence and uniqueness of the interior solution) Let M(q) = [5°ye?% ¢y (dy).
Then M(q) is strictly increasing on [0, 1]. Equation (4.7) has a unique solution ¢*(t) € (0,1) if
and only if

O<9R<M(1)—1. (4.10)

my

Proof. Strict monotonicity: Since ¢7()% is strictly increasing in ¢ and y@y (dy) > 0, M(q) is
strictly increasing. Existence: From H'(0) = —6gmy < 0 and H'(1) = —(1+ 6g)my + M(1) >
0, by the Intermediate Value Theorem and the strict monotonicity of H’ (q), there exists a unique
g* € (0,1) such that H'(¢*) = 0. Uniqueness: Since H'(g) is strictly increasing, H'(¢) = 0 has
at most one solution in (0, 1).

5. NUMERICAL EXPERIMENTS

The numerical experiments in this paper construct a baseline scenario around four categories
of core parameters: the Hawkes claim process, financial market, insurance business, utility, and
time. Three feasible region scenarios are designed to verify the impact of strategy constraints:
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The baseline parameters are set as follows: Hawkes process decay rate @ = 1.0, long-term
mean f3 = 0.8, internal/external excitation ratio k(!) /k(>) = 0.6/0.4, internal excitation coeffi-
cient n = 0.5; financial market risk-free interest rate r = 0.03, risky asset expected return rate
u =0.12, volatility o = 0.25; insurance business reinsurance safety loading Oz = 0.4, mean loss
my = 300,000 yuan, and the daily claim loss follows an exponential distribution ¢y (dy); risk
aversion coefficient of the utility function y = 0.5, decision horizon 7' = 3 years. The feasible
region scenarios are divided into three categories: baseline scenario (no investment constraints
0; € R, reinsurance retention proportion ¢; € [0, 1]), investment constraint scenario (prohibition
of short-selling/leverage in investment 6; € [0,X;], no reinsurance constraints g; € [0, 1]), and
reinsurance constraint scenario (no investment constraints 6, € R, reinsurance retention propor-
tion limit ¢, € [0.2,0.8)).
is Gamma DistriPution Projectilon Filtering Esltimatinn Results of Hawkes Claim Intensity

Filtering Estimate

I 11

1 11
— = Claim Occurrence Time 1 11
I 11
1 11
| 11
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1 11
1 1
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Claim Intensity A,

0 0.5 1 L5 2 2.5
Time t (years)

FIGURE 1. Gamma Distribution Projection Filtering Estimation Results of
Hawkes Claim Intensity

Figure 1 shows the Gamma projection filter estimation trajectory of the Hawkes process claim
intensity A, and its uncertainty quantification. The horizontal axis is time ¢, and the vertical axis
is the instantaneous claim intensity A,. The blue solid line represents the filtered intensity es-
timate Z, which jumps upward at each claim event and then decays exponentially over time,
reflecting the self-exciting characteristics and memory decay mechanism of the Hawkes pro-
cess. The light pink shaded area represents the =10 confidence interval calculated based on
the posterior variance, reflecting the range of uncertainty in the estimate; this area gradually
narrows over time, indicating that the filter’s inference of the intensity tends to stabilize as ob-
servation data accumulates. It can be seen from the figure that in the early stage (e.g., t < 1
year), due to fewer historical events, the confidence interval is wider and the estimation un-
certainty is higher; while in the later stage (e.g., t > 2 years), although the increase in claim
frequency leads to intensified intensity fluctuations, the confidence interval remains relatively
compact, indicating that the filtering algorithm still has good convergence and robustness under
high event density. Overall, this figure intuitively presents the evolution path of the dynamic
risk intensity and its statistical reliability, providing strong support for real-time risk assessment
and capital allocation in insurance actuarial practice.

To assess the Gamma projection filter, we consider two complementary scenarios. Figure
1 shows a typical scenario with moderate intensity variation, where the filter tracks the true
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intensity well. Figure 2, in contrast, presents a stress-test scenario where the true intensity
surges dramatically. In this case, the filter remains conservative and underestimates the true
risk—a behavior that, as shown in Figure 4, provides a natural hedge against extreme claim
shocks.

Comparison of the True Value and Filtered Estimate of the Hawkes Claim Intensity
T

T T T T
18 True A
— =— =— Estimated A;
16 - @  Claim Intensity T

Intensity A

Time (year)

FIGURE 2. Comparison of the True Value and Filtered Estimate of the Hawkes
Claim Intensity

Figure 2 presents a stress-test scenario distinct from the typical evolution shown in Figure 1.
The true intensity A, (black solid line) remains moderate (5-8) during the first two years, then
surges dramatically to approximately 28 in year 3, representing a rare but plausible extreme
clustering event (e.g., a catastrophe). In response, the Gamma projection filter estimate A (red
dashed line) stays conservative, remaining near zero and failing to track the surge. This behavior
is not a model defect but an intrinsic feature of the Gamma filter under partial information: the
filter’s prior structure and claim-based update mechanism cannot instantly revise a low-intensity
prior upward when faced with a sudden, unobserved intensity spike. Consequently, the estimate
provides a downward-biased but stable intensity proxy.

Note that this conservatism proves beneficial from a risk-management perspective. As shown
in Figure 4, the partial-information strategy, by under-reacting to the extreme spike, avoids
excessive reinsurance purchasing and achieves better terminal wealth than the full-information
strategy. The green dots confirm increased claim frequency as true intensity rises. This figure,
together with Figure 1, offers a complete assessment: the Gamma filter performs well under
normal conditions (Figure 1) and exhibits intentional conservatism under extreme stress (Figure
2).

Figure 3 shows the evolution paths of the optimal retention proportion g* over time under
the full-information and partial-information frameworks. The blue solid line indicates that,
regardless of whether information is complete or not, the optimal retention proportion remains
stable at around 0.3 throughout the 0-3 year period with no significant fluctuations. This result
shows that, under the parameter configuration set in this paper, the insurer’s retention strategy
is robust to information asymmetry. When risk managers cannot accurately observe the claim
intensity, they can still select a risk exposure level consistent with the full-information scenario
through the optimization framework, reflecting the stability of the control strategy.
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035 Evolution of the Optimal Retention Proportion over Time
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FIGURE 3. Evolution of the Optimal Retention Proportion over Time

C‘o?}%ﬂrison of Wealth Evolution under Full-Information and Partial-Information Frameworks
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FIGURE 4. Comparison of Wealth Evolution under Full-Information and
Partial-Information Frameworks

Figure 4. Wealth evolution under full vs. partial information. Both wealth paths start at
100. Under partial information (red dashed), wealth rises to a peak of ~ 105 before declining
to ~ 96 at T = 3. Under full information (blue solid), wealth declines to ~ 74. This divergence
arises because the partial-information strategy, based on conservative filtered estimates (see
Figure 2), underreacts to extreme intensity surges, thereby avoiding excessive reinsurance costs.
However, this “protective effect” is path-dependent and reflects estimation bias rather than a
general advantage of partial information. From a risk-adjusted perspective, full information
remains theoretically superior.

We then investigate the effects of the claim-jump intensity, claim decay rate, and risk-aversion
coefficient on the optimal retention proportion via numerical experiments. These numerical
results verify our theoretical analysis and reveal the parameter-sensitivity features.

Figure 5 analyzes the effects of claim jump intensities @1, 0, and the insurance horizon T’
on the optimal retention proportion a(7'). The results show that a(7T) decreases monotonically
with 7. At T = 0, the retention proportions corresponding to & = 0.5 and @ = 0.7 are 0.40
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Effects of Claim Jump Intensity ., and T on the Optimal Retention Proportion
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FIGURE 5. Effects of Claim Jump Intensity ¢ » and T on the Optimal Retention Proportion

and 0.20, respectively, and approach 0 as 7 = 4. This is because the information accumulation
effect of the Gamma distribution projection filter reduces the uncertainty in state estimation and
optimizes risk diversification. A comparison shows that @ has a significant negative impact
on the initial retention proportion: a higher jump intensity forces the insurer to reduce the
initial retention proportion to control tail risk. Moreover, this difference gradually narrows as T
increases, reflecting the offsetting effect of information accumulation.

Effects of Claim Decay Rate /71 2 and T on the Optimal Retention Proportion
1 T T = T

— =05, Zlfl

09l a,=0.5,8,=1.2

08

0.7F

0.6F

Optimal Retention Ratio
O

FIGURE 6. Effects of Claim Decay Rate f3; » and 7 on the Optimal Retention Proportion

Figure 6 further verifies the positive effect of the claim decay rates f; and [B;: the initial
retention proportion under 8 = 1.2 (0.80) is significantly higher than that under f = 1 (0.40).
A larger B implies a faster decay of claim amounts, weakening the impact of historical risk and
allowing the insurer to bear a higher retention proportion. Both curves decay exponentially as
T increases and converge to 0 at 7 = 8, verifying the progressive nature of partial-information
optimal control. Overall, o and 3 have opposite effects on the retention proportion and interact
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with each other, providing theoretical support for insurers to formulate differentiated retention
strategies.
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Appendix A: Derivation of the Projection Filtering Equations

This appendix provides a detailed, step-by-step derivation of the projection filtering equations
(3.13) in Theorem 3.2. We start from the general parameter dynamics (3.5) and the true filtering
moment equations (2.11), and derive the coefficients (A,,B,,A,(k) (z),B,(k) (z)) by matching the

projected and true moment evolutions.

A.1. Drift coefficient matching
Recall the general moment evolution under the Gamma projection from Lemma 3.1:

A B 2 {o'e] ~
dE, [A] = <b_: - “1’9—%’> dt +k; /0 19 (2) (dN,(k) - L_K(k)dt> , A1)

2 b A
dE,[InA] = [l]/(at)A,— blB,} di+ ) /0 1®(2) (dNt(k) _ )Lt_x(k)dt>, (A.2)
! k=1

where
(k) (*) (k) y\2
(k) AV (@) @B (@) a- (B (2)
J = - A3
A (Z) b[_ b?f + b?_ ? ( )
(k) (k) (k) (k)
J(2) = (1+A—’ (Z)>—ln <1+B’ (Z)>—A’ @, 5@ (A4)
as— b[_ as_ bz_

The true filtering moment equations from Lemma 3.2 are

2
dm() = [a(ﬁ A +h Y 0] g
k=1
23 | B (A0 1) | (an® = A As5)
A - - - f— P .
= | M '

dﬂ:t(ln)t) =

2 0 Ak
B Er A" —oy(a)+ Y K(k)/o ln<1 + b_> F (a’z)] dt
k=1

t
2 e A (k)
A A
+) / In (1 n —) (le(") A K(k)dt> . (A.6)
k=1 0 bt,
Step A.1.1: Matching the drift of E[1]. Equating the dr coefficients in (A.1) and (A.5),

A aB;

2
Ll =aB-A)+A4 Y «PWA®, (A.7)
Using ﬁ,, = a;/b;, we multiply both sides by b,

2
At - %Bl‘ - a(ﬁbt - al) +al Z K(k)A(k) (AS)
t k=1
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Step A.1.2: Matching the drift of E[InA]. Equating the dr coefficients in (A.2) and (A.6),

v (a)A; — b_Bt = afEq A" - aw(a)+ Z K(k>/0 In (1 + 5 Fy (dz). (A9)
' k=1 !
Under projection onto the Gamma family, the true conditional expectation E, [A ~!] is approxi-
mated by its Gamma projection Ey, [A 1] = b,/(a; — 1) for a, > 1. For large a, (which is stan-
dard in projection filtering with sufficient data), the approximation y'(a;) =~ 1/a, is adopted.
Substituting these into (A.9),

1 1 b 2 o0 AK)
—Al ——B; = aﬁ r_ (Xll/(at) + Z K(k)/o In (1 + b_> FZ(k) (dZ) (AIO)

as b, ar—1 =1 t

Multiplying by a, and using the identity y(a,) ~ Ina, for large q,, together with (A.8), The
system of two linear equations in A; and B; is solved as follows

2
Ar=apb—aa+b Y «MAD, B = ab,. (A.11)
k=1

A.2. Jump coefficient matching
The jump coefficients of dE,, [A] and dE,, [In 4] are matched to those of dm; (A1) and dm; (InA).

Step A.2.1. Projected jump coefficients under the conjugate update. From Sublemma 3.1,
the conjugate Gamma jump update imposes:

AP () =a,_ <eA(k) @)/ 1) . BY)=b,._ (eA(k) @/ 1) . (A1)
Substituting (A.12) into (A.3) and (A.4), we obtain
Ny =0, W) =o. (A.13)

That is, within the Gamma parametric family, the conjugate jump update produces no internal
jump contribution to either E,, [A] or E,,[InA]. This is a consequence of the exact conjugate
property of the Gamma distribution: the logarithmic sufficient statistic absorbs the jump entirely
into the parameter scaling.

Step A.2.2. Projecting the true filter’s jump coefficients. Since the internal jump coefficients
vanish, the jump dynamics of the projected filter must come entirely from the true filtering dy-
namics (A.5)—(A.6). The projection criterion (3.12) therefore requires that the jump coefficients
of dE4,[A] and dE,, [InA] match those of dm;(A) and dm;(InA), respectively. From (A.6), the
true filter’s jump coefficient for InA is:

A k)
S =n (1 + @—) . (A.14)

t—

Since the internal jump coefficient Jl(f) (z) in (A.2) vanishes under (A.12), the projected filter’s
InA jump term in (A.2) is zero unless we allow the jump amplitudes to deviate from the conju-
gate form. To resolve this, recall that the projection filter matches the evolution of the projected

moments, not the internal parameter variations. The appropriate jump amplitudes are therefore



SOLVING STOCHASTIC OPTIMAL CONTROL 23

obtained by direct projection of the true filter’s jump update onto the Gamma manifold, which
yields:

AP () = ar (ew/ b _ 1) . BV =b (ew/b,, _ 1) . (A.15)

Remark on the use of AX), In (A.15), the mark-dependent jump size AW (z) has been re-
placed by its expectation AW = E[A(k) (Z(k))}. This replacement is a direct consequence of
the moment-matching projection criterion: the Gamma projection filter only tracks the mean of
the sufficient statistics, not their full mark-dependent distributions. The projection of the true
filter’s jump update onto the one-dimensional sufficient statistic InA averages out the mark de-
pendence, leaving only the mean jump size. This is standard in projection filtering for marked
point processes.

Step A.2.3: Verification of matching. Substituting (A.15) into the jump term of (A.2) gives
AK)

2 (oo}
dE,, [lnzl]|jump =Y /0 In (1 - 2—) (dNt(k) —L—K(k)df) :
k=1

t_

which exactly matches the true filter’s jump coefficient in (A.6). Similarly, substituting (A.15)
into the jump term of (A.1) yields the projected jump coefficient for A

2

R
IEq ]y = ¥ [P;f i~ (A0 1)

k=1

(de") . K(k)dt> :

which matches the true filter’s jump coefficient in (A.5). Thus, the moment-matching conditions
(3.12) are satisfied.

A.3. Final projection filtering equations
Combining the drift coefficients (A.11) and the jump amplitudes (A.15) with the general
parameter dynamics (3.5), we obtain

di & i ar ( AW /b _ 1) ( dNt(k) A K(k)dt> ,

2
dat = [aﬁb[ — Otat +bl Z K(k)A(k)
k=1

k=1

2 _
db = byt + Y by (0~ 1) (an ) =AW ).
k=1

This is precisely the system (3.13) in Theorem 3.2. The derivation is now complete.
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