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Abstract. In this paper, we introduce a general shrinking projection algorithm for solving a finite family
of generalized equilibrium problem, a finite family of quasi-variational inclusion problems and a fixed
point problem of quasi-pseudo-contractive mappings on Hadamard manifolds. Under suitable conditions,
we prove that the sequence generated by our proposed algorithm converges to a common solution of the
three problems. Our results extend some recent results in literature.
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1. INTRODUCTION

Variational inequality problems, equilibrium problems, and inclusion problems were exten-
sively studied numerically due to their wide applications in economics, transportation, imaging
and so on; see, e.g., [2, 9, 14, 25, 26, 29] and the references therein. Fixed-point (resolvent)
methods are efficient to study these problems. Numerous convergence theorems of solutions
were obtained in finite and infinite dimensional spaces; see, e.g, [4, 11, 12, 13, 19, 20, 23]
and the references therein. Many issues in nonlinear analysis such as variational inequality
problems, equilibrium problems, and inclusion problems were extended from linear spaces to
manifolds because these problems and their application cannot be posted in linear spaces and
require a manifold structure (not necessary with linear structure). Let M be a Hadamard mani-
fold, TM the tangent tangent bundle of M, K a closed and geodesic convex subset of M, and F
a bifunction satisfies F(x,x) = 0, for all x ∈ K.Then the equilibrium problem on the Hadamard
manifold is to find x∗ ∈ K such that F(x,y) ≥ 0 for all y in set K. We denote EP(F) by the
solution set of the equilibrium problem. Let φ : K→ TM be a single-valued vector field. The
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Generalized Equilibrium problem (in short, GEP) considered in this paper is to find x ∈ K such
that F(x,y)+ 〈φx,exp−1

x y〉 ≥ 0 for all y in K, where exp−1 is the inverse of the exponential
function exp : TM→M. We denote by GEP(F,φ) the solution set of the GEP.

In [22], Oyewole et al. studied the existence of solutions of the GEP on Hadamard manifold
by using the KKM lemma. They introduced a viscosity iterative method and established the
strong convergence analysis of their iterative method. In [15], Li et al. studied the following
inclusion problem on Hadamard manifolds: Find a point x in K such that 0 ∈ B(x), where
B : M −→ 2TM is a multivalued vector field on Hadamard manifold and 0 denotes the zero
tangent vector of TM. We denote B−1(0) by the set of singularities of the inclusion problem. In
[1], Ansari et al. studied the following quasi-variational inclusion problem with two monotone
vector fields on Hadamard manifolds: Find a point x in K such that 0 ∈ A(x)+B(x), where
A is a continuous and monotone vector field and B is a maximal monotone vector field on a
closed geodesic convex subset of Hadamard manifolds. We denote (A+B)−1(0) by the set
of singularities of the quasi-variational inclusion problem. In [6], Chang et al. introduced a
general shrinking projection algorithm for solving a finite family of quasi-variational inclusion
problems. They obtained a convergence theorem of solutions on Hadamard manifolds. In
[17], Liu et al. introduced an iterative algorithm for solving the following common solution
problem of equilibrium, quasi-variational inclusion and the fixed point problems on Hadamard
manifolds. Find x∗ ∈K such that x∗ ∈ EP(F)

⋂
(A+B)−1(0)

⋂
F(S), where S is a nonexpansive

operator with fixed points. They obtained a solution theorem under some mild conditions.
Motivated and inspired by the results presented above, we consider the following common

solution problem of a finite family of generalized equilibrium problems, a finite family of quasi-
variational inclusion problems and the fixed point problems on Hadamard manifolds: Fin x∗ ∈K
such that

x∗ ∈
N⋂

j=1

GEP(Fj,φ j)
N⋂

i=1

(Ai +Bi)
−1(0)

⋂
F(S).

where S is a quasi-pseudo-contractive operator.
In this paper, a general shrinking projection algorithm for finding a commmon solution of

the problem above is introduced. Under suitable conditions, strong convergence is proved. Our
results extend some recent results in [1, 6, 17] and some other results in literature.

2. PRELIMINARIES

In this section, we recall some fundamental definitions, properties, useful results, and nota-
tions of Riemannian geometry. We refer to [8, 24, 27] for more details. Let M be a connected
finite-dimensional manifold. For p ∈M, we denote TpM the tangent space of M at p which
is a vector space of the same dimension as M, and by TM =

⋃
p∈MTpM the tangent bundle of

M. We always suppose that M can be endowed with a Riemannian metric 〈·, ·〉p with corre-
sponding norm denoted by‖ · ‖p, to become a Riemannian manifold. If there is no confusion
casued, we denote 〈·, ·〉 := 〈·, ·〉p, ‖ · ‖ := ‖ · ‖p. Let γ : [0,1] −→M be a piecewise smooth
curve joining γ(0) = p to γ(1) = q. We define the length of the curve γ by using the metric as
L(γ) =

∫ 1
0 ‖γ ′(t)‖dt, minimizing the length function over the set of all such curves, we obtain a

Riemannian distance d(p,q) which induces the original topology on M.
Let ∇ be a Levi-Civita connection associated to (M,〈·, ·〉). Given γ a smooth curve, a smooth

vector field X along γ is said to be parallel if ∇γ ′X = 0. If γ ′ itself is parallel, we say that γ is a
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geodesic, and in this case, ‖γ ′‖ is a constant. When ‖γ ′‖= 1, γ is said to be normalized. A geo-
desic joining p to q in M is said to be a minimal geodesic if its length equals to d(p,q). A Rie-
mannian manifold is complete if, for any p ∈M, all geodesic emanating from p are defined for
all t ∈R. From the Hopf-Rinow theorem, we see that if M is complete, then any pair of points in
M can be joined by a minimal geodesic. Moreover, (M,d) is a complete metric space and every
bounded closed subsets are compact. Let M be a complete Riemannian manifold and p ∈M.
The exponential map expp : TpM−→M is defined as exppν = γν(1, p) for all ν ∈ TpM, where
γ(·) = γν(·, p) is the geodesic starting at p with velocity ν (i.e., γν(0, p) = p and γ ′ν(0, p) = ν).
Then, for any value of t, we have expptν = γν(t, p) and expp0= γν(0, p)= p. Moreover, for any
p,q∈M, we have d(p,q) = ‖exp−1

p q‖= ‖exp−1
q p‖. A complete simply connected Riemannian

manifold of non-positive sectional curvature is said to be a Hadamard manifold. Throughout the
remainder of the paper, we always assume that M is a finite-dimensional Hadamard manifold.

Let M be a Hadamard manifold. Then [24], for any two points x,y ∈M, there exists a unique
normalized geodesic γ : [0,1]→M joining x = γ(0) to y = γ(1) which is in fact a minimal
geodesic denoted by γ(t) = expxtexp−1

x y for all t ∈ [0,1]. For any sequence {xn} ⊂M such that
xn→ x0 ∈M, exp−1

xn
y→ exp−1

x0
y and exp−1

yn
xn→ exp−1

y x0 for all y ∈M.
Let d :M×M−→R be the distance function. Then [24], d(·, ·) is a geodesic convex function

with respect to the product Riemannian metric, that is, for any pair of geodesics γ1 : [0,1]−→M
and γ2 : [0,1]−→M the following inequality holds for all t ∈ [0,1]

d(γ1(t),γ2(t))≤ (1− t)d(γ1(0),γ2(0))+ td(γ1(1),γ2(1)).

In particular, for each y ∈M, the function d(·,y) : M−→ R is a geodesic convex function.
Let M be a Hadamard manifold and x ∈M. Then [10]
(1) Φx = d2(x,y) is convex. Indeed, for any geodesic γ : [0,1]→M, the following inequality

holds for all t ∈ [0,1]:

d2(x,γ(t))≤ (1− t)d2(x,γ(0))+ td2(x,γ(1))− t(t−1)d2(γ(0),γ(1)).

(2) Φx = d2(x,y) is smooth. Moreover, ∂Φx(y) =−2exp−1
y x.

Let S : K→ K be a mapping. Then the following statements are equivalent [16]
(1) S is firmly nonexpansive;
(2) For any x,y ∈ Kandt ∈ [0,1] d(S(x),S(y))≤ d(expxtexp−1

x Sx,expytexp−1
y Sy);

(3) For any x,y ∈ K 〈exp−1
S(x)S(y),exp−1

S(x)x〉+ 〈exp−1
S(y)S(x),exp−1

S(y)y〉 ≤ 0.
Let M be a finite dimensional Hadamard manifold. (1) Let γ : [0,1]→ M be a geodesic

joining x to y. Then d(γ(t1),γ(t2)) = |t1 − t2|d(x,y), ∀t1, t2 ∈ [0,1]; (From now on d(x,y)
denotes the Riemannian distance). (2) For any x,y,z,u,ω ∈ M and t ∈ [0,1], the following
inequalities hold:

d(expxtexp−1
x y,z)≤ (1− t)d(x,z)+ td(y,z); (2.1)

d2(expxtexp−1
x y,z)≤ (1− t)d2(x,z)+ td2(y,z)− t(1− t)d2(x,y);

and
d(expxtexp−1

x y,exp−1
u (texp−1

u ω)≤ (1− t)d(x,u)+ td(y,ω).

A subset K is said to be geodesic convex if, for every two points p and q in K, the geodesic
joining p to q is contained in K, that is, if γ : [a,b]−→M is a geodesic such that p = γ(a) and
q = γ(b), then γ((1− t)a+ tb) ∈ K for all t ∈ [0,1]. A real function f : M −→ R is said to
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be geodesic convex if, for any geodesic γ in M, the composition function f ◦ γ : [a,b]−→ R is
convex, that is,

( f ◦ γ)(ta+(1− t)b)≤ t( f ◦ γ)(a)+(1− t)( f ◦ γ)(b)
where a,b ∈ R , and 0≤ t ≤ 1.

It follows from (2.1) that the Riemannian distance function y 7→ d(x,y) is geodesic convex.
Let K be a closed subset of M and {xn} be a sequence in M. Recall that {xn} is said to be

Fejér convergent with respect to K if, for all p ∈ K and n ∈ N, d(xn+1, p)≤ d(xn, p).
Let f : K→ R be geodesic convex. Let p ∈ K. A vector r ∈ TPM is said to be a subgradient

of f at p if and only if f (q)≥ f (p)+ 〈r,exp−1
p q〉 for all q in K.

Lemma 2.1. [10] Let K be nonempty, convex, and closed subset of M and {xn} ⊂ M be a
sequence such that {xn} is a fejér convergent with respect to K. Then

(1) for every p ∈ K,d(xn, p) converges,
(2) {xn} is bounded,
(3) assume that every cluster point of {xn} belongs to K, Then {xn} converges to a point in

K.

Recall that a mapping S : K→ K is said to be
(1) contractive if there exists a constant k∈ (0,1) such that d(Sx,Sy)≤ kd(x,y) for all x,y∈K.

Ifk = 1, then S is said to be nonexpansive;
(2) quasinonexpansive if Fix(S) 6= /0 and d(Sx, p)≤ d(x, p) for all p ∈ Fix(S), x ∈ K;
(3) firmly nonexpansive if, for all x,y ∈ K, the function ψ : [0,1]→ [0,∞] defined by

ψ(t) := d(expxtexp−1
x Sx,expytexp−1

y Sy), ∀t ∈ [0,1]

is nonincreasing.
(4) k-demicontracive [16] if Fix(S) 6= /0 and there exists a constant k ∈ [0,1] such that

d2(Sx, p)≤ d2(x, p)+ kd2(x,Sx), ∀x ∈ K,∀p ∈ Fix(S);

(5) quasi-pseudo-contractive if Fix(S) 6= /0 and

d2(Sx, p)≤ d2(x, p)+d2(x,Sx), ∀x ∈ K, p ∈ Fix(S).

Lemma 2.2. [5] If S : K→ K is a firmly nonexpansive mapping with Fix(S) 6= /0, then, for any
x ∈ K and p ∈ Fix(S), d2(Sx, p)≤ d2(x, p)−d2(Sx,x).

Remark 2.3. If Fix(S) 6= /0, then the following implications hold:

S is firmly nonexpansive =⇒ S is nonexpansive =⇒ S is quasinonexpansive

=⇒ S is demicontractive =⇒ S is quasi-pseudo-contractive,

but thes converses are not true.

Let M be Hadamard manifold, and let S : K → K be a L-Lipschitzian mapping with L ≥
1,(i.e.,d(Sx,Sy)≤ Ld(x,y),∀x,y ∈ K). Let G : K→ K and T : K→ K be two mappings defined
by

T (x) := expxζ exp−1
x S(Gx); G(x) := expxηexp−1

x Sx, x ∈ K.

If 0 < ζ < η < 1
1+
√

1+L2 , then (1) Fix(S) = Fix(T ◦G) = Fix(T ); (2) If S is demiclosed at
0, then T is also demiclosed at 0. A mapping S : K → K is said to be demiclosed at 0 if, for
any sequence {xn} ⊂ K with xn→ x∗ ∈ K and d(xn,Sxn)→ 0, x∗ ∈ Fix(S)). (3) T : K→ K is
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L2-Lipschitzian; (4) In addition, if S : K→ K is quasi-pseudo-contractive, then T : K→ K is a
quasi-pseudo-contractive, i.e., for any x ∈ K and p ∈ Fix(T )(= Fix(S))

d2(T x, p)≤ d2(x, p)−ζ η(1−2η−L2
η

2)d2(x,Sx)≤ d2(x, p).

Let S : C→M be a nonexpansive mapping defined on a closed convex set C ⊆M. Then the
fixed point set Fix(S) is closed and convex [18]. Let Ω(M) denote the set of all single-valued
vector fields A : M −→ TM such that A(x) ∈ TxM for each x ∈M, and let the domain D(A)
of A be defined by D(A) = {x ∈M : A(x) ∈ TxM}. Let X (M) denote the set of all set-valued
vector fields B : M−→ 2TM such that B(x)⊆ TxM for all x ∈M, and let the domain D(B) of B
be defined by D(B) = {x ∈M : B(x) 6= /0}. Recall that a single-valued vector field A ∈Ω(M) is
said to be monotone [21] if 〈A(x),exp−1

x y〉 ≤ 〈A(y),−exp−1
y x〉 for all x,y ∈M. Recall that [7] a

set-valued vector field B ∈X (M) is said to be
(1) monotone if, for any x,y ∈ D(B), 〈u,exp−1

x y〉 ≤ 〈ν ,−exp−1
y x〉, for all u ∈ B(x) and ν ∈

B(y);
(2) maximal monotone if it is monotone and, for all x ∈ D(B) and u ∈ TxM,

〈u,exp−1
x y〉 ≤ 〈ν ,−exp−1

y x〉, ∀y ∈ D(B) and ∀ν ∈ B(y),

implies u ∈ B(x).
(3) Let B ∈X (M) be a set-valued vector field and λ ∈ (0,∞). The λ − resolvent of B is a

set-valued map JB
λ

: M−→ 2TM defined by

JB
λ
(x) := {z ∈M : x ∈ expzλB(z)}, ∀x ∈M.

Let K be a nonempty closed geodesic convex subset of a Hadamard manifold M. The metric
projection onto K, denoted by PK , is defined by

PK(x) = {p ∈ K : d(x, p)≤ d(x,q),∀q ∈ K}, ∀x ∈M.

Let K be a closed geodesic convex subset of a Hadamard M. Then [28] (1) For any x ∈M,
PK(x) is a singleton set, and the following inequality holds

〈exp−1
PK(x)

x,exp−1
PK(x)

q〉 ≤ 0, ∀q ∈ K.

(2) PK : M→ K is a firmly nonexpansive mapping. Thus

d2(PKx, p)≤ d2(x, p)−d2(PKx,x), ∀ x ∈M and p ∈ K.

Lemma 2.4. [3] Let K be a closed subset of M and a vector field B ∈X (M) be a maximal
monotone. Let {λn} ⊂ (0,∞) be a real sequence with limn→∞ λn = λ > 0 and a sequence
{xn} ⊂ K with limn→∞ xn = x ∈ K such that limn→∞ JB

λn
(xn) = y. Then, y = JB

λ
(x).

Lemma 2.5. [1] Let A ∈Ω(M) be a single-valued monotone vector field and B ∈X (M) be a
set-valued maximal monotone. For any x ∈ K, the following assertions are equivalent

(1) x ∈ (A+B)−1(0);
(2) x = JB

λ
(expx(−λA(x))), ∀λ > 0.

Lemma 2.6. [22] Let K be nonempty, closed and convex sunset of a Hadamard manifold M.
Let φ : K→ TM be a single-valued monotone vector field and F : K×K→ R be a bifunction
with F(x,x) = 0 such that

(L1) F is monotone, F(x,y)+F(y,x)≤ 0, ∀x,y ∈ K;
(L2) For all x ∈ K,F(x, ·) is convex.
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(L3) There exists a compact subset C ⊂ K containing u0 ∈C such that

F(x,u0)+ 〈ψx,exp−1
x ,u0)< 0

whenever x ∈ K\C.
Then, the GEP is solvable.

Lemma 2.7. [22] Let F : K×K→ R be a bifunction with (L1)-(L3), and let φ : C→ TM be a
mapping. For r > 0, define a set-valued mapping T F,φ

r : K→ 2K by

T F,φ
r (x) = {z ∈ K : F(z,y)+ 〈φz,exp−1

z y〉1
r
〈exp−1

z x,exp−1
z y≥ 0〉,∀y ∈ K,x ∈M.

Then,
(1) T F,φ

r is single-valued and firmly nonexpansive;
(2) Fix(T F,φ

r ) = GEP(F,φ) is closed and convex;
(3) if 0 < r ≤ s, then, for all x ∈ K d(x,FF,φ

r x)≤ 2d(x,T F,φ
r x);

(4) for all x ∈ K and p ∈ Fix(T F,φ
r ), d2(p,T F,φ

r x)+d2(x,T F,φ
r x)≤ d2(x, p).

3. MAIN RESULTS

Throughout this section we always assume that
(1) M is finite dimensional Hadamard manifold and K is a noempty closed and bounded

geodesic convex subset of M;
(2) For j = 1,2, . . . ,N, φ j : K→ TM is a monotone vector field and Fj : K×K→R such that

Fj(x,x) = 0 for all x ∈ K is a bifunction satisfying conditions (L1)-(L3);
(3) For each i = 1,2, . . . ,N, Bi : M→ 2TM is a maximal monotone set-valued vector field,

Ai : M→ TM is a continuous and monotone single-valued vector field, and JBi
λn
(exp(−λnAi)) :

K→M is the mapping defined by Ai,Bi and λn > 0;
(4) S : K→ K is a L-lipsditzian quasi-pseudo-contractive mapping and demi-closed at 0 with

L≥ 1;
(5) G : K→ K and T : K→ K are the mapping defined by

G(x) = expxηexp−1
x Sx, T (x) = expxζ exp−1

x S(G(x)),

where 0 < ζ < η < 1
1+
√

1+L2 . It is obvious from that Fix(S) = Fix(T ).

Theorem 3.1. Let M,K,Ai,Bi,J
Bi
λn
(exp(−λnAi)),φ j,Fj, and G,T be the same as above. For any

given x1 ∈M and C1 =M, let {xn} be generated by

y j
n = T Fj,φ j

rn xn, j = 1,2, · · ·,N;

un ∈ {y j
n, j = 1,2, · · ·,N} such that d(un,xn) = max

1≤ j≤N
d(y j

n,xn);

zi
n = JBi

λn
(expun(−λnAi(un))), i = 1,2, · · ·,N;

wi
n = expzi

n
(1−β

i
n)exp−1

zi
n

T zi
n, i = 1,2, · · ·,N;

νn ∈ {wi
n, i = 1,2, · · ·,N} such that d(νn,xn) = max

1≤i≤N
d(wi

n,xn);

Cn+1 = {q ∈Cn : d(νn,q)≤ d(xn,q)};
xn+1 = PCn+1x1, ∀n≥ 1.

(3.1)
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where {rn} ⊂ (0,∞),{β i
n} ⊂ (0,1) and {λn} ⊂ (0,∞), such that 0 < λ̂ ≤ λn ≤ λ̃ < ∞. Assume

that Ω := ∩N
j=1GEP(Fj,φ j)∩N

i=1 (Ai +Bi)
−1(0)∩F(S) 6= /0, and the following conditions are

satisfied
(i) 0 < r ≤ rn;
(ii) ∑

∞
i=1
|λn−λn−1|

λn
< ∞;

(iii) there exists ρ ∈ (0,1) such that, for each i = 1,2, . . . ,N and ∀x,y ∈ M, λn > 0, the
following inequality holds

d(expx(−λnAi(x)),expy(−λnAi(y)))≤ (1−ρ)d(x,y);

(iv) 0 < a≤ β i
n ≤ b < 1, for some a,b > 0 for all n≥ 1.

Then, {xn} converges to x∗ ∈Ω, where x∗ = PΩx1.

Proof. We divide the proof into six steps.
Step 1. We show {xn} is well-defined for every n ∈ N.
First, by induction, we prove that, for each n≥ 1,Cn is a closed and geodesic convex in M. In

fact, by the assumption that C1 =M, it is closed and geodesic convex. Suppose that, for some
n≥ 2, Cn is closed and geodesic convex subset in M. We prove that Cn+1 is closed and geodesic
convex subset in M. Since q 7→ d(x,q) is a geodesic convex function. Thus the set Cn+1 defined
by

Cn+1 := {q ∈Cn : d(γn,q)≤ d(xn,q)}
is geodesic convex subset in M.

Next, we prove that Ω is a closed and geodesic convex in M. We have from Lemma 2.7 that
∩N

j=1GEP(Fj,φ j) and Fix(T ) are closed and geodesic convex in M. From Lemma 2.5, we have

(Ai +Bi)
−1 = F(JBi

λn
(exp(−λnAi))). Because JBi

λn
is nonexpansive, this together with condition

(iii) yields JBi
λn
(exp(−λnAi)) is nonexpansive. Thus

⋂N
j=1(Ai+Bi)

−1(0) is a closed and geodesic
convex in M.

We observe that Ω ⊂ Cn for each n ≥ 1. In fact, it is obvious that Ω ⊂ C1 = M. We prove
that Ω ⊂ Cn for all n ≥ 2. In fact, for any p ∈ Ω, we can re-write ω i

n defined in (3.1) as
ω i

n = γ1
n,i(1−β i

n), where γ1
n,i : [0,1]→M is a sequence of geodesic joining zi

n to T zi
n. Since T

is quasi-nonexpansive, From (3.1), we have

d(ω i
n, p) = d(γ1

n,i(1−β
i
n), p)

= β
i
nd(γn,i(0), p)+(1−β

i
n)d(γ

1
n,i(1), p)

= β
i
nd(zi

n, p)+(1−β
i
n)d(T zi

n, p)

≤ β
i
nd(zi

n, p)+(1−β
i
n)d(z

i
n, p)

= d(JBi
λn
(expun(−λnAi(un))),J

Bi
λn
(expp(−λnAi(p)))

≤ d(expun(−λnAi(un)),expp(−λnAi(p))).

≤ (1−ρ)d(un, p).

≤ d(un, p).

(3.2)

In view of (3.1) and Lemma 2.7, we have d(y j
n, p) = d(T Fj,φ j

rn xn, p)≤ (xn, p), which implies that

d(un, p) = max
1≤ j≤N

d(y j
n, p)≤ d(xn, p). (3.3)
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Hence, we conclude from (3.2) and (3.3) that d(ω i
n, p)≤ d(xn, p), which implies that

d(νn, p) = max
1≤i≤N

d(ω i
n, p)≤ d(xn, p)

that is, p ∈Cn+1 for all p ∈Ω. Therefore Ω⊂Cn for all n≥ 1. So, {xn} is well defined.
Step 2. We prove that {xn} is bounded and limn→∞ d(xn,x1) exists.
Note that Ω is a nonempty, closed, and geodesic convex subset M. There exists a unique

ν ∈Ω such that ν = PΩx1. Since xn = PCnx1 and Ω⊂Cn+1 ⊂Cn, We have

d(xn,x1)≤ d(ν ,x1), d(xn,x1)≤ d(xn+1,x1),∀n≥ 1.

These show that {xn} is bounded, so are {y j
n},{ω j

n}, j = 1,2, . . . ,N,{un}, and {νn}. Hence,
limn→∞ d(xn,x1) exists.

Step 3. We prove that the sequence {xn} is a cauchy sequence in M and xn→ x∗.
From the construction of Cn, it is clear that xm = PCmx1 ∈Cm ⊂Cn for m > n≥ 1. Note that

d2(xn,xm) = d2(PCnx1,xm)≤ d2(x1,xm)−d2(xn,x1)→ 0, n,m→ ∞, (3.4)

which implies that {xn} is a cauchy sequence in M.
Step 4. We prove that limn→∞ d(y j

n,xn)= limn→∞ d(zi
n,T zi

n)= 0 and limn→∞ d(un,xn)= 0 and
limn→∞ d(zi

n,un) = 0. From (3.4), we have limn→∞ d(xn+1,xn) = 0. Since xn+1 ∈Cn+1 ⊂Cn, we
have from Lemma 2.7 that

d2(ω i
n, p) = d2(γ1

n,i(1−β
i
n), p)

≤ (1−β
i
n)d

2(γ1
n,i(0), p)+β

i
nd2(γ1

n,i(1), p)−β
i
n(1−β

i
n)d

2(γ1
n,i(0),γ

1
n,i(1))

= (1−β
i
n)d

2(zi
n, p)+β

i
nd2(T zi

n, p)−β
i
n(1−β

i
n)d

2(zi
n,T zi

n)

≤ d2(zi
n, p)−β

i
n(1−β

i
n)d

2(zi
n,T zi

n).

(3.5)

Since JBi
λn

is nonexpansive, we find from (3.1) that

d2(zi
n, p) = d2(JBi

λn
(expun(−λnAi(un))),J

Bi
λn
(expp(−λnAi(p))))

≤ d2(expun(−λnAi(un),expp(−λnAi(p))))

≤ (1−ρ)d2(un, p),

which together with (3.5) derives that

d2(ω i
n, p)≤ (1−ρ)d2(un, p)−β

i
n(1−β

i
n)d

2(zi
n,T zi

n)

≤ d2(un, p)−β
i
n(1−β

i
n)d

2(zi
n,T zi

n)

≤ d2(xn, p)−d2(y j
n,xn)−β

i
n(1−β

i
n)d

2(zi
n,T zi

n)

(3.6)

In view of the definition of Cn+1, we have d(νn,xn+1) ≤ d(xn,xn+1)→ 0 as n→ ∞. It follows
that d(νn,xn) ≤ d(ν ,xn+1)+d(xn+1,xn)→ 0 as n→ ∞. Thus d(ω i

n,xn)→ 0 as n→ ∞. Using
(3.6), we have, as n→ ∞,

d2(y j
n,xn)+βn(1−βn)d2(zi

n,T zi
n)≤ d2(xn, p)−d2(ω i

n, p)

= (d(xn, p)−d(ω i
n, p))(d(xn, p)+d(ω i

n, p))

≤ d(xn,ω
i
n)(d(xn, p)+d(ω i

n, p))→ 0.
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Note that
lim
n→∞

d(y j
n,xn) = lim

n→∞
d(zi

n,T zi
n) = 0, (3.7)

which yields that limn→∞ d(un,xn) = 0. In view of (3.7), we have, as n→ ∞,

d(ω i
n,z

i
n) = d(expzi

n
(1−β

i
n)exp−1

zni
T zi

n,z
i
n)

≤ β
i
nd(zi

n,z
i
n)+(1−β

i
n)d(T zi

n,z
i
n),→ 0.

which yields d(zi
n,xn)≤ d(zi

n,ω
i
n)+d(ω i

n,xn)→ 0 as n→ ∞. This further yields that

d(un,zi
n)≤ d(un,xn)+d(xn,zi

n→ 0 as n→ ∞.

Step 5. We prove that x∗ ∈Ω.
(1) First, we prove that x∗ ∈

⋂N
j=1 GEP(Fj,φ j). Since T Fj,φ j

rn , j = 1,2 . . . ,N is nonexpansive

and demiclosed at 0, we have from (3.6) that x∗ ∈ Fix(T Fj,φ j
rn ) =

⋂N
j=1 GEP(Fj,φ j).

(2) We prove that x∗ ∈
⋂N

i=1(Ai +Bi)(0). Since d(un,x∗) ≤ d(un,xn)+ d(xn,x∗). From Step
3, we find that limn→∞ d(un,x∗) = 0. Since JBi

λn
(exp(−λnAi)) is nonexpansive mapping, we see

that it is demiclosed at 0. We also have

x∗ ∈ Fix(JBi
λn
(expx∗(−λnA(x∗))) = (Ai +Bi)

−1(0), ∀i = 1,2, . . . ,N,

i.e., x∗ ∈
⋂N

i=1(Ai +Bi)
−1(0).

(3) Prove that x∗ ∈ Fix(T ).
Since d(zi

n,x
∗)≤ d(zi

n,un)+d(un,x∗), we have limn→∞ d(zi
n,x
∗) = 0. From (3.8), we obtain

that x∗ ∈ Fix(T ). Thus we conclude that x∗ ∈Ω.
Step 6. Finally we prove that x∗ ∈ Px1

Ω
.

From xn = Px1
Cn

and Ω⊂Cn, we have 〈exp−1
xn

x1,exp−1
xn

p〉 ≤ 0 for all p in Ω. By taking n→ ∞

above, we arrive at 〈exp−1
x∗ ,exp−1

x∗ p〉 ≤ 0 for all p in Ω. Thus x∗ = Px1
Ω

. This completes the proof
of Theorem 3.1. �

Corollary 3.2. Let M,K,φ j,Fj, and G,T be the same as above. For any given x1 ∈M and
C1 =M, let {xn} be generated by

y j
n = T Fj,φ j

rn xn, j = 1,2, · · ·,N;

un ∈ {y j
n, j = 1,2, · · ·,N} such that d(un,xn) = max

1≤ j≤N
d(y j

n,xn);

wn = expun(1−βn)exp−1
un

Tun;

Cn+1 = {q ∈Cn : d(wn,q)≤ d(xn,q)};
xn+1 = PCn+1x1, ∀n≥ 1.

where {rn} ⊂ (0,∞) and {βn} ⊂ (0,1). Assume that Ω := ∩N
j=1GEP(Fj,φ j)∩F(S) 6= /0, and

the following conditions are satisfied
(i) 0 < r ≤ rn;
(ii) 0 < a≤ βn ≤ b < 1, for some a,b > 0 for all n≥ 1.
Then, {xn} converges to x∗ ∈Ω, where x∗ = PΩx1.

Proof. In Theorem 3.1, taking Ai = 0,Bi = 0, we find that the conclusion of the corollary can
be obtained from Theorem 3.1 immediately. �
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Corollary 3.3. Let M,K,Ai,Bi,J
Bi
λn
(exp(−λnAi)),, and G,T be the same as above. For any

given x1 ∈M and C1 =M, let {xn} be generated by

zi
n = JBi

λn
(expxn(−λnAi(xn))), i = 1,2, · · ·,N;

wi
n = expzi

n
(1−β

i
n)exp−1

zi
n

T zi
n, i = 1,2, · · ·,N;

νn ∈ {wi
n, i = 1,2, · · ·,N} such that d(νn,xn) = max

1≤i≤N
d(wi

n,xn);

Cn+1 = {q ∈Cn : d(νn,q)≤ d(xn,q)};
xn+1 = PCn+1x1, ∀n≥ 1.

where {β i
n} ⊂ (0,1) and {λn} ⊂ (0,∞) such that 0 < λ̂ ≤ λn ≤ λ̃ < ∞. Assume that Ω :=

∩N
i=1(Ai +Bi)

−1(0)∩F(S) 6= /0, and the following conditions are satisfied
(i) ∑

∞
i=1
|λn−λn−1|

λn
< ∞;

(ii) there exists ρ ∈ (0,1) such that, for each i = 1,2, . . . ,N and for all x,y ∈M, λn > 0, the
following inequality holds

d(expx(−λnAi(x)),expy(−λnAi(y)))≤ (1−ρ)d(x,y);

(iii) 0 < a≤ β i
n ≤ b < 1, for some a,b > 0 and for all n≥ 1.

Then, {xn} converges to x∗ ∈Ω, where x∗ = PΩx1.

Proof. In Theorem 3.1, taking Fi = 0,φ j = 0, we see that the conclusion of this corollary can be
obtained from Theorem 3.1 immediately. �

Remark 3.4. Our results enhance the main results presented in [6]. Moreover, the method
adopted in the paper is different from that of [6].

Corollary 3.5. Let M,K,A,B,JB
λn
(exp(−λnA)),φ ,F, and G,T be the same as above. For any

given x1 ∈M and C1 =M, let {xn} be generated by

yn = T F,φ
rn

xn;

zn = JB
λn
(expyn(−λnA(yn)));

wn = expzn(1−βn)exp−1
zn

T zn;

Cn+1 = {q ∈Cn : d(wn,q)≤ d(xn,q)};
xn+1 = PCn+1x1, ∀n≥ 1.

where {rn} ⊂ (0,∞),{βn} ⊂ (0,1) and {λn} ⊂ (0,∞) such that 0 < λ̂ ≤ λn ≤ λ̃ < ∞. Assume
that Ω := GEP(F,φ)∩ (A+B)−1(0)∩F(S) 6= /0, and the following conditions are satisfied

(i) 0 < r ≤ rn;
(ii) ∑

∞
i=1
|λn−λn−1|

λn
< ∞;

(iii) there exists ρ ∈ (0,1) such that, for all x,y ∈M and λn > 0, the following inequality
holds

d(expx(−λnA(x)),expy(−λn(y)))≤ (1−ρ)d(x,y);

(iv) 0 < a≤ βn ≤ b < 1 for some a,b > 0 and for all n≥ 1.
Then, {xn} converges to x∗ ∈Ω, where x∗ = PΩx1.
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Proof. In Theorem 3.1, taking j = 1, i = 1, we see that the conclusion of this corollary can be
obtained from Theorem 3.1 immediately. �

Remark 3.6. Our results enhance the main results presented in [17]. Moreover, the method
adopted in the paper is different from that of [17].
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