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Abstract. This paper is devoted to the study of a two-dimensional Schrodinger equation with a general

nonlinear term and a large forcing term. It is proved that the equation admits a Whitney smooth family

of small amplitude quasi-periodic solutions which are partially hyperbolic for the given frequency vec-

tor (non-external parameters) and the large forcing term. Firstly, by introducing a symplectic change of
coordinates, the Hamiltonian of the equation is transformed into a linear autonomous system plus higher

order term perturbation (non-small perturbation), that is, the reducibility of the non-autonomous linear

part is realized. Secondly, by introducing a symplectic change of coordinates, and action-angle vari-

ables, the Hamiltonian is transformed into a small perturbation of nonlinear integrable normal form that

depends on angle variables. Then, by introducing a new symplectic change of coordinates, the Hamil-

tonian is transformed into a small perturbation of linear integrable normal form. Finally, the existence

of invariant tori of the Hamiltonian system associated with the equation is proved by constructing an

infinite-dimensional Kolmogorov-Arnold-Moser (KAM) theorem.

Keywords. Hamiltonian system; KAM theory; Large forcing term; Quasi-periodic solutions; Schrodinger
equation.

1. INTRODUCTION

In this paper, a two-dimensional (2D) Schrodinger equation with a general nonlinear term
and a large forcing term

w, — Au+ f (@) u+ f(01) [ulPu=0, xeT>:=R*>/(2xZ)*, t €R, pc ZT (1.1)

under the periodic boundary conditions
u(t,x; +2m,x) = u(t,x1,x2+2m) = u(t,x1,x2) (1.2)
is considered, where ® = (@1, @, -+, @) € R™ is a fixed frequency vector, and f(@t) = f ()
is real analytic in 8 = @t € T™ and quasi-periodic in ¢. Furthermore, f(@t) presents a large
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forcing term rather than a small perturbation. It is proven that the boundary value problem (1.1)
along with (1.2) admits a Whitney smooth family of small-amplitude quasi-periodic solutions
that are partially hyperbolic.

Equation (1.1) is studied as an infinite-dimensional Hamiltonian system. In physics models,
many partial differential equations (PDEs) are infinite-dimensional dynamical systems. In order
to explore the stability and other dynamical properties of PDEs, in the late 1980s, Wayne [21],
Kuksin [15], and Poschel [17] extended the classical KAM theory to infinite-dimensional spaces
and applied it to the study of invariant tori of PDE. Since then, many scholars have constructed
quasi-periodic solutions of different types of one-dimensional Hamiltonian PDEs by improving
the infinite-dimensional KAM theory; see, e.g., [3, 16, 18, 26] and the references therein.

When the spatial variable is in a high-dimensional space, it becomes more difficult to solve
the homology equation and measure estimation because the normal frequency multiplicities
tend to infinity. Yuan [25], Geng and You [11, 12] firstly discussed the infinite dimensional
KAM theory of Hamiltonian PDEs in high dimensional space. Eliasson and Kuksin [6] made
a breakthrough in properly classifying normal frequencies by introducing the Toplitz-Lipschitz
property, thus solving the problem caused by the multiplicity of normal frequencies. And a
KAM theorem was given which can be applied to a general multidimensional Schrodinger equa-
tion with a convolution operator V (x). However, compared with one-dimensional PDEs, there
are fewer results about high-dimensional PDEs, which can be referred to [1, 8, 14, 19, 20]. In
particular, when the equation itself does not contain parameters, even fewer results are available.

In 2011, Geng, Xu and You [9] combined the Toplitz-Lipschitz idea in [6] and the idea of
solving homology equations dependent on angular variables originally proposed by Xu and You
in [22], proposed a new KAM theorem, and applied it to study a two-dimensional completely
resonant Schrodinger equation

iu,—Au—|—|u|2u:O, xeT?, teR (1.3)

with periodic boundary conditions. To overcome the resonance, the authors selected an ap-
propriate set of tangential points S (the admissible set). In the case that only the Fourier ex-
ponents of tangential points S are excited, it is made the Hamiltonian system corresponding
to the Birkhoff normal form recognize the quasi-periodic solutions of the bifurcated equation
without introducing external parameters. By using the similar approach in [9], the present
authors, Zhang and Si [28] recently studied the existence of quasi-periodic solutions to the
two-dimensional completely resonant Schrodinger equation with the general nonlinearity

i, — Au+u[*Pu=0,xecT?:=R*/(21Z)* t€R, pe Z* (1.4)

with periodic boundary conditions. The corresponding admissible set of the equation (1.3) in [9]
contains only four types of resonances, while the corresponding admissible set of the equation
(1.4) in [28] contains 3 p+ 1 kinds of resonances. Correspondingly, conditions such as Melnikov
non-degeneracy conditions will increase by several factors. Therefore, KAM iteration needs to
be reconstructed. Obviously, the change in the order of the nonlinear term plays a crucial
role in KAM theory. In addition, although both the equations (1.1) and (1.4) have general
nonlinear terms, the conclusions in [28] do not apply to the equation (1.1) because (1.1) is
non-autonomous.

For non-autonomous systems, periodic or quasi-periodic models are common and are often
solved by variational methods. There are relatively few studies on KAM theory. As early
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as 1996, Chow, Lu and Shen [4] studied the normal forms and analytic conjugations of a
class of quasi-periodic analytic evolution equations, including the parabolic equation and the
Schrodinger equation. While proving the analytic linearization theorem, they adopted and im-
proved the Zehnder method, which is essentially the KAM method. The KAM method, which is
related to the reducibility of non-autonomous linear systems, essentially uses infinite symplec-
tic transformation to gradually transform non-autonomous linear systems into an autonomous
linear system plus a higher order perturbation system, and finally realizes the reducibility of
non-autonomous systems. Since then, this idea has been applied extensively to the reducibil-
ity of non-autonomous systems, see references [2, 5, 7, 13] etc. In [27], by using the idea of
similarity, Zhang proved the reducibility and the existence of quasi-periodic solutions for the
two-dimensional quasi-periodically forced cubic Schrédinger equation

iy — AuA+pu+ € (0)(u+|ul’u) =0, u>0, xeT? reR (1.5)

with periodic boundary conditions. However, most of the above reducibility conclusions pertain
to cases with small perturbations(contain a small parameter €) and taking the frequency of the
forced term as the external parameter. When the equation has a large forcing term, the above
method needs to be substantially modified. In [10], Geng and Xue studied the two-dimensional
cubic Schrodinger equations with large forcing terms

i, — Au+@ (0t u+@ (o) |uPu=0,xeT? reR (1.6)

with periodic boundary conditions, where @ € R™ is a fixed parameter rather than a variable
external parameter, and ¢ (t) is a large forcing term, not a small perturbation. Since ® is
a fixed parameter, KAM theory cannot be used to achieve the reducibility of linear systems.
By attaching conditions to the parameter ®, they achieved the reducibility through an elegant
symplectic coordinate transformation. In [23], Xue discussed the Schrodinger equation with
different forcing terms for the linear and nonlinear terms. However, due to the difference in
normal forms, the method in [10] and [23] are not applicable to the equation (1.1).

The equation (1.1) is unlike any of the above equations. It is high dimensional, contains
a general nonlinear term, has a large forcing term, and has a fixed frequency. This makes
the equation complex and difficult. In this paper, the corresponding Hamiltonian of (1.1) is
transformed to normal form by three symplectic transformations. The first symplectic trans-
formation implements the reducibility of non-autonomous linear systems. The difficulty here
is not only to achieve reducibility, but also to ensure that the order of the nonlinear term of
the Hamiltonian obtained after the transformation is still 2p 4+ 2 with respect to u. That is, no
more nonlinear terms are added than the original system. The second symplectic transforma-
tion transforms the resulting autonomous system into an integrable nonlinear normal form that
depends on angle variables. The denominator (k,®) — Zg;rll (Aiy._, — Aiy.) will appear, which
is different from (7(167)> — %:1(1,-2?71 —A,.) in [10] and Zg:ll (Aiys , — Aiy;) in [28]. When
(k, ®) — Zg;l (Aiys, — Aiy;) = 0, this condition corresponds to the term in the normal form that
depends on the angle variables. In order to reduce the integrable terms that depend on angle
variables and make the normal form brief, it is necessary to select a special tangential frequency
set, that is the admissible set in the definition 2.1. The third symplectic transformation is used
to transform an integrable nonlinear normal form depends on angle variables to a linear nor-
mal form. The difficulty lies in how to find the unitary transformation to diagonalize the block

1
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symmetric matrix. Then corresponding to the normal form, the corresponding KAM theory is
constructed. Finally, the existence of invariant tori of equation (1.1) is proved.

2. THE MAIN RESULTS AND SOME NOTATIONS

Before stating our main theorem, we first introduce the definition of the admissible set.
The operator—A, under periodic boundary conditions, has eigenvalues {A;, } and correspond-
ing eigenfunctions, which satisfy specific properties

1

4n2¢ 1= (L, L) €27

).l* = |l*‘2 = l*,12+l*,22 and ¢l* (x) =

Definition 2.1. A finite set S = {ji = (x1,y1),**, ji = (xp,») } C Z? is called an admissible
set if

(1) For given 1 §T§ p and for any {jl,j2,~-- n m} C 77, if they satisfy j; — jo+

» Jof 171217
J3—jate ety Jytn—m=0and |j1} _{12} +|J3‘ _|J4‘ +"'+‘sz—1| B ‘sz‘ T
= [mf" =00 ji 2+ Ja—jak ooy = Syp=n=m =0 and |+ |jaf+ s -
}j4’2—i—---—|—|j27 1} ‘]21‘ ‘ |2—}m]2:0 the intersection of {jl,jz,---,]ZI 13 Jops T m}
and S contains at most 2/ elements, i.e. Jj{]l J2, vjzf_wjzi?”’m} NS < 21.

(2) For given 1 <1< pand any n € Z2\ S, there exists at most one array {iv, s dyr s dypm}
with j1, jo, -y jyi (2 Jyp € S,m € Z2\ S satistying ji — jo+jz— ja+- -+ jop | —jogtn—m=0
and |j1‘2 — ‘j2|2+ ‘j3|2 — ‘j4‘2+~--+ ‘jzf—l ’2— }jzﬂz—f— ‘n}z — ‘m}z = 0. If such array exists,
we say that n,m are resonant of the 2/ — 1 type. n,m are mutually uniquely determined. We say

that (n, m) is a resonant pair of the 211 type and denote all suchnby 2> .

(3) For given 1 < Tg pand any n € Z?\ S, there exists at most one array {]1, a2 Jops m}
with j1, j2, s jor 1y Jyp €S,mE 72\ S satisfying ji + jo + j3 — ja-+-- A Jop o —Jp—n—m=0
and |j1‘2+ ]j2|2 + ‘j3|2 — ‘j4’2+ st ‘jzll1 ]2 — }jﬁ‘z — ]n‘z — ]m}z = 0. If such array exists,
we say that n, m are resonant of t/lze 21 type. n,m are mutually uniquely determined. We say that
(n, m) is a resonant pair of the 2/ type and denote all such n by £,

(4) Any n € Z?\ S is not resonant of any two of the above 2p classes. Geometrically, any two
of the above defined graphs cannot share vertex in Z? \ S. That is, when 7,5 = 1,2,--- ,2p and
7 #5, then =N %= 0.

The concrete method for constructing the admissible set is inspired by [28]. We now present
the main result of this paper.

Theorem 2.2. Let S = {]1 (X1,31) 7+ Jp = (Xb,)p) } be an admissible set, where b > 2p,

fO=7 o f ( )d 0 # 0. There exists a Cantor set Z* of positive measure such that, for any
(&1,y...,8) € I*, when

2
R o . 20 2
{p[ + Z ]2 l ] gPJthz gp,l],l’l,3} 4(p+ 1) g% P ll ,n < 07

)
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the nonlinear Schrodinger equation (1.1) admits a small-amplitude, quasi-periodic solution of
the form

u(@t, &1, @t ..., Dyt x) Z\/7 bt g+ 0(|€|2 ) =e(|jiP+ %) +o(|g]").

jes

* . appearing in the theorem are clarified

Remark 2.3. The variabl - - n
¢ma 3 eva ab es gpall7n727gpvll7n73’ a dg%’,p,ll,n

in the proof presented later.

Remark 2.4. To ensure that the obtained tori are partially hyperbolic, the following condition
must be satisfied

? 2
2 x 2
{p[ Z’ Je1 ]Jrgp,lan gplu’”} —4erl) 8%.piin <0

If this condition is not satisfied, i.e., when

2
2 x 2
{p[ Z o1 ] gp,lAun,Z_gp,lAunﬁ} —4p+1) 8apiin =0

the existence of elliptic tori can indeed be proven, however, the proof in this case is more
intricate and will be addressed in a forthcoming paper.

Next, in order to present an infinite-dimensional version of the KAM theorem for two-
dimensional Schrodinger equations subject to periodic boundary conditions, we first introduce
some notations. Throughout this paper, we use the following notation.

We denote the Lebesgue measure by “meas”. § = { I Jb} and Zz Zz\S where

i+, j; are b vectors in Z?. [P is a space of sequences with finite norm ||z|| , = p= eltlp <

Z*EZ

oo, p > 0,where |I,| = \/1*712 + 1*722, le=(li1,l2) € 7?2, which is the space of all complex vec-
torsz=(...,z,,.. ')l*ezf with finite norm. 6 = (ei)iGS’ 1= (E)ieS’ 7= <Zi)ieZ% and § = (éi)ies’
and they constitute the phase space (6, 1.z, 7)eYP = T? x C? x [P x 1P, where T? is the complex
neighborhood of the usual (b)-torus T?.

Dy (rl) = {(B,j\,z,z) €YP:|Imb| <r, m <P zll, <2112l < I}, where the weighted
p» When = (B,IA,z,Z) e YP.

phase norm is given by ’X‘p = }0| +ll2|ﬂ +%||ZHP+%HZ|

Let .# denote the parameter set, £ € .. Let o0 = (...,oci,...)iezz,ﬁ =(....5,-. )zez%’
where ¢, B; € N and both have finitely many nonzero components. z azB denotes Hz zﬁ '
Denote
4(0,1,2,7) Z%ﬁ (6,1)z%2, 2.1)

where 95 = k%gkha 5fhei<k’ ) is 4p order smooth with respect to the parameter £ in the Whitney

sense and

9= Y |Gnapl |1 MmO 2% |2P ], (2.2)
o,B,k,h
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where ‘gkhoc[i | s 1s short for |%kha[3 ‘ y=sup ¥ }(9 %khalg‘ The derivatives with respect to
§e s 0<i<dp
& are understood in the Whitney sense. We define the weighted norm of ¢ by

19|, (rt),.r = sup 9], (2.3)

Dy (rl)

For the symplectic structure dI A d0 +1dz A dz, the corresponding Hamiltonian vector field
associated with ¢4 is Xy = (%, -y, {i%n }neZ%’ { —i%, }nez%)' Its weighted norm is

1
X415, 1) = II%HD,, s+ 2%, .o
(2.4)
* up Z |l e+ X [1al| se"?)]
Dp(rl nez? nez3
3. THE HAMILTONIAN SETTING
First of all, the equation (1.1) can be written as a Hamiltonian system
.OH
= 1% (3.1)

and the corresponding Hamiltonian is
~ 1 ~
= (—Au,u)+ (f (ot )u,u) + mf(a)t) /11‘2 2742 dx,

where (-,-) represents the inner product defined in L?. Let u(x) = ¥ jez24;9;(x). Then system
(3.1) becomes equivalent to the lattice Hamiltonian equations

.. ~ G
4qn = I(AnQn + f(ot)g, + g)

n
and the perturbation G is given by

1 -~ - -_— _
G= 4r(p+ 1)71'21’f(wt>p+1 Z 41497297395 """ djop+19j2p+2
X (jor1—J27)=0

r=1

The corresponding Hamiltonian function is given by

H=Y (u+f(00))|g.>+G=A+G (3.2)

nez?

Lemma 2 in [18] is a classical result. Based on this result, one sees that the perturbation G in
equation (3.2) has the following regularity properties.

Lemma 3.1. For any fixed p > 0 in a neighborhood of the origin, then the gradient G; is

real-analytic and ||Gg||, < CHqHsz-
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Proof.
1Ggllp = Y |Gg,le"P <c Y lq%g"r|el"P
nez? n,0,B—ep,|ot|+|B—en|=2p+1
avﬁiena|a|+|ﬁien|:2p+l
2p+1
<clals”"-

O

Secondly, we examine the reducibility of the Hamiltonian in equation (3.2).
By introducing a pair of action-angle variables (8,1) = ((61,...,6u), (I1,-..,In)) € T" xR™
with 6 = @r. Then (3.2) can be transformed into the following dynamics

< OH _ - OH OH OH

9—3—“” I:—ﬁ, qnzia—qn, qnz—iaqn, ne’z?
with
H=(@,1)+ Y (Au+f(8))qudn+R(6,9.) =Ni+N>+R,
neZz?
where

Ny = (@,I)+ Z MnGnGn, N2 = Z f(é)QnC?m
nez? nez?
1 ~ _ _ _
R= Wf(e)pﬂ Z 9j19j29j349js " Djop+19jop+2-
Y (Jor—1—Jj2r)=0

r=

We expand f(8) into its Fourier series

NOES WS

kezm

where k € Z™ and 6 € T"™.

Finally, we seek a function 7', defined in a domain D = D, (r; = 5,1, ), such that the time-
one map (1)} of the Hamiltonian vector field X7 defines a map from D to D and transforms H
into H. More precisely, by applying the second-order Taylor expansion

Hy=Ho¢; = (Ni+N,+R)o¢r

1
:N1+N2+{N1—|—N2,T}+R+/O (1= 0){{N1 + Ny, T}, T} 0 b dt

1

+/ {R,T} o ¢l dt (3.3)
0

=N +R +{N + N2, T+ N — Y f24udn

nez?
=AL+Ry
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with respect to the symplectic structure dINdO +i Y. dg,N\dg,, where
neZz?

Ay =N =Ni+ Y 2080 =(@.1)+ Y, O+ *)qudn

neZz? neZz?
and
1 1
Ri =R+ [ (1=0{{M+No,T}T}oofdi+ [ {RT}oodi =
0 0
a function T of the form T(g .q,q) = Yy Tzqnc]nei&’§> is sought, which satisfies the
keZm k£0,n€Z?
equation
{Ni+N, T+ N = Y f00uGn =0 (3.4)
nez?

Eemma 3.2. T satisfies (3.4) if the Fourier coefficients of T are defined as (Z, 5)>T% =i fE,
k0.

The proof can be found in [10].
Lemma 3.3. T defined in (3.4) satisfies {N; +N,T} =0 and {R,T} = 0.
Proof. Since the proof of {N; +N,, T} =0 is similar to [10], we only give the proof of {R, T} =

0. Note that

1 ~

K= Wf(e)pﬂ Z 9j19j,9j39)s " 'qf2p+1‘7j2p+2a

X (ar—1—j27)=0

r=1

where f(g) =Y fzei&’§> and T(é,q,cj) = T(é) Y gnGn. In view of

kezm neZ?

JR oT oT ~ oT ~

—~:0, —A,:O, —_:TG y —:TG_,

5 5 2 (0)gm a0 (0)dm
OR AN L _ _
aCIm = p + 1 7'521’ Z“l . Z 9149)2 " Djrs-29j259 jo5119 52542 " Dings19inps2>

;l(er 1—J27)=0
Jos—1=m
and

8R f ~ [7+1
8q_m = 4 p+ 1 7'C2p Z’I . Z 4j19)2 " Djrs-29jrs- 190051900512 " Dinpr19i2p12>

):1 (Jor—1—J27)=0
o

Jas=m
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we have

{R, T} = (9_R8_T_8_R8_T iZ(aR.aT_aR.aT
’ 85 87 81 89 mez2 aCIm aC?m an an
JR JT OR 8T)

me 72 IGm a‘Im an.an

v f(O)T(6) ”“ o _
=1 Z 7[2]7 Z Z 4192 Djrg29mYjrsr1 " Dirpr19i2542

)

p
mez2 4 P + 1 =1 p+1
;1 (Jor—1—Jor)=0
=
Jos—1=m
p+1
- Z Z 4j149)2 " Qjrs—19mY jos19josin - 'quﬁﬂquﬁﬂ}
s=1ptl )
AZI (Jor—1—J27)=0
=

Jos=m

O

Remark 3.4. The first symplectic transformation q)} not only achieves the reducibility of non-
autonomous linear systems but also ensures that after the transformation, the nonlinear term in
the Hamiltonian remains unchanged.

Lemma 3.5. For any fixed p > 0, T is real-analytic as a map in a neighborhood of the origin,
satisfying the estimate

Ty (rs),r < clt 2(7) mAl —(2vm+1)
where the definition of WL,V is shown in (5.4).

For the proof, we refer to [10].
We now arrive at Hamiltonian systems with the Hamiltonian Hy = A 4+ R.. For simplicity
in notation, we denote H, A, R in place of Hy ,A{,R;,so H =A+R.

4. PARTIAL BIRKHOFF NORMAL FORM

In this section, for an admissible set of tangential sites S = {j{,...,j;} C 72, the correspond-
ing Hamiltonian H can be transformed into its normal form through symplectic transformations.
Proposition 4.2 presents the results of the second symplectic transformations.

The second symplectic transformation converts the resulting autonomous system into an in-
tegrable nonlinear normal form depending on angle variables. In this process, the denominator

~ p+1 ~ p+1
(k,w) — Z (Aiye | — Aip;) Will appear. When (k,®) — ¥ (A, , — Ai).) = 0, the corresponding
=1 r=1
term in the normal form depends on the angle variables. By selecting the admissible set in Def-
inition 2.1, the integrable terms that depend on angle variables are reduced, making the normal
form more concise.

Lemma 4.1. For h € Z\ {0},k € Z", we have |(k, @) +h| >

‘»];‘ m+1
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Proof. ForVo = (@, ,0,) € R™,3p >0, s.t. ® € [P72p]mv let

_ U p
which yields
meas%g~§2‘%’_lpm ! NP T < ~2 sp™.
k,/’l ‘ ’"’H‘ C‘k‘m—i_

Denote #2 = |J %2, 1k =0,h € Z\{0}, then |(k,®) + /2| = ] > 1. Obviously, %% =
OyékeZ’" kb
. heZ _ . " " " " . "
Whenk # 0,k € Z\ {0}, if || > 1+ |k||@|, then | (k, @) + k| > |h| - | (k, ®)| > [n| - |k]|@| > 1,
SO %%ﬁ:@ Thus
meas#* = meas U U %g~
O;Akezm} | 1

T T | ey

O;AZGZ'" C ‘ k|

pm
SCO NZ T mel
okezn ClK]

Let |k|_, = max {|ki|,---,|kn|}. Then
Z 1 <2m(2p+ 1)’"*1 and ‘%Lo < m < mmw,

so meas8* < Co%m §1(2p—1— Dmp=mtl) < yp™. Let Z = [p,Zp}m\(ﬁz). Then meas# >

(I—p)p™, and
V@ € A", | (k@) +h| = — .
k]
0

Proposition 4.2. Let S be an admissible set. For the Hamiltonian function (3.3), ¥ is a sym-
plectic transformation in a neighborhood of the origin such that

4 _
HoV¥ = A+ Y (o+ P+ %;) +R, (4.1)
=1
where
A= (P00 +(@,1) +(Qw,w) = (e PO,I)+ Y. @ (E) [+ Y Qu (&) way
JES n€Z2

. 1o
w;(8) = 83p(1j+f0)+m{(1?+ 1)&7

+ ;{ } (4 128+ (- 120E 8 ] + g (G 85
ieS\{j
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icS

Qu (&) =e P (A +f°)

o= L {{[BE et a)

- 4
neLy ieS

7
I1(p+1-9)7°

7 ~
_ [ -6, 5 7
'b';l,.v..bf;hn.bgl,...bghnz'H[ Sizs-1Siss® (0 ]ZV)H'W"WM}’ISISP_l
1 2

v=1

=

<)
Il

WuW

A/ ‘szﬁﬂ gjzﬁei <6j2671 _ejﬁ)
1 ]

noy...pn no...pn

gy = PEDGYS 5 [

P.2p
47 .1 neZry |

nEﬁ,ﬂZT ieS
] ~2
M p+1-9) 7 5 .5
' v=2 { / £ Eie ( 9f26—1+9j217>:|}
b71!"'br1lh7!bg1!"'bghg! o) S

.y /gjléjzei(_gjl_gjz)wnwm} , 1 Si\gp—l
Jop— 9126
(p+1)( fO Z {[H\/éhvlén ( i )]

B, =
4P . g2p iyt D gy B!

nefzp

,/511{;}2 ( 6 )wnwm}

7 L (B o)

ne,z”z; i€S
T 2
AHZ(P+1—V) 7 (5 A )
‘ V= ) /5‘ E; e \ P17 %y }}
Jov—12J2v
b’fl!"'bﬁlh';!b%!“‘bghg! 1_12{ S
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12
2p+2p+l-5

R= 0(26” el +Ze el H M Il + r L 7wl

4.2)

75];)7 gQ,p,n(éj’fy---a&j;;),

The definitions of the homogeneous polynomials g p j (‘g’ it
7br11ﬁ'117

gﬁmn(&jl, ,Ejz), and g@p?n@jl’ ,€j:), as well as the positive integers bf,...

ol bzﬁn will be provided in detail during the following proof process.

Proof. Let

P = y if"- qilq—bqf®‘* = 'lqﬁiﬂq_%ﬂ Ak0) (43)
pil(lzr 1 —i27)=0,| k| £0, 4v-(p+1)- w2 ((ka o) — ?El (;Liz?—l - )Liz?))

r_

(|lzr 1Pz )750
(Sm{l2r 1312r| 1<r<p+1})>2p
and X, be the time-1 mapping of the Hamiltonian vector field of ¥. By Lemma 4.1, the defini-

tion of W is reasonable. Set
o qi, 1€ S,
M=z, ie72
Then the symplectic change of coordinates X&, takes H into
H=HoX
1
—H+{HV¥) +/ (1 =) {{H, W}, W} o Xiydi
0

— (@ D+ Y N+ g+ Y Gt )zl

JES nEZ%

s {f > >
+—
p 2p ) 4 .
4(p+1)m d=1  k=0a=0, g
):aeS

1<k <<k <p+l X
1<a;<- <aA<p—|—1 iyFiy if F#S

a1k1+ +aAkA p+1
- 2 2ks
(C > qlA 5!
G )k~ z ark; P L G

AN

4P . r2p
neZt “d=1 ko=0,Gp=0, 1
1<k < <k;<p LG
I<a;<--<a;<p zr#ls,lfr#s
a1k1+ +aAkA

qi

“)

"]

;I

)

d @ ; ~ 2

(e )

& p—(1=1)ks— ¥ arks
7=0

- 5—1
t+ Y
=0

<
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e IR IR R

ISTSP*I nef ~

211 ~d=1 k() an O ilf":ia? €S
1<k <-- <kA< —1 ZVEIF
1<ai<- <aﬁ<p 2\ iy, if 74§

a1k1+ +aAkA —1

d G/ o 2
3\21/\:1 p—l—(t—l)k;—AZOZl}k?
=l

q@+vw) -
— - -
. |: 11 ! I’L . H J2‘71Qj2§:| *Znim

lh” 2h” =1

qi

t+

1/\
ap

5-

PR

0

L+ (p1)2f°

1 )4
4r . 20 ' Z [ nl qu lq]2v:| ZnZm

n€$2p_1 lﬁ" b Zﬁ" =1

p+1)p*f° o
+( 417.21219 Z Z {Z Z .
1<i<p—1 €27 Ya=1 kg=0a,=0, i~
1<k1< <kA<
1<k <-<a;<p—
a1k1+ +aAkA -1

MM.M

- :
-1 lr?'élsﬂfr7és

dA 5 ’k\ 2 Z/IESA
' {H (C L ~ 5=l ) qi ., } }
s=17=1 pflf(?fl)kr?goa}ky ?+?§Oa?
7 o
AHZ (P+1=V)Gjs; 4o
v: —_— -_—
' "4j19j2%nTm
{[bn byt 'zlhg!}
7
/\H (p+ 1 ) q]2v lq12v
v=2 o
+|: noy... ! n A ,:|'Qj1¢]j2Zan}
11° 1ﬁn Zﬁg.
IBI _
2 9 jo5—19j
+([H—l)(p!) fO. [ L i i
2 Jj19j2%nZm
4r . ;2p iy, e m" Wil ghg!
p -_—
AI:[ 919525
+b” . nl b quszznZM}
11° lﬁ" 2fL

2p+2
4p+2 4dp+1 4 2p+2—
+0(lal 2 +lal* el +lal* el + X, (1o 7ll5) )

4.4)

13
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For any 1 <v < p+ 1, suppose that the set {i> iy | 1< t <V} is contained in S and the

14
condition Y (iy_; —iy;) = 0 holds. Then, according to the definition of S, we obtain {i,; | |
=1
1 <1<V} = {iyy| 1 <t <7}. As a consequence, it follows that Ht 1 iy iy =TT, iy ?
In equation (4.4), d denotes the number of distinct exponent values in H?:l giy ,- The integers

Zl, . ,ZdA correspond to all distinct exponents. Additionally, ay,...,a 7 represent the count of

~

terms corresponding to the powers ZI, ..., k7 respectively. This definition is similar to that in
[28]. R
For 1 <1 < p, assume that n € %,; | (and similarly for n € .£,7). Then the pair (n,m) are

resonant, and the set (j1,/2,.--,/,7 1,Jy7) in (4.4) is uniquely determined by (n,m). In this

case, ! denotes the number of distinct elements in the set {j,> | | 1 <7 <! 1}, and bly,.. ’fhyl,
are the correspondmg multiplicities. Similarly, /75 represents the number of distinct elements in
7
the set {j,~| 1 <1< } and b, .. b”ﬁn are the corresponding multiplicities. Here, Q = 5T
and bl =1-2--- (bl —1)-DL.
In the second symplectic transformation, the action-angle variables are introduced as

qz—\/1+i§,e“’ Gi=\Ti+&e™®, i (4.5)

=Wy, Zn=Wp, n€Z2

The symplectic coordinate transformation (4.4) transforms the Hamiltonian H into the desired
form

H=(0,1)+ Y A+ i+ Y A+ fO) wal

JES n622

JES Na=1  ky=0ap=0, i 5 es\{j}v=1
1<a)<--<a;<p+1 ( Y 67;)—1
ISkIS“‘SEJSPJrl l,;éls if F#S

ayky++ak=p+1

as i 2%
|:< H MH <Cp—|—] —Zl\gzg— (?—1 )/]gf Yy a;%) i =1 )

1<s<di=1 0<F<s—1 ta—1+ ¥
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0 p
(p+1)f
+ 40 . p2p ’ Z Z N Z . Z
n€Z? “d=1 ky=0ay=0, i s €S
1§k1§'~~§kj§l7 {Elu{
1<a1<-<az<p ipisifi#S
arki+-+agzk;=p

e ok;iz%)zéégiA}}me

(p+1)f° {pZ ¥ ;

i

s=17%

\\>:§>

1<i<p—1 \n€Zy | Ng=1  &y=0Gy=0, i1

1<7<\] <. <7(\A<
1<@ <<a;<p—
a1k1+ +aAkA—p T

Llf[ri( ; - (rl)ifiz;a%)zg?l }}

t+ZaA

€S
X gy

-
=1
[ iz ifi#S

~2 R
N e (B, 6)
. . . Joo—17 %025 ) |
! ” | LB H 5]217715126 e Y Y WnWmn
! -l L

i i Ajzllf/\jz;
+(p+1)(p!>2f° {{I M~e(9» )

b Al bl “WnWm
n€Ls, | 11' lh” 2n5
2 20
(p+1)p~f
T ar . ;2p Z’ Z Z Z : Z
1Sl§p71 neg ko an 0 ll?"'ﬂj N
1<ky <~ <kA< -1 tgl”f
1<a <<a <p—l GFinifFES

a1k1+ —l—aAkA p— T

d/\ s 7{\ 2 .
(e e ]
s=17=1 p—l—(z—l)kg_goa;k?

)

[ (p+1-9) W (P00 )

Gin

ﬁuw44¥ Em B Ot O1).

noy... Vl LB \/ é]léjz ( )WnWm
11° lﬁ" 2ﬁg'

. -ei(§j1+§f2)w W
b'111! lh" b 'bgh'zl! | \/ §]1§]2 nWm

15
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<J2v efzv )
LD y [Hm

2 n L L. \/élléjz ( )anm
armer 2, L Bl Doy e D!

11 & e O]
+ n n n n éh §j2 ei(ejl +9j2 ) WnWm:|
bn!'“b1h7!b21!'”b2ﬁg!
p+1 . 2p o 2p2p+l-} RIS
o Xl i+ .l o+ X X (el 71w ) -
5=2 5=1

For further verification, H can be written as follows

fO
(@,1) +ﬁz§{ (Aj+£°) W{(?—H)é;}

+ Y [(p+1)25ip+(p+1)2p§flél}ﬂtgw,p,j}} I;

ies\{j}
fO{ £ [0+ 1% +gg,p,n} 2
+neZ2{ e AP (p+1)mp }.|Wn|
(p+1)f°
* 4P . 2p 1§%¢—1{"6§71{[§9 (51’ +gﬂf7p,lin)]

I
I (p+1-9)7°

!
' l [\/5 (e ( J25- 912?)} }w W
biyt by Dy e D! 1_1 a1 51 e
0,  —6
H é} 5} ( J2v-1 sz>
+1) (p))2 /0 |V 150
+(p ) (P)°f Z

[ ]wnwm
ar.mp ney b il Dbyl D!
(p+1)p*f* p—T
+ 4P . 2p Z Z Z éi +g%vp7ﬁ"
1<i<p—1 HGfZZA ieS

0
I1(p+1-9)?

o r 5 s
.bﬁ’l!?izbrllhn!bgll...bgﬁn! H [\/ Sin 16 < S +0]2‘>} } V $iSie (=01~ )anm}
1 2

)

(12» O 1)
+<p+1)(P!)2f0 Z [VI_] \/m

/ i(—6;,-6,)
&\ T T )y
-2 ”...n!n|,,_n1}611512 nWm
vl b Dl Dby b D!

22 1 {5 (Bt o)

1<i<p—1 \(neZy L Lics
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l
H2 (p+1 —v) 7 < 5 ) R
’lll!v._ . . v H [\/ 5121 1§12 i1y } } \/ 5]15]26 i(0+ )anm
. 1 n F 5o
6, —6j_
H 51 gj ( Jop—1 -Izv)
(p+1) (P))*f° = VER /&) 8 Crt92) 5,5
+ 4p ’ 7[217 nGDZ(ZZp bl] : 1ﬁn b Zfin‘ 5]1 &]Ze 1 2 WnWm

2p42p+1-

P+ ‘§|p+l sﬂ +Z}€’p 2|ﬂ2HZHp+ Z Z (WPH_?EWSAHZHD

Denote & = (éjl 5]’27 éjh) o= (Oc Ocﬁ, . JZ) € ZP, where &j;r eEN/i=1,-.b,
b
o] =Y ‘&j @ denotes H& . Here
i=1
8o,p,j = gw,p}(éj o ’gj,’j) = Y Sopja- " (4.6)
al=p
0<@p <p—Li=1,-.b
0<aj§p72
gapn=8apn(&jr:Ej) = )y 8apni-&” (4.7)
al=p

a ~
8ct pin= 8 pin Gt 5i) = Y CypiaaSHISISp-l (43
laj=p—1
0<a;s<p—I-1,i=1,b
85.p0n = 8apin(Git ) = Y Cupiea N1SI<p-1 @9

al=

where gy, 1, i 5180 pn,a 8.y pina 82 pina A€ the corresponding integral coefficients. By ap-
plying the following time scahng transformation

E e, Toel, T—el, 650, 050, woelw, W e,
we obtain the transformed Hamiltonian
H=e Cr9F (3¢ 57,657,0,0, 3w, 3w).
Thus H satisfies equations (4.1) and (4.2), where § € .. O

Subsequently, a unitary transformation will be found to diagonalize the block symmetric ma-
trix, then the normal form described in Proposition 4.2 can be transformed into a more elegant
structure, and the unitary transformation is used to transform an integrable nonlinear normal
form dependent on angle variables to a linear normal form. To accomplish this, we use the
following lemma from [22].
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Lemma 4.3. Let ky,ka,... k; € 7P be vectors, and let V be a nonsingular m x m matrix with

VIV = E. Define ®y: (0,1, w,w) — (0+,1;,2,7) by

0, =06

~ . m

I =1 Z wiwKk;
i=1

z=VQOw

z=VOow

where Q is a diagonal matrix given by
0 = Q(ki,ky, ..., kz) = diag (el<k1,9>, ia0) ilkn e))

then @ is symplectic.
Proof. Setting G = diag((ky,d®), ..., (ky,d8)), we have dQ = iQG and dQ = —iQG. As
Y dzindzi = (VAQw+VQdw)" A(VdOw+V Qdw)

i=1
= (VdOw)" A (VdQWw) + (VQdw)T A (VdOw)

+ (VdOw)T A (VQdw) + (VQdw)T A (VOdw)

and
(Vdow)T A(VdOWw) = (iVOGW)T A (iVOGW) = (i GTQ
= (W'GT) A (GW) =0

wehave(Vde)T/\(VdQW)——l dw; N ((ki,d8)

1

(wi(ki,d8))

1=

w;), (VdOw)T A(VQdw) =i

1

=1
Adw;, and (VQdw)T A (VQdw) = f dw; Ndw;. Then ): dzi Ndz; =1 Z ((ki,dO)w;) Ndw; +
i=1 = i=1

m m
i Y (witki,d8)) Ndw;+ ¥, dw; A\ dw;, which yields

i=1
m R m . m m
Zd9+,~ Ndl; = Zd@, ANdI; + Z ((ki,d6>wi) ANdw;+ Z (Wi<ki,d9>) A dw;
i=1 i=1 i=1
SO
P

n
(d6riNdl ) +1Y (dziNdZi) = Z 6; \dl;+1) dw; Adw;.
=1

i=1

Ez

™=

1 i=1

We can easily conclude that W preserves the symplectic structure, implying that it is a sym-
0

plectic transformation.
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A nonlinear symplectic coordinate transformation @ (3V) ,

Z) o fle =7 0 W
_n>=Vn ~ <_n), nengl

Orry

L
™
2
[3°)
>
I
)=
1’1~

In = Wpe 7= yZm = Wpe =1

. [

- _ 19j2 —IAZ ejz?

,Zn = Wpe =2 T ne L~

in = Wne 20

p
in = szn — wnan € Z%\ {AU (DngAfl UD%ZIA)}
L =1

1 N . )
where Y () =0and for 1 <I<p, V= V; ;where V; = V, , nE

=)

Z

571> Vn 1s @ 2 X 2 non-singular unitary matrix,. Then V; is a non-singular block diagonal
matrix, so V is a nonsingular block diagonal unitary matrix.
We have Hamiltonian systems with the Hamiltonian

HoPod ' = (e 0, I+ (0 (&),I.)+ Y Q, (&) znZn
”EZ%\{TQI (527—1U'Z21A) }

p 1
) {{ [8‘3”(|n|2+(p+1)f0+2 i P)
I—1neZy =1

St +gpf,n,1>}

i

M-

0 A~
+4pfn2p (@) (p+1)

T

1
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s S e
+22p+17;2p ; 5Jz 1 ‘gjz +gpln2+gpln3

2
J [PZ éjpz 5}1;1 +g gp,lA,n,3] +4(p+1)2(g:{,pf,n)2}}z"z”
2 L 2
+ { e (P + (p+ 1)+ ¥ Ljl?)

0 R b
n 4pf;2p ((l+ D(p+1) Y60 +8pj,m71> ]

fO T » »
T 22p+172p P Z ( Jor-1 - 5]'2?) +gp,lA,m,2 +gp,lA.,m,3

= 2
I
2 2 _
J {pg 5;; 5;; 1 +gp,71,m72_gpfn,m,3] +4(p—|—l) (g;7p,ﬁm) }}Zmzm}

r=1

I P o
5 [(o0nr Kon)un s (o0 Lon Jo] + £ (57 <k
r= I=1

;lnejﬁf
p
=A+) (%:+ %))
= (4.10)
where
A={e o, )+ (@ (&), 1)+ Y Q (&) 2nZn
HEZ%\{ U;A)zl $2lA}
p i P
3 ¥ [(2m 0t Low Jans (2= Lo, )]
lne,,f =2 r=1
~ -3 ) 0 fo P
B5(8) = (P4 7) + gy iy (PG
+ ¥ [0+ o+ 128 E] + g0
ieS\{}
Q —8*3P(|n|2+f°)+—fo Y |(p+1e+ }neZz\{Lin” }
" oy H 0TS e SR Ly
£ e ;
Qu=e(Inf*+ (p+1)f° —|—Z|]2r i) m-[(l+1)(p+1)2(§€+gp,nl}

}"_

‘ﬁ-)

1
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f() T
+22p+17:2p Z o T +gpl7n,2+gpj,n,3
r:
7 2
2 2
o\ [P E (68 ) #8100 8p1s] +40 1060, e 2
r=

fO

7 ~
Qu=e(Im*+ (p+1)f°+ Y | josl?) T [(l +1) (p+ D)
=1

fO

T
- J p ~ ~
t 22 { ; Sy T80 T 80ima T8 pima

Mv

& =T8T, 1]

ﬂ>

1

~ 2
l
2 2
[P L8 ) i ] 40 )7 pome 2
r=

JZV yPyb,m
f()

— 2
Q,=¢€ 3p(|l’l| —|—f0)+W

Z [(p+ l)zél-p +8apn } NS "%ZZA

icS
0
Q= (1) 4 T Y [0+ 1028 b gapn |ime 2y @1
Ar(p+ 1) = Loy .
f1(p+1-9°
R p+l—v
B — (P+1)p2f°{ y [Z(épilﬂLg A)} )
: ap- 2 neZ,: Hes l Spbn byt Dbyt Doy

'ljz\/gjza1§jzv}'\/§j1 5]'22an,1 < Z\S p—
(p+1)( ')2f0 fl \/ ngV—léjzﬁ

p: v=2
Bp = [ }\/51' EinZnZm
av-m>r ne;%,, byt Dbyt D! e
M1 (4177
) p+1-7
Sy o
: A mp neZ,: Hies l #pln byt Dbyt Doy

H\/éhv 1§J2v} \/5J1€J2anma <lI SP 1
P
(p+1)(p!)2f0 Z [ AIZI \/éjzaqéjzv

4 -7172 ny...pn noy.. . pt \/ ]léjznnh
i r bll' blﬁ'f!bZI! b2ﬁg!

By =
nEffzp
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where
_ _ )
8.y i = 8oy pinGit 2 8ip) = { [; (5;' S P (ST 7€jZ)>}
l
L ~2
AHI (p+1-9) P
= -,/§§}<IA<1
J2v J2v — v =
b’fl!"'b’fh7!bgl!"'bghg! I:[l e
(4.12)
p
) AHI \/ 51'29715]26
* ES y=
&t ppn =8 ppn(&its:Ejr) = (p)™ , (4.13)
pop PP T DYyl B 0, 1 Dy
and gpj\,n,?:gp;l:n,?(éjiﬁﬂ'“ 7&]2) - Z gpj’l:nf,a ‘éa, t = 1,2,3.

_laf=p
Oga]* Sp_lvlzla 7b
1

To simplify notation, let IA, 0,H denote IA+, 0, and H oW o®~!, respectively. Addition-
ally, let o = (8*31’ o, &3) and 0 = (5 , 5) The term R corresponds to G, where the variables
(2j1>---+4jy+dj1s---+Gj,»Zn:Zn) are expressed in terms of (6,1,24,7,). The Hamiltonian H can
be written as

H=(e3a,1) +{®(&),I)+ Y Qu(é)z
”GZ%\{IQI 'fzf}

p p
Z {(Qn — )+ Z wjz?) ZnZn + (Qm - Z WBjyz_ ) mem}
€4y

=2 =1

(B;+%;) +R(0,1,2,2,€).

5. AN INFINITE-DIMISIONAL KAM THEOREM
5.1. KAM theorem.
Let IA) represent b-dimensional angle-action coordinates, and let (z z) denote infinite-

dlmensmnal coordinates equipped with a symplectic structure dINdO +dINdO +i Y dz,
nEZ2

AdZz,. We consider perturbations of a family of Hamiltonian functions of the following form

p [
Ho=A+) (%+ %)), (5.1)
=1
where
A=(EoD+@E)D+ Y ()
nem\{ugzlgﬁ}

)4 p »
+ Z Z,,:? |:(-Q'n — 60j2 + Z mjz?) ZnZn + <Qm — Z (Djz?l)ZmZm} ,
Lor

=2 =1
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The tangent frequencies @ = (®;);cs and normal frequencies Q = (Qn)nezf depend on b -

dimensional parameter & = (&);.g € .# C R?, where, for every & € .#, & # 0, .7 is a closed
and bounded set with positive Lebesgue measure. For each & € .#, the Hamiltonian equation for
Hpy admits special solutions (6,0,0,0) — (6 + @t,0,0,0), which represents an invariant torus
in the phase space.

Now, we consider the perturbed Hamiltonian
p —_— ~
H=Hy+R=A+)Y (#+%;)+R(6.1,2,2,8) (5.2)
=1

Our goal is to show that, for almost all parameter values & € .# (in the sense of Lebesgue

P —

measure), the Hamiltonian H = A+ ) (%’IA—F %’;) + R still admits invariant tori provided that

=1
HXRH Dp(rl).7 is sufficiently small.

To prove this, we must present the following assumptions.
Assumption I (Non-degeneracy) Assume that, for each & € .#,

a&\)ff a@z
rak gt g f = 5.3
K 7 ~ ~ .
rank gg(g VK, 1 <|x |< min{b—x+ 1}} =b,
T 96, .
where K is a given integer such that 1 < k < b, 8_51’ e a_gb are vectors representing all first-
) o _ S LA I
order partial derivatives with respect to &, and for a fixed «, aEx = <T§l’ N W%b) More-

over, @ (£) is 4p order smooth in the Whitney sense with respect to & on .#.
Assumption II (Asymptotics of normal frequencies)

Q, = S_T(|n|2 +C) +Q,, T>0,

where C is a constant, all components of SNZ,, are C;‘f functions of & and their C;f -norm 1is
bounded by a small positive constant L.

Assumption III (Melnikov’s nonresonance conditions) There exist positive constants U,V
such that

(k, @)] > ﬁ,k = (k) kezZ" ke b |k = k| + ‘Z‘ >0,0= ("6, 0)
|k, @) + 7| > |}?}V’Z€Z’%7AO (5.4)

and for 1 < Tg p

p

u

k) & Q| = fon ezi\{U%y}.
=1
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Khaﬁi(%ii%4>|varn€ZZ\{LJ
Set
Q, — 0, + Agz Wjy; —dn
G, = - 7 ~ ,ne 327
am —Qp+ ) 0,
=1

The matrix %, may be its own transpose, and the pair (n,m) represents resonant pairs. The
sequence (ji, 2,3, /4" »Js7_;+Jo7) 18 uniquely determined by (rn,m). Additionally, & (&),
Gn (5 ) € C# (ﬂ ) and there are 4, v > 0 (here E is the identity matrix and its order depends on
the case) such that

|det ((k, 0)E4 £ 6, @ Er = Ex @6y)| > WMHW n'| #0.

K]
p — ~
Assumption IV (Regularity) Y (%’7—1— %’IA) + R is real analytic in the variables 6,/,z,7 and
=1

is Cy/ in &. Moreover, ¥, (HX%T
=1

p _
Assumption V (Special form) ) (%’f—k %’IA) + R takes the following special form
=1

poeayr) < L IXRlp, 0 <

M"::

7 ={Y (#+7) +R:

~

=1

= Y (R F ) R) (OO,

keZb heNb o, 7=

(%;+ %;) +R

1K

1

where k = (75,@ € Zbtm with k € Z’",% € 7P, h € ZPand «, B have the following relations

b
; it L (G —=Pan=0 (5.5)

s=1 neZ2

and the perturbation is described as exhibiting a partial zero-momentum property. Additionally,
the following equation holds

b
Z + Y (o (5.6)

n€Z2

and the perturbation is described as having a partial gauge invariance property.
Assumption VI (Toplitz-Lipschitz property) For any given n,m € Z2, and ¢ € Z*\ {0}, the
following limits exist

p ~ P __
82(2%’74_13) &2( ZZQijZj-l-R) 82(2%’74—13)
=1 . JELy =1
lim ; lim - ; lim .
1= 02,4692 e 921t Zmyat 1o 0Zn1c9%m—a
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Additionally, there exists a positive constant M such that for |t| > M, A+ Zlfil (%4 %;) +R
satisfies the following conditions

P p
9?( Y %+R) 9?( ¥ %:+R)
=1 . I=1 € _|n+tmlp
— lim < —e ,
0%t %m—a 7% 0Z,459Tm—z t
DP(nl)vﬂ
2( ¥ Qjzjzj+R) 2( ¥ Qjzjzj+R)
: 2 ; 2
JEL _ — lim JE€T _ < feflflfmlp7
0% 9Zmsai o0 Zp1c s t
Dp(rl),s
5 P — A
0 (Z%’?—i—R) d (Z%;#—R)
=1 . =1 € —|n+m|p
— lim < —e .
aZnJrEtameEt [—oe azn+5tazm75t t
Dp(r,l),]

Here is the precise statement of the infinite-dimensional KAM theorem.

p _
Theorem 5.1. Suppose that the Hamiltonian H = Hy+R = A+ Y, (%7—1— 937) + R satisfies
=1
the assumptions (1)-(VI). Let u > 0 be sufficiently small. Then there exists a constant € > 0

depending on the parameters b,L,M,v, 1, r and p such that if ||Xg||p,(r1),» < €, then there
1
exists a Cantor set .9, C .9 with meas (f \ fu) = O(LL@), and two maps (analytic in 6 and

cyring)

YT % 7y — Dp(rl), @:.Fy — RE™
The map ¥ is ﬁ-close to the trivial embedding Wy : TPt x .7 — TPt % {0,0,0}, and @ is &-
close 10 the unperturbed frequency @ = (€ 3P @, ®). For any & € Sy and 6 € To+™  the curve
t— W0+ (&), &) is a quasi-periodic solution of the Hamiltonian system corresponding to

p _
H=A+Y) (%’IA—F %’IA) + R. The resulting invariant tori are partially hyperbolic.
=1
5.2. Proof of Theorem 2.2. )
Now we prove that H = A+ Y. (%;+ %;) + R satisfies assumptions (I) — (VI).
=1
Verification of Assumption I Letting @ (&) = (5’11‘ (&), L0 (é))T we find by (4.1) that,
for [ = l,---,b,
0 (8)  piyo
d&l Ar.m
l
970;(§) _ (p+1)lf°

- 1<1<b 1+1. 5.8
og tag,  wrww SIS0 7 ©8)

(5.7)
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Denote R R R
81 (Oflk 81 (!)j; o 8Pa)jz
E?, r=lye r=15¢ .
éil a;]; Aagjl agjz Aagjl
BPa)jT Bl’a)j; &f’a)jz
P _ =g, &L, p=lye .
UL = agﬁ 95 512 agjz 9
I I N I’
p—1 i r=1ye ., &7,
ag.* g ag; 9 &jb e

Then % P is the submatrix of matrix { &P } According to (5.7) and (5.8), one has

1 p+l - p+l
p_ PY [p+1 1 pd
O 4p. 2P
p+l p+tl - 1/,

Thus

plf° b—1
det (%) = (35 2) -1+ (p+1)(B=1)]-(=p)"" #0.

That is, rank (%(TI: ) = b. Hence, Assumption I is verified.
Verification of Assumption II: Take T = 3p. It is evident that Assumption II is satisfied.
Verification of Assumption III: This part follows the same argument as in [28]. For complete-
ness, we rewrite it here.
By Lemma 4.1, we have (5.4). Below, we provide the proof for the most sophisticated case

det [(k,0(&))Es 6, Q E2 = E> @6y].

Let R
~ ~ ()0 s
Q, — @j, +AZ Wjy Tarme g%, il n(gh 76]};)
%n — r:2 9. "y
(p+1)f° .
e g%’plm(gjl 7§jZ) _Qm"i_?gl sz?—1

where n € £, and €, can be its own transpose. The pair (n,m) is resonant, the indices
(J15J2,J35+ -5 Jo7_1»Jo7) are uniquely determined by (n,m), and

Cin=Enginre 80 = { [B (& (8 60)]

i€s
L 2
AHI(PH—V) ]
= JE; g} 1<i<p-1
J2i—19J2v - =
biyt e byp!Dyy e D! Al:Il e
(5.9)
p
AHl \/ 5]2971 gjzv
* — o* e En) = () V= ) 5.10
85.p.pn = 82ppn(Sit 2 6j;) = (PY) b DB (5.10)

Denote
.//(5) = <k,(0(§)>E4:|:(gn RFE, +E,®%C,.
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We aim to prove that }det (/// (5)) ’ > ﬁ for k # 0. To achieve this, we divide the proof into
five cases. R
Case 1(n,n’ € Ly 1L < p). Note that (k, ®) +Q, = Q.

Set a* = &= (i P+ £ 1+ £G4+ 10), €7 = (€8, 6L, &) and g5, =
(gz,jf7""g*w,j;) with
%o = 8o (& &) = X (Pl &+ 80,pi(Ejn 1 E5) VI ES.
i€S\{j}

It eigenvalues are

~ AN 0 =
fO

0 A~
o ([+1) ()

. ;
gy ) + [8—31’- (P + (o4 1)+ X )

=1
Pig
t & +gp,11,n,1>}

M-

(K

1

f()
:i:22p+17-[2p pz ]2 1 +gpllvn72+gpj\lvn73
2
2 2
+ [pZ 2F J2 —1 +gpll7n72_gp7lA],n,3:| +4(p+1) (gﬂmj\],n) }

M@

Iy 0 ~
. [e3p<\n'12+ 08 X ) g (B0 041 L8 48,0

‘ﬁ)

f°
:l: 22p+17r2p { -p Z +g17 llvn/vz +gp7lA17nl73
2
Iy
2 2
+ [pAZI (éjljz?_ éjl;il) +gp,lA1,n’,2 _gp,lAl,n’,Si| +4(p+ 1) (ngf,p,lAl,n’) }’

where g, 7s = 8ping (G52 85t) = \a)\:—p Spinia s’y =123
OSA*§P* 7i_17 7b
Case 1.1. Supposethat{]zll\l }%{12 1\1<z<ll}0r{]2]1<z<ll}7é

{ on | 1<i i< 11 } Then all the elgenvalues are not identically zero because of the presence of
the square root terms.
t

Case 1.2. Suppose that {j- , |1 <7 <h}= {jlzi—l‘ 1 <i<1l;} and {igl1<i

<7
{j/'nl1<i i< ll}. Obviously, g, ,, , lunt( . ,.ﬁjz) = gQ,w,p,ﬂ,n’,?(gji‘" : ) ith
1,2,3.
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Case 1.2.1. Suppose that the eigenvalue is

@x*%»+@ﬂw+l’”< ?>Eﬂiﬂﬁ«ZZMQ% 4

4p . 2p

fO
+4p. (p+1) . T2p

(kygy )+ (In? = |n'[P) (5.11)

the coefficient of &7 (Vi* € S) in (5.11) is )2,, [pk,* +(p+1) ¢ %d*}.

d*eS
Denote
Loz T —
G PR+ (1) X k] =0
: (5.12)
L 17 T —
W[ijz +(p+ Udéskd*} =0.
Then equations (5.12) has no integer solutions for k # 0.
Case 1.2.2. Suppose that the eigenvalue is
0 0 b
Ty 7y P o DS Ty e
(e 7ra) + o+ g7 80) + 5 (F ) (L87)
f° o 3 2 0 i 2
* P, i
gy )+ £ (0 (4 1)+ X )
fO N b )
+417 2P ((ll +1)(p+ 1)24 é]f +gp7717n71>]
! (5.13)
h

+F3%WF+@+0ﬁ+ZUwﬂ%

=1

fO R b
g ()00 L a7
=1

fO
22[)7[2[) pZ( ]2 l >+gp7/l\17n72+gp7?17n73

the coefficients of éﬁG: 1,2, ,271) and EF(Vi* €8,i* # jl?"'jzfl) in (5.13) are respec-
tively l
- ~ ~
— [pkj7+ (p+1) Z kg +2(li+1) (p+1) — p]
27) d*es
and

(27]3 [pkis + (p+1 d;skd 2+ 1) (p+1)].
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If we set the coefficients of 5;;(?: 1,2, ,2lAl) and &L (Vi* € S,i* # ji,-- 'jzﬂ) to zero, then
the following system holds

{ [3( +1>+p]kj1£[b( 5.1

iy -

p+1)—p+2(p+1)]=0
=kj =ke+1

1

The system (5.14) lacks integer solutions. Hence none of the eigenvalues are identically zero.
Case 1.2.3. Suppose that the eigenvalue is

~ o~ 0 -~
feva)+ o)+ D wen+ CIOE (y 1) (e

4p . 2p

fO T o* - 2 lAl . 2
+4P-(p+1).7c2p<k’gwai>_ [8 3p’(’”‘ +(P+1)fO+Z’J2?71’)

=1
f
é’:i +gp>2\l7n71>

e (CRDIC)

_|_

Mw

1

- {83p(\”'|2+ (p+1)r0+ Z 1 [P) +
1

‘ﬂ‘)

fO
4P . t2p

M=

N

1

MN)

22[771;217 |: e .]2 | +gp ll 7”72 +gp72\1 7n73:|

(5.15)
the coefficients of éﬁG: 1,2,---,20;) and EL(Vi* € S,i* # jl""jzfl) in (5.15) are respec-
tively l

£ -~
W[Pkﬁ*(P“)d*ze,skd*—2(11+1)(P+1)+P]
and
£ S
—zp[pki*%-(p%—l) Z kd*—2(ll+l)(p+1)}.
(271') d*es

Set the coefficients of éﬁG: 1,2, ,2lA1) and EX (Vi € S,i* # jl?"'jzfl) are zero. Then

Lb(pt1>+ plkj = b(p+1)=p+2(p+1)] =0 5.16
kjy=kpp = =kjy  =kj; =ki—1 ‘

The system (5.16) lacks integer solutions. Hence none of the eigenvalues are identically zero.
Case 2(71 € ngl—l’n/ € .,2”27271, 1 <L <p,1<L<pl # 12).
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The eigenvalues of .Z (§) are
(ke3P @) + (k, o) + p:—f&@,m + M (Y k) (f &)

0
47 - (p+1)-m2p

- Iy
Eso) = & (1P (4 1)1+ X Lo )

fO N b
o ((11 +1) (p+ 1)25% +gp7;1’n’l>]
i=1
fO
i22p+1n-2p{ pZ Jz 1 +gpl|,n,2+gp,lA],n,3
2
2 2
+ |:pz 27 er +gp,2\17n72_gp7717n73:| +4(p+1) <gd7p,fl,n) }
=3p 112 0 E -/ 2 fo 7 4
+|€ (}I’l‘ +(p+1)f —|-AZ‘]2?_1‘ >+4p.—7r2p<(12+1)(p+1)26*+gpl27 1 )
r= i=1
fO
:|:22p+1n-2p{ pZ +gp12n’2+gplz, 3
2

2 2
+ [pz (& -& +g,,’;2,n,,2—g,,,;2,n,,3} (1) (0 5)”

Hence none of the eigenvalues are identically zero due to the presence of the square root terms.
Case 3(n,n’ € .,2”2;1,1 <L <p).
The eigenvalues of . (&) are

~ N L0 0 N 0 N
<k,£_3p67)>+<k,a*)+pfo(k,ép)+w(zkd*)(25j§)+ f, (k, g ;)

+ 3"’<|n| +(ll—1) —jaf? +Z|Jz?| ) T 02,,((71—1)(19+1)Zb:5, +gpllnl)1

L =1

. Iy 0 R b
£ e (4 (-0 [P+ L 1) + gy (-0 (04 1) K8 8,50

I Py —
:l: 22p+17r2p p|: jZ o jl _/\22( ]2 —1 +€ )i| [’ ll n, 2 +gl’ ll7n73 :l: gA737P72\1>n
=

~

fO p p J p p
+ i\ P [51’2 —Sp - AZ (éj’ﬁ,l T 51"27)} T8 w2 T8 w3 T /A pii

r=2



SCHRODINGER EQUATION WITH A GENERAL NONLINEAR TERM 31

where

2
. R P . 2 % 2
8A3phin {p[ Z Jz S ] 8p.0yn2 gp,ll,nﬁ} Hp+1) S s piin

and

2
R P £p gD . _ 2 x 2
Ea3.pdi _{ [é <5 +Z b1 S )} T8phia2 ngl,n’ﬁ} Hp1) Eapin

Case 3.1. Suppose {j2, j |1 <i<1;} # {i il |1<i<] LYor{jsl2<i<i}#
{ j’2?| 2<i< lAl } . Thus none of the eigenvalues are uniformly zero due to the existence of the
square root terms.

Case 3.2. Suppose { j2, j,= ;| 1 g?gﬂ} = {jIZ’jlzlll |1 <i

{]lzfl 2 S I S ll } : ObViOllSly,ngAl ,n,?(gjf’ o ’éjzt) p ll n' t(éj
Case 3.2.1. Suppose that the eigenvalue is

4p . g2p

_ . 0 b
e o))+ 2L G WU (Y5, (R e

fO
+4p(p_|_1)7r2[7

(kogip )+ (In]* = 0.

Since equations (5.12) have no integer solutions for k # 0, the eigenvalue mentioned above is
not uniformly zero.

Case 3.2.2. Suppose that the eigenvalue is

e i)+ oy L e+ WEUE (7 ). (i%”:)

4pr . g2p

~ (5.17)

(-
. |:£—3p<|n/}2 + (=10l + i |j2?|2)
(

r=2

b
(1—1)(194-1)25]11*‘5’,;11 n’1>:|

fO » » h
+22p7[2]7 p|: j2_ J1 _,\Z( Jor l+§ )i| P117"72+gp7?17n73

r=2
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the coefficients of &7, j’;(?: 1,3,4,---,2ly) and EZ (Vi € S,i* # ji, -+ ’jzﬂ) in (5.17) are re-
spectively

1o { ]
ki,+(p+1) Y ke+2(L—1)(p+1)+p|,
o pkj,+ (p dZE,S s +2(L=1)(p+1) |
1o ~ ~ -~ ]
T [pkj?-i- (p+1) Y ke=+2(L—1)(p+1)—p|,
(27‘[) d*es _
and
fO
i+ (p+1) Y ke +2(L = 1) (p+1
27 {p i+ (p dés 2 =1)(p+1)].

Set the coefficients of &7, ZG: 1,3,4,-- ,2lAl) and &X(Vi* € S,i* # ji,- - ,jzlA]) are zero.
Then

/lgjz = lv%jlf: _16\: 1,3,4,-- 722\1)776\1'* :O(VI* €S7i* 7&]'17"' ;jzfl)7
L

ie., k= ej,—ej,— Y (e, , +ej,;). When |n| # |[m'| , the eigenvalue (5.17) is

r=2
(e @) + 7 (|n]? = ' |* +2(1 = 1) /%)

70 I

" 4p . (P+ 1) . r2p . <€j2 —¢€i _?:ZZ (ejz?—l +ej27)ag*(g7j>
fO
+ —(27r) Th [ng_j1 nl + 8pTn2 + &)1 7n73} ]
Denote
* * fO I *
Epii 322~ 8ply 322 (gflk’”' ’51'2) T (p+1)-m2p ' <ej2 € _AZZ (ejz?—l +€j2;) 78w,j>
=
fO

+

(27r)2p ' [2gp7i\l 7n71 + gp72\1 7n?2 + gp?i\l ’n’3j| ’

Then g;,11,322 is either zero or a homogeneous polynomial of degree p. Moreover, since \n\z —

112 .
|m'|” # 0, all eigenvalues are nonzero.
Case 3.2.3. Suppose that the eigenvalue is

N R 0 0 R
e o)+ fayr 2L wen + UEDE (Y ) (R 8

4p . w2p

/0 ~
+4p.(p_|_1).7[2p<k’gwyj> [ <|n| +(ll_1> |J2| +Z|J2r|)
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0

o (G- 1) (p+1),

Mw

Tl')

1

e (WP 1) - P L 3 1)

=2

g’? +gp72\17n/71>:|

(5.18)

Mw

+f—0-((7 D(p+1),

4p . 2p

‘ﬁ>

1

fo p p 11
B 22]77-[2[7 p|: J2 o J1 _/\22( ]2 1+§ )] P117”72+g177717"73

r=
the coefficients of éj’;,éj’;(i\: 1,3,--- ,ZIAI) and &7 (Vi* € S,i* # ji,--- ’jzﬂ) in (5.18) are re-
spectively

- ~ N
(21)2 [Phis (P + l)déskd* —2(Li—1)(p+1)—pl,
fo - ~ o~
>y [PKj; kg —2(I — 1 1
(271.)2;7 [p ]i+(p+1>dés d (1 )(p—|— )-}—p}’
and .

W [PE‘* +(p+ l)d;e:jc\d* — 2(lA1 —1)(p+1)].

Set the coefficients of 62, J{G: 1,3,4,--- ,271) and & (Vi* € S,i* # ji,-- ’jzﬂ) are zero.
Then l
kaz—l,kj;:1(?:1,3,4,--~,211),kl~*:0(Vi*€S,i*7éj1,---,j21A])

~ I
ie,k=ej —ej,+ ¥ (ej,. , +ej,). When |n| # |m'], the eigenvalue (5.18) is
=2
(ke @) —e - (Inf — |m/|” +2( )

fO

+4”'(P+1) 71:2P< Ji 612+Z € o1 +e/2r> gwj>

=2
fO
(e

' [ng72\l 7n71 + gpﬂi\l 7n72 + gp72\1 7”73] ’

Denote

f° ;
g;flgzg - 40 (p+1)- 2P <ej1 —€j +?:X:2 (ej2?—1 + ejz?) ’g*w7j>

fO
T 28,7 01 87 n2 T 8pTinsl-

is either zero or a homogeneous polynomial of degree p. Furthermore, since

Hence g* 11 13

> — [m/|> 0, all eigenvalues are not identically zero.

Case 4 (I’leZl ' 63272,1 <L <p,1<hL<pl 7512).
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As in Case 2, it can be concluded that none of the eigenvalues of .#Z (é) are identically zero
Case 5 (ne.,?z;] €Ly 1<l <p,l <L <p).
As in Case 2, it follows that all the eigenvalues of .# 5) are not identically zero

Based on the definition of %, both det ((k, (0(5)>E2 + ‘fn) and det (‘fn) can be expressed as
linear combinations of terms involving &% with ’&‘ < 2p. Similarly, both tr ((k,(&))E> +6;,)

n
and tr ((5 ) are linear combinations of terms involving éa where ’&‘ < p. From the Lemma 3.6
in [10], we obtain

det (7 ()) = det (((k, 0 (S))E2 £ ;) ® E» £ Ey ® Cyy)
= (det ((k, ® (§))E2+%,) —det (%))’
+det((k, 0 (E)VE2£C,) - (tr (€p))?
+det(Gy) - (r ((k, 0 (8))E2 £ %,))°
+ (det ((k, @ (8)) B2 =€) +det (Gy)) tr ((k, 0 (8)) E2 =€) tr (Gry) .-

From this calculation, det (.# (&) ) can be expressed as a linear combination of terms involving

&% with |0 < 4p. In other words, det (. (&)) is a polynomial in the components of & with a
maximum degree of 4p. Consequently,

s £
@) = s

1
From Lemma 4.8 in [9], by excluding a parameter set of measure 0(,115) we conclude that
|det (. (&))| > \k|V .k # 0. Assumption III is verified.

5 [kl #0.

Verification of Assumption IV: The verification of Assumption IV follows a similar approach
to Lemma 7.3 in [11].

Verification of Assumption V:

>M~°‘

(%;+ %;) +R

~

=1

I = g aj+B; > ¢ a,+B;
)3 T Ve gt
4 (ajy_ﬁjg)jsi‘F Y (0n—Pn)n=0.k

s=1 2
§ neZ1

Ms

i 4 . _B.)o- iy [(an_ﬁn)(a‘"ék)"‘(am_ﬁm)(§i+§l):| .
X e fgl (ajf ﬁj;) % X (e nezZlAfl ' ei<k79>
=1

1=

~

i 2 [(onpn) (8-8)) (o ﬁm>(§,+@)})

Letting k| = (11, klb (aj, = Bjys---, &, — Bj,), for 1 <1< p, we have

eiZneiﬂzl: [(O‘n ﬁn)( /+9k) (am_ﬁm)(ei""gl)] %
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Then f (%4 %;) +R = kzﬁ B 5 (By+ B7) +R] 1y (E) 110 2%7P  where k = (k,k) e
=1 «

Zb+ma/I€: (13177527"‘77(\17) - (\11 +k21:k12 +k227 klb +k2b) S Zb 6 = (5 /9\) € Rb+m7h =
b
N?, &, B has the following relation ¥, keje+ ¥ (0 — By)n=0and Z ket ¥ (0 — ) =

5=1 nez3 5=1 nez?
Then Assumption V is verified.
Verification of Assumption VI: We only need to verify that T satisfies Assumption VI. Ac-
cording to (4.3), the terms in 7" that contains z,,Z,, are

p o
( H qiz?_l qiz;\) : anm . el <k79>
r=1

y - }
47 (p+1) w2~ ~ P '
n—m+ )I_l, (iz?flfiz?):lel#o <p ) [<k7 ©) = At = ?§1 (Al’ﬁfl B AiZ?) }

2 .2
|n| 7|m| +Z (‘IZr | 7|12r‘ )7&0
r
(Sﬂ{n 1,7 lvl2r‘1<r<p})>2p

Then, for ¢ sufficient large and V¢ € Z?\ {0}, we have the terms in 7' that contains z,, 2z
are

)3

p .
- = = k.6
ik (H Qizy,,CIiZ;) *Znttclm+tc eltk.0)
{ i-f =1
ro . . ~
n=mt ¥, (i1 ~ixy) )=0,|k|#0

4p Nr2r ~ - P }
(PTG &) — Aot si— % (Rig s — P ]

r=1
| | |m| + Z <|12r l| |i2r‘2)7é0
(Sﬂ{n m er 1712r‘1<r<p})>2p

_ y { i-f
» B 4r (p+ 1) m2r
"_”H‘Agl(iz?—l_iz?):07|k|7£0
P <l £ (Jaro1 Pl 20
8(SN{nm,in_y.ingl ISF<p})>2p

P oy

= > k,0

( H qiz/r‘,lqiz;:) : ZnthEZertE' el< ’ >
=1

(k@) — |nf> + | ~21(n—m.@) ~ ¥ (Aiy, — )]
=1

9T 9T 2%T
It <n _m’a =0, then 924 Omat = 02,97, > 1f <n - a 7& 0, then ’ 021t 0Zmrt _0‘ Dy (rl), <
p
ﬁe""""'p . Similarly, we see that
Pr_ 2T € intml
im < — p
‘ aZnJrEtaszcr t—>oc0 aZnJrctaZm ct Dp (rl) 7z = |t|e

and
2
9°T lim 9T

£
= = < _e_‘n—"_m‘p .
8szrEtgszct t—>o00 aszrctazm ct

Dy(rl),.7 — |t
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So T satisfies the Toplitz-Lipschitz property. Given the structure of the Hamiltonian (3.2), it
is sufficient to verify that {G,T} also satisfies the Toplitz-Lipschitz property. According to
Lemma 4.10 in [10], the Poisson bracket maintains the Toplitz-Lipschitz property. Therefore,

p —
A+ Y (,@7-1— L@T) + R satisfies Assumption V1.
=1
Since all the assumptions of Theorem 5.1 are verified for equation (4.10), we can now apply

Theorem 5.1 and deduce Theorem 2.2.

5.3. Solving homology equations.

Theorem 5.1 will be proven via a KAM iterative procedure that involves an infinite sequence
of variable transformations. At each step, the perturbation from the prior iteration is further
diminished, while a small set of parameters is excluded and the weight is decreased. It is
necessary to prove the convergence of this iterative process and estimate the measure of the
excluded set after infinitely many KAM iterations. Since the proof follows a similar procedure
asin [10] and [28], we omit it.

Define D as the truncated part of R given by

D(6,1,2,Z) = Do+ D + D

= Z Rigool" e 4 Z (RﬁloznnLRﬁmZn) eltk6)

[k[<M,|hI<1 |k|<M;n
k2 k025 =\ (k.0 K1, = ik
+ Y (RYznzm+ R znzm) e84 Y Ry 2nZme 0,
\k|§M,n,m \k|§M,n,m

where RK10 = Ripop With @ = e, and B = 0, where e, represents a vector with 1 in the n-

th component and zeros elsewhere. Similarly, R’! = Ry;qp with o = 0 and § = e, REZ =

Ripnap With o = e, + e, and § =0, RKIT — Ripnap With @ = e, and B = ey, RN2 — Rinap
P _

with ¢« =0 and B = e, +e¢,. Rewriting H as H =A+ ) (@IA—F@IA) +D+ (R—D), we

=1
have||Xplp,(1).7 < IX&llp,(r1),s < €. Furthermore, taking [ <[ such that in the domain

Dy(r,l+), we have | Xg—pl|p,(r1,) < c&+.

Next, we present a function F defined on the domain D, = D, (r+, l+), where the time-one
map q)} of the Hamiltonian vector field Xy maps D, into D and transforms H into H,. Let
F(0.1,2,2) = Fy+ Fi + F>, where

Fy= Y Fingoe H 0T,
0<|k|<M,|h|<1
Z k10 k10 k01 kO15 (k.0
A=Y (FX %2 + Fy 02+ B0 2+ F 2n) €40)
=1 |k|§M,n€f2A
S NG )

k| <M.nez2\{ UZ, Ly}

BR=Y y (FKV 5z, 4 FRV 2,2, ) el 60)

1 |k\§M,n€$271 ,n’efzfz,\k|+\n—n’|7é0
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)

=1 |k\§M7n€$

)

=1 |k\§M,ne.$l ne

Z

—1lk|I<M, ne.fz[ N eifz[ ,

nes -

o)

=1 k<M ne 2y W ey [kl+In—
p

+)
=1 \k|§M,ne$2l neLy, k| +|m—

Mm

lA: |k|<M, ne.,fzf n E"KZZ |k 4| m—

>M"B

e~

—1|k|<Mne L~ 20y

21y’

)}

_'_
Ik|<M, nezz\{ul’

P
>
=1 <Mnezi\{ U2
P
)

=g <Mnezi\{ U2

Z

=1kl <Mnez?\{ U

)

=1 <mnez\ { U2 |

(F,f‘,}lznzn +F* U ez + FA N 202, + FR zm/zn)

satisfying the equation

p R—
{A—f—z («%)T—f—e%)i) ,F}—f—D—RO()o()—

=1

2y’

2[’

} meZz\{Up

Ly b meZ2\{ v

(Fkllzmlzn+Fk1/Zan) i(k,0)
||+ [n—m'|0
i(k,8)

[K[+|m—n'|70

(Fk Lt T+ me/zmzm) i(k.0)

|K[+|m—m|£0

(Fiozwzn + o 2w zn) € 40)
m'|0(0r) k| + —m|£0

(szoZmZnJrF szzn) i(k,0)
m!|70(or)[k|+|n' —n|7#0

(szozn o +anzn/zm) i(k,0)
m!|70(or) k| +{n' —n|7#0

(F020tm + FP2 ) 0)

| Tn = |£0(0r) [ + | —m| 0

(Ffzoznzm n F",,‘izzn‘m) i(k,6)
(F,fnilznim+Fn§;11m2n)€i<k’9>

Ly bkl -+{n—m|£0

(FR20% 00+ FF292,2 ) 60)
2f}7”/eng

(Fkn/ZZnZn’ +Fk /Zan/) <k79>

27} neLy
)3

Ly ne sy
i(k,0)

1) -

The homological equation (5.19) is equivalent to

{A,Fy} + Do — Roooo — (@,1) =0,

~

37

(5.20)
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p p—
{A+) (%+%;), A} +D1 =0, (5.21)
I=1
and
N
{A+Z (Br+B) . B} +D2— Y, R 2zn— Y, (%74 %;) = 0. (5.22)
=1 nez? =1

Now, let us solve equations (5.20)-(5.22).

Lemma 5.2. The transformation F satisfies conditions (5.20) and (5.21) if the Fourier coeffi-
cients of Fy, F are defined as follows

((k, @) Fxnoo = iRknoo, |h| < 1,0 < k| <M,

p
((k, 0) = Q) Fy'O =ik, k| <M,ne ZI\{|J &
=1

P
((k, ) + Q) FRO' —iRU k| < Mne 22\ { | %), (5.23)
=1
((k, 0)E> — %) (FF, BN =i (RO, RN |k < Myn e £ 1 <T< p,
((k, @) E> +%,) (FO FE0) " =i(ROVRNO) k| < M,ne 21 <T< p.

The Fourier coefﬁcients of F; are given by the following lemmas.

Case 1. nmeZz\{U it
I=

Lemma 5.3. The transformation F satisfies conditions (5.22) if the Fourier coefficients of F»
are defined as follows

((k, @) — Qy — Q) Fixd = iRZ K| < M,

nm
((k, @) — Qy + Q) Fint =R, 0 < |k| < M, k| + |n—m]| #0, (5.24)
((k, @) + Qy + Q) Fio2 = iR k| < M.

2 P / T
Case2.n€Zl\{AU L' e L1 <1<
=1
Lemma 5.4. The transformation F satisfies conditions (5.22) if the Fourier coefficients of F»
are defined as follows

[({k, ) — Q) Er — %] (FI2°, FAN) T =i (R0, RELLYT,
(k.)+90) Er 6 (R FLL) = (RIPRD) 525)
(k. 0) — ) B2 + %] (i F20)T = i(RALRE)T, |
[((k, @)+ Q) Ey — %] (FELT FR92) T = i(RR)T REO2)T

Case 3. nefﬂ . E.,i”z[ 1 gﬂ,l}gp.

Case 3.1 If {n,m} #* {n ,m }, we have the following.
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Lemma 5.5. The transformation F satisfies conditions (5.22) if the Fourier coefficients of F»
are defined as follows

((k, ©)E4— €, @ Ey +E2®<5n/)(F’<“ Fi29, ko2 Fk,“)T

nn ) nm ? mn
. T

(<k’w>E4+(gn®E2_E2®(gnl) (Fkll Fk02 Fk20 Fkll)

n'n ot m'notn'mo

(Rkll RK02 pk20 Rkll)T

n'no N m'no M almo

((k, @) Ey — 6, @ Ey — By @ 6y) (FX2°, LN FAIT pho2y T

nn' a2t m o mm!

—I(Rk20 Rkl Rkll RkOZ) :

nn' n'm>

nn’ yEmin ot mn!

I’l’l}’l7
Case3.21f {n,m} = {n',m'} and k£ 0, then |, =1 and{jz,jz?_1|1§?§ll}:{j/2,j/2?_1|1g
< lAz} and { jx]1 <7< lAl} = {jlz?\l <r< lAz} Moreover, we have the result.

Lemma 5.6. The transformation F satisfies conditions (5.22) if the Fourier coefficients of F»
are defined as follows,

((k,w>E4_(gn®E2_’_E2®(gn) (Fkll Fk20 Fk02 Fkll) (Rkll Rk20 Rk02 Rkll) )

nn YT nm YT mn YT mm nn " tnm T tmn )

Proof. see [10]. O

Remark 5.7. In the case that (n,m) and (n’ ,m’ ) are resonant pairs within ‘ngl and 92”272 re-

spectively, with 1 <7;,1> < p, the indices k, (n,m) and (n’,m’) satisfy the following expression

(Fnkn ZnZn + Fk ,1znzn ) i(k,6)
ne? ~

|k| <M ,ne.Z~ o, JJk|+|n—n'|#0

20y
- ) (FiX0zuzn+ FaotZyzn) e ®0) 4
|k\§M,n€$271 ne o k|4 |n—m'|#£0 or |k|+|n' —m|#£0

To solve these equations, we require a fundamental algebraic result from matrix theory.

Lemma 5.8. Let A, B, and C be PXD,qxg, ¢ and p X X q matrices, respectively, and let Y be an
unknown p X q matrix. The matrix equation AY +YB = C is solvable if and only if the matrix
E, ®AT +B® E, is nonsingular.

For a detailed proof, we refer the reader to the Appendix in [24].
Under the small divisor condition, we obtain the following estimates

| Fnoo| < 17 PMPY D | Roo] .0 < k| <M,

FKI0| | ol SHfSpMSP(V-‘rl)ge—|k}re—|n‘p7
2 .

|Fnknl’1}j < “—SpMSP(v—H)ge—}k‘re—}n—n’ p7

0] + 2], < orwr ) ek,
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Next, we estimate the coordinate transformation, the new normal form and the new perturba-
tion. We also verify that after one KAM iteration step, Assumptions V and VI remain satisfied.
This part follows a similar approach to [10] and [28], we omit the details and provide only the
proof of the measure estimate. We must emphasize that the process of it is similar to [10] and
[28], but the forms of estimation are different.

5.4. Measure estimate.
For simplicity of notation, let .#_; = .# and M_; = 0. During the v-th step of the KAM
iteration, the following resonant set is excluded,

/V-O—l: U ( kv+lU/\z+1U/kv/—lo—l %;;}( ))7

MV<|k‘§MV+1 ,n,m,n’

where
T ={¢ e g |(k,o,01)] }!k!#O
+1

V

s ={ge s ]<k,wv+1>i9;“\ < b

u
st ={een: ](k,wv+1>ig;+1i9;“‘<M+1,J,zezz\{u A3
v

M ={E € gy |det ((k,wi1) Es £ @B, £ E, @60 | <

}

T
k#O,nEZZZ ' 63272.
v
Recall that @, 41(§) = @(§) + ¥ Ry,00(&)with Z ROhOO(é) < € and
i=0

Vv
[ (E) = (@), < LR | <&
i=0
Remark 5.9. As stated before, at the (v+ 1)-th step, the small divisor conditions are automati-
cally satisfied for |k| < M,. Therefore, it is sufficient to remove the resonant set I any

Below, we present the proof for the most intricate case, when k # 0, 1 < I ) < D,

{5 € g, ’det(<k,wv+1>E4+Cg,:+l®E2—E2®Cgr:),+l)‘ < Ml;l 1 nef n Eg }
vt

When n € £, | and n' e £ there are no small divisors. For simplicity, let A =

(k, wv+1>E4+<5v+1®E2—Ez®<5V“ A = (k,0,) Es+%) ® E; — E, ®%),. For |k| < M,,
(@) 7= 1A+ (At —an) 7|
= B+ (@) " —a) A

v

<o (a7 <2 < Mo,

T
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For M, < |k| <M, and 1 <1y, < p,letn € Zy; and n' e Zy;,. Assume that (n,m) and
(n’ ,m’ ) are resonant pairs in 02”271 and .,2”272 respectively. Then if m = 0, as the partial gauge
invariance property and @ being Diophantine ensure this, we must have ‘75] # 0.

We assume ’/k\} £ 0.

Lemma 5.10. For any given n,n’ € 73 with |n —n" <M, 1, either ‘det ((, @, 1) E4+6 1 ®
E, —E, ®C€r:’,+l)‘ > 1, or there exist no,njy,c € Z* with |no|, }n6| |e| <3MZ, andt € Z, such
that n = ny+tc,n’ = nj+tc.

Proof. See [10]. O
Lemma 5.11.
U '%l:n:’l C U '//l:,;arol+tc,n6+tc
nn' €72 no,nfy,c€Z? t€7Z
where M +1
Proof. See [10]. O

Lemma 5.12. For fixed k,ng,ng, c,

1
i
v+1 H
meas U (gk ,np+tc, n0+tc <c [ A
4p(4p+1)
t€Z MV—H

Proof. By applying the analysis above and the Toplitz-Lipschitz property of A 4 Zlfil ('@7
—1—@7) + R, the coefficient matrix A**!(¢) converges to a limit as t — oo,

We define the resonant set

A ={E e A [detlim A (1)) < —E ).

kngncoo

HAV+1 llmAV+1 H <
{—roo

Ipr1
M.
4p+l
Then, for & € Jv\%;;gi oo s WE have H ( hmAV+1 H < t+1 . For |t ’ } 4?11’ since
‘Av-i-l (t) —}Ll’l;Av_H t H S <0
we have
T
H (A7+1(1) H < 2Mvi1 Mvv+1
uou
For |t| <M ‘Tll , we define the resonant set
M = {E € Sy [deta™ ()] < 5. (5.27)
v+1
In addition,
Py vl 1o ~ 1o
inf detA )| > k| >
06 om, 8 (4ea™0) | = 50 mam M 2 5
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For fixed k,ng,n’o, c,t, meas (41!, ) < (5 )41’ It follows by Lemma 4.8 in [9] that

kng noct MVVJrl
] -
H o\ JIRG
meas {0 ) <M ()<
|t |<M 0 1 M e
v+1
_ut
Thus meas (U,ezﬂk ot n0+tc) <c g O
v+1
Lemma 5.13. " "
v+1 b _
meas ( U T < v+1Mv —ch_b,
MV<|k|§MV+1 v+1 v+1
v 2+b u _ u
meas( U /kj) < My uY _CM" 2-b’
M, <|k|<Myy1,j v+l v+l
v+1 nu
meas ( U i ) <c 5
Mv<‘k|§Mv+17]71 Mv+1
1
u@

%
meas ( U *///knn’) < C—Tvﬂ)_n_b‘
M, <|k|<M, 1,00 Mvj-lp

Lemma 5.14. Let v > 4p(4p+ 1) (12+ D). Then the total measure of the excluded resonant set
along the KAM iteration satisfies

meas(U/VH):meas[U U < v /VH /kvj,r]( )U 1:,:;1( )ﬂ

v>0 v2OMy<|k[<Myy1,j5i
o
P
<c s

v>0 Mv—|—1

e

<cudr.
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