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Abstract. The stochastic generalized Korteweg—de-Vries—Zakharov—Kuznetsov (GKDV-ZK) equation
driven by multiplicative noise is considered in this paper. The stochastic GKDV-ZK equation is trans-
formed into another GKDV-ZK equation with random variable coefficients (GKDV-ZKE-RVCs) by ap-
plying a proper transformation. Rational, elliptic, hyperbolic, and trigonometric solutions for GKDV-
ZKE-RVCs were obtained. In addition, we present several figures to illustrate how multiplicative noise
impacts the exact solutions of the stochastic GKDV-ZK equation.

Keywords. Analytical solutions; Jacobi elliptic functions method; Stability by noise; Stochastic solu-
tions.

1. INTRODUCTION

The generalized Korteweg-de Vries-Zakharov-Kuznetsov (GKDV-ZK) equation is a mathe-
matical model that describes the behavior of waves in shallow water. It is a combination of three
different equations, the Korteweg-de Vries, Zakharov, and Kuznetsov equations, each of which
contributes to different aspects of wave dynamics. By combining these three equations into
the GKDV-ZK equation, researchers are able to study a wider range of wave phenomena and
gain a better understanding of the complex interactions between different factors that influence
wave behavior. The GKDV-ZK equation is often used to study the behavior of surface waves
on bodies of water such as lakes, oceans, and rivers, and has various applications in fields such
as oceanography, fluid dynamics, and meteorology.

Incorporating a stochastic term into the generalized KdV-ZK equation introduces randomness
into the model. This randomness can represent unpredictable factors that affect wave behavior,
such as turbulence in the water or fluctuations in the medium through which the wave travels.
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The inclusion of stochastic elements helps scientists and engineers create more accurate models
that can better predict real-world scenarios. For example, in oceanography, waves are affected
by countless variables like wind, underwater currents, and varying temperatures, making a de-
terministic model insufficient. By adding a stochastic term, researchers can simulate how these
unpredictable factors influence wave propagation.

In this paper, we consider the (3 + 1)-dimensional stochastic GKDV-ZK (SGKDV-ZK) equa-
tion as follows [1, 2, 3]:

R+ NWB B+ 1R+ V3 (Pyy + Rr)x = WA, (L.1)

where # is wave profile defined in fluid ions; ¥; for i = 1,2,3, are arbitrary functions; %(t)
is the standard Wiener process, %, = ‘9‘—?; and Z 9%, is multiplicative noise term and u is the
amplitude of noise.

Due to the importance of the GKDV-ZK equation in ocean dynamics,meteorology, engi-
neering, plasma physics and geophysics, many authors investigated its analytical solutions by
utilizing various approaches including the Kudryashov’s method [4], the Lie symmetry [5], the
generalized Riccati equation method [6], the extended direct algebraic function [7], the auxil-
iary equation [8], the modified extended direct algebraic [3, 9], the modified auxiliary equation
[10], the planar dynamical system method [11], and etc.

The motivation of this study is to derive stochastic solutions of the SGKDV-ZK Eq. (1.1).
To this end, original Eq. (1.1) is converted into a GKdV-ZK equation with random variable
coefficients (GKDV-ZKE-RVCs) through a suitable transformation. The exact solutions for
GKDV-ZKE-RVCs are then obtained by applying the Jacobi elliptic method (JEF-method) and
the modified extended tanh function method (METF-method). In all previous results, the solu-
tions of the wave equation were deterministic, and this is the first time that we are aware of that
they are stochastic.

Finally, we can attain the stochastic solutions of the SGKDV-ZK by employing the transfor-
mation that was utilized. The significance of the SGKDV-ZK Eq. (1.1) in plasma physics, fluid
dynamics, and nonlinear optics makes these derived solutions are crucial for understanding a
variety of difficult physical phenomena. To examine the influence of the stochastic term on
the solutions of the SGKDV-ZK Eq. (1.1), we simulate a few graphs using MATLAB tools.
Understanding the GKDV-ZK equation with a stochastic term helps to enhance our knowledge
of complex systems. It allows for better forecasting of wave behavior, which could be cru-
cial for navigation, coastal management, and predicting natural disasters like tsunamis. As
mathematicians and scientists continue to explore these equations, they can refine their models,
thereby improving our comprehension of phenomena that affect our daily lives and aid in dis-
aster preparedness. This intersection of mathematics, physics, and unpredictability exemplifies
the importance of continuous learning and adaptation in science and technology.

This is the structure of the remainder of the paper: In Section 2, GKDV-ZKE-RVCs are
derived from SGKDV-ZK Eq. (1.1) and their solutions are obtained by utilizing the METF-
method and JEF-method. While, the solutions to SGKDV-ZK Eq. (1.1) are obtained in Section
3. Finally, we provide a conclusion, Section 4, to end this paper.
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2. GKDV-ZK EQUATION WITH RVCS AND ITS SOLUTIONS

Here, we derive the GKDV-ZKE-RVCs from Eq. (1.1). By using the transformation

B(x,y,2,1) =9 (x,y,2,1)e" 1), 2.1)
and the It6 derivatives rule, one can obtain GKDV-ZKE-RVCs as follows
1
G+ G +S (VG G+ 1 Gy + Foc)+ 19 =0, (2.2)

where . () = y12*#() and ¢ is a real deterministic function.
Let us obtain the exact solutions of the GKDV-ZKE-RVCs (2.2) by using two different meth-
ods, such as the METF-method [12, 13] and JEF-method [14, 15] as follows.

2.1. METF-method. Here, we use the METF-method. In order to determine the solutions of
GKDV-ZKE-RVCs (2.2), we suppose that the solutions of Eq. (2.2) have the type

N t
g(xayvz7t) = Z ak(t>‘%‘k(n)7 n :k1x+k2y+k3z—|—/0 )'(T>d1‘-7 (23)
k=0

where

2'=2+0o. (2.4)
By balancing ¥ with 4>%’, we can determine the parameter N as N = 1. Now, Eq. (2.3) is
rewritten as

G (x,3,2,1) = oo(t) + a1 (1) 2 (). (2.5)
If we differentiate Eq. (2.5) with respects to x, y, z and ¢, then we have

G, = kg 2?+oa],
Gox = K600 24 +8@0oy 27 +20%a)],
G = kik3[600 24 +8Ba; 27 + 207 ay))], (2.6)
G = kk36oy 2 +8@oy 2+ 20 0y)],
GG = ko 2420000 23+ (oG oy + @) 2
200l X+ magay),
G = (Qo+@ouA)+o1 2 +Aag 272
Substituting Egs. (2.5) and (2.6) into Eq. (2.2), we obtain
(601 ki (kT + 13k3 + 13k3) + Lk 0| 274 + 2k L apaid] 273
+Aay + 8@k (1akt + 13k3 + 13k3) + k1L aF oy + @k S 05| 27

. 1
+lag + 20k oot + Euzal]%

oo+ Do A +20% ki (B3 + 1k3 + BK3) + @k S of o + %uzao] =0.
Equating each coefficient of 2% to zero, we see that
6aiki (ki + 13k5 + 13k3) + ko) =0,
2k oo =0,
Aoy + 8@k (ki + 13k; + 15k3) + k1.7 o ou + Bk, 0 =0,
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. 1
a +2(D5ﬂk1a0a12+5u2a1 =0,
and
) 2 2 2 2 2 1 2
oy +OoyA+20 (X]k](’}/zkl +’)/3k2—|—’}/3k3) + ok oy —l—E‘LL oy =0.

Solving these equations yields
2
2

—h
aO(t) = 07 o = ﬁe_%“%a ’YZk% + Y3k% + 73](% = Ty(t)e_“ t:

Y] k] (Dﬁz 2uB(t)— 2
A(f) = LT M (t)—pt
( ) 3 e )
where 7 is a constant. Substituting Eq. (2.7) into Eq. (2.5), we obtain the solutions of GKDV-
ZKE-RVCs (2.2) as follows:

(2.7)

ki@h?® [t .,
G (x,y,2,t) = ﬁ%(n)e*%“zﬁ n= /’€1)C+/<2y+l’€3z+—y1 13 / 62“”5(7)7”270'7,
0

where 2 is the solutions of Eq. (2.4). To obtain 2", the solutions of Eq. (2.4) are, depending
on @, as follows:
Case 1: If @ > 0, then Eq. (2.4) possess the solutions:

2i(n) = Vaan (Van),

23(n) = —V@cot (Van),
23(n) = Vo tan(vA4@n) £ sec(Vaan) ),
24(n) =~V cot(Vamn) +ese(Vamn) ),

1 1 1
Zs(n) = 5\/5<tan(§\/5n) — cot(;/En)) .
Then, GKDV-ZKE-RVCs (2.2) possess the trigonometric functions solutions:

}’1k1(27ﬁ2/
3

t
) e e X )
0

9 = ﬁ\/5<tan(\/5(k1x+k2y+k3z+

kiwh?> [
%:—ﬁ\/w(cot(\/as(klx+k2y+k3z+% / ezﬁ‘@(f)—“%dr)))e—%“zﬂ 2.9)
0

k@ !
G = ﬁ\/5<tan(\/4w(k1x+k2y+k3z+%IT/O62“‘%(7)_”2%1’))

2t
isec(\/4w(k1x+k2y+k3z+@ / ezﬂﬂﬂ—“%dr)))e—%“z’, (2.10)

0
2t
4 = —ﬁ\/5<cot(\/4(ﬁ(k1x+k2y+k3z—|—M/O62“‘%}(”_“27(11‘))

2
vikioh /t6,214%(7)—#ZTC,{AL-)))6—5“2’7 (2.11)

+esc(VA@ (kix+ kyy +k3z+ 3 A
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1 ki@h? [t 5,
@5 — ﬁ\/5<tan(§\/5(k1x+k2y+k3z+%lT /0 PUAE) T

2
@ / t ez“%(”‘“%dr)ﬁe‘%“zt. (2.12)

1
—COt(E\/ﬁ(klx—{-kzy—}—kg,Z—F A

Case 2: If @ < 0, then Eq. (2.4) has the solutions:
Z6(n) = —v/=@nh (v=an),
23(n) = —v/~=@coth (V=an).
25(n) = /= coth(v/=4@n) & csch(v/=4a) )

Zy(n) = %ﬁ(mh(%\/ﬁn) +coth(%\/ﬁn)).

Then, GKDV-ZKE-RVCs (2.2) possess the hyperbolic functions solution:

ki@h? 1 5,
%:—ﬁ\/—(i)'(tanh(\/—w(klx—l—kzy—i—lqz—i—%1T / ezﬂﬂ‘f)*ﬂ%dr)))e*%ﬂz’, (2.13)
0

kioh? !
G = —ﬁ\/—w(coth(\/—wn(k1x+k2y+k3z—|— %IT/ 62“'%)(7)*”%(11)))6*%“%, (2.14)
0

kiwh? 1 5.,
G = —ﬁ\/—w(coth(\/—4w(k1x+k2y+k3z+YIIT/Oez“j(f)_“%d’c))
kiwh? 1 5.,
:I:csch(\/—4w(k1x+k2y+k3z+MlT/ emj(f)_“zfd‘c)))e_%“zt, (2.15)
0
h 1 kioh* [f
Gy = 3 —(‘0(tanh(E\/—w(k1x+k2y+k3z—|—%17/ AT )
0

1 kioh? [
+coth(§\/—a7(k1x+k2y—l—k3z+%1T/O ez’“@m*“%dr)ne*%“zt. (2.16)

Case 3: If @ =0, then Eq. (2.4) has the solution Z70(1) = _Tl Hence, the GKDV-ZKE-
RVCs (2.2) has the rational function solution:

—h
“o= < k@ ot o4 2 >e
(kix+ koy + kaz + HEL20 = Jo e2h (1) -1t g )
2.2. JEF-method. Assume the solutions of GKDV-ZKE-RVCs (2.2), with N = 1, has the type
9 (x,y,2,t) = ao(t) +ai(t)J(n), (2.18)

where J (1) represents one of the next elliptic functions cn(8n,7),sn(6n,7) or dn(én, ). Dif-
ferentiating Eq. (2.18) with respects to x, y, z, and ¢, we obtain

G = kiay(B\J +ByJ?), G = Skiai (By +2B2J?)T

G = Skikiai(By +2B2J?)J, G, = Skik3a) (By +2BJ%) T, (2.19)
494> = 5k1a1(a%J2+2a0a1J+a%)J/,

4, = ap+aJ+6Aayt, 4 = Skat,

1,2

Bl (2.17)
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where B and B, are constants relying on &, and 7i. This will be explained later. Put Egs. (2.18)
and (2.19) into Eq. GKDV-ZKE-RVCs (2.2). Then, setting every coefficient of J'J* equal to
zero yields

o1
JO a0+§,u2a0 =0,
S
Jho a1+5u2a1 =0,
JO0 1 8ay[A+ kB (k] + 133+ 1k3) + ka7 (1)] = 0,
JJ' 28kjapat.S (1) =0,

and
2T 28kiay By (ki + 1aks + 13k3) 4 Skiai.S (1) = 0.

Solving the above system, we have

—h? %k B
ag(t) =0, ay=he M pld + k3 +pkd = - ()e P A1) = LS (1)e BT
2B> 2B,
where # is a constant. Therefore, the GKDV-ZKE-RVCs (2.2) has the solution:
h*k\By [!
G (x,y,z,t) =hJ(N), N =kix+kyy+kyz+ %/ QPHB(T) 1T (2.20)
2 0
The next step is to define J(n) as follows:
Set 1: When J(1) = cn(6n,1), Eq. (2.20) has the form
Svih*kiBy ! 5,4
G = ﬁ(cn(5k1x—|— Okyy+ Ok3z+ %/ ez"’ﬁ(”‘“%dr,ﬁo e—%ﬂzf, (2.21)
2 0
where
By = 8%(1—2/1%) and By = —28%#%.
Set 2: If J(n) = sn(6n, 1), then Eq. (2.20) has the form
SNHkiBy [! 5,4
g = ﬁ(sn(6k1x+ Skyy+ Skyz+ %/ ezﬂﬁ(f)*ﬂzfdf,ﬁ))e*%#zf, (2.22)
2 0
where
By = —8%(1+#?) and By = 2871,
Set 3: If J(n) = dn(Jn, 1), then Eq. (2.20) turns into
Snh’kiBy (!
g = ﬁ(dn(6k1x+ Skoy+ Skyz+ %/ ezﬂ%)(f)*“%dr,ﬁ))e*%#ZQ (2.23)
2 0

where
By = 8%(2—?) and B, = —25°.

3. EXACT SOLUTIONS OF SGKDV-ZK EQUATION

Using the GKDV-ZKE-RVCs (2.2) solutions from the previous section, we can now obtain
the SGKDV-ZK Egq. (1.1) solutions as follows:
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3.1. GREM-Method. Plugging Egs (2.8)-(2.17) into Eq. (2.1), one sees that SGKDV-ZK Egq.
(1.1) has the solutions:

2 et
:ﬁ\/5<tan(\/5(k1x+k2y+k3z+@/o EZN%(T)_MZTCZT))>e.lh%’(t)_%lizt’ (31)

2 ot
%2:—ﬁ\/a(cot(\/a(klx—kkzy—i—kgz#—@ / ezﬁ‘%’(”—“%dr)))e“@@—%“zf, (3.2)
0

koh? [
Ry = ﬁ\/5<tan(\/4ws(k1x+k2y+k3z+%IT/Oez”%(f)_“%dr))

kywh? [t
isec(\/4ws(k1x+k2y+kgz+YIIT/ 62”'%(7)_“2161’5)))e“‘@(t)_%“zt, (3.3)
0

kywh? [t
Ry = —ﬁ\/5<cot(\/4w(k1x+k2y+k3z—|—%]T/Oez”%(f)“zfd’c))

kiwh? [
icsc(\/4a)'(k1x—l—k2y+k3z+%]T/ ez“‘@(f)*”%dr)»e“%(’)*%”zt, (3.4)
0

kioh? (1
Rs = h\/_(tan(\/_(klx—i—kzy—l—kgz—i—ﬁlT/oez’lggm“zfdf))

1 kioh? [t %
—Cot(i\/a(klx—i—kzy—l—kﬂ—l— yllT/o eZMQ(r)*uzrdT)Deuj(t)*%u%’ (3.5)

for @ > 0,
ki@h? 1 5,
R = —hﬁ(tanh(ﬁ(km—l—ky%—kgm— nasn 13 /0 62“"3(7)*”2%’1)))e“‘@(’)’%‘ﬂ’,
(3.6)
2t
PBr = —Tin /—('E(coth(« /~ @ (kyx+ kay + ksz + @/o ezu,@(r)—u%dr))>eu%(t)—%uzz’
(3.7)
2t
Ay = —ﬁ\/—CD'(Coth(\/—4af(k1x+k2y+k3z+ M/ ATy 7))
0

2t
+csch(v/—4@ (k1x + koy + kaz + @/ ezufz’(r)—uzrdl.)))eu,%(t)—%mt7 (3.8)
0

f 1 @h? [t
Hy = ) —w<tanh(§\/—_w(k1x+k2y+k3z+—% 13 /0 PHAO T gy
1 kioh? [t
+c0th(§ /—w(k1x+k2y+k3z+y“T/0 ezu%(r)—uzrdr))>eu%( — 3t . (3.9)
for @ > 0, and
Rro = ( 1 )e“@(”—%“zf, (3.10)

(ki x+kay + kaz 4+ BAD 1 2u(0) -2z g )
for @ = 0.
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3.2. JEF-method. Substituting Eqs (2.22)-(2.23) into Eq. (2.1), we have the SGKDV-ZK Egq.
(1.1):
Sk (1411
B = ﬁ<sn(6k1x+ Skyy+ Skaz — N 152 +7)
4n
5’}/1 ﬁzkl (1 — 21712)
4712

t
0

t
%zﬁ(cn(5k1x+ Okoy+ 8ksz+ /0 ez””@(r)_“zfdr,ﬁ))e”‘%(’)_%“zt, (3.12)

and

Sy Rk (2 —11?)
4

When 71 — 1, the Eqs (3.11)-(3.13) have the form

!
% = h(dn(Sklx + ko + Skaz — / PHAO) -1y ﬁ)) HAN-11% (3 13)
0

Sy Rk [1
%:h(tanh(5k1x+5k2y+ 6@—% / eZﬂ%’(T)*#Zfdr,ﬁ))eﬂgg(f)*%ﬂzf, (3.14)
0

and

Snhk, (!
% = h(sech(6k1x + Skay + Sksz — % / A~ g ﬁ)) HAO-1 (315
0
Remark 3.1. Putting 6 =k; =ky =kz =1, and u =0 (i.e. no noise) in Eqs (3.11), (3.12), and
(3.15), we have the results that were stated in [4].

3.3. Discussion and impacts of noise. Discussion: The solutions to the SGKDV-ZK Eq. (1.1)
were derived here. We employed the METF and JEF methods, which generated a wide range
of solutions, such as optical trigonometric solutions (3.1)-(3.6), optical hyperbolic solutions
(3.6)-(3.9), optical rational solution (3.10), and optical elliptic solutions (3.11)-(3.13). Optical
solutions play a key role in the study of the GKDV-ZK equation, allowing researchers to ac-
quire valuable insights into the nonlinear dynamics of waves in a nonlinear medium, predict the
behavior of waves, study the stability and dynamics of solutions, and understand the formation
of complex wave patterns and structures. By studying the optical properties of materials in non-
linear media, researchers can advance our understanding of wave equations and develop new
applications for controlling and manipulating waves in nonlinear media.

Influence of noise: We examine here how Brownian motion process impacts the exact solu-
tion of SGKDV-ZK Eq. (1.1). Many numerical simulations of different solutions with distinct
values of noise intensity are shown. Graphs 1, 2 and 3 display the profile of the solutions
X (x,y,z,t) presented respectively in Eqs (3.11), (3.14) and (3.15) forky =k = k3 =1, y=z=
0, 1=1, -4 <x<4,0<t <2 and distinct values of noise intensity  as follows:
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Figure 1. (a-e) show 3D plots of Z(x,y,z,t) stated in Eq. (3.11) with 71 = A = 0.5, (f) shows
2D plot of Eq. (3.11) with distinct value u
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Figures 1(a)-3(a) show that many kinds of solutions for example solitary periodic solu-
tions, solitary kink solutions, solitary bright solutions, appear when noise is ignored (i.e.,
u = 0). As illustrated in Figures 1-3(b-e), the surface flattens when noise is introduced at
uw=0.1, 0.4, 1, 2. This results indicates how the solutions of the SGKDV-ZK Eq. (1.1) are
affected by multiplicative Brownian motion, stabilizing them around zero.

4. CONCLUSIONS

The stochastic generalized Korteweg—de-Vries—Zakharov—Kuznetsov (SGKDV-ZK) Eq. (1.1)
perturbed by multiplicative noise was investigated in this paper. The SGKDV-ZK equation was
transformed into another GKDV-ZK equation with RVCs (2.2) by utilizing a proper transfor-
mation. New exact stochastic solutions for GKDV-ZKE-RVCs in the type of rational, elliptic,
trigonometric, and hyperbolic functions were achieved by using the METF and JEF methods.
In addition, we acquired the solutions to the SGKDV-ZK Equation (1.1). Furthermore, we ex-
tended certain existing answers, such as the results presented in [4]. The importance of the
GKDV-ZK equation makes the given solutions crucial for understanding several difficult phys-
ical processes, which is utilized in ocean dynamics, meteorology, engineering, plasma physics,
and geophysics. Finally, some graphics were presented to highlight how the stochastic term
impacts the exact stochastic solutions of the SGKDV-ZK equation.
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