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1. Introduction

Let o7 denote the class of functions of the form
(1.1) f@) =2+ Y a,
k=2
which are analytic in the open unit disc U = {z: |z] < 1}. Further, by S we shall denote the class of all functions in
&/ which are univalent and normalized by f(0) =0 = f"(0) — 1. We denote by $* () and K (o) the subclasses of

S consisting of all functions which are, respectively, starlike and convex of order o (0 < ¢ < 1). Thus,

(1.2) S* (o) = {feS:Re (ZJ{/(S)) >a(0<a< l;zEU}
and
(1.3) K(a):{feS:Re(l+Z'JJ::I((ZZ)')>>a(0§a<1;z€U)}.
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The classes S*(a) and K (o) were introduced by Robertson [21]. From (1.2) and (1.3) it follows that
(1.4) f(z) eK(a) = zf'(z) € S*(a).
We note that:
§*(0)=S", K(0) =K.

Let f € <7 be given by (1.1) and g € < given by

(1.5) g(z)zz—f—Zbkzk (b > 0).
=2

We define the Hadamard product (or convolution) of f and g is defind by

(1.6) (Fr8) @) =2+ Y aeid = (g5 1) (2).

k=2

Also denote by T the subclass of S consisting of functions of the form
(L7 f(z):z—Zakzk (a > 0;z€U).
k=2

For positive real values of ay,..., 05 and B,....B; (B, ¢ Zy ={0,—1,-2,...}; j=1,2,...,;5), we now define the

generalized hypergeometric function ,Fy(oty,..., @g; By, ..., Bs;2) by (see, for example, [32])

=

(1.8) dFe(an, . aq: By, Biz) =Y (

(g<s+1;q,s e Ng=NU{0},N={1,2,..};z€ U),
where (a),, is the Pochhammer symbol defined by
I'la+m 1 (m=0),
(1.9 (@)m = g =

['(a) ala+1)...(a+m—1) (meN).

Corresponding to the function h(cty,...,04; B, ..., By;2) defined by
(1.10) h(o,..., 0By, B3 2) = 2gFs(Q1, ..., 00g3 B,y ooy B3 2),

we consider a linear operator H (a1, ..., 04; B 1,..., B:2) : &/ — &/ which is defined by the following Hadamard

product (or convolution):

(1.11) H(a,...,004:B1,....B,) f(2) = h(ai,...,04: B, ..., B2) * f(2).

We observe that for function f(z) of the form (1.1) we have

(1.12) H(al,...7aq;B1,...,ﬁS)f(z):z+il"k(a1)akzk,
k=2
where
_ (o) (o)1 1
19 P = (g B (s F2 2
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For convenience, we write

(1.14) Hy o) =H(ai,....,a5B1,.-,By).

The linear operator Hy [cr1] was introduced and studied by Dziok and Srivastava [8]. This operator contains in turn
many interesting operators such as the Hohlov operator [11], Carlson-Shaffer operator [6], Ruscheweyh derivative
operator [22], and the Srivastava-Owa fractional derivative operator [19].

EL-Ashwah et al. [9] were defined the linear multiplier Dziok-Srivastava operator DZ’?‘T f(z) as follows:

(1.15) Dy f(2) =2+ Y, Pralar, A, )@ (neN),
k=2
where
(+1+Ak—1 "
(1.16) D (001, 4,0) = %Fk(al) )

The operator D%’ f(z), can be written in terms of convolution as

Dy f(@) = [(h(atr, .. 0gi By By32) #82,0(2)) 5 o

(1.17) #(h(01, e 03 B,y Byiz) ¥ 82.0(2))]% f(2),

n — times

where
()= (+1-1)2 2 (1—-A/(0+1))2
ga.0(2) = C+1)(1-22 (1—2)2 '

By specializing the parameters g, s, o1, B, A and ¢, we obtain the following operators studied by various authors:

@ Forg=2,s=1,01=2,00=1,08,=2—a (¢ #2,3,...) and £ = 0, we have D’}l’?o’lf(z) = D’}L’af(z) (see
Al-Oboudi and Al-Amoudi [2] and Aouf and Mostafa [3]);

({)Forg=2,s=1,a1=a(a>0),00=1, B, =c (¢ >0) and £ =0, we have DZ’?dlf(z) =1 ., f(2) (see
Prajapat and Raina [20]);

(ifi) For g =2, s = L and &ty = 0t = f; = 1, we have D7 f(z) = I"(2,£) f (z) (see Catas [7]);

(iv) Forq=2,s=1,0a;,=a, =, =1and £ =0, we have D%’l f(z) = D} f(z) (see Al-Oboudi [1]) and
D2 f(2) = D" f(z) (see Salagean [231);

() D(l]jg’sf(z) = H, [a1] (see Dziok and Sirvastava [8]).
For0<d6<1,0<f<1,-1<A<B<1,0<y<1,welet the class TF;jg’x’a(a,ﬁ,y,AB) denote the subclass

of T consisting of functions of the form (1.7) and satisfing the condition:

Fs(2)

(1.18) 0 ;
_ 2F5(2) _ _ 2F5(2) _

(B—4) V( F5(2) a) B ( Fs(2) 1)

0<a<1;0<B<1;z€U),

<B
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where

Q) AP SR
1.19 ARG ; s
e Fs(z)  (1-8)D}5 f(2) +6z(Dy 7 f(2)) (0<s6<1)

We note that:

(i)Forn=1,A =0and ¢ =0, we have TF()lif’s’a((x,ﬁ,%A,B) = HFf(O@[LA,B) (see Murugusundaramoothy et
al. [17], also see Vijaya and Deepa [33]);

(i)Forg=2,s=1, 1=y =P, =y=B=B=1,A=(=0and A =—1, we have TFy ;"' *(at,B,1,—1,1) =
0(j,6,a,n) (see Aouf and Silverman [4], with j = 1);

(i) Forg=2,s=1, a1 =ay =P, =y=B=1,A=5=(=0and A = —1, we have TFy ;" *(at, B,1,—1,1) =
Su(o, B) (see Salagean [25] and [26]);

(iv)Forg=2,s=1, 001 =0 =B, =y=B=1,n=A=8=0,/=0andA=—1,wehave TFy;" (., B,1,—1,1) =
S*(a, B) (see Gupta and Jain [10], also see Salagean [24]);

WForg=2s=1,a1 =0 =B, =p=y=B=1,n=2A=(=0andA=—1, we have TFy 51 (e, 1,~1,1) =
P(n,d,a) (see Kim et al. [12], with n = 1);

(Vi)Forg=2,s=1,a1 =0 =B, =f=y=B=1,n=A=(=0andA=—1,wehave TFy;"""(a,1,1,—1,1) =
T*(a) and TFolbq;f’l (a,1,—1,1) =% (a) (see Silverman [27]).

(vii)Forg=2,s=1, a1 =0, =p, =y=B=B=1,A=5=(=0andA=—1,wehave TF} ;" *(ct, B, —1,1,1) =
Su(a, B) (see Salagean [23]);

Also, we note that:

(i) For n =0, we have

0,4,
TFA;ZZS((X7B7’}/,A7B)

ng(~)7]
= TFf:;(a7ﬁ>%AvB) = f € T: zFé(z)FS(L) ~F’(z) < ﬁ (Z € U) )
(B—A)y(m—a) —B( F5@ —1)
where
2F§ (2) _ 2f'(z) + 822" (z) 0<5<1);
Fs(z) (1-0)f(2)+0zf'(z) ~ — — 7
({)Forg=2,s=1,a1=2,a2=1,,=2—0a (e #2,3,...) and £ = 0, we have
TFf7é7l(a’B’,y7A7B)
ZFé(Z),]
n, Fs(z
=TF"*(a,B,7,A,B)=< f€T: zFé(z)S() arg | <B V),
<B‘A>Y( D) “) ‘B<F5<z> B )
where
i) _ AR IOV SRR

Fs(z)  (1—8)Dy%f(z)+ 62Dy f(2)) -
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(iii)Forg=2,s=1,a1=a(a>0),a:=1,B, =c (c>0)and £ =0, we have

TFZ‘n;g‘l (a7B7 Y7A7B)

2FL(2)
Fs(z)

=1 (0B AB)=qfeT: TN )
(B—A)y(—Fa(z) —a) —B< e -1

1

where
Fy(z) Al )+, f(2)

Fs(z)  (1=8)I1 , f(&)+8zI} ., f(2))

(iv)Forg=2,s=1and o) = o = B, = 1, we have

IN
[o7]
IN

TF7! (o, B,7,A,B)

’iFé(Z)_l
=IF"A,0)(a,B,7,A,B) =< feT: zFé(z)F(S(Z) - <B(zeU) Y,
(BfA)y< e 705) 7B< e 71)
where
HE _ AOOFE) 2RO o sy
Fs(z)  (1=8)I"(A,0)f(z) +8z(I"(A,0)f(2)) ~ — ’
(V)Forg=2,s=1,0; =0, =, =1and { =0, we have
TF;:;’I((X,B,’%A,B)
zl"é(z)il
=TF}(a.B,7,A,B) =4 f€T: | <B (2€U) o,
(B—A)y(fgé“)) —a) -B (%—1)
where
F@) _ ADE) D@ sy
Fs(z)  (1-8)D) f(2)f(2)+0z(D; f(2)) ~ —  — 7
(vijForg=2,s=1,0, =0, =8, =1,A=0and ¢ =0, we have
TR (a,B.7,A,B)
ZFé(Z)71
:TF’Z((X,[;,}/,A7B): feT: e ,F‘S(Z) T <ﬁ(Z€U) s
(B—A)y(&;g((:)) —oc) _B<i§((3) —1>
where
30 | DRI DR 5oy

Fs(z)  (1=8)D"f(2)f(z) + 6z(D"f(2))’
Definition 1 [13]. (Subordination) For analytic functions f and g with

f(0) = g(0), f is said to be subordinate to g, denote by f < g, if there exists an analytic function w such that
w(0) =0,

w(z)| < land f(z) = g(w(z)) (z € U), If g(z) is univalent function, then f < g, if and only if

f(0) =g(0) and f(U) C g(U).

In this paper, we obtain partial sums, square root, integral means and integral transform for the class TFA" :375’5 (a,B,7,A,B).
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2. Coefficient estimates

Unless otherwise mentioned, we assume in the reminder of this paper that 0 < 6 <1, -1 <A<B<1,0<B<1,

g<s+1,q,5eNy;,A>0,>0,neNy,0<a<1,0<p<1,0<y<landzelU.

Theorem 1. Let the function f (z) be defined by (1.7). Then f(2) is in the class TF" 95 5(Oc,ﬁ, Y,A, B) if and only

if
(2.1) }ivé(k,&a,ﬁ,y)ak <1,

where

(2_2) ‘VA(k 5 o [3 ) (1+k6— 8)[(1—[38)(l(c;ii—;l(ﬁ(—lfi)g;(k—a)]dbkﬁ(ocl,l,[)

and @y ,(0t(,A,0) is given by (1.16).
Proof. Assume that the inequality (2.1) holds true, we find from (1.7) and (1.22) that
-B

2F5(z) — F5(2) (B—A)Y|2F5(z) — aFs (z)] — B[zF5 (z) — F5 (2)] ‘

Y (1+k8—38) (k— 1)@ (a1, A, O)ard"

k=2

—B|B-A)y(l-a)z

+ i [(1+k8—8) (B—A)y(k—a) — B(k— )] dpn(oy, A, O)ardt
k=2

i(l k8 — 8) (k— 1) Dy (01, A, O — (B—A) By(1 — o) r
k=2

o

+ Z Bl(1+k6—0)(B—A)y(k—a)—B(k— 1)]¢k7n(a1,l,£)akrk

k=2

< ) (1+k8—8)[(1—BB) (k— 1)+ (B~ A) By (k— 0)]®rn(0t1, A, )

k=2
~(B-M)ByY(1-@) <0 (D).
Hence, by the maximum modulus theorem, we have f(z) € TF/{'_’Z’S"S (o, B,7,A,B).
Conversely, Let

k() 1
Fs(z)

Fy2) _ k5@
B2y (77 o) 8% 1)
): (1+k576)(k71)c1>k7,1(a] A0 aayZk
= ; <P (zeU).

(B-A)7(1-@)z— ¥, (14k8-8)[(B~A)y(k—0t) + B(k—1)]by o (011 2Ok

Now since Re {z} < |z] for all z, we have

Y (l+k576)(k71)¢k1,1(a1,l,/l)ukzk"
2.3) Re = <B.
(B-A)Y(

k
)ii(m«s 8)[(B=A)y(k—0t)—B(k—1)] D (001 1, 0) a1
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Choos values of z on the real axis so that f’(z) is real. Then upon clearing the denominator in (2.3) and letting

z — 1~ through real values, we have

Y (14 k5~ 8)[(1— BB) (k— 1) + (B~ A) By (k — @)1, 4. O — (B~ A) By (1 - @) <0,
k=2

This completes the proof of Theorem 1.
3. Partial sums

Following the earlier works by Silverman [30] and Siliva [27] on partial sums of analytic functions, we consider
in this section partial sums of functions in the class TF f jz"v’a(a, B,7,A,B) and obtain sharp lower bounds for the

ratios of real part of f(z) to fu(z), fin(2) to f(z), f'(z) to f,,(z) and f;,(z) to f'(z), respectively.

Theorem 2. Let the function f(z) of the form (1.7) be in the class TF, ’Z’S’S((x, B.v,A,B). Define the partial sums
fi(z) and fin(2), by

3.0) fi(2) =zand fu(@) =2~ ¥ ad  (meN/{1}).
k=2

Then

f(z)} ya(m+1,8,a,B,7)—1 ,
(32) Re{fm(z) g Wg(m—’—héaa?ﬁajo (ZEU’nGN)’
and

fn(2) via(m+1,8,a,B,7)

G- Re{ /) }> Tyt 1,6.0,6.7)

The result is sharp for the extremal function is given by

Zerl

+ .
vim+1,6,a,B,7)

34 flz)=z

Proof. For y(k,5,a,,7) given by (2.2) it is easily to show that y4(k+1,8,a,8,7) > wa(k,8,,B,7) > 1
(k > 2). Therefore we have

m oo o
(3.5) Y a+wim+1,8,0,8,7) Y a <Y wik 8 0,8, v)ar<1.

k=2 k=m+1 k=2

By setting

Am+1,8,a,B,7)—1
gl(z):q/é(m#—l,&%ﬁ#){;n((zz))_<w§§(;+17§£ﬁ{)7’) )}

Y+ 1,8,0,8,9) T 02!

1 =Y, axzh! ’

(3.6) =1
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we see from (3.5) that

_ A e
gl(Z) 1‘ < WB(m+176;aaﬁa’}/)Zk:m+lak S 1 (ZEU),

(3.7) ‘ < p =
gl(z)+l Z_ZZk:Zak_wg(m+1’67aaﬁa}/)2k:m+lak

which yields the assertion (3.2) of Theorem 2. For z = rem that

(@) " 1

=1+ —1— ,
fn(2) yi(m+1,8,0.,B,7) va(m+1,8,0,B,7)

as r — 17 . Similarly, if we take

_ fm(z) _ ‘I’g(m+175705>ﬁ77) }
80 = (1 viln+1.8.0p.y) { 2D - Wie LB ARD
(1‘Hlfg(m"‘175,a,ﬁa7))2f:m+1ak2k_l

1—Yr ,apz! ’

(3.8) =1+

and using (3.5), we have

gz(z)1’< (14+yi(m+1,8,0,8,7)) Ti i1 %
g2(2)+1 - 2_22105:2“/(_ (1 ‘Hlfé(m"‘ laévavﬁv’)/))zzc:erlak’

which leads us immediately to the assertion (3.3). This completes the proof of Theorem 2.

(3.9)

Theorem 3. Let the function f(z) defined by (1.1) be in the class TF/{’_’Z‘S’S(a,[B,y,A,B) satisfies the condition

(2.1), then

f’(Z)} vs(m+1,8,a,B8,7) — (m+1)
3.10 R >
G109 e{ m(@) ]~ vg(m+1,8,a,8,7)
and

(3.11)

f;(z)}  yp(m+1,8,0,B,7)
Re{f’(z) =1 m+1+yg(m+1,6,0,8,y)

The result is sharp for the extremal function is given by (3.4).

Proof. Let

£ (Whmt1,6,0.8,7)—(m+1)
”"3(”’“’5’“"3’”{m<z)( it 1.6,0.5.1) >}

A(m+1,8,00,B, o _
1 <w3<m aﬁy))zk:m+lkakzk 1

23(2)

m+1
1-Y"  kapzk—!
):k=2 aiz

Using (3.5), we have

WA(erlvaavﬁv,}l) s
(3.12) g3(z) 1 ‘ <Bm7+l) L <1
: = o A(m+1,8,0.8, o -
g3+ 2 oye kg (W) Y mr ka

if

m A 1.8 0
(313) Zkak"’(WB(m—i_ 9 7a)ﬁ)}/)) Z kakgl

P m+1 k=1
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m
Since the left hand of (3.13) is bounded above by Z v (k, 8,0, B, 7)ay if
k=2

kyj(m+1,6,a,B,7)

>0
m+1 O

- )

(3.14) Zw@kéaﬁy ak+2\y’§k5aﬁy)
f

k=m+1

which proves the assertion (3.10) of Theorem 3. The proof of the assertion (3.11) is similar, thus, we omit it.
4. Integral means

In this section integral means for functions belonging to the class TF/{' :Z’S’(S (a,B,7,A,B) are obtained.
2

In [28], Silverman found that the function f>(z) =z — % is often extremal over the family 7. He applied this

function to resolve his integral means inequality, conjectured in [29] and settled in [31], that

2r 2
/ |g(re®)|" dg < / |£(re®)[" o,
0 0

forall feT,n >0and 0 < r < 1.In[31], he also proved his conjecture for the subclasses 7* () and C(c) of T.

In 1925, Littlewood [14] proved the following subordination theorem.

Lemma 1. If the functions f and g are analytic in U with g < f, then forn >0, and 0 < r < 1,

2r 2
@.1) [ 1) M a0 < [ 06" .
0 0

Using Theorem 1 and Lemma 1, we prove the following result.

Theorem 4. Let f(z) € TF; " (a,B,7,A,B),1 >0,0 < a < 1,0 <y < 1,n>0and f(2) is given by

7)=z— wg(z’a?avﬁ7}/)zz

where

1+8)[(1—-BB)+(B—A 2—a)|Pr a0, ALl
ws) 2.8, p.y) - LEONU BB BNy oy (anht)
Then for z =re'?, 0 < r < 1, we have

2 2
@3 [ir@nae < [1n@)"do.

0 0

Proof. For f(z) is given by (1.7), (4.3) is equivalent to prove that
2

/

n 2
ag < [|1-vh2.6.0.8.)|"do.
0

1= Y a7
k=2
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By Lemma 2, it suffices to show that

1— Z ‘ak|zk_1 <1- Wg(za87a7B7Y)z'
k=2

Setting

(44) 1Y ad = 1 yd(2,6.0,8.79w(),
k=2

we see from (4.4) and (2.1) that

W@ = |Y w60 !
=2

IN

|Z| Z lVg(k,S,a,B,'}’)ak < |Z| :
k=2

This completes the proof of Theorem 4.

5. Square root transformation

Defintion 2. Let f(z) € S and h(z) = \/f(z2), then h(z) € Sand h(z) = z+ Y e 122! for |z < 1, the function

=2
h is called a square root transformation of f(z).

Theorem 5. Let the function f(z) defined by (1.7) be in the class TF;’?"Y’S((X,[?, Y,A,B) and h(z) be the square

root transformation of f (z), then

(5.1) 1 ya2.8.0.8.7)7 < h(2)| < ry/1+ wh(2.8.a.B. 1),
where
(5.2) f@)=z2-v3(2,8,0,B,7)7 (2| = +r)

and (2,8, 0, B,7) is given by (4.2).
Proof. We have

(5.3) = y3(2,8,0,B, 7" < | ()] < P+ yh(2,8,0,B,7)r.

Using (5.3) in the defintion 2 we find

[h(2)]

£ (z2)]

< \Jrrvies.a B

(5.4) =r/1+vi2.6.a.8.77
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Since, 1 < w4(2,8,a,,7) and r = |z| < 1, we have

(5.5) 1+ ya(2,8,a,B,7)r* > 1 — ya(2,8,a,B,7)r7,
and hence,
lh(z)] = /If()]
> /P vi2.8.a.p.y)r
(5.6) =r/1-vi(2.8.a..7).

This completes the proof of Theorem 5.
5. Integral transform

For f € S we define the integral transform

1
©.) @) = [0 a
0

1
where () is a real valued, non-negative weight function normalized so that / w(r)dr = 1. Since special cases of

0
u(r) are particularly interesting such as u(r) = (14-c¢)t¢, ¢ > —1, for which V,, is known as the Bernardi operator

[5], and

c -t
(6.2) u(t) = (;Enl))nz“ <log:> (c>—-1:12>0),

which gives the Komatu operator [13], see also [18].

Now we show that the class TF) Z’S’a((x, B,7,A,B) is closed under V, (f).

y
B}

Theorem 6. Let the function f(z) defined by (1.7) be in the class TFij?S"S(a,ﬁ, YA,B), then

Vu(f(2)) € T (e, B,7,A,B).

Proof. From (6.1), we have

1 oo
o) = S it (;t>dt

oo

k k—1
K wet )df

had (c+1>" «
= ZI— ax .
= \c+k

=2

Gl K G 1 ‘(1 ,,1( -
Zt (log?) Z P
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We need to prove that

= (14k6— 8)[(1— BB) (k— 1)+ (B—A) By(1 — )@@, A.0) [ct1)"
©3» ¥ B—A)By(I—a) (c+k> %

On the other hand by Theorem 1, f(z) € TF/{’_’Z"‘Y’S(&, B.,7,A,B) if and only if

<1.

Y vk, 8,08, )ax < 1.
k=2

1
et k < 1 (k > 2), therefore (6.3) holds and the proof of Theorem

where y3(2,8,a,B,y) is given by (2.2). Since
c

6 is completed.

Theorem 7. Let the function f (z) defined by (1.7) be in the class TF)?"?’S"S(OC7 B.v,A,B). Then V,(f(z)) is starlike

of order & (0 < & < 1) in the disc |z| < r,, where

. c+k\T(1=8)yp(k, 8, a.B,7)
(6.4) rl_gg[(cH) (2*5) ’

1
k—1

where W4(2,8,a,B,7) is given by (2.2).

Proof. It is sufficient to show that

Pl Q) ’ )
(6.5) V() 1| <1-¢&for |z <r,
where r, is given by (6.4). We have
S (1) (ct1\T k-1
2Vu(f(2)) 1'<k§2(k 1)(c+k) a2 |
V[.L(f(Z)) 17](;2 (%)nak |Z|k—1
Thus
M|
ATE N R
if
o (eI (k=& k-1
0 E(e) (img)ast =

But, by Theorem 1, (6.6) will be true if

(c+1>” <k—5> 25" < WAk, 8, a.B.7),

c+k 1-¢&
that is, if
1
_ ct+k "(l—é)l//ﬁ(kﬁ,a,ﬁ,y) =1

Theorem 7 follwos easily from (6.7).
Using arguments similar to the proof of Theorem 6, we obtain the following theorems.

Theorem 8. (i) Let the function f (z) is starlike of order p, then V,,(f(z) is also starlike of order a.
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(ii) Let the function f (z) is convex of order p, then V,,(f(z) is also convex of order o.

Theorem 9. Let the function f (z) defined by (1.7) be in the class TF/{’:[q’S’E(a,ﬁ, Y,A,B). Then V,(f(z)) is convex

of order § (0 <& < 1) in the disc |z| < r,, where

1
etk (1= E)wh(k 8,08,
(6.8) ’z—é‘iﬁ{(cH) k(k—=£) ’

where Wwa(k,5, o, B,7) is given by (2.2).

Remarks. (i) Puttingn =0 =0and (B—A) =2(B—A) (—1 <A < B < 1) in the above results, we obtain the
corresponding results obtained by Magesh et al. [15, withm =0 and o = %];

(ii) Putting n = 1, A = 0 and ¢ = 0, in the above results, we obtain the corresponding results obtained by Vijaya

and Deepa [33]);

(iii) Putting n = 1, A = 0 and ¢ = 0, in Theorems 4, 5, 6 and 7, respectively we obtain the corresponding results
obtained by Murugusundaramoothy et al. [17, Theorms 4.1, 4.2, 4.3 and 4.4] respectively;

(iv) Specializing the parameters n, g, s, ¢¢1, f3;, A and £, we obtain results corresponding to the classes TFf:;(a, B,v,A,B),
TF){"(X((X,ﬁ, Y,A,B), IF,;',C,A(‘X’ﬁ, v,A,B), IF"(A,0)(o, B,v,A,B), TF}!(«,,7,A,B) and TF"(a, B,7,A, B), men-

tioned in the introduction.
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