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Abstract. We study the phase portraits of a susceptible-infective-removed-susceptible epidemic model with a
nonlinear incidence rate, where we consider the power of the population of the susceptible involved in the nonlinear
incidence rate is 2. Previous results mainly considered the case when the power is 1. We reduce the model system
of three first order equations into a system of two equations involving the fractions of infective and removed
populations. We find out the ranges of the four parameters involved in the IR system under which the equilibria are
positive. By carrying out the qualitative analysis, we show that the disease free equilibrium can be a saddle-node,
saddle point or stable node, the endemic equilibrium with a smaller number of infected individuals may be a stable
focus or node, and the endemic equilibrium with large infectives may be a saddle. This is different from other
models with the power 1, where the endemic equilibrium with a smaller number of infected individuals may be a
saddle while the endemic equilibrium with a larger number of infected individuals may be a stable, unstable node

or focus.
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1. Introduction

In recent decades, many mathematical models have been established to understand the mecha-
nism of epidemic diseases, explain the phenomena of some realistic epidemic diseases and pre-
dict the transmission of some communicable diseases which can provide references to control
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the outbreaks. The prominences among these models are the following susceptible-infective-
removed-susceptible (SIRS) models with incidence rates proposed by Liu, Levin and Iwasa
[12]

S=b—dS—G(I,S)+ VR,
(1.1) I=G(1,S)—(d+r)l,

R=rl—(d+ V)R,
where S(¢),1(¢),R(t) > 0 denote the fractions of the population of the susceptible, infective
and removed, respectively at time #; the parameters b and d are the birth and death rates of the
population, r is the recovery rate of the infective individuals, v is the rate of removed individuals
who lose immunity and return to susceptible class, and G(1,S) is the incidence rate (see section
2in [12]).

A special case of the incidence rate G(,S) is of the form S?H (I), where

kIP1

(1.2) H(I) = 1

When g = 1, there have been widely studied on the dynamics of the model (1.1) with G(Z,S) =
SH(I). For example, the authors in [12] consider the existence of equilibria and local stability
when py = p; — 1 > 0 (see section 5 in [12]). Xiao and Ruan [20] study the global dynamical
behaviors of the model with p; =1 and p, = 2. Ruan and Wang [16] study the case p; =
p2 =2 and obtain some sufficient conditions under which the system has up to two limit cycles.
Bifurcations of the system with p; > 0 and p, > 0 are discussed in [7]. We refer to [1, 3, 8, 11,
12] for the study on the model (1.1) with G(1,S) = kS?IP! and ¢ > 0.

There are little study on the model (1.1) with G(1,S) = S?H(I), ¢ # 1 and a > 0 although
there are a lot of study on the case when @ = 0 and ¢ # 1 (see [2, 4, 12, 13, 17, 18, 19].
Many epidemic models with the incidence rates have rich dynamical behaviors such as Hopf
bifurcation, saddle-node bifurcation, Bogdanov-Takens bifurcation, existence or coexistence of
periodic and homoclinic sulotions (see [6, 11, 12, 16] and therein).

In this paper, we intend to study local stability of the system (1.1) with G(I,S) = S?H(I),
a >0, and p; = pp = 1. Under the standard assumption that the total population is a constant at
any time, and introducing suitable change of variables, we reduce the system which involves 6
parameters into an IR system of two differential equations with 4 parameters. We show that the

IR system has up to three equilibria, one is the disease-free equilibrium and the other two are
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endemic equilibria. By using the qualitative theory of planar systems and normal form theory,
we show that the disease-free equilibrium can be a saddle, a stable node or a saddle-node under
suitable ranges of the 4 parameters, the endemic equilibrium with a smaller number of infected
individuals may be a stable focus or node, and the endemic equilibrium with large infectives
may be a saddle. This is different from other models with ¢ = 1, where the endemic equilibrium
with a smaller number of infected individuals may be a saddle while the endemic equilibrium
with a larger number of infected individuals may be a stable, unstable node or focus, see [1, 16]

and references therein.

2. Local stability of the SIRS model

In this section, we study local stability of the SIRS model (1.1) with G(I,S) = S?H(I), a > 0,

and p; = p» = 1, namely,

(. kS21
S=b—dS— + VR,
2 1+al
. kS
2.1 I = —(d 1
R=rl—(d+ V)R,
\

where kS?I describes the infection force of the disease, 1/(1 + al) measures the inhibition
effect from the behavioral change of the susceptible individuals when the number of infectious
individual increases. There are little study on (2.1) although there have been a lot of study on
the case when a = 0 (see [4, 12, 13, 17, 18, 19].

Summing up all the equations of (2.1), we obtain
N'(t) =b—dN(1),

where N(t) = S(¢) +1(t) + R(¢) for t > 0. Solving the above first order linear equation, we

obtain
S(t)+1(t) +R(t) =b/d +ce ™,

where ¢ = N(0) € R is a constant. Taking limit as # — oo implies

Uim S(z)+1(¢) +R(t) =

{—o0

= Neo.

Ul
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Following [12, 13], we always assume that the total population is in the equilibrium population

No and investigate the behavior of the system (2.1) on the plane
(2.2) S(t)+1(t)+R(t) = No fort>0.

Under the assumption (2.2), the last two equations of (2.1) can be changed into the following
reduced IR system
. kl
1

(2.3) - 1+al
R=rl—(d+V)R.

(Neo — I —R)?> — (d + 1)1,

It is easy to verify that with N., = %, (I,R) is a solution of (2.3) if and only if (/,R,S) is a
solution of (2.1), where S satisfies (2.2). Let

t*=(d+r)t, u(lt*)=1(t)/No andv(t*)=R(t)/Nw,

Then the system (2.3) is changed into the following equivalent system:

o Bu o
o u—1+au(1 u—v) —u:= f(u,v),

v="yu—0v:=g(uv),

where @ = aNw, B = %, Y= 7 and 0= ‘é%. All of these parameters are greater than 0.
Indeed, we have
* 1 .
du(t) _ i)
dr* No(d+7)
1 kNoou(t*) 2
= Neo — Noott (1) — Noov (1
Noo(d £ 1) [1 +anu(t*)( u(t") = Nev(s")
- (d+r>szu(t*>}
Bu(r) . o2 .
————(1—u(t") —v(t —ult
a1 ) =) —ute)
and
dv(t*) 1 . 1

= N —m[eru(t*)—(dJrv)va(t*)

= yu(t*) — Sv(t").
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Recall that (u,v) € R? is an equilibrium of (2.4) if f(u,v) = 0 and g(u,v) = 0. An equilibrium
(u,v) of (2.4) is said to be an interior (endemic) equilibrium if # > 0 and v > 0. It is clear that

(u,v) is an equilibrium of (2.4) if and only if

Bu (1—u—v)?>—u=0,

(2.5) 1+ o
Yu—06v=0
Let
2.6) . 6[a6+2ﬁ(6+y)2]—5\/Z and 15y — 6[a6+2ﬁ(6+y)2]+6\/3’
2B(6+7) 2B(6+7)

where
2.7 A=a?8*+4aBS(5+7y)+4B(8+7)* > 0.
Let
2.8) py = %/m and vy = %uz.

Lemma 2.1. Let o, 7,0 > 0. Then the following assertions hold.

(1) If B > 0, then (0,0) is an equilibrium of (2.4) and (uy,uy) is an interior equilibrium of
(2.4).

(2) If B > 1, then (uy,vy) is an interior equilibrium of (2.4).
Proof. By (2.5), we see that (0,0) is an equilibrium of (2.4), and (u,v) is an equilibrium point
of (2.4) with u # 0 if and only if (u,v) with u # 0 satisfies the following system:

B(l—u—v)?=1+ou,

v=(y/8)u

Substituting the second equation of (2.9) into the first one and simplifying the resulting equation,

(2.9)

we get
o 8lad+2B(5+y)] S(1-p)
B(6+7) B(6+7)?*

The above equation has two solutions #; and uy given in (2.6) and (u;,v;) and (up,v;) are

solutions of (2.9). Itis clear that uy > 0 for o, ,7,6 > 0 and (u2, v») is an interior equilibrium of
(2.4) and the result (1) holds. It is easy to verify that u; > 0 if and only if 8 +2B(8+7) > VA
if and only if

(a8 +2B(8+ 7)) > o’ +4aBS(5+7)+4B(5 +7)*
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if and only if B > 1. Hence, the result (2) holds.

By Lemma 2.1, we obtain the following result which gives the number of positive equilibria

of (2.4).

Theorem 2.1. Assume that o, 7y, > 0. Then the following assertions hold.

(i) If0 < B < 1, then (2.4) has the disease free equilibrium (0,0) and the endemic equilibrium
(up,uy).

(i) If B > 1, then (2.4) has the disease free equilibrium (0,0) and two the endemic equilibria
(uy,ur) and (up,uy).

To study the local stability of (2.4) near the equilibria given in Theorem 2.1, we need some

results from the qualitative theory of the planar systems of the form

du

. :fl(u7v>7
(2.10) fllt
V

E = 81(M,V),

where f1,g; : (U,V) — R are functions having continuous first partial derivatives and (U, V) is
an open subset in R2, see [9, 10, 14, 21]. We denote by A(u,v) the Jacobian matrix of f; and g;

at (u,v), that is,

an
@2.11) Au,v) = 33;1 aagvl
ou dv

and by |A(u,v)| and T (A(u,v)) the determinant and trace of A(u,v), respectively.

The following well-known results can be found in [15] and have been used in [5, 9, 10, 21].

Lemma 2.2. [f (i1, V) is an equilibrium of (2.4), then the following assertions hold.
(i) If |A(@,v)| < 0, then (@1,V) is a saddle of (2.4).
(ii) If |A(ia, 7)| > 0 and (T (A(@,7)))? — 4|A(@,7)| > 0, then (i1, ) is a node of (2.4); it is stable
if T(A(@,v)) < 0 and unstable if T (A(i,v)) > 0.
(iii) If JA(@, )| > 0, (T (A(,7)))* — 4|A(i1,v)| < 0 and T (A(i,V)) # 0, then (i, V) is a focus of
(2.4); it is stable if T (A(i,Vv)) < 0 and unstable if T (A(i1,v)) > 0.

By Lemma 2.2 (i) and (ii), we see that if |A(iz,v)| > 0, then (i, V) is stable if T'(A(i,V)) <0
while it is unstable if 7T (A(@,v)) > 0. In applications, the difficulty often encountered is to
determine the signs of the term (T'(A(i,7)))? — 4|A(i, )| in order to justify the equilibrium

(&1,v) is a node or it is a focus.
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Lemma 2.3. [9] Let (i1, V) be an equilibrium of (2.4). Assume that |A(i,v)| =0, T(A(i,v)) #0
and (2.4) is equivalent to the following system

2.12) i = p(u,v),

v=pv+q(u,v)
with an isolated equilibrium point (0,0), where p # 0,

oo

pu,v) = Z aiju'v’  and q(u,v) = Z;jrjzz’i7j20b,~juivj
i+j=2,i,j>0

are convergent power series. If axyg # 0, then (i1, V) is a saddle-node of (2.4).
Let (i1, v) be an equilibrium of (2.4) and let 4(iz,v) = 1 —ia— v. By (2.11), the Jacobian matrix

of f and g at (i1, V) is

- Bh(ii,v)? 0 Qi ) 2Bunh(@,v)  2Bih(i,v)

(2.13) Aa,v) = I+ou I+ an I+ o I +oi
14 -6

We first study the phase portraits of the disease-free equilibrium (0,0).

Theorem 2.2. Assume that &,y,8 > 0. Then the following assertions hold.
(1) If B > 1, then (0,0) is a saddle of (2.4).
(2) If0 < B < 1, then (0,0) is a stable node of (2.4).
(3) If B =1, then (0,0) is a saddle-node of (2.4).

Proof. By (2.13) with (&,v) = (0,0), we have

B-1 0

A(0,0) =
Yy -0

Then,
|A(0,0)|=—-6(B—1) and T(A(0,0))=(B—1)—20.

(1) If B > 1, then |A(0,0)| < 0. The result (1) follows from Lemma 2.2 (i).
(2) If0< B < 1, then |A(0,0)| >0 and T(A(0,0)) <0, and

T(A(0,0))* —4]A(0,0)| = [(B—1)~ 8> +48(B—~1)=[6 + (B~ 1)]> > 0.

The result (2) follows from Lemma 2.2 (if).
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(3) If B =1, then |A(0,0)| =0 and T'(A(0,0)) < 0. Using Taylor’s expansion, we have

1
1+ou

=1—au+Ry(u),

where Ry(u) =Y., ﬂ(Ocu)". Then

Flu,v) =u(l—u—v)*[1 — o+ Ry (u)] —u
= u[(1—2u—2v) + (u+v)?][1 — o+ Ry (u)] — u
= [u(1 —2u—2v) + u(u+v)*|[1 — qu+Ry(u)] — u
= u(1 —2u—2v)[1 — qu+ Ry (u)] +u(u+v)?*[1 — o+ Ry (u)] — u

= — (24 a)u® —2uv + O3(u,v),

where O3(u,v) = uRo (u)(1 —2u — 2v) + 20 (u+v) +u(u+v)*[1 — au+ Ry(u)]. Hence, (2.4)
becomes

= —(2+0)u? —2uv+ 03(u,v),
(2.14)

V= "Yu—ov.
Letu; =uand vi = yu—6v. Thenu=uy, v= %(yul —vp) and

i == —2+a)u* —2uv+ 03(u,v)
2 1
= -2+ a)ui - %(Yul —v1) +03(M1,5(W1 —v1))
2 1
=—(2+a)ui - g(W% —uvy) +03(u1,g(?’141 —v1))

2 2 1
= —(2+OC+§)M%—|—3M1V1 +O3(u1,5(yu1 —vl)).

Similarly, we get

vy = Yii— 8v = y[—(2+ o)u? — 2uv + O3 (u,v)] — 8[yu — &v]

2u1

1
= —6\/1 —i—'}’[—(Z—}-OC)M%— 5 (j/ul —vl) —1—03(”1,3(’)/1/!1 —Vl))}

2

1
= -6 +}’[—(2—|—Oc)u%— 5 (’yu% —ulvl) +03(u1,3(}/u1 —vl))}

2 2 1
=—0n —y(2+a+§)u%+gu1v1 +}’03(u1,5(]/u1 —vl)).
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Thus, (2.14) can be transformed into the following system

2.15) Il1:—(2—1—06—’1-%)/)1/!%—}—%1411/1+03(u1,%(’}/u1—vl)),

V] = —0v| — ’}/(2+OC+2F?/)M%—|—%YM1V1 + 703 (ul,%(yul —vl)).

Note that ayo = —(2+ o + %Y) # 0. The result (3) follows from Lemma 2.3.

Remark 2.1. When 0 < f8 < 1, the disease-free equilibrium is stable. If we can decrease 3
such that B < 1, then we can control a disease spread and eventually eradicate it. Note that
B = kN2/(d +r). To decease the value B, we can choose the parameter k < (d + r)N2 or
reduce the total population N who contact the infected individual and have a risk of disease.
Hence, when one disease outbreaks, we can take suitable measurements such as isolation to
shrink N, such that B < 1 and eventually eradicate the disease in a short period.

Now, we consider the local stability of the interior equilibria of (2.4). By (2.13) and the first
equation of (2.9), we have

ai  2Ba(l—ia—v)  2Ba(l—a—v)

(2.16) A =| l1+aa 1+ ot 1+ ot
14 =

and

odiu  2Bou(l—a—v) 2Bya(l—a—v)

A, v)| = Toi T 1+tan 1+ ai
_ 1+ﬁaﬁ[a6+2/36(1—ﬁ—\?)+2[3y(1—L‘t—V_)]
_ 1+ﬁaﬁ[a6+2[3(6+7’)(1—ﬂ—‘7)]
(2.17) = 1+ﬁaﬁ[a6+2ﬁ(5+v)(1—5§yﬁ)-

Theorem 2.3. If o0, B,7,8 > 0, then (up,v;) is a saddle of (2.4).

Proof. By (2.6), we have

1_5+}/u2:1_6+}/ 5[a6+2ﬁ(5+7)]+6\/Z:1_a6+2ﬁ(6+y)+\/Z

5 8 2B(8 +7)? 2B(6+7)
. as+ VA
- 2B(8+Y)
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This together with (2.17) with (i,V) = (up,v;), implies that

a6+\/Z] - VA
2B(6+7)  l+au

uy
I+a

The result follows from Lemma 2.2 (i).

<0.

A v2)] = o | @8 ~2B(8+7)
Now, we study the dynamics of the endemic equilibrium (u,v;) of (2.4).
Theorem 2.4. If a, 3,0 > 0 and B > 1, then (u1,vy) is a stable focus or a stable node of (2.4).

Proof. By (2.6), we have

A _1_a5+2ﬁ(5—|—y)—\/K_ ad — /A
5 " 266G+ 2BE+Y
By (2.17) with (iZ,v) = (up,v2), we have
u 065—\/Z B u VA
Finally, (2.16) implies that
oo 2Bu(1—wup—wy)
T(AGw,m)) = =9 1+ auy 1+ auy
=—-9 1+aul[0€+2ﬁ(1 uj Vl)]
L ui o+7y
=== o+ 2B(1— ")
:—S—L[a 2/3056 \/_]
14 au 2B(6+7)
_ s M [a_a3—\/_]:_5_ ur(ay+vA)
1+ au; o+y O+7)(1+ou)

The result follows from Lemma 2.2 (ii) and (iii).

Remark 2.2. When one disease invades, we can predict its transmission and keeps the disease
on a low level if we take suitable measurements. The condition B > 1 corresponds to kN2 >
d +r. Some new drugs can be found to cure the infected individuals and in return lessen the
death rate, d, and shorten the recovery rate r. If these measurements are adopted such that
d +r < kN2, the disease is controlled. Although we can not remove the epidemic disease, the
disease can be kept on a low level since the endemic equilibrium with low infective individuals
is stable.

In Theorem 2.4, we see that (u1,v;) can be a stable focus or node of (2.4). In the following,

we provide sufficient conditions for (u;,v) to be a focus and for (u1,v) to be a node.
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Let
2.18) y= ~8[6—6(/B-1)]-VA /= —5[6 —6(/B—1)]+VA
§—8(\/B—1) ’ 5—8(/B—-1) ’
and

B=85-6(\/B - D]~ 8[6-8(v/B— DS —2(V/B - 1)

Theorem 2.5. (1) IfB>1, 8 >8(\/B—1), y>00rB>1,0< 5 <8(y/B—1)and0<y<p,

then there exists 0 > 0 such that (uy,vy) is a stable node of (2.4) for a. € (0, &).
(2)IfB>1,0<8 <8(\/B—1)andy> 1, then there exists & > 0 such that (u,v1) is a

stable focus of (2.4) for o € (0, &).

Proof. By (2.7) and (2.6), we have

lim A =4B2(8 +7)2 +4B (1 — B)(8 +7)2 = 4B(5 +7)?

a—0

and

_2B8(8+7) —Slimg VA _2B8(8+7)—28\/B(S+y) _ 8(B—+/B)

lim uy =

a0 2B(5+7)> 2B(6+7)? Bo+y)

Hence, we have

lim (A ) = 5 B VB 2VBG ) 5 26(/B-1)

a—0 B(S+7) S+7vy o+y
and
: ~ 8(B—+/B) _ B
é1_>mo|A(”1’v1)|_—ﬁ(5+y) 2VB(8+7)=28(V/B—1).
Let

(2.19) A= (T(A(u1,v1)))* — 4A(u1,v1)]-
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By (2.18), we have

lim A = (lim T(A(u1,v1)))> — 4 lim |A(u;,v1)|
a—0 a—0

a—0

_ 2(vB-1)
=871 +5—+y]2—85(\/ﬁ— 1)

_ 2
)

~ 67 >2{5[5+Y+2(\/l§— D =8(vVB-1)(8+7)°)

_ ﬁ{éfuya[au(\/ﬁ— 1]+ 85 +2(v/B — 1)
8(V/B - 1)+ 257+ 7))

— 5y (8- 8(VB- DI +218(6+2(/B - 1) -3V~ 1)

+8[6+2(+/B—1)]>—88%*(/B—1)}
(3+y>2{[5 8(v/B—1)]r +28[8 —6(\/B—1)]y+8[6—2(v/B—1)*}

_8[5—8(\/B—1)
(6+7)?
Note that 73 <0 and 15 < 0if § > 8(y/B —1),and y; <0 and %, > 0if § < 8(1/B — 1). Hence,

we have

(y=m)(r—n)-

A>0ifeither § > 8(y/B—1)or§ <8(y/B—1)and0<y<p

and A < 0 if either§ < 8(1/B — 1) and 7 > 75. By the continuity of A in a, the results follow
from Lemma 2.2 (ii) and (iii) and Theorem 2.4.

Theorem 2.5 holds for small ¢. In the following, we deal with the case when « is large.

Notations: Let 0 < § < 1 and

82 —-785+8 a?(1-8?)
T(1-6)2 “=er PT Tiaas
Lemma 24. (1) If0< 6 < 1/4, then 8 < ap < 101/9.

(2) If1/4 < 8 < 1/3, then 101/9 < 0 < 13.
(3)If0<d<1/4and4 < a <8, then By > 1.

(4)If1/4< 6 <1/3and 13 < o < oo, then By > 1.

(2.20) o 1= ap(8) =
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Proof. Taking the derivative of o given in (2.20) relative to 0, we have
day  (26—7)(1-8)+2(6*—~76+8) 9-56

1
15 = TEE 2(1_6)3>0f0r0<5<§.

Thus, oy is increasing and (1) and (2) follow. By (2.20), we have

5 _1_052(1—62)_ ot —o?st—4as—4
07T 41408 N 44408
ot —(ab+2)?  (a—ad—2)(a+ad+2)
- 44408 44408 '

If0<d<1/4and 4 < o < 8, then 3 < ax(1 — ) < 6. Hence, @ — ad —2 > 0 and By > 1.
Hence, the result (3) holds. If 1/4 < 8 < 1/3 and 13 < & < oo, then 26/3 < (1 — ) < oo.
Hence, & — ad —2 > 0, By > 1 and the result (4) follows.

Theorem 2.6. (1) If4 <o <8, 0<8<1/4 y=1—06 and B = Py, then (u1,vy) is a stable
node.

2)If13 <o <oo, 1/4<8<1/3, y=1—0 and B = Py, then (u,vy) is a stable focus.

Proof. If § + 7= 1, by (2.7), we get A = a?8% + 4038 +4p. By (2.20), we have

1 1

_R. — 21 82V — _a2) —
B—Bo= s |B4+408) — 02(1 -8 = 7 —(A—0?) =0
and o = VA. By (2.6), we have
_ S(ad+2By) —ao ad(6—1) oy 2+2a6
up = 260 —5+—2B0 =0+ao(0 1)—a2(1_52)
_5_25(1+OC5)
N a(l+9d)

By (2.19), we show that

2y
|

461
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where U = §/[(1+8)(1+ auy)?] > 0. In fact,

Ao [6+u11(j€_7a+a)}2_ 14ocu1 _ [5+au1(5+y)+aul}2_ 4oy
t + oy 1+ oy 1+ auy
- [61%03711]2_ IA:—OCZ;I - (1+(1m1)2 [(8+20u1)* — 4o (14 auy )]
= m(aum(a— uy)
ST R LRI LR )
- H;aul)z [52 +4a5(5 1) 200 (‘111(;; a6)}

US(148)+4a(8>—1)—8(5 —1)(1+ad)]
=U[6(1+8)—8(6—1)+4a(5—1)((6+1)—28)]

=U[6(1+8)—8(6—1)—4a(s—1)] = o — Q).

U
G-

By Lemma 2.4 (1), ap >8if 0 < 6 < 1/4. Since 4 < o0 < 8, we have ap — & > 0. The result (1)
follows from (2.21). By Lemma 2.4 (2), ap < 13if 1/4 < § < 1/3. Since & > 13, op — a < 0
and the result (2) follows from (2.21).

3. Conclusion

In this paper, we use the planar qualitative analysis to study the dynamical behaviors of an
SIRS epidemic model with a saturated incidence rate kS?I/(1+ o). Our results show that the
ratio of the infection force and the summation of the death and recovery rates are important
in determining the eradication or persistence of disease. Firstly, when the infection force k is
small or the recovery rate r is large, that is f < 1, the disease-free equilibrium is stable and
hence the disease will disappear as time evolves. So the outbreak of the epidemic disease does
not happen. when the epidemic infection force is smaller than the recovery rate (or removal
rate). Secondly, when the infection force rate k is larger than the summation of the death and

recovery rates, then the disease will persist.
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