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Abstract. In this paper, a two species amensalism model with Holling II functional response and a cover for the
first species is investigated. Our study shows that if the cover is enough large to accumulate the first species, then
two species could coexist in a stable state; while if the cover is limited, then the first species maybe driven to

extinction. Numerical simulations are carried out to illustrate the feasibility of our findings.
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1. Introduction

During the past decade, many scholars [1-10] investigated the dynamic behaviors of the a-
mensalism model, here, amensalism means that an interaction between two species, where a
species inflicts harm to the other species without any costs or benefits received by the other.
However, only recently did scholars ([7], [10]) paid attention to the influence of refuge on the

ammensalism model.
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Sita Rambabu, Narayan and Bathul [7] considered a two species amensalism model with a

partial cover for the first species to protect it from the second species, the model is as follows

% = a1x(t) —b1x%(t) —c1 (1 —k)x(t)y(2),
% = azy(t)—bzyz(l‘),

where a;,b;,i = 1,2 and ¢ are all positive constants, k is a cover provided for the species x, and
0 < k < 1. The series solution of above system was approximated by the Homotopy analysis
method (HAM). Recently, Xie, Chen and He [10] argued that one should give positive answer
to show how the cover (represented by k) influence the dynamic behaviors of the system (1.1).
After gave a thoroughly analysis of the global dynamic behaviors of system (1.1), they showed
that if the cover is enough large, then two species could coexist in a stable state.

It bring to our attention that in system (1.1), the authors made the assumption that the rela-
tionship between two species is linearizing. It is well known that in the predator-prey system,
more appropriate model should incorporating some kind of functional response [12]-[31]. And
among those functional response, the most common and fundamental one is the Holling II func-
tional response, which was proposed by Holling in 1965; see [11] and the references therein.
Stimulated by the works of [10], [17] and [18], we propose the following two species amensal-

ism model with Holling II functional response and a cover for the first species

dx . _cl(l—k)X(t)y(t)
= = ax() =) I+diy(t) (1.1)
% = axy(t) —byy*(1).

where a;,b;,i = 1,2 ¢ and d are all positive constants, k is a cover provided for the species x,
and 0 < k < 1.

The aim of this paper is to give the detail analysis of the dynamic behaviors of system (1.1)
and to find out how the cover influence the dynamic behaviors of the system (1.1). We arrange
the paper as follows: In the next section, we will investigate the existence and local stability
property of the equilibria of system (1.1). In Section 3, we will investigate the global stability

property of the system; In Section 4, several examples together with their numeric simulations
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are presented to show the feasibility of our main results. We end this paper by a briefly discus-

sion.
2. The existence and stability of the equilibria

The equilibria of system (1.1) is determined by the equations

a(l-kxy _

ayx — byt —
! ! 1+dy

?

2.1)
azy —byy* =0.

Hence, system (1.1) admits the trivial equilibrium E(0,0), boundary equilibria E| (%, O) and
d b

E (O, Z—;) Also,ifk>1— M, then system (1.1) admits a unique positive equilibri-
ascy

um E3 (x*, y*) , where

« _ aaxdi +arcik+aiby —asc y=22
bi(axd; + by) ’ by

(2.2)

Concerned with the local stability property of the above four equilibria, we have

d b
Theorem 2.1. Eo(0,0) and Ey (£2,0) are unstable; If k < 1— QRATADY on By (0, @) js
arcy
d b
stable and ifk > 1 — M, then E> (0, Z—i) is unstable, in this case, E3 (x*, y*) is stable.
ascy

Proof. The Jacobian matrix of the system (1.1) is calculated as

By By
J(X,y): )
0 —2by+ap
where
ci(1—k)y
B = aj —2bjx— 21
1 1 1 14 dpy
c1(1—k)x
By= 1%
2T I+ dy)?

The Jacobian of the system about the equilibrium point E7(0,0) is given by
0 ap

The eigenvalues of the matrix are a; and a,, Ey(0,0) is a unstable.
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For E; (Z—;,O), its Jacobian matrix is given by
c1(1—k)a;
( “ b ) :
0 ar
The eigenvalues of the matrix are —a; and ay, E; (Z—i,O) is unstable.

For E5(0,32), its Jacobian matrix is given by

araidy +axcrk+ai1by —arey 0
( ady + b )
0 —ay
d k by —
The eigenvalues of the matrix are 42101 + BHCIRF 102 — axCl and —a». Hence, if ara1d; +
32611 +[19?2
arcik+aiby > axe) hold (e, k> 1 — LE2ATNO2 g @) i ungrable, and if asaidy +
acy
d b
werk+arbs < axer hold (e, k < 1 — LBATND2y @) is stable.

arcy
The Jacobian matrix about the equilibrium E3 is given by

ayd, + by

_a2a1d1+a201k+a1b2—a2c1 .
( 0 —aj >

ayardy +aiby arady +axcrk+ a by —axey

ifk>1 hold, then

arcy axdy + by
has two negative eigenvalues and Ej3 is stable. This ends the proof of Theorem 2.1.

< 0, hence, above matrix

Remark 2.2. When d; = 0, then Theorem 2.1 degenerate to Theorem 2.1 in [10], thus, we
generalize Theorem 2.1 of [10] to the system with Holling II functional response. Theorem 2.1

also shows that if the positive equilibrium is exist, then it is locally stable.

Remark 2.3. It seems strange since the dynamic behaviors of the traditional Lotka-Volerra
predator-prey model and predator-prey model with Holling IT functional response has substan-
tial difference, depending on the relationship of the parameters, the Lotka-Volterra predator-
prey model could have a globally attractive positive equilibrium or the globally attractive bound-

ary equilibrium; while for the predator-prey system with the Holling II functional response, if
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the positive equilibrium is unstable, the system could admits a unique globally stable limit cy-
cles. Our Theorem 2.1 shows that the dynamic behaviours of system (1.1) is similar to the
Lotka-Volterra one, maybe the reason lies in that the second equation in (1.1) is independent of

x, this leads to the fact that the density of species y finally attractive to Z’—;.

3. stability of the equilibria

This section we will further investigate the global stability of the boundary equilibrium E;
and the positive equilibrium E3.

Now let’s state several lemmas which will be useful in the proving of main results.

Lemma 3.1. [29] Ifa > 0,b > 0 and x > x(b — ax), when t > 0 and x(0) > 0, we have

liminfx(r) >
t—+too

QI

Ifa>0,b>0and % <x(b—ax), whent >0 and x(0) > 0, we have

QI

limsupx(r) <
f—soo

d
Lemma 3.2. [10] System d_)t) = ayy(t) — byy*(t) has a unique globally attractive positive equi-
librium y* = Z—i.

_ ajardy +a1by

Theorem 3.3. Ifk < 1 hold, then E;(0, Z—;) is globally stable.

arcy
d b
Proof. k < 1— A10a1 + a1, is equivalent to axa d; +axc1k+a1by < axcy, that is,
ajcg
ay(by +axdy) —c1(1 —k)ay < 0. (3.1)

Hence, we have

a(1+2d4) -1 (1-0)2 <. (3.2)
by by

And so, one could choose € > 0 small enough such that

a1(1+(2—2+8)d1)—c1(1—k)(Z—z—s)<0, (3.3)
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which is equivalent to

Q1=K —e)
— <0. 34

For this €, it follows from Lemma 3.2 that there exists a T > 0, such that every positive solution

y(t) of

dy 2
— = t) —byy“(t
oy = () = by (1)
satisfies
@—e<y(t)<a—2+s. (3.5)
by by
Now we consider the Lyapunov function
_ * * y
V(x,y) =x+y—y"—y lny—*, (3.6)

where y* = Z—;. Calculating the derivative of V along the solution of the system (1.1), by using

equalities (3.4), (3.5) and the fact ap = byy*, fort > T, we have

. , ci(1—=k)xy ’ v
= ax—bpto SO - -
1% aix—bix I dry + (azy — bay”)( y>
c1(1—k)y N N
= —bi+ (al_l(_i_—cz,]j)x‘l'(bﬂ’ —boy)(y—y") (3.7)
ci(1-k)(32 —¢)
< —b1x2+<a1— 2 )x—bz(y—y*)2~

1+ (3 +€)d
Obviously, ‘2—‘; < 0 strictly for all x,y > 0 except the positive equilibrium E;(0, %), where
‘2—‘; = 0. Thus, V(x,y) satisfies Lyapunov’s asymptotic stability theorem, and the boundary

equilibriumk; (0, Z—;) of system (1.1) is globally stable. This ends the proof of Theorem 3.1.

Remark 3.4. Theorem 3.3 shows that the conditions which ensure the locally stable of the

boundary equilibrium Ej is coincidence with the globally stable ones.

_aiadi +aiby

Theorem 3.5. Ifk > 1 hold, then Ex (x*, y*) is globally stable.

acy
Proof. k > 1 — drdzdy +a1by is equivalent to
acy
ay(by+axdy) —c1(1 —k)az > 0, (3.8)
or
ar(1+22d) —e1(1- )2 > 0. (3.9)

by by
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And so, one could choose € > 0 small enough such that

m(uwﬁ_fmg—qu—még—@>o (3.10)
b2 b2
and
ap a
m@+c—+@m)—qu—@p—+@>o (3.11)
b2 b2
hold, which is equivalent to
ai(1-B)( —¢)
— 0 3.12
and
ci(l—k)(2+e
L G~ (3.13)

1+ (32 +e)d
hold. For this ¢, it follows from Lemma 3.1 in [10] that there exists a T > 0, such that every

positive solution y() of

dy 2
— =apy(t) — by~ (t
i azY( ) 2y ( )
satisfies
) ar N
1 === .14
Jim y(f) =7~ =", (3.14)
and so
a

a
— —E<y(t) < —+E.
b, y(t) b2+

Hence, to end the proof of Theorem 3.5, it is enough to show that under the assumption of

Theorem 3.5, tgm x(t) =x*. Fort > T, it follows from (3.14), the monotonicity of the function

—+oo

1—
fly)= a1 —kly and the first equation of system (1.1) that
1+dy
dx ci(1—k) (5 —¢)
— < 1) —b1x?(t) — 2 t
(3.15)
— (l‘)( Cl(l_k)(z_i_s) b (l‘))
= X aj l—l—dl(z—;—f}) 1X .
Applying Lemma 3.1 to (3.15) leads to
(1 =B —e)
T (B e
limsupx(r) < = (3.16)

t—+o0 by
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Setting € — 0 in (3.16) leads to

Cl(l —-k)%l
a1——2

1+d3? —
e
For ¢t > T, again it follows from (3.14), the monotonicity of the function f(y) = 6‘11(1—;16))? and
the first equation of system (1.1) that Y
a
% z arx(t) = bi(r) - Cll(i df()ff—ib_2+t;)x(t) (3.18)
ci(1=k) (3 +e) ‘
— x(t) (a1 - (Z—ibi 5 bpc(t))-
Applying Lemma 3.1 to (3.18) leads to
all=RE+e
liminfx(r) > e . (3.19)
t—oo by
Setting € — 0 in (3.19) leads to
ci(l—k)z
o “- 1+d12—§ arardy +arcrk+ayby —axcey .
ltlgnigfx(t) > b = br(ad; +b2) =x". (3.20)

(3.17) together with (3.20) leads to

. ok
zglfwx(t) =x".

This ends the proof of Theorem 3.5.

Remark 3.6. Theorem 3.5 shows that if the positive equilibrium E3 is exist, then it is globally

stable.

Remark 3.7. If

b d b
a2 - w7 (3.21)

aanc| arci

then for all k € (0, 1), system (1.1) admits a unique positive equilibrium, one could easily see

2€1

—aib
that if d; is enough large, (d > w), then (3.21) holds. With the increasing of d;, from
ayaz

the expression 7 Y

w one could see that the influence of the second species to the first species
1y
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axcy —aiby

decreasing, and if it exceed the threshold , the first species could survival well and

a1az
the cover has no influence on the coexistence of the two species.

However, from Theorem 3.3 in [10], we know that for the Lotka-Volterra type amensalism

: .. ab . . .
model, without the cover, condition 22 s enough to ensure the first species will be
arCi

driven to extinction. From this point, the Holling II functional response increasing the stability

property of the system.

_araxdy +axcik+aiby —axey and &0 _ arci -
bi(axdy + by) & by (axd) + by)
0, hence, x* is the strictly increasing function of the k, which means that the cover can increase

Remark 3.8. Noting that x*(k)

the densities of the first species.

4. Numeric simulations

Now let us consider the following examples.

Example 4.1. Consider the following system

i (1 —k)x(r)
a x(1) = 3 (t) = 1+d1y(f)y(t)’ (4.1)
% = %y(t)—)’Z(t)'

In this system, corresponding to system (1.1), wetake a; = by, =c; = 1,ar = %,b1 = 4—1‘. ke (0,1)

aibs

and d; are two positive constants to be determined. Noting that 0]

=2 > 1, hence, for any
k€ (0,1) and any d; € R™, condition of Theorem 3.2 holds, and so, it follows from Theorem
3.5 that system (4.1) admits a unique positive equilibrium (x*,y*) which is globally attractive.
Specially, if we take k = %,d 1 = 1, the unique positive equilibrium (13—0, %) is globally attractive.

Figure 1 supports this assertion.

Example 4.2. Consider the following system

(4.2)
dy

dt
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In this system, corresponding to system (1.1), we take a; =br, =c; =1,a, =2,b; = JT. ke (0,1)
and d; are positive constants to be determined. Obviously, if d; > azc;;aalbz = 1, then from
Remark 3.7, for any k € (0, 1), condition of Theorem 3.5 holds, and so, itlfozllows from Theorem
3.5 that system (4.2) admits a unique positive equilibrium (x*,y*) which is globally attractive.
Specially, if we take k = %,dl = 1, the unique positive equilibrium (2,2) is globally attractive.

Figure 2 supports this assertion.

Example 4.3. Consider the following system

dx . — X - U = kel
5 = ) (1) 1+dyy(r) o) (4.3)
% = 2y(t) — (1)

In this system, corresponding to system (1.1), we take a; =br, =c; =1,a, =2,b; = %. ke (0,1)
azcl——albz __1

and d; are two positive constants to be determined. Obviously, if d] < ——— = 5 then if
ajan
d b 1
k>1-— d1a2d1 + 152 = 7 condition of Theorem 3.2 holds, and so, it follows from Theorem
arcy

3.5 that system (4.3) admits a unique positive equilibrium (x*,y*), which is globally attractive.

Specially, if we take k = %,dl = }1, the unique positive equilibrium (%, 2) is globally attractive.

d b 1

Figure 3 supports this assertion. Also, if k <1 — i G Sl L 7 from Theorem 3.1 that the
ancq

boundary equilibrium (0, Z—i) is globally attractive. Take k = %, di= }1, the boundary equilibrium

(0,2) is globally attractive. Figure 4 supports this assertion.
S. Discussion

During the last decade, many scholars investigated the dynamic behaviors of the predator-
prey system incorporating a prey refuge, see [11]-[29]. Kar [17] studied a Holling II prey-
predator system incorporating a prey refuge. His study shows that “a refuge can be important
for the biological control of a pest, however, increasing the amount of refuge can increase prey
densities and lead to population outbreaks.” Chen, Chen and Xie [18] studied the dynamic be-
haviors of the Leslie-Gower predator-prey system incorporating a prey refuge, their study shows
that the unique positive equilibrium of the system is globally stable, therefore, for the system

they considered, prey refuge has no influence on the persistent property of the system. That
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Dynamic behaviors of system (4.1)(k=1/2,d1=1
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FIGURE 1. Numeric simulations of system (4.1) with
k = 3,dy = 1, the initial conditions (x(0),y(0)) =
(0.1,1.2),(0.1,2),(0.1,0.1),(6,0.2) (6,3) and (6,1.5), re-
spectively.

Dynamic behaviors of system (4.2)(k=1/2,d1=1)
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FIGURE 2. Numeric simulations of system (4.2) with
k = 1,dy = 1, the initial conditions (x(0),y(0)) =
(0.1,0.1),(0.1,3),(0.1,0.5),(6,0.2) (6,3) and (6,1.5), re-

spectively.
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Dynamic behaviors of system (4.3)(k=1/2,d1=1/4)
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FIGURE 3. Numeric simulations of system (4.3) with
k =1, dy = 1, the initial conditions (x(0),y(0)) =
(0.1,0.1),(0.1,3),(0.1,0.5),(6,0.2) (6,3) and (6,1.5), re-
spectively.

Dynamic behaviors of system (4.3)(k=1/8,d1=1/4)
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FIGURE 4. Numeric simulations of system (4.3) with
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k == g, dl - 4
(0.1,0.1),(0.1,3),(0.1,0.5),(6,0.2) (6,3) and (6,1.5), re-
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spectively.
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is, depending on the different predator-prey system, the influence of prey refuge maybe very
different.

It bring to our attention that to this day, still few work ([7,10]) on the amensalism model with
refuge, and so, based on recent work of Xie, Chen and He [10], we further consider the amen-
salism model with Holling II functional response and a cover for the first species. Our study
shows that despite the introducing of the Holling II functional response, the dynamic behaviors
of system (1.1) is similar to the dynamic behaviors of the Lotka-Volterra type amensalism mod-
el with a cover for the first species. That is, depending on the parameters k and d1, the boundary
equilibrium or the unique positive equilibrium is globally attractive (for more detail discussion,
one could refer to Remark 3.3). Numeric simulations also support our findings. We mentioned
here that a more suitable population model should include some past state of the species, and

this leads to the mathematical modeling with delay, we leave this for future investigation.
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