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Abstract. In this paper, we investigate the existence and uniqueness of solutions of non-local boundary value
problems for the loaded parabolic-hyperbolic equation involving the Caputo fractional derivative and Riemann-
Liouville integrals. The uniqueness of solutions was proved based on the method of integral energy by using
an extremume principle for the mixed type equation. The existence was proved based on the method of integral

equations.
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1. Introduction

Development of the theory of the equations with fractional derivatives is stimulated with
development of the theory of the integer order differential equations. About applications to
physics, biology, mathematical modeling etc, one is referred to the works [1, 2, 3]. Precisely,
many problems in viscoelasticity [4, 5, 6] dynamical processes in self-similar structures [1],
biosciences [7], signal processing [8], system control theory [9], electrochemistry [10], diffu-
sion processes [11], and linear time-invariant systems of any order with internal point delays
[12] lead to differential equations of fractional orders. Notice that the works [13, 14, 15] are de-
voted to the study of BVPs for parabolic-hyperbolic equations involving fractional derivatives.
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BVPs for the mixed type equations involving the Caputo and the Riemann-Liouville fractional
differential operators were investigated in [16, 17]. With intensive research on the problem of
the optimal control of the agroeconomical system, regulating the label of ground waters and
soil moisture, it has become necessary to investigate a new class of equations called loaded
equations. For the first time, it was given the most general definition of a loaded equations and

various loaded equations are classified in detail by Nakhushev [18].

Definition 1.1. An equation Au(x) = f(x) is called loaded equation in n dimensional Euclidean
domain € if operator A depends of the restriction of the unknown function to a closed subset of

Q, of measure strictly less than 7.

After this work, many interesting results on the theory of boundary value problems for the
loaded equations parabolic, parabolic-hyperbolic and elliptic-hyperbolic types were published,
for example, see [19, 20, 21] and the references therein. In this direction, some local and non-
local problems for the loaded elliptic-hyperbolic type equations of the second and the third order
in double-connected domains, one is referred to the works [22, 23, 24, 25] and the references

therein.
2. Preliminaries

2.1. Euler’s integrals

The elementary definition of the gamma function is the Euler’s integral (see [26].p.24)

(o)

I'(z) = /tz_le_tdt.

0

For z € R™, this integral converges and satisfies the recurrence relation

(1) C(z+1) =zl(z),
T
(2) C(z)I(1-z) = pe

and for z € N 1is satisfies

3) [(z+1)=2z!
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There is another Euler’s integral, which can be represented by gamma function (see [26].p.26)
1
I'(x)
()T (y) _ /tx—l(l Y,
0

which converges for x > 0, y > 0.
2.2. Riemann-Liouville integral-differential operator

Definition 2.2.1. Let f(x) be an absolutely continuous function over(a,b). Then the left and

right Riemann-Liouville fractional integrals order o (& € R™) (respectively) are (see [26].p.69)

@) (1% f)x l/f (=0)%"'dt, x>a,

5) (1%f) x /f (e—1)%dt, x<b.

The Riemann-Liouville fractional derivatives g, D% f and RLD ) of order a(a € R™)) are de-

fined by (see [26].p.26):

(6) (RLDgxf)x:ﬁ(%) /(XJ:)(—;)ant n=[o]+1, x>a,

a

n b
(7 (RLD)(cxbf)x:;(_i) /(Z‘Ldtv n:[a]+1a X<b,

In—a)\ dx —x)®
respectively, where [a] is the integer part of . In particular, for @ = NU{0} we have
(rDGuf) ¥ = F (), (reD5pf)x = f(x), (ReDiguf)x = £ (),

(RLDf)x = (=1)"f")(x), neN,
where £(")(x) is the usual derivative of f(x)of order n.

Definition 2.2.2. Caputo fractional derivatives ¢DS, f and ¢DY% fof order o > 0 (o ¢ NU{0})
are defined by (see [26].p.92):

o L )
@®) (cDaxf)x:F(n_a)a/<x_t)a_n+]dt, n=la]+1, x>a
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« ARG
) (CDxbf)x:an_)a)a/(x_t)og_)md;, n=la]+1, x<b,

respectively.

From 6-9, as a conclusion we have
(cD% f)x = sign*(x—a) (Igfkf(k)> x, k—1< o<k,
consequently, while for & € NU{0} we have
(eD0uf) x = F(x), (cDSf)x=f(x), (D)= " (x),

(D f)x=(=1)"f"(x), neN.

2.3. Wright type functions

The elementary definition of the Wright type function at o > 8, & > 0 and for all z € C, is
represented as [27]

n

SNy <
(10) eh 3 (2) —kZOF(aH,J)r((S—ﬁn)'

If « = u =1, then owing to 3 from 10 we have

k=0

If for the Wright type function
Tt > |argz| > 717(06+[3)/2+8, e>0, k=0,1,2,...,
then at z — oo takes place [27]
lim "2 (z) = 0;

ERE

1
lim 7t (7) = — .
m s = TR (e 4 B)

3. Problem formulation and main functional relations
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In the given paper, for the equation

1 —sgn l—l—s n
(12) e — ﬁ[ ZRk %,0)| = ——=2cDlu =0
with operators [28]:
B &+n &—
(13)  R(xy) = (5 e ): pk(é)lgk”t(T’T)a atgsx<l,
2 2 qk(n)IYklnu (%7%)7 at _1 g-xg 61,

where 0 < o, B, 7 < 1

1) L) = o [0 s 1) = s

y
(15) Dy f / —1)"%f(t)dt.
0

We will investigate the uniqueness and the existence of solution of the non-local problem.

Lets, Q be special domain, bounded with segments:

AAT ={(x,y): x=1,0<y<h}, BiB]={(x,y): x=¢q,0<y<h},

BIAT ={(x,y): y=h,q<x <1}, AA;={(x,y): x=—1,0<y<h},
BBy ={(x,y): x=—¢q,0<y<h}, A3B3={(x,y): y=h, -1 <x<—q}
at y > 0 and characteristics :
AJCr:x+(=1))y= (=17, BiCy:x+(=1))y=(-1)/"".q; (0<q<1),(j=1,2)

of the equation (12) at y < 0, where x+y =&, x—y =1, A;(1;0), Aj (1;h), A, (—1;0),
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4 B, x B A4

Introduce designations: Qo = QN (y >0, x> 0), Quy =QN(y >0, x<0),
Ar=QNx+y>q)N(y<0),, A=QN(y—x>4g)N(y<0),

A=QN(—g<x+y<qg)N(x>0), Aq=QN(—g<y—x<qg)N(x<0),
As=QN (-1 <x+y<—gN(-1<y—x<—q), hy;= {x: 0< (—1)1.71x<c1}7

I = {x:q< (1) x < 1} (j=1,2).

We investigate the following problem in the domain €.

Problem I. To find a solution u(x,y) of the equation (12) from the following class of functions:

W = {u(x,y) : u(x,y) € C(Q) NC3(A) g € C(Qo1 UQp3), cDgyit € C(Qo1 UQnp)},

(I =1,5), satisfies boundary conditions:

(16) u(x,y) Ay = @;i(y), 0<y<h,

7) u(x,y)

(18) %u (61(x)) = ai(x)uy(x,0) + by (x)ur(x,0) + c1 (x)u(x,0) +di (x), x €Iy,

(19) %u (62(x)) = az(x)uy(x,0) + ba(x)ux(x,0) + c2(x)u(x,0) + da(x), x € b,

(20) u(x,y) 5,0, =g (x), xehyj, (j=1,2)

J
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and gluing conditions:

1
(21) lim yl_auy(x,y) = A1 (X)uy(x,—0) + A1 (x /r1 u(t,0)dt, g<x<1,
y—+0

(22) lil}:oyl_auy(xvy) = 121 (x)”y(xa _O) +A22(X) /Fz(l’)u(l,())dl, —1<x< —-q,
y—
e

where @;(y), ¥;(v), a;j(x), bj(x), cj(x),d;(x), gj(x), Aij(x) (i, j = 1,2) are given functions,such
2
that 3 22(x) 0,1 = 1,2, besides: g1 (0) = 2(0), £2(~a) = 92(0), 81 (9) = ¥4 0).
j:

4. The uniqueness of solutions of Problem 1.

Known that the equation (12) at y < 0 on the characteristics coordinate & =x+yand n =x—y

has a form:
1 n
(23) ugn =7 3 Ri(8,0).
oy
Introduce designations:
u(x,0) =11(x), ¢g<x<1; ux,0)=1nk), —1<x<—q,

uy(x,—0) = v, (x), g<x<1; uy(x,—0)=v, (x), —1<x<—gq,

limy'™%u,(x,y) = v{ (x), g <x<1; limy'" ™ %uy(x,y) = vy (x), —1<x<—q.
y—0 y—0

Known that solution of the Cauchy problem for the equation (12) in the domain of A; can be

represented as follows:

— 1
(24) u(x,y):ﬁ(ery)erTl(x y) 2/\/1 dt+4/d§/2pk 51 “1(€)dn.

x+y

Using condition (18), we find from (24) that

1)~ 1)v; ()= 5 ¥ pele) (e Do (o)

(25) + (1 =2b1(x)) 7{ (x) — 2¢1 (x) 71 (x) — 21 (x),



8 O. KH. ABDULLAEV

Precisely also, from the solution

Tix+y)+ 7 (x— 1
1( y)z e—y) —5 [w dz+4/dn/£qk ), T2(n)dE

x+y x+y x+y

(26)  u(x,y) =

of the Cauchy problem for the Eq.(12) in the domain of A, with conditions
u(x,0) = (x), x€A2Bo; uy(x,—0)=v, (x), x€AB;
and on the base of (19), we obtain

(Lax(x)+1) v, (x i x)(x+ 1)1 rz( )+

NI*—‘

(27) + (1 =2by(x)) 15 (x) — 2¢2(x) T2 (x) — 2da ().

Considering designations and gluing conditions (21) and (22), we have

+ A12(x) /1
/

(28) vif(x) = A (%) vy (x r(t)T(t)dt,
dt.

r(t)T(t)

(x)
29) V2Jr (x) = A (X) vV, (x) + A (x)
Further from the Eq. (12) at y — +0 owing to account (15), (28), (29) and

lim Dg~ Lf(y) =T(a) limy' " *£(y)

y—0 Oy y—0
we get
1
(30) 7/ (x) = T() Aqy (1) v (x) — T(@) Az (x) / P (6)T1 (1) dt =
and
31) ) (x) = (@) A21 (x) vy (x) — T(@) Axa (x) / P2 (£)12(t)dt = 0.
—1

Theorem 4.1. If the following conditions

(32) pk(Q)an(_Q) >0, (pk(x)Al(x>)lv(qlc{x}AZ(x))/ >0, (k=1,2,..,n)

(33 Ai((—-1)"g), Bj(x).Ci(x) <0,
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hold, then the solution u(x,y) of the Problem I is unique.

Proof. If the homogeneous problem has only trivial solutions, then we can state that the original
problem has a unique solution. To this end, we assume that the Problem I has two solutions.
Denote the difference of these as u(x,y) we get the appropriate homogenous problem. Multi-
plying equations (30), (31) respectively to functions 7 (x), 7»(x) and integrating from ¢ to 1 and

from -1 to Cq accordingly, we obtain

1

1
/ 2 (0)71 (x)dx—T(@) / 21 (Vi ()71 (1) dx—

q

1

1
(34) (o) / Ao ()71 () dx / r(2)7(2)dz =0

t

and
—q

—q
/ 2 (x) 2 (x)dx — (1) / Mot (1)Vy (x) T2 (x)dx—

-1 -1

B t
(35) I(a) / P ()72 () lx / r2(2)12(2)dz = 0.
1

~1
First, we investigate the integral

1
a) / A1 ()71 (x) v (x)dx+T(at) / Ao ()1 () lx / r (1) e (1)dr

Taking (25) into account d(x) =0, 2a;(x) # 1, we get

1
_T(e) [ (x—1) -
J1 = ? 2a; (x) 7(«11 T1 ; dx+
q

; 1
/ 1—22;711 7L11( )Tl(x)r{(x)dx—ZF(a) %1@(%)0&+
q
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T(a) [1—2b(x)
2 / 2a1(x)—1

1 1 2
(36) 2T (ax) % 2(x)dx— & 2“ / 7;2(53 ( / (1)1 (t)dt) .
q q

X

l]] (x)d (le(x)) —

Considering 71(1) = 0, 71(¢) = 0 (which deduced from the conditions (16), (17) at j = 1 in

homogeneous case) and due to the formulate [28]
37) \x—t]*?'— y/ leos[z(x—1)]dz, 0<y< 1.
055"
0

From (36), we get

1 z 1 1 2
I'(a) Ai2(q) D(a) [ (@)
(8) rllz(q) ( q/ r1(t)f1(t)dt) +=5 q/ ( rll"‘(x)) ( x/ rl(t)’cl(t)dt) dx,
1

where A (x) = =) B (x) = 1=2i)nl) e (x)= ;Lz‘;f()) ()1‘) , My (x,z) = [ 71(¢) cosztdt

1
and Nj(x,z) = [ 71(¢) sinztdt. Similarly, taking (27) into account da(x) = 0, 2ay(x) # —1, we
X

investigate the integral:

X

b= /121 )oa(x)v; (x)dx + D(ax /7(,22 Voo (x )dx/rz( Voo (1)dt =

-1 -1

" [M3(—q,2) + N3 (—q,z2)] dz+

0

T % -9
(o) cos 5~

i o /Z_y"dz/ [M%(x,z) +N22(x,z)] (Az(x)qk(x))/dx—

k=1 0 |
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(—/22 (x)B(x)dx — 2T'(o /cz )3 (x)dx+
—1

2 _ 2

[Lm@awf +F?X[(2é?y [ i) ax

4

(39)

where A, (x) = %, By(x)= %, Co(x) = %, M (x,z) = _fl T>(t) cos ztdt

and N2 (x,z) = f Tp(t) sinztds.

Thus, owingitlo (32) and (33) from (38) and (39) it is accordingly concluded, that 7;(x) =0
and 7 (x) = 0. Hence, based on the solution of the first boundary problem for the Eq.(1) [29],
owing to account (16) and (17) we will get u(x,y) =0 in ﬁoj, (j=1,2).

Further, from functional relations (25) and (27), taking 7;(x) = 7»(x) = 0 into account, we
deduce that v; (x) = 0. Consequently, based on the solution (24) and (26) we obtain u(x,y) =0
in closed domain A i (j=1,2). Owing to uniqueness of solution of the Gaurset problem, we get
that u(x,y) = 0 in the domains of Aj., (j = 1,2,3). Thus, we received that u(x,y) = 0 in the
domain Q ( see [22], [23]). This completes the proof.

5. The existence of solutions of Problem I.

Theorem 5.1. If the conditions (32), (33) and

(40) 9;(»), ¥;i(v) €C[0,h]NC" (0,h),
41) gj(x) EC(Iz_ﬂ)ﬂCz (12+j), aj(x),bj(x),cj(x),d;(x )GCI( )ﬁCz( )

(42) pe(x) eC(I)NC' (I), qulx) €C(R)NC (L) (k=1,n),

(43) Aj(x)ec(h)NC (), hjx)eC(L)NC (h) (j=T1.2),
hold, then there exist a unique solution.

Proof. Substituting (25) and (27) into (30) and (31) respectively, we obtain

(44) T/(x) = fi(x), —1<(=1)/x<—q,
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7109 = 5210 1 prC01 e )+ (@B ()54 )
1
(45) ['(a)Ci(x)7(x) +T(a@)A2(x) / r1(x) T (x)dx — Dy (x)

1) = " 5(0) Y. (01 Tota () + D) Ba(o) )

X

(46) (o) Ca(x) T2 (x) + T'(0t) Az (x) /rz (x) T2 (x)dx — Dy (x),
-1
where D;(x) = F(a)% Obviously, a solution of equations (44) together with condi-
J
tions
(47) % ((=177'9) = wi(0), = ((=1)7") = 9,(0)
has a form

1

1
1
:ﬁXﬁﬂ%7ﬂwWM+

q

x—1

x—q
(48) =910~

X

mw:/@—am>z———/i+qﬁ>&+

x4+ x+1
9 0,(0) -

49
(49) 71 .

T v2(0)-

Taking (45) and (46) into account from (48) and (49) and using (14), we deduce

1

(50) () + / K (x,5)7 (s)ds = F (x),

q

(51) T (x) + /Kz(x, $)To(s)ds = F>(x),
|
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where
(52)
S [(@=0)410) X (- h 2 T(0)n () [ a0 bz @)dz+
SR = A(0) £ 6 =P a4 D@ (5) ]~ ol
q = q
K (.5 = 4 ~T(@ (BI(s)(s =) +B1(5)) = T(0) (s ~x)Co(s) ~ HGEH (B () (s~ ) + B (s)) -
Ll (s—g)Ci(s), x<s<1,
F&“{iﬁ‘q”f(z—qm](z)kil5@%3<s—z>ﬁk-1dz+r<a>m<s>f<z—q>;m<z>dz—
q = q
\ Nt (B (s)(s — q) + Bi(s)) - "4 (s—g)Ci(s), g<s<u,
(53)
(R 6940 £ 8 e 9 e @) [ (- DA )z
ML e+ @)A2(e) X =901z + T (@)ra(s) J (2-+)ha(2)dz—
Ko(x.s) = ] T(@) (B5(5)(x=5) = Ba(s)) = T(@)(x = 5)Cals) + HGEH (B (5)(s+) — Bals))
N (54 )Cafs), —1 <5<,
—-q n —q
SHEE T+ A0 T 5 -9k det Tan(s) [ o+ @) n(2)ds
| TS (B (5)(s+q) — Ba(s)) - TEEH (51 g)Cals), x<s< g,
B 1 1 1
69 AW=1"100 - = 0~ [ -9 (e~ 4)D1 (2)dz
X q
X —-q
_x+gq x+1 B - _E
(55) Fz(x)—q_lq)z(O) q_lly(O) /(x 2)D»(z2)dz q_l/(z-l—q)Dz(z)dz.

Since |A;(x)| < const,

j(x)] < const,

-1 -1

j(x)‘ < const and taking into account (41), (42), (43)

from (52), (53), (54), (55), we deduce

|K;(x,&)| < const, |Fj(x)| <const, (j=1,2).

Consequently, solution of the integral equations (50) and (51) we can write via resolvent-kernel:

(56)

1

7(x) = ()~ [ ()R (s)ds

q
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—-q
(57) B(x) = Fr(x) — / R (x,5)Fa (5)ds,

where R;(x,s) is the resolvent-kernel of K;(x,s), (j = 1,2). Unknown functions v, (x) and
Vv, (x) will be found from (25) and (27). Hence, after founding 7 (x) and 7»(x) a solution of the
Problem I in domains €y and ; accordingly we write as follows

y y

1
u(x,y)=/Gg(x,y,q,n)wl<n)dn /Gg(xy,l,n o1(n / (x,&,y)n1(8)dE
0 0 q
y y
u(y) = [ Gelvy. =1 m)@a(mdn — [ Gelx.y,—qm)ya(mdn + / G (x.,)m(E)dE,
0 0
where
1 y
G(x7§7y): m/n_a(;(x%éan)dn,
0
1 y
G*(x,8,y) = m/n‘“G*@y,é,n)dm
0
1 ot _5=q 5 q
ey, I D =T IR ’x 1—q+2n‘ Laf ’ +2n‘ .
(x,y, ,n)—#n;_m Cap | T pyaR | TCran W ;
af2—1 oo ‘ 25*‘14—211’ ‘x+§+q+2n
G*(xyg n)_ (y_n) Z el a2 | _el,(x/2 o
IRAR-R - 2 o)
20 S ML e ) R -

are the Greens function of the first boundary problem for the Eq.(12), with the Riemann-
Liouville fractional differential operator instead of the Caputo ones [30]

b n

1,6\ _ <
153 = ZO nIT(5 — n)

is the Wright type functions [29, 30]. Solution of the Problem I can be restored in the domain
Aj (j=1,2) as the solution of the Cauchy problem (see (24) and (26)). The solution of the
Problem I in domains of A;,» (j=1,2), we can restore as a solution of the Goursat problem
with conditions (20) and u(x,y) B, = hj(x), where hj(x) (j=1,2) are traces of the solution
of the Cauchy problems in domains A; (j=1,2), on the line y — (—1)/x = g, and consequently

in domain A as solution of the Goursat problem with conditions u(x,y) oF, = hj(x) (j=1,2)
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where 7 j(t) (j=1.,2) are traces of solution of the Goursat problems in domains A; > (j=1,2).

This completes the proof.
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