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Abstract. In this paper, we investigate the existence and uniqueness of solutions of non-local boundary value

problems for the loaded parabolic-hyperbolic equation involving the Caputo fractional derivative and Riemann-

Liouville integrals. The uniqueness of solutions was proved based on the method of integral energy by using

an extremume principle for the mixed type equation. The existence was proved based on the method of integral

equations.
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1. Introduction

Development of the theory of the equations with fractional derivatives is stimulated with

development of the theory of the integer order differential equations. About applications to

physics, biology, mathematical modeling etc, one is referred to the works [1, 2, 3]. Precisely,

many problems in viscoelasticity [4, 5, 6] dynamical processes in self-similar structures [1],

biosciences [7], signal processing [8], system control theory [9], electrochemistry [10], diffu-

sion processes [11], and linear time-invariant systems of any order with internal point delays

[12] lead to differential equations of fractional orders. Notice that the works [13, 14, 15] are de-

voted to the study of BVPs for parabolic-hyperbolic equations involving fractional derivatives.
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BVPs for the mixed type equations involving the Caputo and the Riemann-Liouville fractional

differential operators were investigated in [16, 17]. With intensive research on the problem of

the optimal control of the agroeconomical system, regulating the label of ground waters and

soil moisture, it has become necessary to investigate a new class of equations called loaded

equations. For the first time, it was given the most general definition of a loaded equations and

various loaded equations are classified in detail by Nakhushev [18].

Definition 1.1. An equation Au(x) = f (x) is called loaded equation in n dimensional Euclidean

domain Ω if operator A depends of the restriction of the unknown function to a closed subset of

Ω, of measure strictly less than n.

After this work, many interesting results on the theory of boundary value problems for the

loaded equations parabolic, parabolic-hyperbolic and elliptic-hyperbolic types were published,

for example, see [19, 20, 21] and the references therein. In this direction, some local and non-

local problems for the loaded elliptic-hyperbolic type equations of the second and the third order

in double-connected domains, one is referred to the works [22, 23, 24, 25] and the references

therein.

2. Preliminaries

2.1. Euler’s integrals

The elementary definition of the gamma function is the Euler’s integral (see [26].p.24)

Γ(z) =
∞∫

0

tz−1e−tdt.

For z ∈ R+, this integral converges and satisfies the recurrence relation

(1) Γ(z+1) = zΓ(z),

(2) Γ(z)Γ(1− z) =
π

sinπz
,

and for z ∈ N is satisfies

(3) Γ(z+1) = z!
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There is another Euler’s integral, which can be represented by gamma function (see [26].p.26)

Γ(x)Γ(y)
Γ(x+ y)

=

1∫
0

tx−1(1− t)y−1dt,

which converges for x > 0, y > 0.

2.2. Riemann-Liouville integral-differential operator

Definition 2.2.1. Let f (x) be an absolutely continuous function over(a,b). Then the left and

right Riemann-Liouville fractional integrals order α (α ∈ R+) (respectively) are (see [26].p.69)

(4)
(
Iα
a+ f
)

x =
1

Γ(α)

x∫
a

f (t)(x− t)α−1dt, x > a,

(5)
(
Iα
−b f
)

x =
1

Γ(α)

b∫
x

f (t)(x− t)α−1dt, x < b.

The Riemann-Liouville fractional derivatives RLDα
ax f and RLDα

xb f of order α(α ∈ R+,) are de-

fined by (see [26].p.26):

(6) (RLDα
ax f )x =

1
Γ(n−α)

(
d
dx

)n x∫
a

f (t)

(x− t)α−n+1 dt, n = [α]+1, x > a,

(7) (RLDα
xb f )x =

1
Γ(n−α)

(
− d

dx

)n b∫
x

f (t)

(t− x)α−n+1 dt, n = [α]+1, x < b,

respectively, where [α] is the integer part of α. In particular, for α = N∪{0} we have(
RLD0

ax f
)

x = f (x),
(

RLD0
xb f
)

x = f (x), (RLDn
ax f )x = f (n)(x),

(RLDn
xb f )x = (−1)n f (n)(x), n ∈ N,

where f (n)(x) is the usual derivative of f (x)of order n.

Definition 2.2.2. Caputo fractional derivatives CDα
ax f and CDα

xb f of order α > 0 (α /∈ N ∪{0})

are defined by (see [26].p.92):

(8) (CDα
ax f )x =

1
Γ(n−α)

x∫
a

f (n)(t)

(x− t)α−n+1 dt, n = [α]+1, x > a,
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(9) (CDα
xb f )x =

(−1)n

Γ(n−α)

x∫
a

f (n)(t)

(x− t)α−n+1 dt, n = [α]+1, x < b,

respectively.

From 6-9, as a conclusion we have

(CDα
ax f )x = signk(x−a)

(
Iα−k
ax f (k)

)
x, k−1 < α 6 k,

consequently, while for α ∈ N∪{0} we have

(
CD0

ax f
)

x = f (x),
(

CD0
xb f
)

x = f (x), (CDn
ax f )x = f (n)(x),

(CDn
xb f )x = (−1)n f (n)(x), n ∈ N.

2.3. Wright type functions

The elementary definition of the Wright type function at α > β , α > 0 and for all z ∈C, is

represented as [27]

(10) eµ,δ
α,β (z) =

∞

∑
k=0

zn

Γ(αn+µ)Γ(δ −βn)
.

If α = µ = 1, then owing to 3 from 10 we have

(11) e1,δ
1,β (z) =

∞

∑
k=0

zn

n!Γ(δ −βn)
.

If for the Wright type function

π > |argz|> π(α +β )
/

2+ ε, ε > 0, k = 0,1,2, ...,

then at z→ ∞ takes place [27]

lim
|z|→∞

eµ,δ
α,β (z) = 0;

lim
|z|→∞

zeµ,δ
α,β (z) =−

1
Γ(µ−α)Γ(δ +β )

.

3. Problem formulation and main functional relations
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In the given paper, for the equation

(12) uxx−
1− sgny

2

[
uyy−

n

∑
k=1

Rk(x,0)

]
− 1+ sgny

2 CDα
oyu = 0

with operators [28]:

(13) Rk(x,y) = Rk

(
ξ +η

2
,
ξ −η

2

)
=

 pk(ξ )I
βk
ξ 1u

(
ξ+η

2 , ξ−η

2

)
, at q 6 x 6 1,

qk(η)Iγk
−1η

u
(

ξ+η

2 , ξ−η

2

)
, at −1 6 x 6−q,

where 0 < α, βk,γk < 1

(14) I−γk
xa f (x) =

1
Γ(γk)

a∫
x

(t− x)γk−1 f (t)dt; I−βk
ax f (x) =

1
Γ(βk)

x∫
a

(x− t)βk−1 f (t)dt,

(15) CDα
oy f =

1
Γ(1−α)

y∫
0

(y− t)−α f ′(t)dt.

We will investigate the uniqueness and the existence of solution of the non-local problem.

Lets, Ω be special domain, bounded with segments:

A1A∗1 = {(x,y) : x = 1, 0 < y < h}, B1B∗1 = {(x,y) : x = q, 0 < y < h},

B∗1A∗1 = {(x,y) : y = h, q < x < 1}, A2A∗2 = {(x,y) : x =−1, 0 < y < h},

B2B∗2 = {(x,y) : x =−q, 0 < y < h}, A∗2B∗2 = {(x,y) : y = h, −1 < x <−q}

at y > 0 and characteristics :

A jC1 : x+(−1) jy = (−1) j+1, B jC2 : x+(−1) jy = (−1) j+1 ·q; (0 < q < 1), ( j = 1,2)

of the equation (12) at y < 0, where x + y = ξ , x− y = η , A1 (1;0) , A∗1 (1;h) , A2 (−1;0) ,

A∗2 (−1;h) , B1 (q;0) , B∗1 (q;h) , B2 (−q;0) , B∗2 (−q;h) , C1 (0;−1) , C2 (0;−q) .
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Introduce designations: Ω01 = Ω∩ (y > 0, x > 0), Ω02 = Ω∩ (y > 0, x < 0),

∆1 = Ω∩ (x+ y > q)∩ (y < 0), , ∆2 = Ω∩ (y− x > q)∩ (y < 0),

∆3 = Ω∩ (−q < x+ y < q)∩ (x > 0), ∆4 = Ω∩ (−q < y− x < q)∩ (x < 0),

∆5 = Ω∩ (−1 < x+ y <−q)∩ (−1 < y− x <−q), I2+ j =
{

x : 0 < (−1) j−1x < q
}
,

I j =
{

x : q < (−1) j−1x < 1
}
( j = 1,2).

We investigate the following problem in the domain Ω.

Problem I. To find a solution u(x,y) of the equation (12) from the following class of functions:

W =
{

u(x,y) : u(x,y) ∈C(Ω̄)∩C2(∆l) uxx ∈C (Ω01∪Ω02) , CDα
oyu ∈C (Ω01∪Ω02)

}
,

(l = 1,5), satisfies boundary conditions:

(16) u(x,y)
∣∣∣∣A jA

∗
j
= ϕ j(y), 0 6 y 6 h,

(17) u(x,y)
∣∣∣∣B jB

∗
j
= ψ j(y), 0 6 y 6 h,

(18)
d
dx

u(θ1(x)) = a1(x)uy(x,0)+b1(x)ux(x,0)+ c1(x)u(x,0)+d1(x), x ∈ I1,

(19)
d
dx

u(θ2(x)) = a2(x)uy(x,0)+b2(x)ux(x,0)+ c2(x)u(x,0)+d2(x), x ∈ I2,

(20) u(x,y)
∣∣∣B jC2

= g
j
(x), x ∈ I2+ j, ( j = 1,2)
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and gluing conditions:

(21) lim
y→+0

y1−αuy(x,y) = λ11(x)uy(x,−0)+λ12(x)
1∫

x

r1(t)u(t,0)dt, q < x < 1,

(22) lim
y→+0

y1−αuy(x,y) = λ21(x)uy(x,−0)+λ22(x)
x∫
−1

r2(t)u(t,0)dt, −1 < x <−q,

where ϕ j(y), ψ j(y), a j(x), b j(x), c j(x), d j(x), g j(x), λi j(x) (i, j = 1,2) are given functions,such

that
2
∑
j=1

λ 2
i j(x) 6= 0, i = 1,2, besides: g1 (0) = g2(0), g2 (−q) = ϕ2(0), g1 (q) = ψ1(0).

4. The uniqueness of solutions of Problem I.

Known that the equation (12) at y6 0 on the characteristics coordinate ξ = x+y and η = x−y

has a form:

(23) uξ η =
1
4

n

∑
k=1

Rk(ξ ,0).

Introduce designations:

u(x,0) = τ1(x), q 6 x 6 1; u(x,0) = τ2(x), −1 6 x 6−q,

uy(x,−0) = ν
−
1 (x), q < x < 1; uy(x,−0) = ν

−
2 (x), −1 < x <−q,

lim
y→0

y1−αuy(x,y) = ν
+
1 (x), q < x < 1; lim

y→0
y1−αuy(x,y) = ν

+
2 (x), −1 < x <−q.

Known that solution of the Cauchy problem for the equation (12) in the domain of ∆1 can be

represented as follows:

(24) u(x,y) =
τ1(x+ y)+ τ1(x− y)

2
− 1

2

x−y∫
x+y

ν
−
1 (t)dt+

1
4

x−y∫
x+y

dξ

x−y∫
ξ

n

∑
k=1

pk(ξ )I
−βk
ξ 1 τ1(ξ )dη .

Using condition (18), we find from (24) that

(2a1(x)−1)ν
−
1 (x) =

1
2

n

∑
k=1

pk(x)(x−1)I−βk
x1 τ1(x)

(25) +(1−2b1(x))τ
′
1(x)−2c1(x)τ1(x)−2d1(x),
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Precisely also, from the solution

(26) u(x,y) =
τ1(x+ y)+ τ1(x− y)

2
− 1

2

x−y∫
x+y

ν
−
1 (t)dt+

1
4

x−y∫
x+y

dη

η∫
x+y

n

∑
k=1

qk(η)Iγk
−1η

τ2(η)dξ

of the Cauchy problem for the Eq.(12) in the domain of ∆2 with conditions

u(x,0) = τ2(x), x ∈ A2B2; uy(x,−0) = ν
−
2 (x), x ∈ A2B2

and on the base of (19), we obtain

(2a2(x)+1)ν
−
2 (x) =−1

2

n

∑
k=1

qk(x)(x+1)I−γk
x 1 τ2(x)+

(27) +(1−2b2(x))τ
′
2(x)−2c2(x)τ2(x)−2d2(x).

Considering designations and gluing conditions (21) and (22), we have

(28) ν
+
1 (x) = λ11(x)ν−1 (x)+λ12(x)

1∫
x

r1(t)τ(t)dt,

(29) ν
+
2 (x) = λ21(x)ν−2 (x)+λ22(x)

x∫
−1

r2(t)τ(t)dt.

Further from the Eq. (12) at y→+0 owing to account (15), (28), (29) and

lim
y→0

Dα−1
0y f (y) = Γ(α) lim

y→0
y1−α f (y)

we get

(30) τ
′′
1 (x)−Γ(α)λ11(x)ν−1 (x)−Γ(α)λ12(x)

1∫
x

r1(t)τ1(t)dt = 0

and

(31) τ
′′
2 (x)−Γ(α)λ21(x)ν−2 (x)−Γ(α)λ22(x)

x∫
−1

r2(t)τ2(t)dt = 0.

Theorem 4.1. If the following conditions

(32) pk(q),qk(−q)≥ 0, (pk(x)A1(x))
′ ,(qk(x)A2(x))

′ ≥ 0, (k = 1, 2, ...,n)

(33) A j((−1) j−1q), B′j(x),C j(x)≤ 0,
λ j2(x)
r j(x)

,
λ j2((−1) j−1q)
r j((−1) j−1q)

≥ 0( j = 1, 2),
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hold, then the solution u(x,y) of the Problem I is unique.

Proof. If the homogeneous problem has only trivial solutions, then we can state that the original

problem has a unique solution. To this end, we assume that the Problem I has two solutions.

Denote the difference of these as u(x,y) we get the appropriate homogenous problem. Multi-

plying equations (30), (31) respectively to functions τ1(x), τ2(x) and integrating from q to 1 and

from -1 to Cq accordingly, we obtain

1∫
q

τ
′′
1 (x)τ1(x)dx−Γ(α)

1∫
q

λ11(x)ν−1 (x)τ1(x)dx−

(34) Γ(α)

1∫
q

λ12(x)τ1(x)dx
1∫

t

r1(z)τ1(z)dz = 0

and
−q∫
−1

τ
′′
2 (x)τ2(x)dx−Γ(α)

−q∫
−1

λ21(x)ν−2 (x)τ2(x)dx−

(35) Γ(α)

−q∫
−1

λ22(x)τ2(x)dx
t∫
−1

r2(z)τ2(z)dz = 0.

First, we investigate the integral

J1 = Γ(α)

1∫
q

λ11(x)τ1(x)ν−1 (x)dx+Γ(α)

1∫
q

λ12(x)τ1(x)dx
1∫

x

r1(t)τ1(t)dt.

Taking (25) into account d1(x)≡ 0, 2a1(x) 6= 1, we get

J1 =
Γ(α)

2

1∫
q

(x−1)
2a1(x)−1

λ11(x)τ1(x)
n

∑
k=1

pk(x)I
−βk
x 1 τ1(x)dx+

Γ(α)

1∫
q

(1−2b1(x))λ11(x)
2a1(x)−1

τ1(x)τ ′1(x)dx−2Γ(α)

1∫
q

λ11(x)c1(x)
2a1(x)−1

τ
2(x)dx+

Γ(α)

1∫
q

λ22(x)τ1(x)dx
1∫

x

r1(t)τ1(t)dt =

=
n

∑
k=1

Γ(α)

2Γ(βk)

1∫
0

(x−1)λ11(x)pk(x)
2a1(x)−1

τ1(x)dx
1∫

x

(t− x)βk−1
τ1(t)dt+
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Γ(α)

2

1∫
0

1−2b1(x)
2a1(x)−1

λ11(x)d
(
τ

2
1 (x)

)
−

(36) 2Γ(α)

1∫
q

λ11(x)c1(x)
2a1(x)−1

τ
2
1 (x)dx− Γ(α)

2

1∫
q

λ2(x)
r(x)

d

 1∫
x

r1(t)τ1(t)dt

2

.

Considering τ1(1) = 0, τ1(q) = 0 (which deduced from the conditions (16), (17) at j = 1 in

homogeneous case) and due to the formulate [28]

(37) |x− t|−γ =
1

Γ(γ)cosπ γ

2

∞∫
0

zγ−1cos [z(x− t)]dz, 0 < γ < 1.

From (36), we get

J1 =
n

∑
k=1

Γ(α)A1(q)cos πβk
2

2π
pk(q)

∞∫
0

z−βk
[
M2

1(q,z)+N2
1 (q,z)

]
dz+

n

∑
k=1

Γ(α)cos πβk
2

2π

∞∫
0

z−βkdz
1∫

q

[
M2

1(x,z)+N2
1 (x,z)

]
(A1(x)pk(x))′dx−

Γ(α)

2

1∫
q

τ
2
1 (x)B

′
1(x)dx−2Γ(α)

1∫
q

C1(x)τ2
1 (x)dx+

(38)
Γ(α)

2
λ12(q)
r1(q)

 1∫
q

r1(t)τ1(t)dt

2

+
Γ(α)

2

1∫
q

(
λ12(x)
r1(x)

)′ 1∫
x

r1(t)τ1(t)dt

2

dx,

where A1(x) =
(x−1)λ11(x)

2a1(x)−1 , B1(x) =
(1−2b1(x))λ11(x)

2a1(x)−1 ,C1(x) =
λ11(x)c1(x)
2a1(x)−1 , M1(x,z) =

1∫
x

τ1(t)cosztdt

and N1(x,z) =
1∫
x

τ1(t)sinztdt. Similarly, taking (27) into account d2(x) ≡ 0, 2a2(x) 6= −1, we

investigate the integral:

J2 = Γ(α)

−q∫
−1

λ21(x)τ2(x)ν−2 (x)dx+Γ(α)

−q∫
−1

λ22(x)τ2(x)dx
x∫
−1

r2(t)τ2(t)dt =

=
n

∑
k=1

Γ(α)A2(−q)cos πγk
2

2π
qk(−q)

∞∫
0

z−γk
[
M2

2(−q,z)+N2
2 (−q,z)

]
dz+

n

∑
k=1

Γ(α)cos πγk
2

2π

∞∫
0

z−γkdz

−q∫
−1

[
M2

2(x,z)+N2
2 (x,z)

]
(A2(x)qk(x))′dx−
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Γ(α)

2

−q∫
−1

τ
2
2 (x)B

′
2(x)dx−2Γ(α)

−q∫
−1

C2(x)τ2
2 (x)dx+

(39)
Γ(α)

2
λ22(−q)
r1(−q)

 −q∫
−1

r2(t)τ2(t)dt

2

+
Γ(α)

2

−q∫
−1

(
λ22(x)
r2(x)

)′ x∫
−1

r2(t)τ2(t)dt

2

dx,

where A2(x)=
(x+1)λ21(x)

2a2(x)+1 , B2(x)=
(1−2b2(x))λ21(x)

2a2(x)+1 ,C2(x)=
λ21(x)c2(x)
2a2(x)+1 , M2(x,z)=

x∫
−1

τ2(t)cosztdt

and N2(x,z) =
x∫
−1

τ2(t)sinztdt.

Thus, owing to (32) and (33) from (38) and (39) it is accordingly concluded, that τ1(x) ≡ 0

and τ2(x) ≡ 0. Hence, based on the solution of the first boundary problem for the Eq.(1) [29],

owing to account (16) and (17) we will get u(x,y)≡ 0 in Ω0 j, ( j = 1,2).

Further, from functional relations (25) and (27), taking τ1(x) ≡ τ2(x) ≡ 0 into account, we

deduce that ν
−
j (x)≡ 0. Consequently, based on the solution (24) and (26) we obtain u(x,y)≡ 0

in closed domain ∆ j ( j = 1,2). Owing to uniqueness of solution of the Gaurset problem, we get

that u(x,y) ≡ 0 in the domains of ∆̄ j+2 ( j = 1,2,3). Thus, we received that u(x,y) ≡ 0 in the

domain Ω ( see [22], [23]). This completes the proof.

5. The existence of solutions of Problem I.

Theorem 5.1. If the conditions (32), (33) and

(40) ϕ j(y), ψ j(y) ∈C [0,h]∩C1 (0,h) ,

(41) g j(x) ∈C
(
I2+ j

)
∩C2 (I2+ j

)
, a j(x),b j(x),c j(x),d j(x) ∈C1 (I j

)
∩C2 (I j

)
,

(42) pk(x) ∈C
(
I1
)
∩C1 (I1) , qk(x) ∈C

(
I2
)
∩C1 (I2) (k = 1, n),

(43) λ1 j(x) ∈C
(
I1
)
∩C1 (I1) , λ2 j(x) ∈C

(
I2
)
∩C1 (I2) ( j = 1,2),

hold, then there exist a unique solution.

Proof. Substituting (25) and (27) into (30) and (31) respectively, we obtain

(44) τ
′′
j (x) = f j(x), −1 < (−1) jx <−q,
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f1(x) =
Γ(α)

2
A1(x)

n

∑
k=1

pk(x)I
−βk
x1 τ1(x)+Γ(α)B1(x)τ ′1(x)−

(45) Γ(α)C1(x)τ1(x)+Γ(α)λ12(x)
1∫

x

r1(x)τ1(x)dx−D1(x)

f2(x) =
Γ(α)

2
A2(x)

n

∑
k=1

qk(x)I
−γk
−1xτ2(x)+Γ(α)B2(x)τ ′2(x)−

(46) Γ(α)C2(x)τ2(x)+Γ(α)λ22(x)
x∫
−1

r2(x)τ2(x)dx−D2(x),

where D j(x) = Γ(α)
2λ j1(x)d j(x)

2a j(x)+(−1) j . Obviously, a solution of equations (44) together with condi-

tions

(47) τ j

(
(−1) j−1q

)
= ψ j(0), τ1

(
(−1) j−1

)
= ϕ j(0)

has a form

τ1(x) =
1∫

x

(z− x) f1(z)dz+
x−1
1−q

1∫
q

(z−q) f1(z)dz+

(48)
x−q
1−q

ϕ1(0)−
x−1
1−q

ψ1(0),

τ2(x) =
x∫
−1

(x− z) f2(z)dz− x+1
q−1

−q∫
−1

(z+q) f2(z)dz+

(49)
x+q
q−1

ϕ2(0)−
x+1
q−1

ψ2(0).

Taking (45) and (46) into account from (48) and (49) and using (14), we deduce

(50) τ1(x)+
1∫

q

K1(x,s)τ1(s)ds = F1(x),

(51) τ2(x)+

−q∫
−1

K2(x,s)τ2(s)ds = F2(x),
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where

(52)

K1(x,s)=



Γ(α)
2

s∫
x
(z− x)A1(z)

n
∑

k=1

pk(z)
Γ(βk)

(s− z)βk−1dz+Γ(α)r1(s)
s∫

x
(z− x)λ12(z)dz+

Γ(α)(x−1)
2(1−q)

s∫
q
(z−q)A1(z)

n
∑

k=1

pk(z)
Γ(βk)

(s− z)βk−1dz+Γ(α)r1(s)
s∫

q
(z−q)λ12(z)dz

−Γ(α)(B′1(s)(s− x)+B1(s))−Γ(α)(s− x)C1(s)− Γ(α)(x−1)
1−q (B′1(s)(s−q)+B1(s))−

Γ(α)(x−1)
1−q (s−q)C1(s), x 6 s 6 1,

Γ(α)(x−1)
2(1−q)

s∫
q
(z−q)A1(z)

n
∑

k=1

pk(z)
Γ(βk)

(s− z)βk−1dz+Γ(α)r1(s)
s∫

q
(z−q)λ12(z)dz−

Γ(α)(x−1)
1−q (B′1(s)(s−q)+B1(s))− Γ(α)(x−1)

1−q (s−q)C1(s), q 6 s 6 x,

(53)

K2(x,s)=



Γ(α)
2

x∫
s
(x− z)A2(z)

n
∑

k=1

qk(z)
Γ(γk)

(z− s)γk−1dz+Γ(α)r2(s)
x∫
s
(x− z)λ22(z)dz−

Γ(α)(x+1)
2(q−1)

−q∫
s
(z+q)A2(z)

n
∑

k=1

qk(z)
Γ(γk)

(z− s)γk−1dz+Γ(α)r2(s)
−q∫
s
(z+q)λ22(z)dz−

Γ(α)(B′2(s)(x− s)−B2(s))−Γ(α)(x− s)C2(s)+
Γ(α)(x+1)

q−1 (B′2(s)(s+q)−B2(s))−
Γ(α)(x+1)

1−q (s+q)C2(s), −1 6 s 6 x,

−Γ(α)(x+1)
2(q−1)

−q∫
s
(z+q)A2(z)

n
∑

k=1

qk(z)
Γ(γk)

(z− s)βk−1dz+Γ(α)r2(s)
−q∫
s
(z+q)λ22(z)dz

−Γ(α)(x+1)
1−q (B′2(s)(s+q)−B2(s))− Γ(α)(x+1)

1−q (s+q)C2(s), x 6 s 6−q,

(54) F1(x) =
x−q
1−q

ϕ1(0)−
x−1
1−q

ψ1(0)−
1∫

x

(z− x)D1(z)dz− x−1
1−q

1∫
q

(z−q)D1(z)dz,

(55) F2(x) =
x+q
q−1

ϕ2(0)−
x+1
q−1

ψ2(0)−
x∫
−1

(x− z)D2(z)dz− x+1
q−1

−q∫
−1

(z+q)D2(z)dz.

Since
∣∣A j(x)

∣∣6 const,
∣∣B j(x)

∣∣6 const,
∣∣C j(x)

∣∣6 const and taking into account (41), (42), (43)

from (52), (53), (54), (55), we deduce∣∣K j(x,ξ )
∣∣6 const,

∣∣Fj(x)
∣∣6 const, ( j = 1,2).

Consequently, solution of the integral equations (50) and (51) we can write via resolvent-kernel:

(56) τ1(x) = F1(x)−
1∫

q

ℜ1(x,s)F1(s)ds,
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(57) τ2(x) = F2(x)−
−q∫
−1

ℜ2(x,s)F2(s)ds,

where ℜ j(x,s) is the resolvent-kernel of K j(x,s), ( j = 1,2). Unknown functions ν
−
1 (x) and

ν
−
2 (x) will be found from (25) and (27). Hence, after founding τ1(x) and τ2(x) a solution of the

Problem I in domains Ω01 and Ω02 accordingly we write as follows

u(x,y) =

y∫
0

Gξ (x,y,q,η)ψ1(η)dη−
y∫

0

Gξ (x,y,1,η)ϕ1(η)dη +

1∫
q

G̃(x,ξ ,y)τ1(ξ )dξ

u(x,y) =

y∫
0

Gξ (x,y,−1,η)ϕ2(η)dη−
y∫

0

Gξ (x,y,−q,η)ψ2(η)dη +

−q∫
−1

G̃∗(x,ξ ,y)τ2(ξ )dξ ,

where

G̃(x,ξ ,y) =
1

Γ(1−α)

y∫
0

η
−αG(x,y,ξ ,η)dη ,

G̃∗(x,ξ ,y) =
1

Γ(1−α)

y∫
0

η
−αG∗(x,y,ξ ,η)dη ,

G(x,y,ξ ,η)=
(y−η)α/2−1

2

+∞

∑
n=−∞

e1,α/2
1,α/2

−
∣∣∣x− ξ−q

1−q +2n
∣∣∣

(y−η)α/2

− e1,α/2
1,α/2

−
∣∣∣x+ ξ−q

1−q +2n
∣∣∣

(y−η)α/2

;

G∗(x,y,ξ ,η)=
(y−η)α/2−1

2

+∞

∑
n=−∞

e1,α/2
1,α/2

−
∣∣∣x− ξ+q

q−1 +2n
∣∣∣

(y−η)α/2

− e1,α/2
1,α/2

−
∣∣∣x+ ξ+q

q−1 +2n
∣∣∣

(y−η)α/2

,
are the Greens function of the first boundary problem for the Eq.(12), with the Riemann-

Liouville fractional differential operator instead of the Caputo ones [30]

e1,δ
1,δ (z) =

∞

∑
n=0

zn

n!Γ(δ −δn)

is the Wright type functions [29, 30]. Solution of the Problem I can be restored in the domain

∆ j (j=1,2) as the solution of the Cauchy problem (see (24) and (26)). The solution of the

Problem I in domains of ∆ j+2 (j=1,2), we can restore as a solution of the Goursat problem

with conditions (20) and u(x,y)
∣∣∣B jE j

= h j(x), where h j(x) (j=1,2) are traces of the solution

of the Cauchy problems in domains ∆ j (j=1,2), on the line y− (−1) jx = q, and consequently

in domain ∆5 as solution of the Goursat problem with conditions u(x,y)
∣∣∣C2Fj

= h̃ j(x) (j=1,2)
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where h̃ j(t) (j=1,2) are traces of solution of the Goursat problems in domains ∆ j+2 (j=1,2).

This completes the proof.

Acknowledgment

The author is grateful to the reviewers for useful suggestions which improved the contents of

this paper.

REFERENCES

[1] F. Mainardi, Fractional Calculus: Some Basic Problems in Continuum and Statistical Mechanics, Fractal

and fractional Calculus in Continuum Mechanics, (Eds. A. Carpinteri, F. Mainardi, Sprienger-Verlag, Wien,

1997, 291-948.

[2] A. Saichev, G. Zaslavskiy, Fractional Kinetic Equation: Solution and Applications, Chaos, 7 (1997), 753-764.

[3] W. Wyss, The fractional diffusion equation, J. Math. Phys. 27 (1986), 2782-2785.

[4] R. I. Bagley, A theoretical basis for the application of fractional calculus to viscoelasticity, J. Rheology 27

(1983), 201-210.

[5] G. Sorrentinos, Fractional derivative linear models fordescribing the viscoelastic dynamic behavior of poly-

meric beams, in Proceedings of IMAS, Saint Louis, USA, 2006.

[6] G. Sorrentinos Analytic Modeling and Experimental Identification of Viscoelastic Mechanical Systems, Ad-

vances in Fractional Calculus, Springer, 2007.

[7] R. Magin, Fractional calculus in bioengineering, Crit. Rev. Biom. Eng. 32 (2004), 1-104.

[8] M. Ortigueira, Special issue on fractional signal processing and applications, Signal Processing 83 (2003),

2285-2480.

[9] B. M. Vinagre, I. Podlubny, A. Hernandez, V. Feliu, Some approximations of fractional order operators used

in control theory and applications, Fract. Calc. Appl. Anal. 3 (2000), 231-248.

[10] K.B. Oldham, Fractional Differential Equations in Electrochemistry, Adv. Eng. Software, doi:

10.1016/j.advengsoft.

[11] R. Metzler, K. Joseph, Boundary value problems for fractional diffusion equations, Physics A 278 (2000),

107-125.

[12] M. De la Sen, Positivity and stability of the solutions of Caputo fractional linear timeinvariant systems of any

order with internal point delays, Abst. Appl. Anal. 2011 (2011), Article ID 161246.

[13] A. A. Kilbas, O. A. Repin, An analog of the Tricomi problem for a mixed type equation with a partial

fractional derivative, Fractional Calculus Appl. Anal. 13 (2010), 69-84.

[14] V. A. Nakhusheva, Boundary problems for mixed type heat equation, Doklady AMAN, 12 (2010), 39-44.



16 O. KH. ABDULLAEV

[15] E. Y. Arlanova, A problem with a shift for the mixed type equation with the generalized operators of fractional

integration and differentiation in a boundary condition, Vestnik Samarsk Gosudarstvennogo Universiteta, 3

(2008), 396-406.

[16] B.J. Kadirkulov, Boundary problems for mixed parabolic-hyperbolic equations with two lines of changing

type and fractional derivative, Electron. J. Differential Equations 2014 (2014), No.57.

[17] A. S. Berdyshev, E. T. Karimov, N. Akhtaeva, Boundary value prob-lems with integral gluing conditions for

fractional-order mixed-type equation, Int. J. Diff. Equ. 2011 (2011), Article ID 268465.

[18] A.M. Nakhushev, The loaded equations and their applications, M. Nauka, 2012.

[19] V.A. Eleev, About some boundary value problems for mixed type loaded equations of the second and third

equations, Diff. Equ. 30 (1994), 230-237.

[20] V. M. Kaziev, On a Darboux problem for the one loaded integral-differential equations of the second order,

Differential Equations 14 (1978), 181-184.

[21] B. I. Islomov, U. I. Baltayeva, Boudanry-value problems for a third-order loaded parabolic-hyperbolic type

equation with variable coefficients, Electron. J. Differential Equations 2015 (2015), No. 221.

[22] O.Kh. Abdullaev, Boundary value problem for a loaded equation elliptic-hyperbolic type in double connected

domain, Journal Collection of Scientific Works of KRASEC, 2014.

[23] O.Kh. Abdullaev, About a method of research of the non-local problem for the loaded mixed type equation

in double-connected domain, Bulletin KRASEC. Phys. Math. Sci. 9 (2014), 11-16.

[24] O.Kh. Abdullaev, Non-local boundary value problem for the mixed type equations on the third order in

double-connected domains, J. Partial Differ. Equ. 27 (2014), 283-292.

[25] O.Kh. Abdullaev, Non-local problem for the loaded mixed type equation with the integrated operators, Inter-

national Conference on Differential Equations and Mathematical Modeling, Ulan-Ude, 2015. pp. 21-23.

[26] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, in:

North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V., Amsterdam. (2006).

[27] A.V. Pskhu, Solution of boundary value problems fractional diffusion equation by the Green function method,

Differential Equation 39 (2003), 1509–1513.

[28] M.M. Smirnov, Mixed Type Equations, M. Nauka. 2000.

[29] E.T.Karimov, J. Akhatov, A boundary problem with integral gluing condition for a parabolic-hyperbolic

equation involving the Caputo fractional derivative, Electron. J. Differential Equations 2014 (2014), No. 14.

[30] B.J. Kadirkulov, B.Kh. Turmetov, On a generalization of the heat equation, Uzbek. Mat. Zh. 3 (2006), 40-46.


