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A SPLITTING POSITIVE DEFINITE MIXED FINITE ELEMENT METHOD FOR
PARABOLIC CONTROL PROBLEMS WITH INTEGRAL CONSTRAINTS

YUCHUN HUA, YUELONG TANG∗

College of Science, Hunan University of Science and Engineering, Yongzhou 425100, China

Abstract. In this paper, we consider a splitting positive definite mixed finite element approximation
scheme for parabolic optimal control problems with an integral constraint. The main purpose of this
paper is to derive the convergence and superconvergence of numerical solutions for the control, state,
and adjoint state variables. A numerical example is provided to demonstrate the convergence and super-
convergence results.
Keywords. Parabolic optimal control problems with integral constraints; Numerical solutions; Super-
convergence; Splitting positive definite mixed finite element methods.

1. INTRODUCTION

In recent years, parabolic optimal control problems (POCPs) are paid more and more atten-
tion due to their wide applications. A great deal of research has been done on numerical methods
for POCPs, such as standard finite element methods (FEMs) [1, 2], mixed finite element meth-
ods (MFEMs) [3, 4], space-time FEMs [5, 6], finite volume element methods (FVEMs) [7, 8],
spectral methods [9] and so on. In temperature control problems, large temperature gradients
during cooling or heating may lead to its destruction, and in flow control problems, the gradient
stands for Dracy velocity. Their objective functionals contain not only the primal state vari-
able but also its gradient. MFEM becomes the best choice to solve these problems. However,
mixed finite element spaces need to satisfy the Ladyženskaja-Babuška-Brezzi (LBB) consis-
tency condition, which brings few available approximation spaces and expensive computing
costs. Splitting positive definite mixed finite element method (SPDMFEM) was first proposed
in [10]. The advantages of this method are the LBB consistency condition is not necessary
and the original equations can be split into two independent symmetric positive definite sub-
schemes. In recent years, a priori error estimates of the SPDMFEM for hyperbolic equations
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and elliptic OCPs has been investigated; see [11, 12] and [13]. The Superconvergence of the
SPDMFEM for parabolic equations or OCPs was established in [14, 15].

The aim of this paper is to investigate the SPDMFEM for the POCPs with integral constraints
and derive the convergence and superconvergence results.

We are concerned with the following POCP:

min
u∈K⊂U

{
1
2

∫ T

0

(
‖ppp− pppd‖2 +‖y− yd‖2 +‖u‖2

)
dt

}
(1.1)

yt(x, t)+divppp(x, t) = f (x, t)+u(x, t), x ∈Ω, t ∈ J, (1.2)

ppp(x, t) =−A(x)∇y(x, t), x ∈Ω, t ∈ J, (1.3)

y(x, t) = 0, x ∈ ∂Ω, t ∈ J, (1.4)

y(x,0) = y0(x), x ∈Ω, (1.5)

where Ω ⊂ R2 is a rectangle, and J = [0,T ]. Let f ,yd ∈ L2(J;L2(Ω)), pppd ∈ (L2(J;L2(Ω)))2

and y0 ∈ H1(Ω). We assume that A(x) = (ai j(x))2×2 ∈W 1,∞(Ω̄;R2×2) is a symmetric matrix
and there are constants c2,c1 > 0 satisfying, for ∀X ∈ R2, c1‖X‖2

R2 ≤ XtAX ≤ c2‖X‖2
R2 . U =

L2(J;L2(Ω)) and K is a set defined by

K =

{
u ∈U :

∫ T

0

∫
Ω

u dxdt ≥ 0
}
. (1.6)

We adopt the standard notation W m,p(Ω) for Sobolev spaces on Ω with a norm ‖ · ‖m,p given
by ‖v‖p

m,p = ∑
|α|≤m

‖Dαv‖p
Lp(Ω)

and a semi-norm | · |m,p given by |v|pm,p = ∑
|α|=m

‖Dαv‖p
Lp(Ω)

. We

set H1
0 (Ω) = {v∈H1(Ω) : v|∂Ω = 0} and denote W m,2(Ω) by Hm(Ω) and ‖·‖m = ‖·‖m,2, ‖·‖=

‖ · ‖0,2. We denote by Ls(J;W m,p(Ω)) the Banach space of all Ls integrable functions from J

into W m,p(Ω) with norm ‖v‖Ls(J;W m,p(Ω)) =
(∫ T

0 ||v||sW m,p(Ω)dt
) 1

s for s∈ [1,∞), and the standard
modification for s = ∞. For simplicity of presentation, we drop Ω or J whenever possible and
denote Ls(J;W m,p(Ω)) and ‖v‖Ls(J;W m,p(Ω)) by Ls(W m,p) and ‖v‖Ls(W m,p), respectively. Simi-
larly, one can define the spaces H1(J;W m,p(Ω)) and Ck(J;W m,p(Ω)). In addition, C denotes a
general positive constant.

The organization of this paper is as follows. In Section 2, we give an equivalent optimality
conditions for the POCP (1.1)-(1.6) and construct its splitting positive definite mixed finite
element approximation (SPDMFEA) scheme. In Section 3, we derive the convergence both for
the control, state and the adjoint state variables. In Section 4, we derive the superconvergence
between the projections of exact solutions and the numerical solutions. In the last section,
Section 5, a numerical example is presented to demonstrate our theoretical results.

2. MIXED METHODS FOR OPTIMAL CONTROL PROBLEMS

In this section, we construct a SPDMFEA of control problem (1.1)-(1.6). To fix the idea, we
take the state spaces LLL = H1(J;VVV ) and S = H1(J;W ), where VVV and W are defined as follows:

VVV = H(div;Ω) =
{

vvv ∈ (L2(Ω))2,divvvv ∈ L2(Ω)
}
, W = L2(Ω). (2.1)
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A standard mixed weak form of (1.2)-(1.3) can be given by

(A−1ppp,vvv) = (y,divvvv), ∀ vvv ∈VVV , t ∈ J, (2.2)

(yt ,w)+(divppp,w) = ( f ,w)+(u,w), ∀ w ∈W, t ∈ J. (2.3)

As in [16], taking w = divvvv, ∀ vvv ∈ VVV in (2.3), differentiating (2.2) with respect to t, and
substituting the two resulting equations, we derive

(A−1pppt ,vvv)+(divppp,divvvv) = ( f ,divvvv)+(u,divvvv), ∀ vvv ∈VVV , t ∈ J. (2.4)

By using (2.3) and (2.4), we obtain a splitting positive definite mixed variational form

(A−1pppt ,vvv)+(divppp,divvvv) = ( f ,divvvv)+(u,divvvv), ∀ vvv ∈VVV , t ∈ J, (2.5)

(yt ,w) =−(divppp,w)+( f ,w)+(u,w), ∀ w ∈W, t ∈ J. (2.6)

We recast (1.1)-(1.5) as the following weak form: find (ppp,y,u) ∈ LLL×S×K such that

min
u∈K⊂U

{
1
2

∫ T

0

(
‖ppp− pppd‖2 +‖y− yd‖2 +‖u‖2

)
dt

}
(2.7)

(A−1pppt ,vvv)+(divppp,divvvv) = ( f ,divvvv)+(u,divvvv), ∀ vvv ∈VVV , t ∈ J, (2.8)

ppp(x,0) =−A∇y0(x), ∀ x ∈Ω, (2.9)

(yt ,w) =−(divppp,w)+( f ,w)+(u,w), ∀ w ∈W, t ∈ J, (2.10)

y(x,0) = y0(x), ∀ x ∈Ω. (2.11)

It then follows from [17] that optimal control problem (2.7)-(2.11) has a unique solution (ppp,y,u),
and that a triplet (ppp,y,u) is the solution of (2.7)-(2.11) if and only if there is a co-state (qqq,z) ∈
LLL×S such that (ppp,y,qqq,z,u) satisfies the following optimality conditions:

(A−1pppt ,vvv)+(divppp,divvvv) = ( f ,divvvv)+(u,divvvv), ∀ vvv ∈VVV , t ∈ J, (2.12)

ppp(x,0) =−A∇y0(x), ∀ x ∈Ω, (2.13)

(yt ,w) =−(divppp,w)+( f ,w)+(u,w), ∀ w ∈W, t ∈ J, (2.14)

y(x,0) = y0(x), ∀ x ∈Ω, (2.15)

(zt ,w) = (y− yd,w), ∀ w ∈W, t ∈ J, (2.16)

z(x,T ) = 0, ∀ x ∈Ω, (2.17)

− (A−1qqqt ,vvv)+(divqqq,divvvv) =−(ppp− pppd,vvv)− (z,divvvv), ∀ vvv ∈VVV , t ∈ J, (2.18)

qqq(x,T ) = 0, ∀ x ∈Ω, (2.19)∫ T

0
(u− z−divqqq, ũ−u)dt ≥ 0, ∀ ũ ∈ K, (2.20)

where (·, ·) is the inner product of L2(Ω).
The inequality (2.20) can be expressed as

u = max{0,−G}+G, (2.21)

where G = (z+divqqq) and G =
∫ T

0
∫

Ω
Gdxdt

|Ω|×T .
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Let Th be an uniform rectangulation of the domain Ω, hT denote the diameter of T , and
h = maxT∈Th{hT}. Let VVV h×Wh ⊂VVV ×W denote the lowest order Raviart-Thomas mixed finite
element space [18, 19], namely,

VVV h := {vvvh ∈VVV : ∀ T ∈Th,vvvh|T ∈ Q1,0(T )×Q0,1(T )}, (2.22)

Wh := {wh ∈W : ∀ T ∈Th,wh|T ∈ Q0,0(T )}, (2.23)

where Qm,n(T ) indicates the space of polynomials of degree no more than m and n in x and y
on T , respectively. The approximated space of control is given by

Kh := L2(J;Wh)∩K. (2.24)

Before the SPDMFEA scheme is given, we introduce two projection operators. One is the
standard L2(Ω)-projection [18] Ph : W →Wh, which satisfies: for any φ ∈W

(Phφ −φ ,wh) = 0, ∀ wh ∈Wh, (2.25)

‖φ −Phφ‖−s,ρ ≤Ch1+s‖φ‖1,ρ , s = 0,1, 2≤ ρ ≤ ∞, ∀ φ ∈W 1,ρ(Ω), (2.26)

and the other one is the Fortin projection (see [18] and [20]) Πh : VVV →VVV h, which satisfies: for
any qqq ∈VVV

(div(Πhqqq−qqq),wh) = 0, ∀ wh ∈Wh, (2.27)

‖qqq−Πhqqq‖0,ρ ≤Ch‖qqq‖1,ρ , 2≤ ρ ≤ ∞, ∀ qqq ∈ (W 1,ρ(Ω))2, (2.28)

‖div(qqq−Πhqqq)‖ ≤Ch‖divqqq‖1, ∀ divqqq ∈ H1(Ω). (2.29)

Then the SPDMFEA of (2.7)-(2.11) is as follows: find (ppph,yh,uh)∈H1(J;VVV h)×H1(J;Wh)×
Kh such that

min
uh∈Kh

{
1
2

∫ T

0

(
‖ppph− pppd‖2 +‖yh− yd‖2 +‖uh‖2

)
dt

}
(2.30)

(A−1ppph,t ,vvvh)+(divppph,divvvvh) = ( f ,divvvvh)+(uh,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (2.31)

ppph(x,0) = Πhppp(x,0), ∀ x ∈Ω, (2.32)

(yh,t ,wh) =−(divppph,wh)+( f ,wh)+(uh,wh), ∀ wh ∈Wh, t ∈ J, (2.33)

yh(x,0) = Phy0(x), ∀ x ∈Ω. (2.34)

The POCP (2.30)-(2.34) again has a unique solution (ppph,yh,uh), and that a triplet (ppph,yh,uh) is
the solution of (2.30)-(2.34) if and only if there is a co-state (qqqh,zh) such that (ppph,yh,qqqh,zh,uh)
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satisfies the following optimality conditions:

(A−1ppph,t ,vvvh)+(divppph,divvvvh) = ( f ,divvvvh)+(uh,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (2.35)

ppph(x,0) = Πhppp(x,0), ∀ x ∈Ω, (2.36)

(yh,t ,wh) =−(divppph,wh)+( f ,wh)+(uh,wh), ∀ wh ∈Wh, t ∈ J, (2.37)

yh(x,0) = Phy0(x), ∀ x ∈Ω, (2.38)

(zh,t ,wh) = (yh− yd,wh), ∀ wh ∈Wh, t ∈ J, (2.39)

zh(x,T ) = 0, ∀ x ∈Ω, (2.40)

− (A−1qqqh,t ,vvvh)+(divqqqh,divvvvh) =−(ppph− pppd,vvvh)− (zh,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (2.41)

qqqh(x,T ) = 0, ∀ x ∈Ω, (2.42)∫ T

0
(uh− zh−divqqqh, ũh−uh)dt ≥ 0, ∀ ũh ∈ Kh. (2.43)

Similar to (2.21), we have

uh = max{0,−Gh}+Gh, (2.44)

where Gh = (zh +divqqqh), and Gh =
∫ T

0
∫

Ω
Ghdxdt

|Ω|×T .

3. CONVERGENCE ANALYSIS

In this section, we derive the convergence of the SPDMFEA for the POCP (1.1)-(1.6). First,
we introduce some useful intermediate variables. For any control function ũ ∈ K, we define the
discrete state solution (ppph(ũ),yh(ũ),qqqh(ũ),zh(ũ)) associated with ũ which satisfies

(A−1ppph,t(ũ),vvvh)+(divppph(ũ),divvvvh) = ( f ,divvvvh)+(ũ,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (3.1)

ppph(ũ)(x,0) = Πhppp(x,0), ∀ x ∈Ω, (3.2)

(yh,t(ũ),wh) =−(divppph(ũ),wh)+( f ,wh)+(ũ,wh), ∀ wh ∈Wh, t ∈ J, (3.3)

yh(ũ)(x,0) = Phy0(x), ∀ x ∈Ω, (3.4)

(zh,t(ũ),wh) = (yh(ũ)− yd,wh), ∀ wh ∈Wh, t ∈ J, (3.5)

zh(ũ)(x,T ) = 0, ∀ x ∈Ω, (3.6)

(A−1qqqh,t(ũ),vvvh)− (divqqqh(ũ),divvvvh) = (ppph(ũ)− pppd,vvvh)+(zh(ũ),divvvvh), ∀ vvvh ∈VVV h, t ∈ J,
(3.7)

qqqh(ũ)(x,T ) = 0, ∀ x ∈Ω. (3.8)

It is clear that the exact solution and its approximation can be written in the following way:

(ppp,y,qqq,z) = (ppp(u),y(u),qqq(u),z(u)),

(ppph,yh,qqqh,zh) = (ppph(uh),yh(uh),qqqh(uh),zh(uh)).

Second, we give the following important error estimates.

Lemma 3.1. Let (ppp,y,qqq,z) be the solution of (2.12)-(2.20) and (ppph(u),yh(u),qqqh(u),zh(u)) be
the solution of (3.1)-(3.8) with ũ = u respectively. If the solution satisfies

ppp,qqq ∈ [L∞(H1)]2∩ [L2(H2)]2∩ [H1(H1)]2 and y,z ∈ L∞(H1),
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then

‖y− yh(u)‖L∞(L2)+‖ppp− ppph(u)‖L∞(L2) ≤Ch, (3.9)

‖z− zh(u)‖L∞(L2)+‖qqq−qqqh(u)‖L∞(L2) ≤Ch, (3.10)

‖div(ppp− ppph(u))‖L2(L2)+‖div(qqq−qqqh(u))‖L2(L2) ≤Ch. (3.11)

Proof. For ease of exposition, we set

rrr1 = Πhppp− ppph(u),rrr2 = ppp−Πhppp,r3 = Phy− yh(u),

rrr4 = Πhqqq−qqqh(u),rrr5 = qqq−Πhqqq,r6 = Phz− zh(u).

From (2.12)-(2.19), (3.1)-(3.8), (2.25), and (2.27), we can easily obtain the following error
equations

(A−1rrr1,t ,vvvh)+(divrrr1,divvvvh) =−(A−1rrr2,t ,vvvh), ∀ vvvh ∈VVV h, t ∈ J, (3.12)

(r3,t ,wh) =−(divrrr1,wh), ∀ wh ∈Wh, t ∈ J, (3.13)

(r6,t ,wh) = (r3,wh), ∀ wh ∈Wh, t ∈ J, (3.14)

− (A−1rrr4,t ,vvvh)+(divrrr4,divvvvh) =−(A−1rrr5,t ,vvvh)− (rrr2,vvvh)

− (rrr1,vvvh)− (r6,divvvvh), ∀ vvvh ∈VVV h, t ∈ J. (3.15)

Setting vvvh = rrr1 in (3.12), we have
1
2

d
dt

∥∥∥A−
1
2rrr1

∥∥∥2
+‖divrrr1‖2 =−(A−1rrr1,t ,rrr1). (3.16)

Integrating (3.16) from 0 to t, and using Cauchy inequality, Gronwall’s inequality, the assump-
tion on A, and (2.28), we have

‖rrr1‖L∞(L2)+‖divrrr1‖L2(L2) ≤Ch. (3.17)

Taking wh = r3 in (3.13), and wh = −r6 in (3.14), and integrating the resulting equations from
0 to t and t to T respectively, we arrive at

‖r3‖L∞(L2) ≤C‖divrrr1‖L2(L2), (3.18)

‖r6‖L∞(L2) ≤C‖r3‖L2(L2), (3.19)

where we also used the Cauchy inequality and Gronwall’s inequality. Selecting vvvh = rrr4 in (3.15)
and integrating from t to T , similar to (3.17), we arrive at

‖rrr4‖L∞(L2)+‖divrrr4‖L2(L2) ≤Ch+C(‖rrr1‖L2(L2)+‖r6‖L2(L2)). (3.20)

Thus, (3.9)-(3.11) follows from (3.17)-(3.20), (2.26), (2.28)-(2.29) and the triangle inequality.
This completes the proof. �

Similar to Lemma 3.1, we can prove the following error estimation.

Lemma 3.2. Let (ppph,yh,qqqh,zh) and (ppph(u),yh(u),qqqh(u),zh(u)) be the solutions of (3.1)-(3.8)
with ũ = uh and ũ = u, respectively. Then

‖yh− yh(u)‖L∞(L2)+‖ppph− ppph(u)‖L∞(L2) ≤C‖u−uh‖L2(L2), (3.21)

‖zh− zh(u)‖L∞(L2)+‖qqqh−qqqh(u)‖L∞(L2) ≤C‖u−uh‖L2(L2), (3.22)

‖div(ppph− ppph(u))‖L2(L2)+‖div(qqqh−qqqh(u))‖L2(L2) ≤C‖u−uh‖L2(L2). (3.23)
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Combining Lemmas 3.1-3.2, we can derive the following convergence results.

Theorem 3.3. Let u be the solution of (2.12)-(2.20) and uh be the solution of (2.35)-(2.43),
respectively. Assume that all the assumptions in Lemma 3.1 are valid. Then

‖u−uh‖L2(L2) ≤Ch, (3.24)

‖y− yh‖L∞(L2)+‖ppp− ppph‖L∞(L2) ≤Ch, (3.25)

‖z− zh‖L∞(L2)+‖qqq−qqqh‖L∞(L2) ≤Ch, (3.26)

‖div(ppp− ppph)‖L2(L2)+‖div(qqq−qqqh)‖L2(L2) ≤Ch. (3.27)

Proof. From the definition of K and (2.25), we have∫ T

0

∫
Ω

Phudxdt =
∫ T

0

∫
Ω

udxdt ≥ 0. (3.28)

Set

ηηη1 = ppph(u)− ppph,η2 = yh(u)− yh,ηηη3 = qqqh(u)−qqqh,η4 = zh(u)− zh,

ηηη5 = ppp− ppph(u),η6 = y− yh(u),ηηη7 = qqq−qqqh(u),η8 = z− zh(u).

It follows from (2.20) and (2.43) that

‖u−uh‖2
L2(L2) =

∫ T

0
(u−uh,u−uh)dt

=
∫ T

0
(u− z−divqqq,u−uh)dt +

∫ T

0
(η8 +divηηη7,u−uh)dt

+
∫ T

0
(η4 +divηηη3,u−uh)dt +

∫ T

0
(zh +divqqqh−uh,u−uh)dt

≤
∫ T

0
(η8 +divηηη7,u−uh)dt−

∫ T

0
(u− z−divqqq,u−Phu)dt

+
∫ T

0
(η4 +divηηη3,u−uh)dt +

∫ T

0
(u−uh,u−Phu)dt

−
∫ T

0
(η4 +divηηη3,u−Phu)dt−

∫ T

0
(η8 +divηηη7,u−Phu)dt

:=
6

∑
i=1

Ii.

(3.29)

For I1, using Cauchy inequality and Lemma 3.1, we have

I1 ≤Ch2 +
1
4
‖u−uh‖2

L2(L2). (3.30)

According to (2.21), we find that

u− z−divqqq = const. (3.31)

Thus

I2 =−const
∫ T

0

∫
Ω

(u−Phu)dxdt = 0. (3.32)
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From (3.1)-(3.8), we have the following error equations

(A−1
ηηη1,t ,vvvh)+(divηηη1,divvvvh) = (u−uh,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (3.33)

(η2,t ,wh) =−(div(ηηη1,wh)+(u−uh,wh), ∀ wh ∈Wh, t ∈ J, (3.34)

(η4,t ,wh) = (η2,wh), ∀ wh ∈Wh, t ∈ J, (3.35)

− (A−1(ηηη3,t ,vvvh)+(div(ηηη3,divvvvh) =−(ηηη1,vvvh)− (η4,divvvvh), ∀ vvvh ∈VVV h, t ∈ J. (3.36)

Choose vvvh = ηηη1 in (3.33), wh = η4 in (3.34), wh = η2 in (3.35) and vvvh = ηηη1 in (3.36), respec-
tively. Since ηηη3(T ) = ηηη1(0) = 0 and η4(T ) = η2(0) = 0, integrating the resulting equations
from 0 to T , we can see that

I3 =
∫ T

0
(η4 +divηηη3,u−uh)dt ≤ 0. (3.37)

For I4 and I5, using the Cauchy inequality, Lemma 3.2, and (2.26), we obtain

I4 ≤Ch2 +
1
4
‖u−uh‖2

L2(L2) (3.38)

and
I5 ≤(‖η4‖L2(L2)+‖divηηη3‖L2(L2))‖u−Phu‖L2(L2)

≤C‖u−uh‖L2(L2)‖u−Phu‖L2(L2)

≤Ch2 +
1
4
‖u−uh‖2

L2(L2).

(3.39)

It follows from the Cauchy inequality, Lemma 3.1, and (2.26) that

I6 ≤ (‖η8‖L2(L2)+‖divηηη7‖L2(L2))‖u−Phu‖L2(L2) ≤Ch2. (3.40)

From (3.29)-(3.40), Lemmas 3.1-3.2, and the triangle inequality, we can easily obtain (3.24)-
(3.27). This completes the proof of Theorem 3.3. �

4. SUPERCONVERGENCE PROPERTIES

In this section, we derive some superconvergence properties of the SPDMFEM for (1.1)-
(1.6). In order to derive the main results, we need the following lemmas.

Lemma 4.1. Let (ppp,y,qqq,z) be the solution of (2.12)-(2.20) and (ppph(u),yh(u),qqqh(u),zh(u)) be
the solution of (3.1)-(3.8) with ũ = u respectively. If the solution satisfies

ppp,qqq ∈ [H1(H2)]2,

then

‖Phy− yh(u)‖L∞(L2)+‖Πhppp− ppph(u)‖L∞(L2) ≤Ch
3
2 , (4.1)

‖Phz− zh(u)‖L∞(L2)+‖Πhqqq−qqqh(u)‖L∞(L2) ≤Ch
3
2 , (4.2)

‖div(Πhppp− ppph(u))‖L2(L2)+‖div(Πhqqq−qqqh(u))‖L2(L2) ≤Ch
3
2 . (4.3)

Proof. For any ppp ∈VVV and vvv ∈VVV h, by applying the proof of Theorems 4.1, 5.1 and Example 6.2
in [21], we can prove

(A−1(ppp−Πhppp),vvvh)≤Ch
3
2‖ppp‖2(‖vvvh‖+‖divvvvh‖). (4.4)

Similar to Lemma 3.1, using (4.4), we can prove (4.1)-(4.3). We omit the proof here. �
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Lemma 4.2. Let (ppph(Phu),yh(Phu),qqqh(Phu),zh(Phu)) and (ppph(u),yh(u),qqqh(u),zh(u)) be the so-
lutions of (3.1)-(3.8) with ũ = Phu and ũ = u, respectively. Then

‖yh(u)− yh(Phu)‖L∞(L2)+‖ppph(u)− ppph(Phu)‖L∞(L2) = 0, (4.5)

‖zh(u)− zh(Phu)‖L∞(L2)+‖qqqh(u)−qqqh(Phu)‖L∞(L2) = 0, (4.6)

‖div(ppph(u)− ppph(Phu))‖L2(L2)+‖div(qqqh(u)−qqqh(Phu))‖L2(L2) = 0. (4.7)

Proof. Set

ζζζ 1 = ppph(u)− ppph(Phu),ζ2 = yh(u)− yh(Phu)

ζζζ 3 = qqqh(u)−qqqh(Phu),ζ4 = zh(u)− zh(Phu).

Choosing ũ = Phu and ũ = u in (3.1)-(3.8) respectively, we obtain the following error equations

(A−1
ζζζ 1,t ,vvvh)+(divζζζ 1,divvvvh) = (u−Phu,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (4.8)

(ζ2,t ,wh) =−(divζζζ 1,wh)+(u−Phu,wh), ∀ wh ∈Wh, t ∈ J, (4.9)

(ζ4,t ,wh) = (ζ2,wh), ∀ wh ∈Wh, t ∈ J, (4.10)

− (A−1
ζζζ 3,t ,vvvh)+(divζζζ 3,divvvvh) =−(ζζζ 3,vvvh)− (ζ4,divvvvh), ∀ vvvh ∈VVV h, t ∈ J. (4.11)

From (2.25), we have

(u−Phu,divvvvh) = 0, ∀ vvvh ∈VVV h, (4.12)

(u−Phu,wh) = 0, ∀ wh ∈Wh. (4.13)

Following Lemma 3.1, and using the stability estimates, we complete the proof immediately.
�

Lemma 4.3. Let (ppph(Phu),yh(Phu),qqqh(Phu),zh(Phu)) and (ppph,yh,qqqh,zh) be the solutions of (3.1)-
(3.8) with ũ = Phu and ũ = uh, respectively. Then∫ T

0
[(zh(Phu)− zh,Phu−uh)+(div(qqqh(Phu)−qqqh),Phu−uh)]dt ≤ 0. (4.14)

Proof. Let

ρρρ1 = ppph− ppph(Phu),ρ2 = yh− yh(Phu)

ρρρ3 = qqqh−qqqh(Phu),ρ4 = zh− zh(Phu).

Similar to (4.8)-(4.11), we obtain the following error equations

(A−1
ρρρ1,t ,vvvh)+(divρρρ1,divvvvh) = (uh−Phu,divvvvh), ∀ vvvh ∈VVV h, t ∈ J, (4.15)

(ρ2,t ,wh) =−(divρρρ1,wh)+(uh−Phu,wh), ∀ wh ∈Wh, t ∈ J, (4.16)

(ρ4,t ,wh) = (ρ2,wh), ∀ wh ∈Wh, t ∈ J, (4.17)

− (A−1
ρρρ3,t ,vvvh)+(divρρρ3,divvvvh) =−(ρρρ1,vvvh)− (ρ4,divvvvh), ∀ vvvh ∈VVV h, t ∈ J. (4.18)

Choose vvvh = ρρρ3 in (4.15), wh = ρ4 in (4.16), wh = −ρ2 in (4.17) and vvvh = −ρρρ1 in (4.18),
respectively. Integrating the resulting equations from 0 to T , we derive∫ T

0
[(ρ4,uh−Phu)+(divρρρ3,uh−Phu)]dt =−‖ρ2‖2

L2(L2)−‖ρρρ1‖2
L2(L2), (4.19)

which yields to (4.14). This completes the proof of Lemma 4.3. �
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Theorem 4.4. Let u be the solution of (2.12)-(2.20) and uh be the solution of (2.35)-(2.43),
respectively. Assume that all the assumptions in Lemma 3.1 are valid. Then,

‖Phu−uh‖L2(L2) ≤Ch
3
2 . (4.20)

Proof. We choose ũ = uh in (2.20) and ũh = Phu in (2.43) to obtain the following two inequali-
ties: ∫ T

0
(u− z−divqqq,uh−u)dt ≥ 0, (4.21)

and ∫ T

0
(uh− zh−divqqqh,Phu−uh)dt ≥ 0. (4.22)

Adding the above two inequalities to conclude that∫ T

0
(uh−u+ z− zh +div(qqq−qqqh),Phu−uh)dt +

∫ T

0
(u− z−divqqq,Phu−u)dt ≥ 0. (4.23)

By (4.23) and (2.25), we find that

‖Phu−uh‖2
L2(L2) =

∫ T

0
(Phu−u,Phu−uh)dt +

∫ T

0
(u−uh,Phu−uh)dt

≤
∫ T

0
(z− zh +div(qqq−qqqh),Phu−uh)dt

+
∫ T

0
(u− z−divqqq,Phu−u)dt

=
∫ T

0
(z−Phz+div(qqq−Πhqqq),Phu−uh)dt

+
∫ T

0
(Phz− zh(u)+div(Πhqqq−qqqh(u)),Phu−uh)dt

+
∫ T

0
(zh(u)− zh(Phu)+div(qqqh(u)−qqqh(Phu)),Phu−uh)dt

+
∫ T

0
(zh(Phu)− zh +div(qqqh(Phu)−qqqh),Phu−uh)dt

+
∫ T

0
(u− z−divqqq,Phu−u)dt

:=
5

∑
i=1

Ji.

(4.24)

According to (2.25), (2.27), and (2.21), we have

J1 = J3 = J5 = 0. (4.25)

Using the Cauchy inequality and Lemma 4.1, we arrive at

J2 ≤Ch3 +
1
2
‖Phu−uh‖2

L2(L2). (4.26)

Hence, (4.20) follows from (4.24)-(4.26) and Lemma 4.3. This completes the proof. �

Using Theorem 4.4 and the stability estimates as in Lemma 3.2, we have the following result.
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Lemma 4.5. Let (ppph(Phu),yh(Phu),qqqh(Phu),zh(Phu)) and (ppph,yh,qqqh,zh) be the solutions of (3.1)-
(3.8) with ũ = Phu and ũ = uh, respectively. Assume that all the assumptions in Theorem 4.4 are
valid. Then

‖yh− yh(Phu)‖L∞(L2)+‖ppph− ppph(Phu)‖L∞(L2) ≤Ch
3
2 , (4.27)

‖zh− zh(Phu)‖L∞(L2)+‖qqqh−qqqh(Phu)‖L∞(L2) ≤Ch
3
2 , (4.28)

‖div(ppph− ppph(Phu))‖L2(L2)+‖div(qqqh−qqqh(Phu))‖L2(L2) ≤Ch
3
2 . (4.29)

Combining Lemmas 4.1-4.5, it is easy to prove the following superconvergence results.

Theorem 4.6. Let (y,ppp,z,qqq) and (yh,ppph,zh,qqqh) be the solutions of (2.12)-(2.20) and (2.35)-
(2.43) respectively. Assume that all the assumptions in Theorem 4.4 are valid. Then

‖Phy− yh‖L∞(L2)+‖Πhppp− ppph‖L∞(L2) ≤Ch
3
2 , (4.30)

‖Phz− zh‖L∞(L2)+‖Πhqqq−qqqh‖L∞(L2) ≤Ch
3
2 , (4.31)

‖div(Πhppp− ppph)‖L2(L2)+‖div(Πhqqq−qqqh)‖L2(L2) ≤Ch
3
2 . (4.32)

5. NUMERICAL EXPERIMENTS

The POCP was dealt numerically with codes developed based on AFEPack. The package is
freely available and the details can be found at [22].

Let τ > 0,N = T/τ ∈Z, and tn = nτ,n = 0,1, · · · ,N. Set φ n = φ(x, tn),φ n
t = φt(x, tn) = (φ n−

φ n−1)/τ. Then a fully discrete SPDMFEA solution (pppn
h,y

n
h,qqq

n
h,z

n
h,u

n
h) of (1.1)-(1.6) satisfies the

following system:

(A−1pppn
h,t ,vvvh)+(divpppn

h,divvvvh) = ( f n,divvvvh)+(un
h,divvvvh), ∀ vvvh ∈VVV h,n = 1,2, · · · ,N.

ppp0
h = Πhppp(x,0), ∀ x ∈Ω,

(yn
h,t ,wh)+(divpppn

h,wh) = ( f n,wh)+(un
h,wh), ∀ wh ∈Wh,n = 1,2, · · · ,N,

y0
h = Phy0(x), ∀ x ∈Ω,

(A−1qqqn
h,t ,vvvh)− (divqqqn−1

h ,divvvvh) = (pppn
h− pppn

d,vvvh)+(zn−1
h ,divvvvh), ∀ vvvh ∈VVV h,n = N,N−1, · · · ,1,

qqqN
h = 0, ∀ x ∈Ω,

(zn
h,t ,wh) = (yn

h− yn
d,wh), ∀ wh ∈Wh,n = N,N−1, · · · ,1,

zN
h = 0, ∀ x ∈Ω,

un
h = max

{
0,−(zh +divqqqh)

}
+ zn−1

h +divqqqn−1
h , ∀ n = 1,2, · · · ,N.
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Example 5.1. Let Ω = (0,1)× (0,1),T = 1,A = E. The data under testing are as follows:

y(x, t) = t2 sin(2πx1)sin(2πx2),

ppp(x, t) =−
(
2πt2 cos(2πx1)sin(2πx2),2πt2 sin(2πx1)cos(2πx2)

)T
,

qqq(x, t) =
(
(1− t)2 cos(2πx1)sin(2πx2),(1− t)2 sin(2πx1)cos(2πx2)

)T
,

z(x, t) =−divqqq(x, t)+2(1− t)sin(2πx1)sin(2πx2),

yd(x, t) = y(x, t)− zt(x, t),

pppd(x, t) = ppp(x, t)−qqqt(x, t)+

(
2π(1− t)cos(2πx1)sin(2πx2)

2π(1− t)sin(2πx1)cos(2πx2)

)
,

u(x, t) = max
{

0,−z(x, t)+divqqq(x, t)
}
+ z(x, t)+divqqq(x, t),

f (x, t) = yt(x, t)+divppp(x, t)−u(x, t).

Let eu = u−uh,ey = y−yh,eppp = ppp−ppph,ez = z−zh,eqqq =qqq−qqqh and Eu = Phu−uh,Ey = Phy−
yh,Eppp = Πhppp−ppph,Ez = Phz−zh,Eqqq = Πhqqq−qqqh. Set ‖·‖L∞(L2) = ‖·‖∞,2 and ‖·‖L2(L2) = ‖·‖2,2.
Some numerical results based on a sequence of uniformly refined meshes are listed in Table 1
and Table 2.

TABLE 1. Numerical results of the convergence.

h = τ ‖eu‖2,2 ‖ey‖∞,2 ‖ez‖∞,2 ‖eppp‖∞,2 ‖eqqq‖∞,2 ‖diveppp‖2,2 ‖diveqqq‖2,2
1

10 3.4235e-2 1.2735e-2 3.4234e-2 5.0446e-2 1.3742e-2 4.5246e-2 1.2596e-2
1

20 1.7180e-2 6.3705e-3 1.7201e-2 2.5223e-2 6.8728e-3 2.2631e-2 6.3018e-3
1

40 8.6041e-3 3.1912e-3 8.6152e-3 1.2615e-2 3.4365e-3 1.1325e-2 3.1552e-3
1

80 4.3016e-3 1.5918e-3 4.3074e-3 6.3072e-3 1.7180e-3 5.6624e-3 1.5763e-3

TABLE 2. Numerical results of the superconvergence.

h τ ‖Eu‖2,2 ‖Ey‖∞,2 ‖Ez‖∞,2 ‖Eppp‖∞,2 ‖Eqqq‖∞,2 ‖divEppp‖2,2 ‖divEqqq‖2,2
1
10

1
10 3.4138e-2 1.2638e-2 3.3226e-2 5.0408e-2 1.3649e-2 4.5126e-2 1.2562e-2

1
20

1
30 1.1295e-2 4.2264e-3 1.1124e-2 1.7103e-2 4.5506e-3 1.5046e-2 4.2015e-3

1
40

1
90 3.4452e-3 1.4088e-3 3.4026e-3 5.7124e-3 1.5171e-3 5.0135e-3 1.4007e-3

1
80

1
270 1.1480e-3 4.7036e-4 1.1422e-3 1.9042e-3 5.0572e-4 1.6712e-3 4.6685e-4

We can see the convergence orders O(h) and superconvergence orders O(h
3
2 ) in Figure 1 and

Figure 2, respectively. They are consistent with our theoretical results.
In Figure 3, we show the profiles of the exact solution u alongside the error u−uh at t = 0.5

with h = τ = 1
40 . In Figure 4, we show the profiles of the projection Phu of the exact u alongside

the error Phu−uh at t = 0.5 with h = 1
40 and τ = 1

90 .
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FIGURE 1. The order of convergence.
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FIGURE 2. The order of superconvergence.

2 2.5 3 3.5 4
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

log
10

(Dofs)

lo
g

1
0
(e

rr
o
r)

 

 
||P

h
u−u

h
||

2,2

||P
h
y−y

h
||

2,∞

||P
h
z−z

h
||

2,∞

||Π
h
p−p

h
||

2,∞

||Π
h
q−q

h
||

2,∞

||div(Π
h
p−p

h
)||

2,2

||div(Π
h
q−q

h
)||

2,2

slope=−0.75

Funding
The first author was supported by the Scientific Research Project of Hunan Provincial Depart-
ment of Education (20C0854), and the Scientific Research Program in Hunan University of
Science and Engineering (18XKY063, 20XKY059). The second author was supported by the
National Natural Science Foundation of China (11401201), the Natural Science Foundation of
Hunan Province (2020JJ4323), the Scientific Research Project of Hunan Provincial Department
of Education (20A211), and the Construct Program of Applied Characteristic Discipline in Hu-
nan University of Science and Engineering.



14 Y. HUA, Y. TANG

FIGURE 3. Exact solution u (left) and error u−uh (right) at t = 0.5 with h = τ = 1
40 .
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FIGURE 4. The projection Phu (left) and error Phu− uh (right) at t = 0.5 with
h = τ = 1

40 .
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