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Abstract. This paper investigates the existence and uniqueness of solutions for a class of nonlinear
impulsive fractional pantograph integro—differential equations with multi-point integral boundary condi-
tions in the context of the (py, yi)-Hilfer fractional operator. We transform our problem into an equiva-
lent integral equation, and the uniqueness result is proved by applying Banach’s fixed-point theorem. In
addition, some types of Ulam’s stability results are demonstrated and numerical examples are designed
to illustrate the applicability of our theoretical results.
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1. INTRODUCTION

A nonlinear system is one in which the change in output is not proportional to the change in
input. In comparison to considerably simpler linear systems, which describe changes in vari-
ables over time, nonlinear dynamical systems may look chaotic, unexpected, or paradoxical. A
nonlinear system of equations is a set of simultaneous equations in which the unknowns appear
as variables of a polynomial of degree greater than one, in the argument of a function that is not
a polynomial of degree one, or as unknown functions in the case of differential equations (DEs),
typically describes the behavior of a nonlinear system. IDEs have been used to describe occur-
rences in real-world problems. One famous class of DEs involving proportional delay terms is

*Corresponding author.
E-mail address: weerawat.s @rumail.ru.ac.th (W. Sudsutad).
Received October 21, 2023; Accepted March 10, 2024.

(©2024 Journal of Nonlinear Functional Analysis



2 K. MARISA, T. CHATTHAI A. APHIRAK, K. JUTARAT, S. WEERAPAN, W. SUDSUTAD

called the pantograph equation (PE), initially known in 1971 by Ockendon and Taylor [1]. It has
been employed to explain the processes and phenomena that depend on previous states in var-
ious domains, such as economics, medicine, and engineering. Numerous studies have focused
on the important characteristics of qualitative theory of solutions to PE, we refer to [2, 3, 4]
and the references cited therein. Besides, boundary value problems (BVPs) involving integral
boundary conditions commonly occur in engineering problems, such as population dynamics,
chemical engineering, hydrodynamic, semiconductor, thermal conduction, underground water
flow, blood flow, and so on. Note that impulsive differential equations play a significant role in
describing physical phenomena, which are used to model some processes with discontinuous
jumps and instantaneous moves. For results on BVPs with impulsive conditions, we refer to
[5, 6] and the references therein.

Over the past several decades, fractional calculus (FC) has been immensely developed as the
beginning of integral calculus. It is a branch of mathematical analysis concerned with derivative
and integral of arbitrary-order (also known as fractional-order). Fractional dynamic equations
were widely used in simulating and describing complex and chaotic systems in various scientific
fields, such as physics, electrochemistry, bioengineering, financial, heat-transfer, and so on.
This substantiality has frequently motivated researchers to discover the definitions of fractional
derivative operator (FIDQ) according to various kernels; see, e.g., [7, 8, 9]. It is known that
the Riemann-Liouville (RL) and Caputo senses are the oldest and most well-known. However,
each operator is exceptional and has been continuously developed. For example, in 2012, the
FDO of Hilfer’s type was introduced by Furati et. al. [10] which is a generalization of RIL’s and
Caputo’s types. After that, the Caputo-FDQ with respect to another function ¥ was proposed
by Almeida [11] in 2017, which is called y-Caputo-FDQ. Using the concepts in [10], the y-
Hilfer-FDO and some important properties were discussed by [12] in 2018. Later, in 2021, the
y-Hilfer-FDO and some properties were demonstrated in [13] with the aid of the definitions
of the p-Gamma function [14], which was renamed the (p, w)-Hilfer-FDQO. In addition, by
using Banach’s fixed-point theorem, they studied the existence and uniqueness of solutions for
a nonlinear fractional differential equations (FIDEs) in the context of the (p, y)-Hilfer-FDQO. As
previously stated, the (p, y)-Hilfer-FDO can be generalized to a number of well-known FDOs
(see in Lemma 2.7). For more studies, we refer to [15, 16, 17] and the references cited therein.

Recently, the exclusive investigation of the significant qualitative theory for fractional dif-
ferential equations was developed, such as existence theory and stability analysis. They are
essential knowledge in studying the qualitative results for the differential equations with or/and
without impulsive conditions because of some situations where finding the exact solution is
quite a difficult task. Therefore, to guarantee the existence of solutions to the problem under
consideration, Ulam’s stability is an efficient choice that has been applied to verify the stability
of functional problems. There are numerous kinds of Ulam’s stability such as the Ulam-Hyers
stability (UH), which was initiated by Ulam and Hyers [18, 19] in 1941, and the Ulam-Hyers-
Rassias (UHR), which was provided by Rassias [20, 21] in 1978. This technique has inspired
numerous researchers to examine the stability of a variety of mathematical problems; see, e.g.,
[22, 23, 24, 25, 26, 27] for more details.

This paper is inspired by the results in [1, 13, 16, 24]. Moreover, to the best of the authors’
knowledge, no results have been published that take into account PE and integro-differential
equations with impulsive conditions in the context of (p, y)-Hilfer-FDQ. Therefore, to make
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it novel and to promote more study in this area, we study the uniqueness result and Ulam’s
stability of the solutions for the following nonlinear impulsive (py, Y )-Hilfer fractional panto-
graph integro-differential equation with multi-point integral boundary conditions (the impulsive
(P, Wi )-HFP-IDE-MIBCs):

(HRSPYU(e) = f(0,u(0),(01), 5, TV ul0)), 1€ Fit 1ty k=0,
ij(z %)V “u(t) — g 1(2=%- 1)llfk1 u(ty) = de(u(ty), k=12,...,m,

kl),‘kl

_ 1.1
R%Zk‘”‘ Pu(ef) - E}.@Z"l‘”’” V() = o u(w), k=12...m D
l/t(O) Z‘u'lpz IKlWI g»—l—ﬂ gl (ti7ti+l]7

\

where g@gﬂ"ﬁ V& denotes the (py, Wy )-Hilfer fractional derivative of order oy € (1,2] and type

ﬁk S [0, 1], pr >0, jk = (tk,lk+1] C (Cl b] fork=0,1,2,...,m, with /() [a tl] / [a b]
0<a=ty<t;- <ty<tpyp1=b<T ﬂq Yk is the (Px, l//k) RL fractional integral with order

> Pk
q<€{p2—%),pr—1(2— Y1), Ok, Ki } w1th q>0,k=12,...mi=0,1,...m "% is
k
the (px, Wi )-RL fractional derivative with order p € {pr (v — 1), Px—1 (yk,l —1)} with p € (1,2),
k=1,2,. ’pkfpk( %)V "u(t,j) = lim,_,o+ pkftkgk(zfn);wku(twrh)’ E}gfkﬁ(nfl);wu@:

):
limy, g +,,L®”k(yk Vv u(te+h). b 0 €CRR), k=1,2,....m, f€C(F xR R), &€
k

(tistiv1), o, Wi € Rfori=0,1,...,m,and 6 € (0,1).

The highlight of this paper is to determine the existence and uniqueness of the solutions for
(1.1), which will be described later in our first main result. The various Ulam’s stability of the
solutions is verified in our second main result. Finally, a few numerical examples of applications
are illustrated to validate our theoretical results. The remaining frameworks of this study are
structured as follows. Some essential lemmas which includes the process of transforming the
considered problem into an integral equation are presented in Section 2. Our main results are
proved by utilizing Banach’s fixed-point theorem in Section 3. In addition, Section 4 provides
some illustrative examples. Section 5, the final section, present a concluding remark.

2. PRELIMINARIES

In this section, we provide some basic definitions and lemmas which are used throughout this
paper.

Definition 2.1 ([28]). Assume that f € #1(_#,R) and y(t): # — Ris an increasing function
viay/'(t) #£0,1 € j The (p y)-RL fractional integral operator (FIQ) of a function f of order

ois given by .7 %Y £(1) sl [1 (W) — w(s)P ' W (5)f(s)ds, p >0, & > 0, where T (-) is
.
the p-Gamma function, I' (Z) =[5 te  Pds,z€ C,Re(z) >0,p >0.

Some important properties of the p-Gamma function [29] are

Lo(etp) =Tp@): To(p)=1. Dol = (07T (), 1) = im Ty
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Definition 2.2. ([13]). Assume that f € €"(_#,R) and y(r) € €"([a,b],R) with y/(r) # 0,

t € . Then, the (p, y)-RL-FDO of a function f of order @, p € R™ := (0,0) is given by
p d )n

RL 0 W o p i o pn—ay _sn ghn—oy n_ a
BN = (G ) o8O =8 S0, 8= (s
Definition 2.3 ([13]). Assume that f € €"*(_#,R), y € €"(_7,R), y/'(t) #0,t € 7, a,
p € RT, and B € [0,1]. The (p, w)-Hilfer FDO of a function f of order & and type f3 is given

by
BV i) = eV (B ) (1), (1= B)(np — ) =np—rp, (2.1)

—_(_P d\" _
where &y, = (W 4" and n = {%-‘.
Lemma 2.4 ([13]). Assume that &« >0, p > 0 and U € R, where % > —1. Then,
P] = B (vl - y(a) e

)7] = T, (utp+a)

P
b1 Tytp)
P :| r‘p(puipfa) (ll’(t) - II/

P at

(i) B2V [(w(t)—w

(a))ﬂf%a. If oo € (1,2], then

() , 2 [(w(t) = w(a)
(a)

gf@j:‘;"’[w,?(t a)] =Tp(a—1+p) and g@j:‘”’[w?z(t,a)] =0
(i) , I%0 IV (1) = , ILH Y f (1) = , 1 7%V £ (1),

Lemma 2.5 ([30)). If f € 6€"(_# ,R), « € R, B €0, 1], where p >0, and y= 5 (B (pn— o) + ),

then (o 7Y BRIV 1) (0 =50 - Tiea R [ (022 1(@) | on= [ 5]
The following result is also needed for our main result.

Lemma 2.6. Letv e (m—1,m),meN, a € R, B €(0,1], and p > 0. If h € €"(_# ,R), then

HUPV [ 7Y h(t)] = , 2 7Y h(r). (2.2)

Proof. Lety= %([3 (pn— o) + a) with y € (n—1,n]. By applying Definition 2.2 and the (iii)

of Lemma 2.4, we have

Ho@BY [ viv  Bon—aypy [ P AN pm—pviy
cha+ [chﬁ h(t)}_Pjan (W’([)E) [Pjﬁ h(t)} (2.3)

By using Definition 2.1 for n = 1, we obtain
p_d —Y)+v;
( )pﬂp(" v) th(t)

y(e) dt)P e
(”*7)+V*P_1
g (t,s)y/’(s)h(s)ds:p at

1
\P‘I’

N pr<p(n—7)+v—p)/a

In the same way, we have, for n = 2,

2
(wf)m 'i) oI 2 h(e)

1 t p=Y+v-2p 4 (n—y)+v—2p;
/ W, * ()Y ()h(s)ds = s PR )

pLp(p(n—7)+v—-2p)Ja ¥
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Repeating the above method, we obtain

d n . ) 1 r VePY g —pY,;
(Wlp(t)dt> pjﬁ( 7)+v,l[/h(t):prp(v_py)/a LPWP (t’s)]ljj(s)h(s)ds:pfa‘; p%‘/’h(t).

From (2.3) with the property (iii) of Lemma 2.4, one sees that (2.2). The proof is completed.
O

Remark 2.7. This investigation of (p, y)-Hilfer-FDQO also yields the following conclusions:

(G)) Ifweset y(r) € €"(_7,R) with (1) # 0 as in Definition 2.3, we obtain the following
special cases:
(i) If B =0, then (p, w)-Hilfer-FDO (2.1) reduces to the (p, y)-RL-FDQO defined in
[13], while if B =0, p = 1, then we obtain y-RL-FDQO defined as in [31, 32].
(ii) If B =1, then (p, w)-Hilfer-FDO (2.1) reduces to the (p, y)-Caputo-FDO defined
as in [13], while if B = p = 1, then we obtain y-Caputo-FDQO defined in [31, 32].
(iif) If p = 1, then (p, y)-Hilfer-FDO (2.1) reduces to the y-Hilfer-FDO defined in
[12].
(Gy) If we set y(t) =t as in Definition 2.3, then we obtain the following special cases:
(i) If B =0, then (p, w)-Hilfer-FDO (2.1) reduces to the p-RIL-FDO defined as in
[29], while if B =0, p = 1, then we obtain RL-FDO defined in [31, 32].
(ii) If B =1, then (p, y)-Hilfer-FDO (2.1) reduces to the p-Caputo-FDQO defined as in
[13], while if B = p = 1, then we obtain the Caputo-FDQO defined in [31, 32].
(iii) If p =1 and B € [0,1], then (p, y)-Hilfer-FDO (2.1) reduces to the Hilfer-FDO
defined in [33].
(G3) If we set y(¢) = t* as in Definition 2.3, we obtain the following special cases:
(i) If B =0, then (p, y)-Hilfer-FDQO (2.1) reduces to the p-Katugampola-FDO de-
fined in [34].
(ii) If B = 1, then (p, y)-Hilfer-FDO (2.1) reduces to the p-Caputo-Katugampola-
FIDQO defined in [34].
(iii) If p=1and B € [0, 1], then (p, y)-Hilfer-FDO (2.1) reduces to Hilfer-Katugampola-
FDO defined in [13].
(Gy4) If we set y(t) = logt as in Definition 2.3, we obtain the following special cases:
(i) If B =0, then (p, y)-Hilfer-FDO (2.1) reduces to the p-Hadamard-FDQO defined
in [13].
(ii) If B =1, then (p, y)-Hilfer-FDO (2.1) reduces to the p-Caputo-Hadamard-FDO
defined in [13].
(iii) If p=1and B € [0, 1], then (p, y)-Hilfer-FDO (2.1) reduces to the Hilfer-Hadamard-
FDO defined in [13].

Now, we denote the weighted space

G2 7 R) = {u : (a,b] — Rju(a™) exists and ¥, (¢, a)u(t) € %(/,R)}, ve (1,2],
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vbvhere ‘5,,2,_7/ = %ﬂuz,_y( 7 ,R) and the weighted space of piece-wise continuous functions is given
y

Cy (S R)
= {u: (a,b] = Rlue vaz,k_ﬁ, k=0,1,2,.. m,pkfpk(z o)V u(ty), pkil]ﬁk‘l(zfﬂ‘l);w"u(t,:) exist and
k—1
Pt (=Yt )iVt f— Pr-1(2=Y1): ¥ _
o TP ETII (10) =  gPE (tk),k—l,...,m}.

Note that € = @%2 yk(/ R) is a Banach space equipped with |[u[| = sup;¢ » \‘Pwk “(t,1)u(t))|.

Lemma 2.8. Let oy € (1,2), B €[0,1], px > 0, e >0, vie > 0, v = (1/pi) (Br(2px — o) + %),
v € €( 7, R) with y, >0, k=0,1,2,...,m, J € (51,2,,:7/", and Q # 0. Then the following
linear impulsive (py, v )-HFP-IDE-MIBCs

( ZQ“’“B" Vuty=s0(t),t € Fi,t #t, k=0,1,....m,

By () — B PO I (1) = gy (u(n)), k=12,.m

Pr—1 zkl

jpk 1(2=%—1)3 Vi1 u(ty) = of (u(t)), k=1,2,....m,

0

M(O) Z‘ulpt IKl Vi él +£{ él (tiyti+l]a

ij(Z*Vk);Wku(tnL) (2.4)

satisfies the following integral equation, u € X%€, as
pi(li—D)+K;
. 0y ~ moow
M(l‘) _ qﬂvlﬁk (t)tk) + ‘{nl/a;k (tvtk) kzj \P‘Vj (thrl?tj) Z .ui\Pl//i § (éivti)
QL (pen) QU (pk(n—1)) = p; = Tolpivi+x)

pi(=2)+K;

| Pi ivti
XZ(pJ i >W’%(tj+1)+¢j+1 u(tjs) )+ZFP (&ist)

pz(% 1)+x)

i—1 -l (. l-)
ai+pi(2— . L
X [EO(PJ‘Z,/ pi(2=7); W/%(tj 1)+¢j+1(u(tj 1)))+ 21%
! - p

=l : -
% Z (p,%:xr_pr(%_l),%%(tr+l) +¢r+l tr+1 ) + Ztulp, IOCHrK,,Wz%(éi) +of
r=0

plo=lp 4 ymol o (1) ws
T I (A 1) 4 0y ate))

— ) IV (T —
o Lo, (Pm¥n) 1=

Pm tm

i —2
Tz;jm (T7 tm)

m—1
) [Z{) (p jt;xﬁpjc %): %jf(tjﬂ)+¢;+l(u(tj+l))>
=

_Fp (P (Y — 1

lP/l‘lal‘) r—Pr(Yr—1):¥r
B o)
] I

Wl 1) k] o (v 1)
Y (AP )+ 0y a1

+ jak W‘fjf
Pr< 1 () Fpk(Pk'}’k) =i

‘Pzﬁk_z(t’tk) = o+pj(2=7)):¥;
T ST () + 07 (ult)
) j_zo(p . (t700) + 951 (u(tj11)))
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k=1 (. b j—1 _ 1)
+Y W’(F;Hj) ) <prft:x' POV 2 (141) +¢r+1(”(tr+1))>] ; (2.5)
j=1 J r=0

where
m— 17172 —
W (M) | WH 2 (Totn) Wy (41,1))

Pi(y—=D+x; pi(%=2)+K; -
”zly h (‘Sufz) < ,LL,-‘PW 4 (gi,ti) © ‘ij (tj+1>tj)
+ + ' . (2.6)
E(’) Cp, (piY + %) Z o Lo (pi(yi— 1)+ K,) Z P

Proof. Let u € &% be a solution to the impulsive (py, yi)-Hilfer problem (2.4). For t € [ty,1;],
we have

T$01(t7t0)cl qﬂl;eoiz(tat())
Ly (P0%0) Lpo(Po(0—1))

u(t) = 2+ py Ty A (1),

where ¢; = RLQPO(YO D:¥o u(ty) and c; = pof,g()(z_m);%u(ta“). By using Lemma 2.4 and
Lemma 2.6, we obtam
2 : lP t,t() 2—
0%50( %) wou(t) _ %Cl +C2+p0j060+l)0( ); Wojf( 1), (2.7)
—1); 1
]15}95)0(7/0 )%u(t) = ¢ _|_p0f060 Po(10— )WO%( t). (2.8)

Taking t = 1, into (2.7)-(2.8), we have ]15011492)0(70—1);% (f1) =c1 +poﬂa° Po(ro=1); Yo (1)) and

). W (11,
<ﬂt0pO(2 YO)’WOu(tl) _ Vfol()ol O)C _'_c2+p0jao+l)o(2 %); lllojzp( fn).

For t € (11,1, we obtain
—1 -2
() = \Pgll}l (tﬂtl)RL pi(n—1)sw lP?lI}I (t,11)
Lo (p1m) * Lo, (p1(ri —1))”
From the impulsive conditions, we see that
(‘P%(r,m W) Py (ﬁJo))c L e
Co(pir)  Tp(pi(vi—=1)  po Lo (pi(v1—1))
W) o 1):
vi \b a—po(Y—1):¥0
v O H(0)+ 01 (u(n)))
lpmliz(t’tl) (
Lo (p1(nn—1))
By applying Lemma 2.4 and Lemma 2.6, we arrive at

2-1);
pl’jt’;l( yl)wll/t(l)

_ <lPW| (tvtl) + ‘P%(Ilato)
p1 Po

+ lP‘Vl (tvtl)
P1

u(l‘lJr)—i— ,ﬂtfl(zﬂ/l);%u(t;r)+p1%?I;WI<%ﬂ(I).

u(t)

j%+p0(2 ); ‘VO%( )+¢1*( ( )))“‘ppﬁtm WI%(I)'

Po< o

>Cl+62+p0fa0+p0(2 ) %%( 1)+ o7 (u(tr))

(oo i 0 D% (1) 01 (1)) p, AP,
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and

Eﬂngl(Yl—l);W1u(t) :Cl+p0%§o—po(70—l);wO<%p(tl)+¢1(u(ﬁ))+p1u¢ta1—p1(%—l);%%p(r)_

In particular, for t =, we have

o Iy
Wy, (2,1 W, (11, —)- N
:< V’lﬁ()f 1) + Wof)ol 0)>Cl+62+p0<ﬂ[:)10+l70(2 YO)sWO%(t1)+¢1 (u(tl))
+‘PV,1 (t27t1)
P1

(ponﬁt(?O*PO(VO*l)QWO%(ﬁ)+¢] (u(tl))> +p1 ,ﬂ,ixl+pl(2771);WI%(l2),
and
;I)@l]l_dgzl(%*l);‘l/lu(tﬁ :Cl"’poﬂ(?()ipow()il);%%(tl)+¢l(u(t1))+p1<ﬁt?lip](%il);%%(l‘2)-

Under the impulsive conditions again, we obtain

u(t) = (‘Pﬁ_l(r,tz) W, (t,) t‘l’w,-(mntj))q N W, (1) o
I (0212)  Tpo(p2(re=1) = pj Lo, (p2(r2—1))

W (1) § =P (1=1):y;
_re ~ ' =7 _j,J ANS) s j% t + ) £
o, (P272) jg() (pf li (tj41) + @y (u( ]+1)))

‘P&_Z(IJZ) : ai+p;(2—7)):y;
o PRI o Y o (ults
ot | (% (751 + i (ultyn)

Py, (12,1 po(-1); _
+Wll()121) (poftgco Po0=DW0 s0(4) 4+ ¢, (x(tl)))] o TEV (1),

Repeating the above process, for any ¢ € (1], k=0,1,...,m, one has

u(t) = <‘P7$k1(t,tk) ‘PL’Z*Z(;J,() ’i‘ ‘P%(tj+1,tj)>Cl+ qﬂv/ﬁ;z(l‘,fk) .
Lo (pe¥e) — Toloe(ne—1)) 1= Pj Lo (Pe(v— 1))

- (1, n) A .
Fo St FlIlk((k) )} (P.fj’;'xj i 1)’%%(%1)+¢j+1(u(fj+1))>

o (PkYe) =0 o)

‘P%_z(t’tk) Y oj+p; (2= * '

m [Z <pfjt-f A (tj41) +¢j+1(u(tj+1))>

Jj=0

kLW (tig,t7) =) o (—1):
Y Il ) B (gt ) g tute) |
j=1 J r=0
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Thanks to Lemma 2.4, one sees that

Z“tp, WAL &) =

Pi(ti—D+ Pi(1i=2)+K;

<iuilp"’i i (éi’ti)Jri w¥y, " (Gisti) E‘ij(tﬁl,tj))ﬁ
2 Tolpri+x) Do (pi(vi—1)+ 1) & P
m I-L\PW’ Pi (§i7tt (erCllVl
+ + l i
lZon,(pl(%—l)H,) 2 IZ“P H(&)
Pilti—1)+K;
Wy " G e
+Z Fp (PiYi+ ki) Z(p-"jt;xj P )%‘%ﬂ(tf*l)""pjﬂ(”(tjﬂ)))
i L 1 j:0

P(Vz)l

! (€i7ti) v oj+pj Ondi *
+er, P(yi— 1)+ K) [; (p/j +p;(2— V)W%(tj+1>+¢j+l(u([j+l))>

+Ii Wy 141:17) A y (prjr POV )+ Gy (1 (tr+1)))}

=1 Pj =0

By using the first boundary condition, #(0) = 0, one obtains ¢; = 0. From the second boundary
condition, u(T) = Y1 o Wip, 7}, Viy (&) + o7, one further obtains

Pivi—1+K;

‘LL,‘P Pi (g,,t,) ai—pi(vi—1):y;
== BN AU ; tj
" Q{,Zé Fp,-(pz%+1<l) j;)<"f ’J (ty01)+ 051 (1))

pi (éi’ti) v aj+p;j(2—Y)v. *
+Z Fp, Pz Yi—1)+xK) [Z (Pfj J : J‘%ﬂ(tj+1)+¢j+l(u(tj+l))>

U .(t' 1,t') 0, (—1):u, o
+ZMZ<M%:X pr(7 l)’w%(fr+l)+¢r+1 ultys) )}+Z“lp, :XI+K,,IM%(§[_)

j=1 pj r=0

whnlp g ym=l o D)y
S ) (80 11) 9y (0)))

+ o —
Lo, (Pm¥n) =0

pmjam Wm%( )

PR (T )
Lo, (Pm (Y — 1))

m—1
T (5 YA ) 07 )

j=0
lI"jtlt) r—Pr\Yr—1)5¥r
4 Zl W%(pﬁﬂlfx Py 1)W%(tr+l)+¢r+](u(tr+l))>:|}’
J p &

where Q2 is given by (2.6). Taking the values c¢; and ¢; in (2.9), we achieve the solution (2.5).
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On the other hand, one assumes that u € &% satisfies equation (2.5). By taking the operator
H CDO"“ﬁ “¥ into both sides of (2.5) with (ii) of Lemma 2.4 and Lemma 2.6, it follows that

gk@t,jA ' k[lPV];k (t’tk)] gkgt:k ' k[\P‘/;k (t’tk)] k“P‘Ifj(th’t-/)}

H@Oic-ﬁk;‘l/kut — +
0D, ult) QT (P oL, (p(n—1) & p;

pi(l—1)+K;

LNNTRS U P irli = i—Pj\Yi—1):¥j
% {Z i X'y, (é ) Z (pj'ﬂt;xj pi(v; 1)’wj<%p(tj+l)+¢j+l(u(tj+l)))
i=0

Lo(pivi+K) =

P,(Yz 2)+k;

P o
oG [ aj+p;j(2—7)sy; .
+er1 pl Yi— >+K1) Z()(P &ﬁtf ‘%ﬂ<tj+1)+¢j+1(u(t]+1))>

U (14101 P
+ Z M Z (Pr‘ﬂlix’ pr(¥r l)’%%(l‘ﬂrl)+¢r+1(u(tr+l))>:|

L o A G S S (T)

Im

lP{ZLn T tm 3 —p;i(v—1):y;
- Fpm(Pm}’m ZO( %(IJ‘H)JF%H(M(UH)))

J
‘PYW,; (T,tm) m—1 o+p;(2=7)): ¥ i}
Fpm(u;)m(?’m 1)) {Z ( f B W%(tﬁl)"“i)jﬂ(u(ljﬂ)))

n Z Py, (1) A y (p,f p’(”‘”””"%(tm)+¢r+1(u(fr+1))>] }

j= p] r=0

PO Y )]
Lo, (Px)

_{_‘F)Ik@:ikaﬁk;w [pk‘ﬂ[lka;Wk%(t)]

XZ(p, PITIYA 510) + 01 (ult1)))
Hgakﬁk ‘Vk[l}ﬂ’k (

I_‘Pk( ( )
+Z ‘P% tj+]7t]

0
| [2 (o, 2 PV 1 10) + 95 l101) )

J=0

~—

5 (o AP T )+ brnlie) | =)

umﬁ

Next, we show that u satisfies the multi-point integral boundary conditions. It is easy to see
that #(0) = 0 and

pih—)+K;
M(T) _ {lPJV/’}’Dll(T,l‘m) n \P%*Z(ij) ”il ‘ij(lj+1,lj) }{i I'Lilpllli pi (gi,ti)
QL (Pm¥m) — QLp,, (Pm(¥m—1)) =0 Pj = Tp(pivi+x)
P (G=2)+x;
(&)
pl(% 1)+K)

i—1
% ZO (pj‘]t,% P; (Y )WJ,%”(IJ'_H) + Qi1 (u(tjzr)) ) + Z Fp
J: 1
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— v l‘ N
[Z( a;+P12 %) WJ%(IJ+1)+¢;+1 tj+1 >+Z Vi I;+l )

j—1
Z( = (1= )wr%a(tr+])+¢r+l w(tys1) > +Z“lp, FHRY (8

m*l mf
o —, Jom V(T — Py (Totn)
Pom

tm

PR (T )

Z (P.fjf;x'] P )%%(tjﬂ)"'d’jﬂ(“(tjﬂ)))
m—]lP (t; ,l“ j—1 B S

+) "’I(I;“J) y (p,ft:x’ pr (¥ 1),%(%0(@“)+¢,+1(u(t,+l)))
Jj=1 J r=0

Fpm (pm %71) j=0
‘P{Z;_I(T, ) ")

T o) Z(’) (p/_%j@*p/—(%l);w;ﬂtﬁl)+¢j+1(u(¢j+1)))
m mim ]:

m—1
) [Z (p %7’“)’(2 %) W/%(tj+1)+¢;+l(u(tj+l))>
Jj=0

+p jam Wm%( )

m Im

‘P%_Z(T,tm) m—1 o0 (2—7):w; .
JrlﬂP (om(Ym — 1)) j;) (p 2 %(tf+1)+¢’j+1(”(fj+1)))
YW (t41,t) /= I
+ Z % 2‘6 (p,fz,a' or(% 1)%%(%1)+¢r+1(u(t,+1)))],

Taking .9, ¥ into both sides of (2.5) with (i) and (iii) of Lemma 2.4, we have

Z‘ulpl K’w’ l

m l’Ll‘Pﬁ/l,( i— +Ki(§i7ti) m ui\PIJ,ii(%*Z)JFKi(éi’ti) i—1 lPV/j(tj-‘rl?tj)
i=0 QL (pi(% —D+pitk) SO e(n—2)+pi+tk) = P

szz

Pi ) i—1 .
y { y/, (51,&) Z (pj(ﬂt;"jfpj(?’jfl)sllf/%(tj_i_l)+¢j+1(u(tj+1)))
Y&

FP: piYi+ Kz) j=0

Pi(ti—2)+x;

p¥y " (Giti)
l—orpz(pz v—1)+x)

i—1

Y (o i P (1 10) + 95 (uty11)) )

j=0

= “P% tJHatJ a—pr(%—1);y;
+ Z p,fﬂtr %(IHI) + ¢r+1 tr+1
j=1 r=0

+Zuzp, T (&)

m—1 m—

_ O3 Y _ ajipj(yjil);lyj . . .
+ A AA ) =LY (0 A (1) + 0501 (ult21)))
lP%71—2(T tm _ a/er] 2 }/j) W] i
Ty (P (Y — [JZ(,) ( H(tj+1) +¢j+l(”(tj+l))>
IP 1) J !
+ 21 = ; Z < POV (10 +¢r+1(u(fr+1)))] }
J_ :
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Pl(Yt

m 1)+x; i—1
u;'P (&iti) aj—pj(yi—1);v;
BN A - tj
+er,(pz(%—1)+p,+r<,)]2;)<f’f i (f+1)+¢f“<”(f+‘>))
i—1

m WPM 2+r<,(§,,t,) o pi (27w
j o PN (t * i
+Z’Fp,(i)z(% 2)+pit+K) j;)(p/ (tj41) + 07 (u( m)))

g ‘(t' 17t')J_] - —1);
4y Sl Z(p,fzfx’ POV S (1 1) + @t (i) )

+ Zu,pl IV,

j=1 Pj r=0
where Q is given by (2.6). Hence, it is easy to show that u(7T) = Y." Ou,plﬂ:(’ V(&) + .
The proof is completed. U

3. MAIN RESULTS

3.1. Uniqueness Result under Banach’s Fixed Point Theorem. By Lemma 2.8, we define
an operator 2 : ¢ ( 7 ,R) = € (_ 7 ,R) by

(2u)(1) =
pi(=1+K;

lI]71!/§I<_1 (tvtk) + lP’V/];k_z(tatk) kil lP‘I/j (tj+1atj) i “llpl[/, P (‘Sivti)
QFPk (Pk(?’k - 1)) =0

QL (i) pj = To(pivi+xi)
pi(%—2)+K;
P g (&)
X Z (p, Fu(tivr) + @i (u(tj) )—I—er Pl(%—l)—i—lq)
© W (1i41,1))
2— % i+15
X [Z{)(pjja i+pi(2=7))s Vg, (tj+1)+¢j+1(u(tj+1))>+ 1%
Jj= -

j=l _
T (oI ) 9 0) [+ L b AT 4
r=0

| W) o o
—pm«ﬂfm’wmfu(T)—% ) <pj<ﬂ17’ pith )’%ffu(fjﬂ)+¢j+1(”(fj+1)))
m mim j=0

Wln— (T[ ) m—1 L
_ Yin yim +pi V)i g ¢, " .
1—‘Pm (pm('ym - 1)) [];) <pj£f JM(ZJ-H) + ¢J+1 (M(Z‘H_])))

m-l\y. (¢ b j—1 _ .
+ Z M Z (pr‘ﬂt:xr pr(% ])’Wrt(}\u(tr—i-l)+¢r+1(u<tr+1)>)] }

j=1 Pj r=0

Whl () k] oy,
=y (p,fz;x" pith )’%«%{(fjﬂ)+¢j+1(”(fj+1))>

jak ka +
) T (pi¥e) =

Tp

k

lpzﬁkiz(t’tk) T aj+p;(2=7):y,
m ;)(pjtﬂt/ ‘/ (tj+1)+¢]+1( (tj+1)>>

lP t-‘rl;t) r—Pr(Yr—1)Y¥r
n Z % Z() (prftf‘ pr%=1):v) Fultri1) +¢r+1(’4(fr+l)))] ,
j= =

where F,(t) = f(t,u(t),u(61),,, ,ﬂtf";w"u(t)) Observe that, the problem (1.1) has a solution if
k
and only if 2 has fixed points. Next, we provide the symbols of constants that will be applied
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throughout in this work. For ¢ € {m, j},
ajtpj(2-v;) Ofr Pr(Vr*l)

. P _ or

U B/ Vst o Py, (tjr1,1)) 121 (tr+1,tr)

j:ofp,(pj+aj+pj(2—vj)) = P ST pr+ocr pr(%—1))

A o= L(\P'/’m(T’tm) S lP‘I/j(t/””’tj) )
I\ Tp, (Om¥n) =5 PiLpu (Pm(Yn — 1))
o . a;—p;(v;—1)
Ay = T@(T’tm) L |.ui|lPl//ipi (éivti) T%_1<T,tm) m=1 ‘ij b (tj+1,tj)
Lo (Pm + ) P S (pi+ 0+ ;) Lp, (PmYm) =0 ij (pj +o;— Pj('}/j —1))
Pi(%—1)+k w
W Ta)AL B Py " (G s " ()
Lo, (Pm (Y — 1)) i—0 Lp, (pi%: + Ki) ; PJ"‘O‘J pj(yi—1))
p(%p?HK .
+Z |leJ‘P% b (Gt 7
= Tolpi(vi—1)+K)
o M
N Y R mf vy, 7 ()
Lo, (Pm+ Cn) Fpm(PmYm = Tp(pj+o—pi(yi—1))
+ i
L, (Pm(Ym— 1))’
— ?’m pilY pil)ﬂf,-
Ay = m¥y, (T, 1m) Py, T tm Z ]‘PV/] tJ+1’tJ Z i | ¥y, (Gisti)
Ly, (PmYm) Iy, (pm( =1 i—0 Fpi(pz'}’i + k)
Pi(hi—2)+K
+Z | Py, " (&) ’i J¥y;(tj1,1))
o Loi(pi %—1)+Kz) = TR
Ay = mWy, (T,t) " jPy,(t51,1))
Cou(Pm¥n) =1 Pilpu (Pm(Ym — 1))
- o Pi(%‘;?)“ﬁ
As = m¥y;, (T,tm) Z l|l»‘i|‘Pwi (&iti)

Lo, (Pm(Ym—1)) = Lo (pi(i—1)+1x)
Lemma 3.1. (Banach’s fixed point theorem). Assume that & C & is a non-empty closed subset,

where & is a Banach space. Then any contraction mapping 2 from & into itself has a unique
fixed-point.

Theorem 3.2. Let vy € 6€%(_7 ), where y(t) >0, k=0,1,2,....m t € ¢ and f € €( ¥ x
3 R), ¢, o; € €(R,R), k=1,2,...,m, and the following conditions hold:
(A1) there are real constants 1L; > 0 such that, for anyt € Z and u;, v, w; € R, i=1,2,

|f(t,ur,vi,wr) — f(t,uz,va,wo)| <L W _Yk(f ) (|lur — up|+|vi —va|) + Lo ¥ _Yk(t,tk) w1 —wal;
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(Ay) there are real constants I; > 0, i = 1,2, such that, fork=1,2,....,m,
k * 2—
| Br() — G (V)] ST (1 10) [ =], (67 () — 67 (V)] ST Wy ™ (t00) [u—v], 1€ 7 u,vER.
Then, problem (1.1) has a unique solution on an interval ¢ provided that
P +P <1 (3.1)

where | .= (A1A2 +A3>(2L1 +‘Pf’”L2), D, = (A1A4 -I—A5)]11 + (A1A6 +mlPZm)I[2, and

Om

gon .- V) g, 1
Fpm(pm"‘(fm) Fpm(pm(ym_ 1))

Proof. Clearly, problem (1.1) corresponds to a fixed-point problem, that is, u = Qu. Then, we
show that 2 has a fixed-point by the Banach’s fixed-point theorem. Now, we suppose M :=
supye g [ £(2,0,0,0)], My := max {¢(0) : k= 1,2,...,m} and M :=max {¢;(0):k=1,2,...,m},
and %,, is a bounded, closed, and convex subset of &, where %, :={u € & :||u|| <ri} and

> (A1A2 —|—A3)M1 -+ (A1A4 —|—A5)M2 -+ (A1A6 -+ m‘PZ’")Mg + A4 |,£Zf‘
B 1— () +Dy) '

r
Firstly, we show that 2%, C %,,. For any u € %,,, we obtain

W (1) (2u)(1)]
pi(vi—1)+K;
Py, (1,1;) +"*1 Wy, (tjr1,t)) U TH SRR (N )
Q| Tp, (Px k) =0 Pj 1Q|Tp, (P (% — 1)) = Tn (piYi+ &)

Pi(%—2)+K;

, i e isli
CE (o st + £ e TG

i—1 ¥
X{Z <pjjaj+pj(2 7)) %‘Ju (tjr1)| + |07 (ultjsr) ‘)_,_Z Py, Tj1,15) (tjy1,1))

= 4
X Z ( OOV Z (1)) (91 (1) )} +Z il TV Zu(8)]
M Py~

Z (ij’;x]

Lo, (Pm¥m) 125
[+, I | FulT)

| Z )+ 0y 1))
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_|_

W () [ @+, (2—7)):v;
Fpm(pm(’)/m_l)) |:];0 <pif Y }/ lj+1 ‘+}¢]+l t]+1)>‘>

m-l\y. (. N -l — —1);
+Y Py, t11:1)) y (Wﬂ,fx’ 1=V Z, (141)) +|¢r+1(u(fr+1))|>} }
=

p] r=0

N 1t k—1 A vi—1) v
AT (5, 2P )| oy ) )
k j=
k—1

! o +p; (2= ¥
B B + (t
+Fpk(Pk(Yk—1)) Lzb<”f | Zultj)]| + 9711 (u J+1))}>

PG e
n Z M Z (pr(ﬂl;xr pr(—1)sw, |ﬁu(tr+l)| + |(pr+1(u(tr+]))|>:|

j=1 pj r=0

W (1,10, I ) (3.2)

It follows from Lemma 2.4 (i) that

| W2 (T, 1)
2 ;
Py (1 {pkf ¥ u(r))| Spkft;" ) (@) lull < m” ull 2 - (3.3)

Thanks to (A1)-(Ay) and (3.3), we obtain that

and

(O] < |f (&), u(01), 77 P u(t)) = £(£,0,0,0)| + | £(#,0,0,0)|

<Ly, " (t,00) (u(e)| + [u(00)]) + Loy, (1,1 }pk IIVeu(t) |+ M,

m 34
<[ 2L;+ Y45, (1) Lo | ||u||+M oY
>~ 17T /7 7 — 2 u 1

1_‘pm(pm—i_ )
= (2L + ¥ Lo) ||ul + M,

|Or (e ()| < |@nc(u(tx)) — dx(0)] + |9 (0)]
< ]IllP (l‘ tk) |u( )| + M, 3.5)
< Tiful| + My,

|0 (u(te)] < |95 (u(t)) — & (0)] + 9 (0)]
< LWy, " (t,10) |u(r)] + M (3.6)
< T |ul] +Ms.



16 K. MARISA, T. CHATTHAI A. APHIRAK, K. JUTARAT, S. WEERAPAN, W. SUDSUTAD

By substituting (3.4)-(3.6) into (3.2), we obtain

() (20 ()|

Pi(ti—D+K

< lPlI/k(tﬂtk) =l lPV/_/(tj+17tj) - ‘.ut|lpl//, g (éivti)
QLo (pen) P 1T (o —1) | | & Tolpivi+ )

x Z <p, S PITIY(1) 150) | (20 + W L) ]+ M +H1||MH+M2>

pi(ri— .)
+i | Py, 7 (&)
i=0 FP,-(Pt(Yz —1)+x)

Y ( P PCTII (1) 1741) | 20y + W L) ] + My | + I ]
j:

v l‘ 1,07)
+MJ+XJW’H ’Z( “”>WUWHWQM+T?MWM+M@+MWH

j=1 P

plo=lop 4 ym_l 1)y,
+ W Lo) ||+ M +r‘j"(p(y)) )3 <p,-ftf‘-’ POV (1) 17,1) [ (2L + 97 Lo) ] + B
m \Pm fm 0

J=
Wi (T,h,) [
[y, (Pm (Y —1)

+Z|u,|p, Y (1)(&) | (2L + W L)l + My 7|+, F0 Y (1)(T) | 2Ly

14 Ju] +M2> T (n,.f,,‘.‘f“”( (1) (t711) | 2L+ $PLo) ] 4+ M

(t 1,t) -l P
+ﬂ2||uu+M3>+Z Pultiaty) Z(%f‘f POV (1) (111) | (2L + @7 Lo) ] + 1 |
r=0

-NMM+MQ } Zntm)fwwumﬂ@M+wyhmw+Md
B (P01 00) 2L+ )l 0 o+
Fpk pk}’k j=0 p, ! *
|}, A (L) +PL M| +L|Jull s + M
e yk_l [2( (1)(t41) [ (2La +¥91Lo) ] + M | + | s + M
SIRSAUIEIR —pr (1) s

) S Z Y (1) 1r11) | @Iy + L) ]+ M T ] + M
j=1 J r=0

From Lemma 2.4 (i), it follows that

W 11) (20) 1)

‘Q| 1—‘Pm (mem) j=0 pj |Q‘ Fpm (pm(Ym - 1))

< {(2L1+‘Pf’”Lz)HMH+M1}{[

&K @=Pj(¥—1)
[ lPl% (T,tm) O |l lPl,ll, (éz,h) T’l;'/',l,;l (T, 1) "= ‘Pu/j g (tjit1,t7)
Lo, (Pmtom) S Tp(pi+aitii)  Tp,(Pm¥n) = Tp,(pj+j—pi(v;—1))
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@j+p;(2-1;)
Wi (T ) (ml Py, 7 (taty) Sy (1,15)

+

%P1

i a, plr)i}’rfl) (t o, ' Pi(?’i;i') z—l ” 5 .

Z r1,1r) > i Z || ¥ (Giti) Z v (tj+1,17)

=0 r+0‘r pr(r—=1)) = r‘p,(PzYz‘f‘Kz S0P+ aj—pi(v;—1))
pilti-2) 4 AL Lt/

ool Wy P (Gn) <il Py, T () v (1jr1:17)

5 Tolpi(v =)+ 1) \ S Tp,(pj+0i+p;(2-7)) ,_1 pj

ar—pr(yr—1) a;—pj(y;—1)
R 2, e wy P
« 4 lPlllr (tr+1atr) )] lPl//m (T7 tm) T tm Z W, (tj+1 ’tj)
—0 Iy, (pr+ o —pr(y,—1)) Iy, (Pm+ Oy) Fpm (pmym j:() P] +o;— Pj(Vj —-1))

P (2=1))
1 (’”1 Wy, & (ti+1s) m LW (141,1))
Lo, (om(n— 1))\ S Tp,(pj+aj+pi(2—7)) = p;
. ar—pr(yr—1)
X’_l Py, " (r1sty) ) N {m‘P?ﬁ’ ((Tow) | (T tm) "’i‘j‘l’w;(fj+1’fj)
r=0 FP;-(pr+ar_pr(7r_1)) Fpm(pm%n) Fpm(pm(’}/m_l)) j=1 pj

+

pi(y;—1)+x

iy, P (Git))  m¥y, (T,tn) "< ¥y (te))
+Z r TR r X T, j —j1 {M”||+M2}
i=0 Pi(pz%+ Ki) Pm (Pm'¥m) =1 Pt pm (P (Y — 1))
Pit—2)t;

+Z|“’ " (5f”i)iijwwf(t/+hfj)H Yy, (Totm) S Wy (101) ]
= In pl(%_1)+Kz) j=1 Pj |Q|Fpm(pm'}’m) = pj|'Q‘Fpm(Pm(Ym_1))
D pilli—2) 7K
[ m‘P% (Ttm) AT Pi (éi,l‘i)][ W, (T, ) m—1 \ij(tj+17tj) :|
Con (Pt = 1)) * 5 Ta(piCr =1+ %) JLIIT,, (omtin) * 55 23121 (o1 = 1))
G|y (T,ty) "= || Py, (41,8
TR — {112||u||+M3}+|‘v¢ |7 | Py, (tj41,1))
Lon (Pm(')’m - 1)) |Q|Fp’" (Pm')’m) Jj=0 Pj ‘Q‘lrpm(pm(ym - 1))
= {@L1+PI"Lo)|ull + My }{A1Az + Az} + {TnfJul + M2} {A1As+As }
+{Llul| + M3 }{A1As +mPL"} + Ay |27
{(A1A2+A3) (2L} +¥I" L) + (A1 A4+ As)L; + (A Ag +mPI) L }ry
H(A1A2 + A3)M + (A1 A4+ As)Ma + (A1 Ag +mPT )M + Ay || < 1.

IN

Then || 2u|| < ri, which yields that 2%, C %,,.
Next, we demonstrate that 2 is a contraction. If u, v € %, andt € / , then

(100 (2u)(1) = (0,0 (2) 1)

Pi(Yi—D)+x

‘P‘Vk(t?tk) +k71 Lpllfj(tjﬂ’tj) 4 LLLJ‘PWI g (éhtl)
QLo (p%) S P |1 Tp (o —1) | |5 Tolpivit+x)
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x Z (p, P 10— Bl b (i) —¢j+1<v<rj+1>>!)
pi(%i—2)+K;

il Py, " (Gt [ aj+p;(2-7))w;
+Z r‘p pw(’y_ 1)—|—K') Z() pjj// 7 J) Y |</’u t]+1) ejv(lj+1)|
i \Pil /i i =

L (Fi41,t
+|¢;+1(u(t/+l))_¢7+1(V(l‘j+1))|>+Z%(tJJrltJ)

&
xZ(p, bl ‘”'|%<rr+1>—%<rr+1>|+¢r+1<u<rr+1>>—¢r+1<v<rr+1>>|)}

+Z|Ml|p, i ZUE) = FuGl  p, A | Fu(T) = Fu(T))

m—1 _
qﬂl;’m (vam)ij( g %Pi=)
Lo (Pm¥n) =% Pl

Wi (T 1) {m—l( @it
Yin rIm p;j(2=7):v;
b m v _f AR A (; F(t;
Ly, (Pm(Yn—1)) ]_Z_ pj | Zultjsr) = Fultj1))]

VI Fultjin) = Fultien)]| + 0501 (wltjen)) — 9511 (V(tj+1))|)

* qu t+]’t r—Pr (Y —1);yr
+ ’(Pj-'rl (tj41)) = 0711 (v(tj41) ‘) + Z —Hm Z (p,ft;x priv L)y | Fultrs1) = Foltrs1)]
j=1 r=0

tl (yi—1):w;
1 (utr1)) = G (V(1r11)) |> Pyl (,),ﬂ PO Z(100) — Pt
Pka j= 0 !
4y kij j a;j+p;(2—7)); W"J ) f(t- 1)‘
Tp, (Px }’k—l)) Pi U T
)+ 1

H @1 (u(tj1)) — i1 (v(tj+1))]

Wy (tj41,t —pr(%m—1);
+Z ‘/’/ 1+1 J) Z (Pr‘ﬁl‘f‘r pr(n 1)’Wr|ﬁu(l‘r+1)_ﬁv(l‘r+l)‘

j=1 r=0

HO7 g (utjr1)) = @7 (v(tj41))]

Gy (Wltre1)) = Gy ()] }w (1.1), S5 | Z (1) — 2,0)]. (3.7)

It follows from Lemma 2.4 (i) that

i S ) (0] < ], 68)
From conditions (Aj)-(A;) with (3.8) again, one has
[ Fu(t) = Fu(1)] < ’f(t,u(t),u(Gt),pkf,g"”"ku(t)) f(e.v(t),,v(61), ff" Ye(r))
< Loy, (00 (Jule) = v(0)| + [u(6r) = v(01) 39)
+1LoWy, (1,10, 72 [u(r) (1)
< 2Ly + ¥ Lo) [lu— vl
|0u(u(te)) — 9 (v(te))| < TR ™ (1,0) () —v(0)| < T|ua— ], (3.10)

and

¢ (ue(t6)) — 95 (v(1x))| < Ty ™ (2 81) u(t) = v(1)] < Tl = vl G.11)
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Substituting (3.9)-(3.11) into (3.7), we have
)\yz (1, 10) (2u) (1) — W2, zk)(gv)(;)\

Wy, (Ttn) S Py (t101)
- |'Q'| Fpm (pm?/m) j=0 Pj |Q| Fpm (pm(%n - 1))

pi(l=1)+; %=~
m g P i i—1 Wy Pj fiitot
oy e St Z( v ) (2L1+‘Pi""Lz)llu—VH+H1Hu—VII>
5 Talpivit+x) S \p(pj+a—pi(vi—1))
Piti—2)+K; j+pj(2=))
m |.u1 Pi (ghti) |:i—l< qu. Pj (tj+latj)
+ ’ 2Ly + WL flu — v + Lofju—v]|
Z o Loi(pi %—1)+Kz) ,Z() Lo (pj+aj+pi(2=1))

ar—pr(yr—1)

LW (figq,t) A=) Wy 7 (st
+Z lll/(]+1 J) Z <F Y ( +1 ) (2L]+TgmL2)||M_VH+H1HM_VH>:|
Pr

j=1 Pj (orta—pr (v —1))
K om
2wl Wy (Gt Py, (7,1
+Z "u | Vi (5 ) (2]141 +\meL2)Hu7v|| + Wm( ) (2]14 +"PG'"LZ)HM*V||

S0 (pit+ i+ x) Ly, (Pm =+ )

@=Pj(¥—1)
Pl N(T,1,,) ml( Yy, 7 (tit))
Fpm (mem) j=0 Fp_,' (pj + a;— pj(yj - 1))
aj+p;(2-7;)
WY (T, ) [M( Wy, " ()
L, (m (Y — 1)) Tpi(pj+ 0+ pj(2=17)))

ar—pr(yr—1)

Y (t41,25) I < Yy, 7 (151 ﬂ
+ J r 2Ly + WO o) ||lu—v|| + Ty |lu—v
Z o LS oo 2)llu vl +Liflu—v]

a;—p;(y;—1)

Wy, (T, 1) " Wy, (1))
Fp]

(Z]Ll —i—‘Pf’"Lz)Hu—vH +]I1 Hu — VH>

2Ly + W2 Ly)||lu— v|| 24 + La|ju—v|| ,zzp)

- 2Ly +¥OLy) fu—v]| +1 u—v>
Lo, (Pm¥m) 1= '(pj+aj_pj(')/j—l))( 1 i IRR I
1 m_]< Wy, 7 ()
+ - 2L1+1P*O-mL2 u—v —|—]12 u—v )
L, (Om(Yin— 1)) [Z ij(Pj+(Xj+pj(2—}/j))( Il I I I

ar—pr(w—1)

lPl[l (t +17t) ¥ A o (tr+17tr>
Hy Tl (S L+ Le) v+ )

j= Pj (or+a,—pr(v—1))
anz+2 Yin
Yo (T,tm)
. 2L ‘PG’”]L —
e gy L+ ¥ L)l

= [(A1A2 —|—A3)(2]Ll —|—lP*O-mL2) + (A1A4 —|—A5)H1 + (A1A6 —|—lP3:m)H2} ||M — VH

It follows that || Qu — 2v|| < [®) + D;]||u — v||. Thus £ is a contraction. From Lemma 3.1,
we see that (1.1) has a unique solution on ¢ . ]

3.2. Ulam’s Stability Results. In this section, we study some types of Ulam stability of prob-
lem (1.1). We first introduce the concepts of Ulam stability for problem (1.1). Suppose that
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@ € €(_7,R") is a non-decreasing function and € > 0, ¥y > 0, z € &, such that, for each
t€ Zi, k=1,2,...,m, the following key inequalities are fulfilled:

p gcgtafﬁk;llsz(t)—f(t,z(t),Z(Q;),pkf(zk;ll/kz(t))‘ <e,
k
ftgk(z—n);wz(t,j)_ Lo SIS 267) — delal ))’ <e. 5.12)

By
RLﬁDpf(Yk_l);WkZ(tk) RL ka H(We—1= 1)W1 ( o) —op (z(t ))’ <e,

Pik—1

L Pk I Pi—1 tkl

gpt‘;‘fﬁk;"’kz(t) — f(t,2(t),z(6r)
k‘ﬁtkﬁk(z_m;wz(tk ) —

I ZM(0)] < 00,

ij 1(2=%=1): Vi1 2(67) — o (2t ))) <, (3.13)

o

E}@ff(nfl);vlkz(tk) L 11— 1)W1 2(t) — o (2l ))‘ <z,

Pr—

\ k Pit lk 1
BDUPL(r) — [(1,2(1),2(61) , 77 "2(0)) | < 0(0),
(ﬂtgk(Z—yk);lllkZ(t:) —1¢%tkpkll(2 Ye1)iVWk—1 ( )—(Pk(Z(tk))’ < ey, (3.14)
DRIl =5 O I a() — g eln))| < e

Definition 3.3. Problem (1.1) is said to be UH stable if there exists a real constant € z > 0 such
that, for any € > 0 and z € & of (3.12), there exists u € & of (1.1) such that |z(¢) —u(?)| < €z €,
te 7.

Definition 3.4. Problem (1.1) is said to be a GUH stable if there exists ® € ¢(R*,R") via
©®(0) = 0 such that, for any € > 0 and z € & of (3.13), there exists u € & of (1.1) that satisfies
|2(t) —u(r)| < O©(e), 1€ 7.

Definition 3.5. Problem (1.1) is said to be UHR stable with respect to (x,®) if there exists a

real constant €z @, > 0 such that, for any € > 0 and z € & of (3.14), there exists u € & of (1.1)
that satisfies [z(1) —u(t)| < €z o, e(x +O(t)),t € 7.

Definition 3.6. Problem (1.1) is said to be a GUHR stable with respect to (x,®) if there exists
a real constant €z g > 0 such that, for each z € & of (3.13), there exists u € & of (1.1) that
satisfies |z(t) —u(t)| <€z @, (X +0O(1)),t € 7.

Remark 3.7. By Definition 3.3-3.6, we see that: (i) Definition 3.3 = Definition 3.4; (i) Defi-
nition 3.5 = Definition 3.6; and (iii) Definition 3.5 = Definition 3.3.

Remark 3.8. If z € & is a solution to (3.12), then there exists w € & with a sequence wy, for
k=1,2,...,m, which depends on a function z such that

0wl <e ml<e. re g

(i) BEDHPW2(t) = £(1,2(0).2(810),, 77 2(0) +w(0). 1€ 7

) p 2P AP () o, 1 S

(iv) Grop™ el - HSE@?" Y1) = g7 ) + i 1€ S
k k—1

Remark 3.9. If z € & is a solution to (3.13), then there exists w € & and wy fork=1,2,...,m,
which depends on a function z such that
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(@) W) <O), [wil <x. 1€ 7;

)
(i) DR ViR(t) = F(2.2(0).2(00), 5 ST Va0) + (o). 1€ 7
(lll) pk (2= 7)) Wi (t ) k71’jtkpkll(2 Yie— 1) WYi— IZ(tk_) :¢k(Z(tk))+Wk§
(iv) E}@Pk %—1) (t ) — H;}lgpk 1 (1= 1)5 W1 2(t7) = ¢ (z(t)) +wp 1€ 7.

noy

Remark 3.10. If z € & is a solution to (3.14), then there exits w € & and wy fork =1,2,...,m,
which depends on a function z such that

(i) |W()|<8@(), wil <ex, 1€ 7;

(ii) H@ak’ P¥ier(t) = f(1,2(), (Ql)apkfck;wz(f))JrW(f)’ re g;
(iii) p 7 (2= %) Vi (tlj) ‘ﬁtpk 12=%—1)iWk—1 2(t7) = O(2(te)) + wies
(iv) %}@pk %—1); ‘I/kz(tlj—) 5}19? 1(Ye—1—1)5Wi1 ( ) = ( (1) +wi, t€ 7.

3.2.1. UH Stability Results.

Theorem 3.11. Let oy € (1,2], B € [0,1], px € RT, ye = (Be(2px — o) + &) /P Wi € € (7, R),
where y, >0, k=1,2,...,mand f € €(_# xR3R). If assumptions (A1)-(A;) and inequality
(3.1) are fulfilled, then problem (1.1) is UH stable

Proof. Let z € 7% be a solution to problem (3.12). Under the conditions (ii)-(iii) of Remark
3.8 and Lemma 2.8, we obtain

( Hgakﬁk;‘l/kz(t) :f(t Z(l) Z(Ql‘),pkfck;wz(f))+W(f)7 l‘;ﬁl‘k, k=0,....,m

usgL@pk(Vk D):¥i o) — Bl pPt- 11— 1) Yl2() = dule(B)) Fwi k= 1,...,m

Pr—1 ’k . ’
2— 2—
jpk( Yi)s V’kz( ]j—) k—leﬂtkpkll( Yee1)s Vi1 ( o) = 07 (2(0) Fwi k= 1,....m,
z(0) = Z“lpz CV &)+, &€ (i)

\

Observe that

pi(=1)+k;
-1 —2 — m i
A1) = \Pgl/];k (2, 1) 4 \P)l;];k (t,1) k{*’l lPllfj(tjﬂLl’tj) Z .ui\Pwi P (&i,ti)
QL (Peve) QL (Pe(¥c— 1)) =0 pj = Tolpivi+x)

Pt()’l 2)+k;

X li ( PV g (tix1)+ 0ip1 (2(t >+Z 7 (&)
= Py Z\tj+1 j+1 ]+1 Fp, p,(y )+Kl)
i—1 4 (D— ) —1 (t ¢ )

) * +15

[Z (pjj[;%ﬂrp,( 7)) %ﬁz(tjﬂ)+¢j+1(z(;j+1))> + M
=0 j=1 Pj

j—1

Z (prft:xﬁpr(yﬁ1);1//,54}(”“)+¢r+1 2(try1) )] +Z.ulp FITRY g (&) +
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¥ g Wi (Ttm) ) (1= o
onTin " FT) = To, Omt) ZZ) (pjft_, ' Fo(tjr1) + ¢j+1(Z(tj+1)))
m j:
$’ (T, tm)

a/+p,(2 V)i
Fpm pm

EACRER CURY)

( o —pr(¥r— )§erz(tr+l) +¢r+1(Z(tr+1))):| }

‘P"k’ (t,1) K (s

W VoK PiYi=13¥) g (. i )

Lo, (Px%) jg(’)(pj g JZ(IHI)+¢’H(Z(IJH)))
\PYk*Z(t %) k—1 P

oW DR o+ 2=V g (o * .
i1 5 (0% i)+ 9 Clti)

Y (tig1,85) o (—1):
+zi*”f — z(p,f,, pr ‘“”'ﬂz(rm)+¢r+1<z(r,+1>>)}
J r=0

m—1 lIle tj+17tj

(%50

+

Fp I ST +

Pi(vi—1)+K;
n ‘P)&:l(t,lk) n ‘P)‘l/ﬁk t lk Z tJ+l7t] i,u,-‘l’wi bi (&iati)
QL (px%) QL p (Pr(¥k = Tp(pivi+x)
pi(%i—2)+K

Xli( fajipj(yjil);% (tjv1)+w )—‘rz ‘LL,'lPW, i (8.1) [lzl ( a/+P1(2 V)W) wi(tjs1)

i i 1 1 1

=R PR T B T (= D)+ ) [ =)\ =+
4 t+1>t ) ;
+Wj+1> + Z % Z (pr] oY) +Wr+1):| +Z”’Pz STV (E)
J r=0

. ‘Pyr:ln I(T,l‘m) m_] ai—pi(yi—1):y;
_pmftf:m’wmw(T)_m )y (P.fjf./j Y jW(tj+1)+Wj+1)
m j:O
W (T ) [m‘

m—1 @ .(f' I')
S Iy o+pj (2=, Py, (1j41,1))
Fpm(pm('}/m—l)) ];0 (p.f%/ (tj+1)+W]+1)—|—

j=1 pj
}’k —
—pr(r—1);9r \P t 1) 0‘/ P (Y =1):; . .
X Z (pr W(’r+1)+W’+1)}} FPk P Ye) E ( W(f./+1)+W./+1)
. lPykiz(l‘ l‘k) k=1 ai+p;(2—7):v;

ARl Wk ’ 7% Pjl2=Y) V¥ . .
o e+ Lo (Pe(n—1)) jzb(pj g W(t']+1)+W]+1)

1y l‘ 1,1 )-.71 _ 1.
+ Z WJ J+ Z (pfj[fcr pr(v 1)’Wrw(tr+l) +Wr+]> :|7

pj r=0

fort € Zi, k=0,1,...,m. Next, thanks to Remark 3.8 (i ) and (A)-(A;), we have

W (1) () —u(®)| < [(ArAa+A3) QLo+ ¥ La) + (ArAs + A5+ (ArAe + PT)] 2= u]

pi(l—D)+K;

Yy, (T, m=1 Wy (tjt1,t) UNNTTHL S il
te ( m) +Z 11/_,(/+ 7) Z“” v; (&isti)
‘Q|Fpm (pmym) j=0 pj‘Q|Fpm (pm(ym - 1)) i=0 FP:‘ (Pi%‘ + Kl)

j*P};(lV./* ) PiG=2)+x;
le( qj% J ([,‘+1,t] P

|.ul (éi’ti)
+
S\ (pj+aj—pi(y;—1)) ) prl pz%—l)+1<i)
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‘ wp{’%w 1 o —pr(1r=1)
X [IZI < Wy, 7 (i) +1> N - M/Z < Wy, " (fent) +1)}
Jj=0 Lp(pj+aj+p;(2—7)) = pj ZA\ T, o+ 0 —pr(r— 1))

oK m aj—p;(vi—-1)
+Z WS (Ents) Wor (T, tm) \I‘%*l(T,tm) m—1 ( ¥y, pj (tjv1,1)) N 1)
1—‘p, Pl—i-Otl—i—K}) Fpm(pm+am) Fpm(pm'}’m) j=0 Fp_,-(Pj'f‘aj—Pj(}’j— 1))
a;j+p;(2-))
W, (T, 0) [Z ( ¥y, 7 () ) . Z Wy, (t51,)
Lo, (Pm(tm —1)) Lpi(pj+aj+pi(2—75)) pj
ar—pr(yr—1) Gm 4o g

=l Wy, " (tegrty wor ) Wy (Tt
XZ( Yr ( +15 ) +1>:| +e Yin ( ) )+ Wm( )
= \Ip,(pr + 04— pr(7: — 1)) Lo, (Pm + On) Lo, (Om¥m)

a;—p;(vj—1) @j+p;(2-1;)
Xm1< Py, 7 (t1t)) +1>+ 1 {’" 1( Wy, 7 (1) +1>
Lo (pj+oj—pi(yi—1)) Lo (Pm(Yn— 1)) L = \Tp; (P + &+ p;(2—7)))

or—pr(yr=1)

N Z Py (31,85) o Z <r,,,lp% " (t1ty) ; “)H

pj (pr+ar pr(?’r_l
= [(AlAZ +A3)(2L1 + P27 Ly) + (A1As + As) + (A1Ae + ¥ ||z — u
+€[A1(A2+As+Ag) + Az + As +mPL"]

= [@1+Do]llz—ul + €[A1 (A2 + As+ Ag) + Az + As + mPL"],
which implies that ||z — u|| < € z¢€, where € # is given by
A(Aa+As+Ag) + A3+ As —I—mlPIm

1— (CI)I —{-(I)z) '

Thus problem (1.1) is UH stable in &. [

Cqx =

(3.15)

Corollary 3.12. If O(¢) = € z¢€ and ©(0) = 0 in Theorem 3.11, we obtain that problem (1.1)
is GUH stable.

3.3. UHR stability results. To ensure UHR and GUHR stability results, we give the following
assumption:

(IP1) There exist a non-decreasing function ® € ¢’(_#,R) and a positive real number Cg > 0
such that, for any € > 0, pkfa" YO(r) < ¢eO(t),

and denote by A7 := Y7 ;|| +1 and
m\Py/m(Ta tm) m | j\Pll/jUj—i-latj)
1—‘Pm (pm'}’m) j=1 pjrpm (pm(Ym - 1))

Ag =Wy, " (T, 1) +

Theorem 3.13. Let oy € (1,2], B € [0,1], px €R™, 1 = (Be(2px — o) + o) / P Wi € €( 7, R)
where y, >0, k=1,2,...,mand f € €(_# xR R). If assumptions (A1)-(A;) and inequality
(3.1) are fulfilled, then (1.1) is UHR stable with respect to (),0) on ¢
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Proof. Let z € & be the solution to (3.14) and u € & be the solution to problem (1.1). From
Theorem 3.11, of Remark 3.10 (i), (A1), (A;), and (IP), we have

W 100 (2(r) — (1)
< [(A1A2+A3) (L1 +¥9"Lo) + (A1As + As)Li + (A1 As + BT L |||z — u

+e{w"’m(T’t’") +nf AR ))}{%@(r)(%” L)

1Q[Tp,, (PmYm) =0 Pl p,, (Pm (¥ — 1 Lo, (Pm¥m)
2 1 pi(vi—1+K; pilvi—2)+K;
m— m—1 3 m ; pi m pi
+ \PWm (Tvt’n) Z JlPlI’j(thrl’tj) +Z l|.ui‘lPlV,- (giati) + Z |.ui‘lPlV,- (évtt’)
Lo, (Om(vn—1)) 1= P; 2 Tolpivi+ ) 5 Do (pi(Yi— 1)+ %)
X - pi(1i=2)+%;
il (t St W T,tm LCy l'lP A irli n
XZJ W/(]"rl ])+ m Yin ( ) Zl|tu’| Vi (5 )+Z“Jl‘+1>
- ” | pi(%i—1)+K
m— 'm m— . m : Pi
_i_%(m\PV/m (T,tm) Yy, (Tafm) Z J¥y;(tj11,1)) n Z i| iV, (&iti)
Fpm (pmym) FPm (pm(Ym - l)) j=1 Pj i—0 F,D;(pl%+ Ki)
pi(i—2)+K; 2 pi(1=2)+k;
m pi i—1 5 m— m 3 pi
S |ui|¥ (&i,1i) Zl J¥y;(tj11,1)) N mWy (T 1) iy i| [Py, (ém))
= To(pi %—1)+Kz) = p; Lo, (Om(in—1)) 5 Toi(pi(vi— 1) + K3)

m m¥, (T,ty) "=l ¥y (tjs1,t))
+8{%®“)<Fpm<pm<ym—1>>”’2 ) o T B o o))
+x< Ly, (Totn) NS Ty, (01) >}
Lo, (Om(n=1))  Tp,(om¥m) =1 PiTp, (P — 1))
= [(AiA2+A3)(2L1 + ¥I"Lo) + (A1 A4+ As)Li + (A A+ PIM L] ||z — ul|
+e{A1[Ce®(1)(As+ As+ A7) + X (As+ Ag) | + CoO) (P + Ag) + 1 (mPL" + As) }
(@1 + D)) ||z— ul| + {A1[Co(As+ As +A7)+A4 + Ag]
+Co(mPT" + Ag) + m¥PI" + As }e(O(t) + x).

IN

It follows that, ||z —u|| < €z g, € (@+ ), where

A1[Co(Ad+Ag+ A7) + Mg+ Ag] + Co (mPL" + Ag) +mPL" + As
1— (D + D7) '

Cro, = (3.16)

Hence, (1.1) is UHR stable with respect to (),0) in & O

Corollary 3.14. By setting € = 1 and ®(0) = 0 in Theorem 3.13, we achieve the designed
problem (1.1) is GUHR stable.

4. NUMERICAL EXAMPLES

In this section, we provide two numerical examples to support our main results.
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Example 4.1. Consider the nonlinear impulsive (py, Y )-HFP-IDE-MIBCs:

( k+6 k+3 6—2k.

1,;151@ SRy = £(t,u(t), u 0. 3t),k+21f5 V), t £, k=0,1,2,

2— 2— _
kJngl ijJrS( ’Yk) " (tk ) szr(%Otﬁt]f+14( " 1) " <tk ) k( ‘(tk))7 k 1723
4.1
©k+5(7’k D:¥i (tk ) k+2o@k+4(yk 1= Wiet (t];) = (b,f(u(tk)), k=1,2, 1)

no
6 Z 3 i3 2041
\u(O):O, M(§>_Z<4l+4)k+21cfts ( 5 >+2

Let o = (k+6)/5, Br = (k+3) /6, pr = (k+21) /20, y = (k+2 — (k4 1)e~*+21) /(2k+3),

= (6—2k)/(5—k), tr = 2k/5, for k =0,1,2, with 6 = 0.3 and T = 6/5. The parameters
of the boundary conditions are provided by w; = (3—1i)/(4i+4), K, = (i+3)/(5—10), & =
(2i+1)/5,i=0,1,2,and o/ = 2. By using all parameters, we can compute that Q ~ 0.4481898,
A1 = 0.5602552, Ay ~ 0.1642033, A3 ~ 0.0984347, A4 ~ 0.1525212, A5 ~ 0.0981496, and
Ag =~ 2.9626091. The nonlinear functions are constructed as follows:

() — 2 6%y, (1,1 w@))  v)
w00 = & in)+ o (Shihes T 3)
(3—20)Wy, M (t,1) ()]

CE27 3w +2’
St +1

Oulut)) = 5, g W (6 wuln) + sin(ary),

k+21
20

and

For any u;, vi, w; € R, i=1,2,and t € [0,6/5], we find that

. (8 ) u(ty) + cos ().

2 3
£ (tsurv1,w1) = £ (02, v2,w2)| = W (1,80) (5 (1 =z vy =val) + 5wy =)

5
00— 0u0)| = 5P M)t — sl 107 (1) — 9u(0)] = 5 ¥ 0,1 ]

It is noticed that conditions (A])-(A) are satisfied with L; =2/7, L, =3/8, [} =5/12, 1, =
3/20, Yom ~ 0.0868959, and Wi ~ (0.9481016. Then, we have ®; + P, =~ 0.7249261 < 1.
Since, all conditions of Theorem 3.2 hold that is (A})-(A;), and ®; + P, < 1. Thus problem
(4.1) has a unique solution on [0,6/5].

Next, we show that Ulam’s stability results for problem (4.1). From (3.15) in Theorem 3.11,
we calculate the constant €z ~ 14.2872548. Hence, problem (4.1) is UH stable on [0,6/5].
By applying Corollary 3.12 with ©(¢) = € z¢€ and ®(O) = 0, we conclude that problem (4.1) is

GUH stable on [0,6/5]. Finally, by setting O(¢) = ‘Pwk (t,1) in (1), we see that

%
Lo (5 +p ) POk (1) A
pk(zkpk) v ( k)‘P;}Z‘(t,tk)< max
Fpk(§+Pk+ak)

]O‘kﬂlfk(at <
f (®) T k={0,1.2}

Pk

O
Tp, (5 +px+ ) ’
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which yields that €g &~ 0.1274595, and A7 = 25/12 and Ag ~ 0.746402792. From (3.16) in
Theorem 3.13, we see that € 7 g , ~ 16.1689904. Thus problem (4.1) is UHR stable on [0,6/5].
Moreover, by using Corollary 3.14 under ®(¢) = €7 g€ with € = 1 and ©(0) = 0, we see
from by Corollary 3.14 that problem (4.1) is GUHR stable with respect to (), ®) on [0,6/5]. In
addition, we present the graphical representations of ®; + ®, under oy € (1,2] and B € [0, 1]
for k € {0,1,2} in Figure 1. The relationship between values oy, B, Q, A;, i =1,2,...,6, and
®; + P, as shown in Table 1.

FIGURE 1. The condition ®; + &, of Problem (4.1).

TABLE 1. The values of 1y, Y5, 13, and Y4.

O

Br

Q

A

Ay

A3

Ay

As

A

D+ P,

1.20
1.28
1.36
1.44
1.52
1.60
1.68
1.76
1.84
1.92
2.00

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.82938
246716
2.09281
1.57172
1.13984
0.82848
0.61568
0.47346
0.37971
0.31923
0.28231

0.01475
0.03103
0.05820
0.10194
0.16767
0.25941
0.37776
0.51800
0.66903
0.81403
0.93328

0.33458
0.44310
0.41573
0.34270
0.26564
0.19986
0.14855
0.11027
0.08231
0.06204
0.04733

0.00534
0.01420
0.02482
0.03577
0.04562
0.05318
0.05769
0.05888
0.05694
0.05241
0.04602

1.93534
1.47210
1.02379
0.69339
0.47172
0.32822
0.23629
0.17740
0.13965
0.11572
0.10123

0.03227
0.04835
0.06235
0.07376
0.08257
0.08907
0.09367
0.09678
0.09881
0.10006
0.10078

6.32928
15.06512
14.02343
10.91976

8.06005

5.91202

4.41284

3.39860

2.72451

2.28664

2.01696

0.06081
0.19990
0.33044
0.44353
0.53548
0.60594
0.65652
0.68991
0.70927
0.71774
0.71819
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Example 4.2. Consider the linear impulsive (pg, y; )-HFP-IDE-MIBCs:

( k+3.

H O, =5~ Yk

kJZFgl@ 6 u(l‘):5,l‘7étk,k:0,l,2
k

2 2— _
jm( 3RZ (fk) k+20ﬂk+4( V1)W1 u(ty) = oeu(n), k=1,2,

k+21

ST = “42)
1 1 _ . .
kgglgkf(n )Wk <tk )— kggogtfi(n 1= 1)W1 u() = 0f (uln), k=1,2,

6 Z 3 B (2041
\u(()):(), ”<§>:Z<4l_’_4)k+2ltﬁts ( 5 )+2.

Thanks to problem (4.2), we have all parameters that o € {(2k+12)/10, (2k+13)/10, (2k+
14)/10, (2k+15)/10, (2k+16)/10}, By = (k+3) /6, pr = (k+21) /20, y; = (5 — k)2 -3 —
k)/((k+2)P "2 +6—2k), 1 = (2K) /3. k= 0,1,2, T = 2, ¢y (u(ty)) = (1)) (2k+1)/(2k).
OF(u(ty)) =2,k=1,2, ;= 3—10)/(4i+4), k= (i+3)/(5—i), &= (i+1)/2,i=0,1,2 and
o/ = 2. By using Lemma 2.8 with f(¢,u(t),u (Gt),pkftg";w"u(t)) =5, the solution of problem
(4.2) with oy € {(2k+12)/10, (2k+13)/10, (2k + 14)/10, (2k + 15)/10, (2k+ 16)/10}, and

(5-k)rP 243k

wi(t) = (ST for k =0, 1,2 is shown in Figure 2.

T T T T T T T T I s
6 _ZZ: oz 1
o= 2k
k=" 10
4 -
= oL N
=t 2
0 —
1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

FIGURE 2. The solution of  Example 4.2) via Q €

2k+12 2k+13 2k+14 2k+15 2k+16 5=k 3k o
{#507 %50 %10 %10 } and yi (1) = 25 reax fork=0,1,2.

In addition, the solution u(t) of problem (4.2) with ap = 1.4, a; = 1.6, ap = 1.8, and y,(t) €

(5-k)P 43—k In((k+2)142k+2) 42 ki 24kt —2k—1
{(k+2)t5*2k+6—2k’ (i 1E53) 7T tan (£ + 2k), arcsin (S | for k= 0,1,2

is shown in Figure 3.

5. CONCLUSION

In this paper, we studied a class of nonlinear impulsive fractional pantograph integro-differential
equations in the context of the (pi, Wi )-Hilfer fractional derivative under multi-point integral
boundary conditions (problem (1.1) problem). The solution to problem (2.4) was obtained in
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10 T T T T T T T T T
5 A
g
0 s ———— 4
=
3
5 ~ |
—i(t) = %
) S
-0 —(t) = (-5 L
Y (t) = tan (k—il + 2k)
—— 4 (t) = arcsin (11+m,1702k71)
15 1 1 1 1 1 1 T T T
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

FIGURE 3. The solution of Example (4.2) via ag = 1.4, o = 1.6, op =

(5-Kk)P %43k In((k+2)t+2k+2) 2_kilpig
1.8 and (1) € {(k+2)[5,2k+6i2k, e 1 an (g 4 2K),

arcsin (%#) } fork=0,1,2.

Volterra integral equation form. In the first main result, the existence and uniqueness result
was investigated by applying Banach’s fixed point theorem, while Ulam’s stability, such as UH,
GUH, UHR, and GUHR, was proved with nonlinear functional analysis in the second main
result. Suitable examples were provided to support the validity of these theoretical results. It
is of interest to further discuss the existence and uniqueness of solutions for the other types of
nonlinear differential-integral equations in the context of the different fractional operators with
various boundary conditions.
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